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Chapter 1

Introduction

1.1 Motivation

The term “noise” is typically associated with unpleasant audible signals. Noise can be found
everywhere, often in the form of unwanted electrical and audio disturbances. Technically,
noise is any fluctuation that is not part of the signal. In physics, it means “spontaneous
fluctuations”. The quantities which fluctuate spontaneously with time are typically the
number of active particles and their momenta, or distribution in energy states. In most,
but not all cases, a signature of the noise process is that the elementary events, which
contribute to the noise, occur at random. For classical systems, like most electronic devices,
the origin of the noise is thermal. This noise is a result of spontaneous fluctuations in the
number and energy of the active particles in the electronic device. This thermal noise can
be understood in terms of statistical thermodynamics. For devices which operate at low
temperatures, however, thermal noise can be quite small and quantum fluctuations become
important. In this thesis we study quantum fluctuations, or quantum noise, in two systems:
superconducting tunnel junctions and quantized sound waves.

In the history of modern physics, physicists have fought a never-ending battle to re-
duce measurement noise in their experiments. Indeed, there are many examples where the
reduction of measurement noise has produced significant advances in physics. Better mea-
surements lead to new theories, and the discoveries of new physical phenomena lead to new

1

experiments of higher precision." Three examples of this are: the theory and experiment

on the photo-electric effect, atomic spectroscopy and quantum mechanics, as well as the

!For example, the first measurement of the speed of light, done in 1676 by the Danish astronomer Roemer,
was off by about 30% [1]. Three hundred years later, in the carly 1970s, the speced of light was measured
with an error of only 1 part in 10° [1]. Indeed, this measurement is so accurate that in 1983 an international
agreement was reached to use the speed of light for the definition of length, replacing the old meter block

[2].



Lamb shift measurement and the theory of quantum electrodynamics [3, 4]. At the end of
many struggles to reduce experimental noise, however, there is a fundamental limit below
which the noise level cannot be lowered. This limit is given by the Heisenberg uncertainty

principle.

1.2 Quantum Noise

According to the Heisenberg uncertainty principle, the product of the variances, ((AA)?)

and ((AB)?), of two Hermitian operators A and B satisfies the following inequality [5]:

(A4)%) (AB)?) 2

1 .
714, B, (1.1)
where ((AA)?) = (A%) — (A), ((AB)?) = (B?) — (B)?, and [A, B] = AB — BA is
the commutator between A and B. Therefore, if A and B commute, these two operators

can be simultaneously measured to an arbitrarily high degree of precision. That is, their

quantum fluctuations? \/((AA)?) and \/{(AB)?) can be simultaneously zero. On the other
hand, if [A, B] # 0, the ultimate precision® of measuring A will be limited by how much
one wants to know B. Furthermore, these measurements also depend on the quantum-
mechanical state |) of the system, as illustrated by the definition of variance: {(AA)?) =
(]| A?)) — (] A|9)% Tf the equal sign in the above inequality (1.1) holds for a particular
state |¢), that state is called a minimum uncertainty state.

Let us consider an optical example. In classical physics, the wave representing darkness
has no undulations. Since it is flat, it would not even be considered to be a wave. On the
other hand, according to quantum mechanics, even when no light is present, there must
still be some fluctuations in complete “darkness”. Quantum mechanically, the wave is flat
to within some small degree of uncertainty. Therefore, even in a vacuum, with no external
light sources, there must still be small quantum fluctuations in the electromagnetic field.

A similar example can be found in solid crystals. In classical physics, the ground state
of the crystal, which might be called the ultimate “quiet” state, is when all the atoms sit
exactly at the equilibrium position and do not move at all. In this case, no waves (e.g.,

sound) propagate along the atomic chains. On the other hand, in quantum mechanics,

*The term “fluctuations” refers to the standard deviation ((AA)?), which is the simplest measure of
uncertainty or fluctuations. However, the variance ((AA)?) is often also referred to as fluctuations. Thus,
we will use the term “fluctuations” to denote both of them.

3For a particle, a precise measurement at time ¢ of its position z(t), with Az(t) = 0, results in a diverging
Ap(t). This, in turn, produces an infinite Az(¢+6t). In other words, the infinite uncertainty in p(¢) produces
an infinite uncertainty in the future location. Therefore, a precise measurement of x(t) makes further precise
measurements of r impossible. It is thus preferable to measure z(¢) and p(?) with comparable uncertainties.

2



the atoms cannot sit still, because the vanishing of fluctuations Az in the displacement
of an atom along the x direction would mean the divergence of the fluctuations in its
corresponding momentum: Ap, > fi/Awx. This occurs because the position and momentum
operators do not commute. In other words, the atoms cannot simultaneously have both
a fixed position and a zero velocity. Therefore, even in complete “quietness”—when no
classical atomic vibrations occur (i.e., when no classical sound propagates), there must still

be small quantum fluctuations in the positions and momenta of the atoms.

1.3 Squeezed States of Light

Is there a way around the quantum noise limit set by the uncertainty principle? The answer
is “yes”. Notice that in the inequality (1.1) the limit is set on the product of the fluctuations.
If we are only interested in one of the operators, there are states in which the noise in the
quantity of interest is suppressed while the other quantity has large fluctuations. Such
states have been realized in quantum optics. They are called squeezed states of light.

To proceed further, let us recall that the electromagnetic radiation in each standing-wave
mode in a cavity resonator is analogous to an harmonic oscillator [6]. The displacement x
and the momentum p of the oscillator correspond to the electric and magnetic field of the
radiation mode, respectively. The electric and magnetic fields of the radiation mode at cach
point in space are 90° out of phase in time, as the position and velocity of an oscillator.
The energy of the standing-wave field flows back and forth between electric and magnetic,
as the energy of the oscillator flows back and forth between potential and kinetic. The
quantization of the total energy of the oscillator implies having only an integral number of
photons in the radiation mode.

The analogy to an harmonic oscillator also extends to traveling electromagnetic waves.
The electric field for a monochromatic plane wave may be decomposed into two quadrature
components with time dependence coswt and sinwt respectively. Instead of electric and
magnetic fields, it is the in-phase and out-of-phase quadratures that are analogous to the
displacement of momentum of an oscillator.

A coherent state is the closest quantum counterpart to a classical field. It is also the ideal
state for the photons produced by a laser. In such a coherent state, the fluctuations in the
two quadratures are equal and minimize the uncertainty product given by the Heisenberg
uncertainty relation: ((AA)?) ((AB)?) = 1[4, B))?. The quantum fluctuations in a

coherent state are randomly distributed in phase and are equal to the zero-point fluctuations.



The standard quantum limit to the reduction of noise in a signal is given by these zero-point
fluctuations.

The experimental advances during the early days of lasers led to extensive theoretical
research, and eventually to the first systematic description of photon coherent states in the
early sixties [7]. Years later, and after much research on the quantum fluctuation properties
of coherent states, squeezed states of photons were theoretically proposed [8, 9]. Their
experimental realization occurred about ten years later [10] and it has attracted widespread
attention [11]. In a squeezed state, one quantum dynamical variable becomes quicter while
its conjugate variable noisier than their corresponding vacuum or coherent state values.
Indeed, the essence of squeezed states is to redistribute the noise in a light beam, so that
parts of the light (one quadrature) wave are less noisy than before, although other parts
(the other quadrature) of the wave become noisier. Such a redistribution generally also
occurs within one quadrature, so that at some times the quadrature is quieter, while at the
other times it becomes noisier. Some examples are schematically illustrated in Figs. 1.1 and
1.2.

To envision squeezed states from the perspective of classical harmonic oscillators, let us
imagine the following situation. Consider an ensemble of identical oscillators vibrating with
the same frequency and all having nearly the same displacement zg from equilibrium at
t = 0, but with a very wide distribution of momenta. A quarter cycle later, this ensemble
would have a very wide distribution of displacements due to the wide range of initial mo-
menta. However, after one-half cycle, the uncertainty in the displacement has undergone
an oscillation because the oscillators would again gather together, but on the other side of
the equilibrium position, near —ag. On the other hand, in quantum mechanics, if all the
oscillators started with nearly the same initial displacement, then the Heisenberg principle
would automatically force their initial momenta to be spread over a wide range.

The ability of squeezed states to reduce or “squeeze” quantum noise gives them a promis-
ing future in different applications ranging from gravitational wave detection to optical
communications [11]. In addition, squeezed states form a novel and exciting group of states
and can provide new insight into quantum mechanical fluctuations. They also allow unique
opportunities for the study of Quantum Electrodynamics (e.g., by enhancing the lifetime of

atomic excited states) [12].
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Figure 1.1: Schematic diagram of the uncertainty areas in the generalized coordinate and
momentum (X, P) phase space of a photon squeezed state (ellipse) and a photon coherent
state (circle). Here X and P are the two quadratures of the electric field. Notice that
the photon coherent state has the same uncertainty area as the vacuum state (circle at the
origin), and that its area is circular, while the squeezed state has an elliptical uncertainty
area. Therefore, in the direction parallel to the 6/2 line, the squeezed state has a smaller
noise than the coherent state.
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Figure 1.2: Schematic diagram of the time evolution of the expectation value (X') and the
fluctuation \/((AX)?) of the dimensionless quadrature X of an electric field in a photon
coherent state (a) and a squeezed state (b). Here dashed lines represent (X'), while solid
lines represent the envelopes (X) £ \/((AX)?), which are the upper and lower bounds of
the fluctuating quantity X. (a) A single-mode photon coherent state |a), where (X) =
2Re(ae™!) = 2|a|sin wt, which means that « is purely imaginary; and ((AX)?) = 2. (b)
A single-mode photon squeezed state |ae™**, £(t)), where the squeezing factor £(t) satisfies
£(t) = re %t Here, (X) = 2|a|coswt, which means that « is real, and its fluctuation
is ((AX)?) = 2(e7?" cos?wt + 2" sinwt). Notice that the squeezing effect appears at the
times when (X') reaches its maxima.



1.4 Controlling Quantum Noise in Condensed Matter Sys-
tems

In most situations, a classical description is adequate to describe macroscopic physical
phenomena in condensed matter, where thermal noise is much larger than any quantum
noise so that the later can be neglected. However, at low temperatures coherent effects (e.g.,
Bose-Einstein condensation of Cooper pairs [14]) and quantum noise can play a crucial role.
For instance, Josephson junctions provide an example of macroscopic quantum coherent
phenomenon, where quantum fluctuations can be important. Moreover, a recent study [15]
shows that quantum noise in the atomic positions can indeed influence observable quantities
(e.g., the Raman line-shape) even when temperatures are not very low.

Non-quantum-optics analogs of squeezed states are now being vigorously pursued. For
example, “classical” squeezed states are currently being studied by several groups [16, 17].
Their goal is to use mechanical parametric amplifiers to reduce or de-amplify thermal me-
chanical noise in ultra-small magnetic cantilevers [16] and trapped ions [17].

This thesis addresses the following question: Is it possible to control quantum fluc-
tuations in condensed matter systems, in analogy to the the case for optical ones? We
explore this issue in two condensed matter examples: phonons and Josephson junctions
[18, 19, 20, 21, 22].

The modulation of the quantum fluctuations in the photon field is significant because of
the very high precision achieved by optical measurements. Although most condensed matter
experiments do not produce such high-accuracy results, two exceptions to this rule are the
quantum Hall effect and the Josephson effect. For instance, the most precise measurement
of energy levels has been achieved not in the traditional context of atomic-optical physics,
but with superconducting tunneling Josephson junctions [23], to an astounding accuracy of
three parts in 10'%. Aside from suppressing quantum fluctuations, squeezed states can also
lead to changes in the physical properties in the system, thus are also interesting from a
fundamental viewpoint,

Phonons, the quanta of lattice vibrations, are the first condensed matter system we chose
to study.? One important reason to choose phonons is that these elementary excitations are
bosons, as are photons. Indeed, there are many similarities between phonons and photons,

although significant differences also exist (see Section 3.2 for a detailed comparison). Since

*Our results on phonon squeezing, published in Phys. Rev. Lett. 76, 2294 (1996) and in Phys. Rev. B
53, 2419 (1996), have also been featured in Physics News Update, Number 261, March 6, 1996, published
by the American Institute of Physics.



a phonon traveling through a solid is equivalent to the propagation of a slight disturbance in
the local arrangement of atoms in the solid, the creation of squeezed phonon states would
lead to the possibility of reducing the quantum fluctuations of atomic displacements to
below the zero-point noise level.

We have studied the dynamics and quantum fluctuation properties of coherent and
squeezed phonon states. In particular, we have calculated the experimentally-observable
time-evolution and fluctuations of the lattice amplitude operator u(+q) = 1)q+1)t(1+1)<fl +b_g
in various phonon states. We show that the averages (u(4q)) are sinusoidal functions of
time in both coherent and squeezed states. However, for squeezed states the fluctuation
((Au(+£q))?) is periodically smaller than its coherent state value 2, which is also the vac-
uum state noise level. Therefore, phonon squeezed states arve periodically quieter than the
vacuum state. We then propose several diflerent possible generating mechanisms, empha-
sizing phonon parametric down-conversion processes and an alternative approach based
on phonon-photon interactions. We also propose a detection scheme based on reflectivity
measurements.

It is difficult to generate squeezed states because they have noise levels which are even
lower than the one for the vacuum state. Indeed, the experimental and theoretical devel-
opment of photon coherent and squeezed states took decades. Likewise, the experimental
realization of phonon squeezed states might require years of further theoretical and experi-
mental work. Nevertheless, we believe that theoretical results in quantum phonon optics can
help the development of the corresponding experiments. We hope that our effort, which is
only a glimpse into a very rich and new field, will lead to more theoretical and experimental
developments in the still unexplored area of quantum phonon optics and the “manipulation”
of phonon quantum fluctuations.

In the second part of this thesis (Chapters 4 and 5), we study the quantum fluctuation
properties of Josephson junctions, and propose a possible way of manipulating the precision
limitations imposed by quantum noise. In light of the recent advances in micro-fabrication
and the general interest in the possible manipulation and minimization of quantum noise, we
ask the following question: how do quantum fluctuations affect Cooper pair tunneling in a
Josephson junction? To answer this, we need to first compute its quantum fluctuations and
understand how they behave in different physical situations involving Josephson junctions.
We develop a theory of the quantum mechanical squeezed states in Josephson junctions,

and identify and list their properties. In particular, we diagonalize several Hamiltonians



corresponding to different configurations containing Josephson junctions, find their eigen-
states, and calculate the corresponding fluctuations. We also construct the time-evolution
operators for the various cases considered here. From them, and with different initial states,
we calculate the time evolution of the variances of the conjugate variables of the system.
These provide a measure of the quantum fluctuations of the charge and the phase difference

of the Josephson junction.

1.5 Overview of the Thesis

The topic presented in this thesis cuts through somewhat different sub-areas of physics:
quantum optics and condensed matter physics. This poses special problems in the pre-
sentation of the material—problems not found in more specialized works. For instance,
no standard book devoted to phonons discusses the notion of modulating the quantum
fluctuations of atomic displzutements. Furthermore, discussions on squeezed states in the
quantum optics literature use a formalism and language quite different {from the one used in
condensed matter physics. In several Appendices, we briefly summarize the essential results
on squeezed states neceded in our work. A clear presentation of these concepts is needed
because our work is intended for a wide readership of researchers working in different areas
of condensed matter physics.

The first part of this thesis (Chapters 2 and 3) focus on phonon squeezed states, while the
second part (Chapters 4 and 5) focus on the quantum fluctuation properties of Josephson
junctions.

Chapter 1 presents a pedagogical and nontechnical introduction to quantum noise and
squeezed states. It also contains an overview of the thesis. Chapter 2 suminarizes our results
on phonon squeezing, which are then presented in more detail in Chapter 3. There we focus
on a few simple models in which analytical results can be obtained for coherent and squeezed
phonon states [18, 19, 20]. We give a fully quantum mechanical description of coherent
phonons, and calculate the averages and fluctuations of the atomic displacements and lattice
amplitude operators (see Section 3.3 for definitions), among other quantities. The previously
available theories on the generating mechanisms of coherent phonons [41, 44, 49] all use
classical equations of motion to describe phonon dynamics, while here we focus on a quantum
description of phonon coherent states. Afterwards, we investigate the quantum squeezed
states of phonons, calculate their fluctuations, and compare them to the values obtained

for coherent states. We discuss four different approaches to generate phonon squeezed



states. These approaches are based on a variety of physical processes, including three-
phonon interactions, second-order Raman scattering, photon-phonon interactions that lead
to polaritons, and short-time number-conserving single-mode phonon-phonon interactions.
Detailed calculations are presented on the parametric down-conversion process based on
three-phonon interactions. We also propose a detection scheme for squeezed phonon states.
The core of this approach is the phonon-photon interaction, through which the information
on phonons can be transfered to the reflected light from a crystal. A phase-sensitive optical
detection method can then be used to decipher the phonon information.

Chapter 4 summarizes our results on the intrinsic quantum fluctuations of the charge
and phase of a Josephson junction in various circumstances. These are discussed in detail
in Chapter 5. In particular, we consider a Josephson junction in a variety of situations,
i.e., coupled to one or several of the following circuit elements: a capacitor, an inductor
(in a superconducting ring), and an applied current-source. Needless to say, this list is
not exhaustive, since other interactions with the environment can be devised. We use the
small-phase approximation (described in Chapter 5) because we work in the strong coupling
limit and treat the metastable states as nearly localized. We then proceed to solve for the
ground and excited states near the potential minima of the various configurations. The
ground states are squeezed vacuum or coherent states, while the excited states are a class of
squeezed number states. In each case we calculate the quantum fluctuations of phase ¢ and
Cooper pair number n over the junction. We also construct the approximate time evolution
operators for the configurations considered. Another approach we employ uses the rotating
wave approximation, which is basically also a first-order approximation in energy. The
solution of the full problem, without approximations, is quite difficult and would require a
much more numerical approach which is beyond the scope of this thesis. The limitations,

and possible extensions, of our approach are discussed in detail at the end of this chapter.

1.6 Open Problems and Future Applications

In this section we discuss some open problems in the field of modulating quantum fluctua-
tions.

In both the phonon and Josephson junction cases, our analytical results cannot be
obtained without several simplifications of the most complete models. In particular, we
study single-mode and two-mode phonon states throughout Chapter 3, while in a generic

crystal lattice, phonon modes are crowded together. In Chapter 5, we use a small-phase
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approximation to expand the Josephson coupling potential, and a short-time approximation
to further simplify the algebra. Therefore, our work in this thesis provides a first stepping
stone to a more complete approach.

For phonons, we consider the case where an optical phonon, excited by an incoming
laser, decays into one pair of acoustic phonons. This is, of course, not the general case.
Phonons generally decay into a continuum of (acoustic phonon) modes. How to include
into our calculation this “decay into a continuum of modes” is certainly the most immediate
challenge.

Another problem is associated with detection schemes. Currently available phonon
detection schemes are generally wide-band, while the scheme we propose is influenced by
sources such as optical noise, imperfect surfaces, and the very small relative change of the
crystal reflectivity due to phonons.

Within our model, there is also room for further research. For example, to better describe
the modes involved, approaches using Langevin and master equations can be employed. In
these approaches, noise is a more integral part of the description. Furthermore, it is easier
to include the effect of temperature and inter-mode interactions.

We have not studied the possible change in the physical properties of a crystal that
has squeezed phonons. For example, electrons are constantly scattered ofl phonons. If the
fluctuations in phonons are suppressed, what will be the effect on the electrons? Will they
have a longer coherence length? Will the mean free path increase? What is the effect on the
overall electrical conductance of the crystal? TFurther research needs to be done to answer
these questions.

Another problem related to phonon squeezed states is the possibility of producing
phonon cavities, especially for high-energy acoustic phonons. Squeezing can be achieved for
a short period of time, using an incoming laser pulse, or can be maintained continuously by
employing a continuous-wave (CW) laser. In our study, we focus on a light-pulse-generated
phonon squeezed state whose lifetime is short. To achieve squeezing in a continuous manner,
it is important to have a cavity or a mode-selector for the particular mode (or modes) so
that stimulated emission is possible. Furthermore, phonon cavities are not only interesting
because of their importance to continuous squeezing, they are also a crucial ingredient for
a “phonon maser”, which is the phonon analogue of the conventional photon maser.

In the case of Josephson junctions (JJ), there are also many opportunities for further

research. First of all, we have studied the coupling of Josephson junctions to simple and
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discrete circuit elements only, such as inductors and capacitors. In the more practical
situations, the circuits involved generally have distributed inductance and capacitance. How
to include these kind of “continuous elements” into our model is not clear at present.
Furthermore, we have studied mostly isolated Josephson junction circuits. In other words,
the configurations are not affected by any external disturbance. The JJ squeezed states
are eigenstates of the various system configurations. The squeezing effect is the intrinsic
property of the Josephson junctions, primarily due to the nonlinearity of the Josephson
coupling. To change or extract this effect, a coupling to an external pump or detector is
indispensable. Indeed, it would be interesting to study a coupling between an external
single mode of electromagnetic radiation and a Josephson junction circuit. A particular
way of coupling has been suggested [95], but many questions still remain unanswered.

Another interesting problem is the inclusion of quasiparticle tunneling into the Josephson
junction circuit model. At any finite temperature, quasiparticles are excited. There is a
finite probability for them to tunnel through the Josephson junction. Is there any coherence
in this tunneling? If there is, how can it be described? In most of the current literature,
the Caldeira-Leggett formalism [94] has been used to describe the effect of quasiparticles
on the Cooper pairs. Is there any other way to describe it? It is also important to better
understand the effect of quasiparticles for the following reason. SQUIDs (Superconducting
Quantum Interference Devices) are widely used for high-precision measurements of small
magnetic fields; they work at high biasing current when quasiparticle tunneling is an integral
part of the current. Furthermore, it is the quasiparticle tunneling that leads to variations in
the voltage across the junction, which is the output signal. Therelore, to study quasiparticle
tunneling and its interaction with the Cooper pairs has very practical applications.

In our study of quantum noise in Josephson junctions, we focus on the limit of £; > Fc.
It would certainly be of interest to also study the opposite limit. Indeed, when I/; <« F¢, the
junction is in the Bloch-oscillation regime [89], with a strong Coulomb blockade effect. As
pointed out in Ref. [89], this effect leads to coherent tunneling and a very accurate measure
for current. How will quantum fluctuations perturb such a coherent tunneling effect? To
what degree? Furthermore, many of the currently available single-electron electrometers
[89] work in the regime where charging and Josephson coupling energies are comparable:
Ej = Ec. Therefore, it would certainly be useful to also study the quantum fluctuation
properties in that regime.

Aside from phonon and Josephson junction systems, there are other bosonic systems in
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condensed matter physics. Magnons, *He, excitons, and the composite bosonic excitations in
quantum Hall systems are a few examples. What are the quantum fluctuation properties of
these systems? Are there analogies with squeezed photon or phonon states? How to generate
and detect novel non-classical states in these systems? Indeed, the field of “quantum noise
control” in condensed matter systems is still wide open, and we hope that our results

motivate further work in this new area.
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Chapter 2

Squeezed Phonon States

This chapter is a summary of our ideas and results on squeezed phonon states [18, 19, 20];
these are presented in detail in Chapter 3. We study squeezed quantum states of phonons,
which allow the possibility of modulating the quantum fluctuations of atomic displacements
below the zero-point quantum noise level of coherent phonon states. We calculate the
corresponding expectation values and fluctuations of both the atomic displacement and
the lattice amplitude operators, and also investigate the possibility of generating squeezed
phonon states using a three-phonon parametric down-conversion process based on phonon-
phonon interactions. We also study an alternative approach of squeezing quantum noise
in the atomic displacement using a polariton-based approach. Furthermore, we propose a

detection scheme based on reflectivity measurements.

2.1 Introduction

Photon squeezed states have attracted much attention during the past decade [11]. These
states are important because they can achieve lower quantum noise than the zero-point
fluctuations of the vacuum or coherent states. Thus they provide a way of manipulating
quantum fluctuations and have a promising future in different applications ranging from
optical communications to gravitational wave detection [11]. Indeed, squeezed states are
currently being explored in a variety of non-quantum-optics systems, including classical
squeezed states [16, 17]. Here we study the properties of phonon squeezed states and explore
the possibility of generating these states through phonon-phonon interactions. After briefly
presenting the quantum mechanical description of various kinds of phonon states, we study
a simple model for generating phonon squeezed states, in which analytical results can be
obtained [18, 19, 20]. We also propose a scheme for detecting this squeezing effect.

In most macroscopic situations, a classical description is adequate. However, the quan-
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tum fluctuations of a phonon system can be dominant at low enough temperatures. Indeed,
a recent study shows that quantum fluctuations in the atomic positions can influence ob-
servable quantities (e.g., the Raman line-shape) [15] even when temperatures are not very
low.

An experimentally observable quantity for a phonon system is the real part of the Fourier

transform of the atomic displacement:!

Re(uq(q)) = Z\/h/Squ,\ {U(’l\a(bq,\ + 1)T_q/\) + U(’;a*(b_q,\ + b:rl,\)} . (2.1)
A

For simplicity, hereafter we will drop the branch subscript A, assume that Uy, is real, and
define a q-mode dimensionless lattice amplitude operator:
w(£q) = bq + bl +b_q + 0] (2.2)

This operator contains essential information on the lattice dynamics, including quantum

fluctuations. It is the phonon analog of the electric field in the photon case.

2.2 Phonon Quantum States

2.2.1 Phonon Vacuum and Number States

When no phonon is excited, the crystal is in the phonon vacuum state |0). The eigenstates

of the harmonic phonon Hamiltonian are number states which satisfy

balng) = /Rqlng = 1) . (2.3)
The phonon number and the phase of atomic vibrations are conjugate variables. Thus, due
to the uncertainty principle, the phase is arbitrary when the phonon number is certain, as
it is the case with any number state |nq). Therefore, the expectation values of the atomic
displacement (nq|uio|nq) and g-mode lattice amplitude (nqlu(£q){ng) vanish due to the

randomness in the phase of the atomic displacements.

2.2.2 Phonon Coherent States

A single-mode (q) phonon coherent state? is an eigenstate of a phonon annihilation operator:

bqlBq) = BalPq) - (2.4)

'A phonon with quasi-momentum p = hq and branch subscript A has energy €qr = hwqga; the cor-
responding creation and annihilation operators satisfy the boson commutation relations: [bg/ys, b(t]/\] =
daatbar, [bar, byar] = 0. The atomic displacements uia of a crystal lattice are given by wi. =

(1/VNm) Zﬁ’,\ U‘;\a 3(:"*'“‘. Here R; refer to the equilibrium lattice positions, o to a particular direc-

tion, and Qé = /h/2wqr(bqr + bf_q,\) is the normal-mode amplitude operator.
?A single-mode phonon coherent state can be generated by the Hamiltonian H = hwq(blbq + 1/2) +

Ag()bg + /\q(l'.)béI and an appropriate initial state. Here Aq(?) represents the interaction strength between



It can also be generated by applying a phonon displacement operator Dq(fq) to the phonon

vacuum state

1Bq) = Dq(Bq)|0) = ex ﬁqu /3;1’(1”0)
— expl(|B ) S P (2.5)
exp( | QI / )an_:o \/——ylnq )

Thus it can be seen that a phonon coherent state is a phase coherent superposition of
number states. Moreover, coherent states are a set of minimum-uncertainty states which
are as noiseless as the vacuum state.®> Coherent states are also the quantum states that

best describe the classical harmonic oscillators [57].

2.2.3 Phonon Squeezed States

In order to reduce quantum noise to a level below the zero-point fluctuation level, we need to
consider phonon squeezed states. Quadrature squeezed states are generalized coherent states
[58]. Here “quadrature” refers to the dimensionless coordinate and momentum. Compared
to coherent states, squeezed ones can achieve smaller variances for one of the quadratures
during certain time intervals and are therefore helpful for decreasing quantum noise.?

A single-mode quadrature phonon squeezed state is generated from a vacuum state as

|qu,€> = Dq(aq)sq(f)l(»’ (2.6)
Sq(€) exp(£*b3/2 — b2 /2) . (2.7)

phonons and the external source. More specifically, if the initial state is a vacuum state, |[¢(0)) = |0), then
the state vector |¢) becomes a single-mode phonon coherent state thereafter |(1)) = |Aq(?) e™**2"), where

fl

Aq(t) = —i/h fiw Aq(T)e'™a7dr is the coherent amplitude of mode . If the initial state is a single-mode
coherent state [1/(0)) = |aq), then the state vector at time ¢ takes the form [(1)) = | {Aq(¢) + aq}e™ ),
which is still coherent.

*In the phonon vacuum state, the fluctuations of the atomic displacement operator are identical for all
atoms in the lattice {((Aua)?)vac = {(€a)?Ivac = (a) e = Z(]‘V MUqgal?/ (2N mwqa) and {(Aw(£q))? vac = 2.
The fluctuations in a phonon number state are larger than in the vacuum state: ((Aum)'z)“um =
h|Ugal*nq/Nmwqa + Z:J,#q hUgia? /(2N mwqie) and ((Aw(£q)))uum = 2 + 2nq. In a single-mode
{q) phonon coherent state |Aq(t)e_‘“""), the fluctuation in the atomic displacements is ((Au,u)z)c(,h =
Z(]I h|Uqal? /2N mwqa. The unexcited modes are in the vacuum state and thus all contribute to the noisc

in the form of zero point fluctuations. Furthermore, ({Au(4q))*)con = 2, which is exactly the same as in
the phonon vacuum state.

1t is important to point out that the squeezing effect is quite general. In fact, any diagonalizable system
can be “squeezed” in some manner by an appropriate choice of initial states. For example, consider a
free oscillator H = a'a, and define d = pa + va', where p and v are complex scalars. In order for d to
be a boson operator, ¢ and » must satisfy the relation |p|*> — |[v|*> = 1. Then the Hamiltonian becomes
H = (|u|* + |v|*)dtd = (uvd' 2 + p*v* d?) + |v|%. The generalized “displacement” d + d' is a mixture of the
original displacement (a + «')/+/2 and momentum —i(e — a')/\/2. If we are interested in a quantity such
as d +d', and it is observable, the squeesing effect can be obtained when the initial state is a coherent statc
of mode “d”, ie., d[6) = 6|8). On the other hand, such a hybrid quantity d + d' might not be physically
interesting and/or observable. In other words, the squeezing effect is only relevant when it is related to the
observables.
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A two-mode quadrature phonon squeezed state is generated as

|a‘11’a(I2’§> = D‘lx(am )DQE(QQZ)S‘I],(M(G)'O)’ (2-8)
Sa1.a2(€) = exp(£7bq,bq, — 0L, 0L,). (2.9)
Here Dg(aq) is the coherent state displacement operator with aq = |aq]ei‘f’; Sq(€) and

=

Squ.qz(€) are the single- and two-mode squeezing operator,” and £ = re’

7 is the complex
squeezing factor with » > 0 and 0 < # < 27. The two-mode phonon quadrature operators
q g I 1

have the form

X(q,—-q) (bq + bl + b_q + b1 )/2%* = 273/ %u(tq), (2.10)

P(q,—q) = (bq—bh+b_q—0L,)/(2%%). (2.11)

We have considered two cases where squeezed states were involved in modes +q. In the
first case, the system is in a two-mode (£q) squeezed state |ag, a_q, &), (€ = rei?), with
fluctuations

M) = 2 cos? 4 P sin? ) (2.12)

((Au(£q9)))sq = 2(e7"" cos 5 Tesin®g). .
In the second case, the system is in a single-mode squeezed state |ag, £), (g = agle®), in
the first mode and an arbitrary coherent state |J_q) in the second mode. The fluctuation

1s now

(Au(£q))eq = 14 ¢ cos?(d + g) + ¥ sin?(¢ + g) . (2.13)

In both of these cases, ((Au(+q))?)sq can be smaller than in coherent states.

2.3 Phonon Parametric Down-conversion Process

Now we propose a scheme to generate phonon squeezed states.® This scheme is based on
a “phonon” parametric down-conversion process (e.g., the decaying process: LO phonon
— two LA phonons, where LO refers to Longitudinal Optical and LA to Longitudinal
Acoustic), which in turn is based on three-phonon interactions. Typically, three-phonon
interactions are the dominant anharmonic processes in a phonon system and the lowest

order perturbation to the harmonic Hamiltonian. We will neglect all the higher order

®The squeezing operator Sq, q,(£) can be produced by the following Hamiltonian: Hg,q, = hwq, bIh by, +
hway bl bas + C(8)b4, Y, + ¢*(t)bg, bqs- The time-evolution operator has the form U(t) = exp(—iHot/h)
exp[€*()bq, bay — E(1)bd, 0L, ], where Ho = hwq, by, by + hwaybl,bq, and £(t) = ;Tf_too C(r) e'twar Fwas )Ty
Here £(1) is the squeezing factor, and ¢(¢) is the strength of the interaction between the phonon system and
the external source; this interaction allows the generation and absorption of two phonons at a time.

$The following single-mode anharmonic Hamiltonian H = h.wqbf,bq + h/\q(blibq)2 also produces squeezed
phonons in mode q when the initial state is coherent.
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interactions because they are generally much weaker than the third-order ones. For all
parametric processes, the pump wave (of phonons in this case) must be very strong because
the generic parametric processes are generally nonlinear and weak. This pumping process
can be realized by using two pulse lasers to illuminate a crystal. With appropriate laser
frequencies and directions, coherent LO phonons of the pump mode at the Brillouin-Zone-
center can be generated through, for example, stimulated Raman scattering (provided that
the pump mode is Raman active), as discussed, e.g., in Refs. [60, 35].

The Hamiltonian for the whole process initiated by the Raman scattering is (see I'ig. 3.1)

Hyoram = Ho+ Hraman + Hann (2.14)
Hy = huwy, (LL ak, + hwy, (1,;12 ak, + Z I'qub:flbq
q
HRaman = 7nax, (LI:2 b};y + 77*”’L tx, by,
Hanhi = Aqua,ba, 0,08, + A5,q, 04 ba.ba,
+ 57 (Aqrqrbay b 05 + Npqubl barbgn ) -
q'q”

Here a (b) refer to photon (phonon) operators. The higher- (lower-) energy incident photon
mode is labeled by ky (kg). Notice that the lower energy photon mode is generally called
Stokes mode in the context of Raman scattering. The sums over ¢’ and q” in H,,, represent
decay channels other than the special one with acoustic signal and idler modes.

We now consider two mean field averages in order to simplify an otherwise analytically
intractable problem. The first mean field is over the photons. The photons in the incident
modes k; and k; (often denoted by “laser” and “Stokes” light) originate from two lasers. As
long as these two incident laser modes are not strongly perturbed by the Raman scattering
process, we can treat both of these incoming photon states as coherent states |ag, ™™ t)
and |ay, e—iw"'zt), and perform a mean field average over them. The second mean ficld
average is over the LO pump mode phonons. Since phonons produced by coherent or
stimulated Raman scattering are initially in coherent states, we denote this pump mode
phonon coherent state as |Bo(t)), with (Bo(t)|bq,|B0(t)) = Boft). Since these LO phonons
are in coherent states, the results from the average over the pump mode phonons are
c-numbers with a well-behaved time-dependence. Now we drop all the c-number terms
because they will not affect our results. In addition, we will also drop all the phonon modes
involved in the decay channels other than the special one consisting of the signal modes,

considering them only weakly coupled to the pump mode; i.e., we assume Aqqr <€ Aq,q,-
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The Hamiltonian now becomes

H) = hqub:r:sbqs + ﬁ“’ﬂst a.b-a.

arar -

+Aqe,—a, Bo(t) b b1, + Ao, B5(1) ba.b_q., (2.15)

where fFp(1) is the coherent amplitude of the pump mode phonons. We use Ho + Hpaman t0
determine fBo(t), and then substitute it back into Hparam to obtain Hy, .... Here we have
implicitly assumed that the Raman scattering process is stronger than the anharmonic
scattering. According to our previous discussion, the two-mode LA phonon system will
evolve into a two-mode squeezed state |ag,,@—q,,£(t)) from an initial coherent or vacuum

state, with a squeezing factor of

N t . .
£(1) = %/0 Aquq, Fo(T) €27 dr (2.16)

which is only valid in the very short time limit (i.e., small ).

In summary, we have just considered generating two-mode LA phonon squeezed states
lag, > c—q_, &(1)) by using the three-phonon anharmonic interaction.” The higher-energy LO
phonon mode, which is called the “pump” mode, is driven into a coherent state through
stimulated Raman scattering. This mode in turn is used as a pump in the parametric
amplification process involving itsell and the two lower-energy LA phonon modes (£qy),
the signal and the idler. Both of these modes can here be called “signal” because the
“idler” mode is not really “idle”; indeed, it is actively involved in the squeezing process.
In conclusion, we have shown that the LA phonons in the two signal modes (£q,) are in
a two-mode squeezed state if (i) the LO pump mode is in a coherent state and (i?) we can

neglect the other decay channels.

2.4 Polariton Approach

So far we have studied phonon squeezing through phonon-phonon interactions. Here we
focus on how to squeeze quantum noise in the atomic displacements using an alternative
and quite different approach: through phonon-photon interactions. The essential idea is
that the incident (coherent or squeezed) photons introduce a correlation between the +k
phonon modes. This correlation can produce suppression of quantum noise in the atomic

displacements of the lattice.

"We have also studied a second-order Raman scattering process. Similar to the phonon parametric
process, if the two incident light beams are in coherent stales, the acoustic phonons generated by the
second-order Raman scattering are in a two-mode squeezed state. A mean field average over the photons is
also required in this case.
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When an ionic crystal is illuminated by light, there can be a strong coupling between pho-
tons and the local polarization of the crystal in the form of transverse optical (TO) phonons.
Photons and TO phonons with the same wave vector can thus form polaritons [78]. Although
now phonons and photons are not separable in a polariton, we can still study the quantum
noise in the atomic displacements. Let us consider the simplest Hamiltonian [78] describing
the above scenario: Hpglariton = Yk {Elk (L;r{(l,k + Ezk[);r( by + sk ((LL[)k — (LkblT( — ayb_y
+af_kb}‘(>}, where Eyx = hek, Eax = hwo/T+ X, and g = @ (/z’:cktwo/\’/zlm)l/z.
Here k is the wave vector for both photons and phonons and wy is the bare phonon fre-
quency. Y is the dimensionless dielectric susceptibility of the crystal (the strength of the
phonon-photon interaction) defined by ywieoE = P+ wiP, where E is the electric field of
the incoming light and P is the polarization generated by optical phonons in the crystal. In
Hpolariton, the two free oscillator suins correspond to free photons and free phonons, while
the mixing terms come from the interaction E - P between photons and phonons. The
phonon energy Eog has been corrected, as wq is substituted by wgy/T + \, so that we have
“dressed” phonons.

Our goal is to compute the fluctuations of the lattice amplitude operator w(Lk,t) =
bi(t) + bT_k(t) + b_x(t) + b;r((t). In a two-mode (k) coherent state |ag, a_q), its variance
is ([Au(£q)]*)con = 2. Therefore, if at any given time we obtain a value less than 2, the
lattice amplitude of the relevant mode is squeezed. In our calculation, we diagonalize the
polariton Hamiltonian and find the time-dependence of u(£q). The Appendix D presents
in more detail the derivation of the time-evolution of u(+q).

Our results show that the fluctuation property of u{tq) sensitively depends on the
t = 0 initial state |(0)) of both TO phonons and photons. Qur results are summarized in
Table 3.2, and some numerical examples are shown in Fig. 3.7. These calculations focus on
the case where ¢k is close to wy (the bare phonon frequency, which is typically ~ 10 THz for
optical phonons) and thus our typical time is ~ 0.1 ps. More specifically, squeezing effects in
u(tk) are relatively strong for either one of the following two sets of ¢ = 0 initial states: ()
photon and phonon coherent states, or (i¢) single-mode photon squeezed state and phonon
vacuum state. For instance, the maximum squeezing exponent 7 is 0.015 when the incident

photon state has a squeezing factor £ = (0.1¢2/ckt

(where ck is the photon frequency). On
the other hand, with an initial two-mode photon (k) squeezed state and two-mode (£k)
phonon vacuum state, the squeezing effect in u(tk) is weak. We have also used initial

conditions with a single-mode photon squeezed state and thermal states in the two phonon



modes.

Figure 3.8 shows the temperature dependence of the squeezing effect for several values
of the dielectric susceptibility x of the crystal. Our numerical results show that squeezing
effects are overshadowed by the thermal noise for small y, while for larger x (e.g., x = 0.5)

the squeezing effect can exist up to 7'~ 250 K, as illustrated in Fig. 3.8.

2.5 Detection Schemes

It is possible to directly detect a single-mode phonon squeezed state with phonon counters
[24, 77] such as superconducting tunnel junction bolometers and vibronic detectors. The
signature of a single-mode squeezed state is a sub-Poissonian phonon number distribution
in that mode. However, these phonon counters are either wide-band, or have low efficiency.
Therefore, direct detection might not be the best method to detect the squeezing effect.
Phase-sensitive schemes such as homodyne and heterodyne detectors are most often
used to detect photon squeezed states because of their ability to lock phase with the electric
field of the measured state [58]. There appears to be no available phase-sensitive detection
method for phonons. A promising candidate might be measuring the intensity of a reflected
probe light [35]. This method has already been used to detect phonon amplitudes, since
the reflectivity is linearly related to the atomic displacements in a crystal. The value
of the lattice amplitude operator can be extracted by making a Fourier analysis on the
sample reflectivity. If squeezing should happen, its effect will be contained in the Fourier
components of the intensity of the reflected light. In this manner the information on the
squeezing effect in the phonons is also carried by the reflected light in the form of squeezing
of the photon intensity. We can then use a standard optical detection method to determine
whether the related light is squeezed or not. One shortcoming of this method is that it
is not direct. In the measurement there can be noise added into the signal, such as the
intensity fluctuation of the original probe light, the efficiency for the reflected light to pick
up the signals in the phonons, etc. Needless to say, further research needs to be done on
how to realize this phase-sensitive detection scheme, and we hope that our initial proposals

stimulate further theoretical and experimental work on this problem.
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2.6 Discussion

Phonon squeezing depends on the absolute value r and also on the phase 8 of the squeezing

factor &(t) = re'’. More explicitly,
20 . o0 .
(Au(£q))?)sq = 2 (e‘zr cos? 5 + 2" sin? 5) . (2.17)

Only when 8 is close to 0 is noise suppressed in the lattice amplitude operator. This means
that in order to suppress the noise, the squeezing factor £(¢) has to have a dominant positive
real part so that cosf > tanhr. The squeezing factor obtained from the three-phonon
process is £(t) = %[(; A7) et@stw)Tdr where the real number A is the strength of the
interaction and « is the amplitude of the phonon coherent state in the pump mode. From
this expression for £(1) we can see that the squeezing eflect only appears during certain time
intervals. If a(t) does not depend on time or has a periodic dependence on time, squeezing
will be periodic in time, which makes phase-sensitive detection easier to achieve.

To make the above schemes work, some noise problems have to be overcome. [Mirst,
any attempt to generate or detect squeezed states should be at low temperatures to avoid
thermal noise in the crystal. For instance, the excitation energy of a 10T Hz optical phonon
corresponds to a temperature of about 100K. Therefore, the experiment might have to be
carried out at a temperature well below 100K, such as 10K or lower. Second, the fluctuations
in the laser intensity and in the interaction between the laser and the crystal has to be very
small, so that they will not suppress the noise reduction process in the squeezing cffect.
Indeed, one of the possible ways to reduce the noise coming from the laser beam is to
use a beam of squeezed photons. Finally, the incoherence in the procedure itself has to
be minimized. For example, the finite lifetime of pump mode phonons does not favor the
generation of squeezed states because it gives rise to an additional noise in the intensity of the
mode. Therefore, we need long lifetime LO phonons, which can be realized in, for instance,
materials with weak anharmonic interactions and low concentration of isotopic defects (c.g.,
diamond). I'urthermore, here we have studied a discrete-mode phonon parametric process.

A continuous-mode model will be discussed elsewhere.

2.7 Conclusions

We have investigated the dynamics and quantum fluctuation properties of phonon squeezed
states. In particular, we calculate the experimentally observable time evolution and fluc-

tuation of the lattice amplitude operator u(£q), and show that (u(£q))sq is a sinusoidal
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function of time, while ((Au(+q))?)sq is periodically smaller than the vacuum and coher-
ent state value 2. In other words, phonon squeezed states are periodically quieter than
the vacuum state. Here we have summarized two approaches to generate phonon squeezed
states.

The first approach is based on a three-phonon process where the higher energy optical
phonon mode is coherently pumped. We show that the two lower-energy acoustic phonon
modes, with the phonons produced by the decay of the higher energy optical coherent
phonons, can be in a two-mode phonon quadrature squeezed state given appropriate initial
conditions. We achieve this by dealing separately with (i) the optical excitation of the pump
mode optical phonons and (#) the anharmonic scattering of the pump mode phonons into
the lower-energy acoustic phonons.

The second approach to generate phonon squeczed states is based on polaritons, which
are mixtures of phonons and photons. Squeezing is achieved because of the correlation
between +k mode phonons introduced by the incident (coherent or squeezed) phonons.

We have also briefly analyzed a potential detection method of phonon squeezed states.
Experiments in quantum optics indicate that phase-sensitive methods—such as homodyne
detection—are the best in detecting photon squeezed states. Therefore, we have proposed
a detection scheme based on a reflected probe light and an ordinary phase-sensitive optical
detector.

Like in the photon case [11], the experimental realization of phonon squeezed states
might require years of work after its initial proposal. We hope that our effort will lead
to more theoretical and experimental explorations in the area of phonon quantum noise

manipulation.
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Chapter 3

Quantum Phonon Optics:
Modulating Quantum Fluctuations
of Atomic Displacements

3.1 Introduction
3.1.1 Classical Incoherent-Phonon Optics

Classical phonon optics [24, 25, 26] has succeeded in producing many acoustic analogs of
classical optics, such as phonon mirrors, phonon lenses, phonon filters, and even phonon
microscopes [27] that can generate acoustic pictures with a resolution comparable to that of
visible light microscopy. Most phonon optics experiments use heat pulses or superconduct-
ing transducers to generate incoherent phonons, which propagate ballistically in the crystal.
These ballistic incoherent phonons can then be manipulated by the above-mentioned de-

vices, just like in geometric optics.
3.1.2 Classical Coherent-Phonon Optics

Phonons can also be excited phase-coherently. For instance, coherent acoustic waves with
frequencies of up to 10'°Hz can be generated by piezoelectric oscillators [28]. Lasers have
also been used to generate coherent acoustic and optical phonons through stimulated Bril-
louin and Raman scattering experiments [29, 30, 31].

To detect the time-domain dynamic behavior of molecules and crystals, pump-probe
techniques with picosecond laser pulses were developed by various groups (see [32] and ref-
erences therein). One of these pump-probe schemes, Time-Resolved Coherent Anti-Stokes
Raman Scattering (TRCARS) [33, 34], has been used to generate and observe coherent

phonons in semiconductors. These experiments provide useful information on the dynamics
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of the relevant phonon states and the electronic response to a nonlinear laser excitation.
However, limited by its time-resolution of the order of 1072 seconds, this technique (TR-
CARS) cannot be used to make time-domain pictures of coherent phonons.

In recent years, it has been possible for the first time to track the phases of coherent
optical phonons [35], due to the availability of femtosecond-pulse ultrafast lasers (with
a pulse duration shorter than a phonon period) [36], and techniques that can measure
optical reflectivity with accuracy of one part in 10° (see, e.g., Refs. [37, 38, 39]). Early
on, the observations of the phases of coherent optical phonons were made in dyes and
molecular crystals [40, 41, 42}, and were explained using the theory of Impulsive Stimulated
Raman Scattering (ISRS). More recently, coherent optical phonons were also generated and
observed in metals [43], semiconductors [44, 45], and high temperature superconducting
films [46]. Furthermore, femtosecond lasers have been used to generate coherent zone-folded
acoustic phonons in superlattices [47].

The time-domain tracking techniques mentioned above provide quantitative information
on the evolution of the dielectric properties of the solid, which reflect the phase dynamics
of the ionic displacements. The dielectric function can be measured with high precision in
reflectivity or transmission experiments [35].

The time-domain ohservation of coherent phonons has important implications in phonon
physics. It provides a much better spectroscopic resolution compared to spontancous Raman
scattering for the study of low-frequency phonon modes. It also provides an opportunity to
study the high-frequency phonon modes [52]. Tracking dephasing processes down to sub-
picosecond time scales presents a unique insight into the interaction between specific phonon
modes and the electronic continuum and other elementary excitations. Furthermore, the
study of optically excited coherent phonons leads to a better understanding of symmetry in
the lattice and the phonon-electron interaction [52]. It also provides a novel determination of
the Debye-Waller factor, a test of the mode coupling theory [53], and a direct measurement
of Raman tensor components [41].

Coherent phonons can also lead to changes in the physical properties of various systems.
For instance, coherent phonons directly modulate the electron energy bands through a
deformation potential and the electro-optic coupling [49]. Their behavior is important in
connection with many lattice instabilities including structural phase transitions, chemical
reactions, and melting [54]. Tor instance, it has also been proposed [48] to use coherent

optical phonons to induce a Peierls distortion and thus generate charge-density-waves in



quantum wire networks. Coherent phonons can induce large amplitude atomic motion,
therefore driving the phonon system out of equilibrium and providing a tool for micro-
ferroelectric-domain switching [55]. The later opens the possibility of future optoelectronic
control of micro-domains, which are considered a possible substitute for magnetic domains
in memory chips.

Different generating mechanisms have been proposed to explain these coherent optical
phonon experiments. One of these mechanisms, ISRS, is a Raman scattering process [41]
which is valid for insulators, where no free carriers are present. There are also theories in
which free carriers are important [49, 50, 51]. Among them, the theory of the Displacive
Excitation of Coherent Phonons (DIECP) [49] considers the displaced electronic distribution
as the driving force for the phonons, and the theory of Ultrafast Screening of Surface Charge
Field (USSCF') [44, 50] considers the free carrier current as the major driving force.

It is a difficult task to explain the detailed mechanisms on how coherent phonons are
generated in several types of materials. Such an explanation requires simultaneous consid-
eration of a number of interacting quantities including the exciting light field, the time-
dependent distributions of electrons and holes, and the longitudinal optical phonon ampli-

tude [56].

3.1.3 Coherent and Squeezed Quantum Phonon States: Modulating the
Quantum Fluctuations of Atomic Displacements

In most situations, a classical description is adequate to describe macroscopic physical
phenomena in condensed matter, where thermal noise is much larger than any quantwm
noise so that the later can be neglected. However, at low temperatures coherent effects
(e.g., Bose-Einstein condensation of atoms [13]) and quantum noise can play a crucial role.
For instance, Josephson junctions provide an example of macroscopic quantum coherent
phenomenon, where quantum fluctuations can be important. Moreover, a recent study [15]
shows that quantum noise in the atomic positions can indeed influence observable quantities
(e.g., the Raman line-shape) even when temperatures are not very low. With these facts in
mind, and prompted by the many interesting developments in classical phonon optics and
the recent exciting results in cohereni phonon experiments, we would like to explore some
phonon analogs of quantum optics. Specifically, we want to study coherent and squeezed
quantum phonon states.

There are several types of phonon quantum states mentioned in this paper. The phonon

vacuum state refers to the state in which no phonon is excited. However, due to the
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zero-point fluctuations of the atoms, the atomic displacement operator still has a finite
uncertainty in this state. The phonon number state |n) describes the situation where
exactly » phonons are excited. Also, the vacuum and number states are both eigenstates
of a non-interacting phonon system. A phonon coherent state is a phase-coherent sum of
all the phonon number states. It is a quantum state that can best describe the classical
behavior of a system. In addition, the quantum fluctuations in a phonon coherent state
are as small as the ones in the phonon vacuum state. I'inally, a phonon squeezed state is
a generalized phonon coherent state. The difference between them is that a squeezed state
can have a smaller quantum noise than the coherent state level in one of the conjugate
variables. Below, we will explain the properties of all the above quantum states in more
detail.

The councepts of coherent and squeezed states were both first proposed in the context of
quantum optics. The experinental advances during the early days of lasers led to extensive
theoretical research, and eventually to the first systematic description of photon coherent
states in the early sixties [7]. Years later, and after much research on the quantum fluctu-
ation properties of coherent states, squeezed states of photons were theoretically proposed
(8, 9]. Their experimental realization occurred about ten years later [10] and it has attracted
widespread attention [11]. Squeezed states are interesting because they can have smaller
quantum notse than coherent states, thus having a promising future in different applications
ranging {rom gravitational wave detection to optical communications [11]. In addition,
squeezed states form a new and exciting group of states and can provide unique insight
into quantum mechanical fluctuations. Indeed, squeezed states are now being explored in a
variety of non-quantum-optics systems, including classical squeezed states [16, 17].

In this chapter we study the dynamics and quantum fluctuation properties of coher-
ent and squeezed phonon states. We have calculated the experimentally-observable time-
evolution and fluctuations of the lattice amplitude operator u(£q) = by + I)Jr_q + b:r, +b_q in
various phonon states. We show that the averages (u(+q)) are sinusoidal functions of time
in both coherent and squeezed states, but for squeezed states the fluctuation ((Au(%q))?)
is periodically smaller than its coherent state value 2, which is also the vacuum state noise
level. Therefore, phonon squeezed states are periodically quieter than the vacuum state.

Our analytical results cannot be obtained without several simplifications of the most
complete models. In particular, we study single-mode and two-mode phonon states through-

out this paper, while in a generic crystal lattice, phonon modes are crowded together. How-
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ever, as pointed out in Refs. [58, 59], a theory dealing only with a single mode or two modes
is adequate when the detection scheme is sophisticated enough to choose the mode (or
modes) of interest. Therefore, here we focus on such a single-mode and two-mode theory.
This will serve as a first stepping stone to a more complete approach. In the text below, we
will describe the approximations used and their ranges of validity. A more complete and
realistic treatment is extremely hard to do analytically because of the complexities in the
real lattice potential—e.g., its nonlinearities and anisotropies.

It is difficult to generate squeezed states because they have noise levels which are even
lower than the one for the vacuum state. Indeed, the experimental and theoretical devel-
opment of photon coherent and squeezed states took decades. Likewise, the experimental
realization of phonon squeezed states might require years of further theoretical and ex-
perimental work. Nevertheless, we believe that theoretical results in quantum phonon
optics can help the development of the corresponding experiments. We hope that our effort
[18, 19, 20, 21], which is only a glimpse into a very rich and new field, will lead to more
theoretical and experimental developments in the still unexplored area of quantum phonon

optics and the “manipulation” of phonon quantum fluctuations.

3.1.4 Overview of this Chapter

The plan of the chapter is as follows. In Section 3.2 we list several analogies and differences
between phonons and photons; these will be taken into account in our discussions. Since
there are several differences between these two kinds of bosons, it is not possible to do a
simple and straight{forward transplant of ideas from quantum optics to phonon physics.
Section 3.3 introduces definitions and notation which will be used throughout this work.
Furthermore, it studies the general properties of both coherent and squeezed phonon states.
The modulation of quantum fluctuations is, for the time being, nontrivial to realize in
a laboratory setting. Thus, it is important to study not one but several alternative ap-
proaches to manipulate quantum fluctuations. In Sections 3.4 and 3.5, we propose four
different methods to generate squeezed states. These approaches are based on a variety
of physical processes, including three-phonon interactions, number-conserving single-mode
phonon-phonon interactions, second-order Raman scattering, and photon-phonon interac-
tions that lead to polaritons. In Section 3.6 we propose a possible detection scheme. Finally,

Section 3.7 discusses several limitations of our proposals.
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3.2 Analogies and Differences between Phonons and Photons

Coherent and squeezed states were initially introduced to describe photons [60, 61]. Here we
are interested in applying these concepts to phonons. Although both photons and phonons
are bosons, they do have significant differences, and the physics of squeezed states of light
cannot be straightforwardly extended to phonons. lor example, photons have zero mass,
and all our results do have a mass in them. This mass cannot be set to zero, becausc
it is often located in denominators. Thus, the straightforward M — 0 limit does not
work here. This is a very significant difference in the physics and the analytical results.
Table 3.1 presents a brief comparison between phonons and photons. Below we mention a
few important similarities and differences that are relevant to our study.

Photons are elementary particles with no internal structure, thus are sometimes called
simple bosons. On the other hand, phonons describe the collective displacements ol very
many atoms in a crystal, and are thus sometimes described as composite bosons [62].
Phonons are bosons because of the commutation relation between the coordinate and mo-
mentum operators. Kohn and Sherrington [62] pioneered the research on composite bosons
like phonons, excitons, etc., and classified them into two categories, with type-T referring
to those bosons composed of an even number of fermions (such as "He atoms), and type-II
referring to those that are collective excitations—such as phonons, excitons, magnons, etc.
In this sense it is also possible to consider photons to be type-1I composite bosons [62],
because they are the energy quanta of electromagnetic field modes. Their commutation
relation originates from the simple harmonic oscillators that are used to quantize the elec-
tromagnetic field. Issentially, both photons and phonons are field quanta: photons are
quanta of a continuous field, while phonons are quanta of a discrete field.

.Norl-interacting phonons are used to describe harmonic crystal potentials. However,
anharmonicity, which leads to phonon-phonon interactions, is always present. Some prop-
erties of solids, such as lattice heat conductivity and thermal expansion, solely depend on
the anharmonic terms in the crystal potential. In other words, phonons in general interact
with each other. Ior photons, the situation is somewhat different. In vacuum and at low
intensity, photon interactions are so weak that the rule of linear superposition holds. How-
ever, in nonlinear media, photons are effectively interactive, with their interaction mediated
by the atoms.

As mentioned above, phonons exist in discrete media. Therefore, phonons have cut-off

frequencies, which put an upper-limit to their energy spectra. For a diatomic lattice, this
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limit is of the order of 0.1 eV, which is in the infrared region. Photons, on the other hand,
do not have such an upper bound for their energy. In addition, the discrete atomic lattice
and the massive atoms lead to a finite zero-point fluctuation in the phonon field, while the
continuous photon modes and the massless photons contribute to a divergent zero-point
fluctuation in the photon field.

The dispersion relations for photons and phonons are qualitatively different. Photons in
free space have a linear dispersion relation. On the other hand, phonons have complicated
nonlinear dispersion relations which generally have several acoustic and optical branches.
The acoustic branches are linear around the center of the first Brillouin zone, i.e., the k = 0
point, which is at the continuum limit. When the quasi-wave-vector k is close to the first
Brillouin zone boundary, w saturates. The optical branches of the phonons have a different
profile. Their dispersion relations are flat near k = 0, where w = wy. Furthermore, as
k increases, w decreases; indeed, the optical phonon dispersion relation can be even more
complicated depending on the lattice structure. Compared to photons, with their simple
linear dispersion relations, phonons have nonlinear dispersion relations that make it morc
difficult to satisfy both energy and momentum (in fact, quasi-momentum) conservation laws
simultaneously.

The order of magnitude of the crystal cohesion energy determines that phonons have very
low energies. Therefore, phonons can easily couple to many other excitations which are in a
similar energy range, and be perturbed by thermal fluctuations even at low temperatures.
All these couplings make phonon dynamics very dissipative. Due to its strong damping,
coherent phonons have very short lifetimes (~ 1 picosecond for optical phonons, while larger
for acoustic phonons) [35]. On the other hand, there exist many materials in which photons
can propagate with little dissipation, and furthermore very long photon coherent times can
be produced by lasers [60].

To summarize this brief comparison, we notice that the differences between phonons
and photons can both help and hinder our effort to apply ideas originating in quantum
optics to phonons. On the one hand, anharmonicity leads to nonlinear interactions between
phonons, which can be helpful when we try to “mix” phonons. On the other hand, short
phonon lifetimes and the strongly dissipative environment of phonons are negative factors.

These will be taken into consideration when we work on the theory.
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l ” Phonon Photon |

Type of boson type-II composite simple
Propagating media discrete continuous
Interactions highly interactive interactive in nonlinear media,

noninteractive in linear media
Mass massive massless
Macroscopic description wave equation Maxwell equations

for elastic continuum

Microscopic description || Schrodinger equation Quantum Electrodynamics
Number of normal 3p modes for each k 2 modes for each k
modes per allowed k
Dispersive 7 always: w = wy(k) not in vacuum: w = ck
Restriction on confined to arbitrary
wave vector k Ist Brillouin zone
Linear momentum vanishes non-zero
Spin not defined s=1

‘able 3.1: Comparison of several physical properties of phonons and photons

3.3 Phonon Quantum States: General Properties
3.3.1 Phonon Operators

In this section we introduce definitions and notation which will be used throughout this
work. It is well known that phonons are energy quanta of the atomic oscillations in a
perfect crystal. Under the harmonic approximation, the Hamiltonian for the vibrational

degrees of freedom of a perfect and isolated lattice is

_ 1 .
Hyarmonic = Z h’wq,\ (b:fl\ bq,\ + §> 3 (‘3 l)
qX

which represents a series of independent oscillators. A phonon with quasi-momentum p =
hiq and branch subscript A has energy ¢qy = hwqy. The creation and annihilation operators
for a phonon of momentum q in the branch A are 1);\ and bgyr. They satisfy the boson

commutation relations:
by 053] = 6qqrbar s [bqn, barn] = 0. (3.2)

The lattice atomic displacements u;, and velocities ;. are related to the phonon oper-

ators by and b:rl/\ through the following relations:

]/\ ,\eiq-R,

1 N
Ui — \/m %\: l qa'dq
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\/N__ Z ( (Aleiq-R,'_,‘_Qiqe—iqRi)
gz>0 A

iq-Ry AN« _—iq-R;pt .
= \/_Z,/qu\ (UgneaRebgy + UpreaRepl ), (3.3)

) hw QR * =i
o = m “‘ L Rihgy — U re T ) (3.4)
QA
h ‘
Qé = qu,\ (bq,\ + b—q,\) ’ (35)
Ui, = Ul (3.6)

Here R; refers to the equilibrium lattice positions, a refers to a particular direction, and
Q(; is the normal-mode amplitude operator. The condition on the polarization vector U is
a result of the requirement that the atomic displacement u;, is Hermitian.

A physically interesting quantity is the Fourier transform of the atomic displacement.

Since
PRLD L e—iq’~R.

VN VN

we can use €' 9® /\/N as normalized orthogonal basis. Thus the Fourier transform of the

= bqqt » (3.7)

atomic displacement takes the form
e—iQ'Rn

ua(q)

1
= ﬁZUé}aQ\ (3.8)
= (qu + bf_q,\) , (3.9)

3 2qu A

which is directly related to the normal-mode amplitude Qa‘ Notice that u,(q) is not
Hermitian, thus it cannot be observed. The quantity which is experimentally observable is

the real part of u,(q):

Re (ua(q) =34/ Sm’; - {Uda (bar +bLgy) + U0 (b-gr +01,)} - (3.10)
- W

Ior simplicity, hereafter we will drop the branch subscript A, focusing on one particular

branch. Our results can be easily generalized to the multi-branch situation. Now Eq. (3.10)

Re (uq(q)) = ,/87;;(] {Uqa (bq n b*_q) + UL, (b_q n bg)} . (3.11)
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Furthermore, let us assume that Ugy, is real. Eq. (3.11) can then be further simplified to

Uga
Re(u, N
(ua(a)) "

Thus, let us define a q-mode dimensionless lattice amplitude operator u(+q):

(b +blg +bq+0}) - (3.12)

u(£q) = bg + by +b_q + b} . (3.13)

This operator contains essential information on the lattice dynamics, including quantum
fluctuations. It is the phonon an=..g of the electric field quadrature operators in the photon
case. The actual unit of Re(u.(q)) is y/I/mwq. Using typical quantities such as m =
107%%Kg, and wq = 10'2Hz, this unit y/h/mwq is of the order of 0.3 Angstroms.

When Uy = |Uqa|e“/)Uq is complex, where ¢y, is a constant phase factor depending

only on the lattice structure, the lattice amplitude operator has a generalized form
“’!j(:tq) = (bq + bT_q> Z(I)Uq + (b_q + [)q) <idug . (3.14)

Furthermore, an experimentally observable quantity which is related to the atomic displace-

ments in the crystal can generally be expressed in terms of Q(;

00 o
0=3% 7 ol @4 - (3.15)
q/\ 4
Due to the Hermiticity of the operator O and the relation Qiq = ;}*, we have the following
constraint
00 90 \”
0 (22} -
002, 204

Thus the operator O can be written as

90 A
o 5 [ ()

1q1‘>0

) \ZO gg—(} V _2%; [(bq\Hﬁ ) a4 (b—qf\+b«11,\) e—i%} - (317)
AGa> ’

Here W) is the phase of 00/3();\1. An example of an experimentally observable quantity is
the change in the crystal dielectric constant éc¢ due to the atomic displacement Q;\l. It can

be expressed as
d(6¢) .\ .
be = - 3.
=20y % -

Indeed, a widely used method to track the phases of coherent phonons [37, 38, 39] is based

on the observation of the reflectivity modulation AR of the sample, which is linearly related

to d¢, the change in the dielectric constant due to lattice vibrations.
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Equation (3.17) indicates that we can define a generalized lattice amplitude operator
ug(£q) = (bq+blq) e+ (b_q +b}) e~ Ve, (3.19)

where the branch label A has been dropped for simplicity. However, it can be easily shown
that this generalized operator ug(+q) has the same fluctuation properties in phonon coher-
ent and squeezed states as u(+q). Moreover, the expectation values of ug(+q) and u(+q)
in these states have a phase difference equal to ¥4y. Indeed, in calculating the quantum
fluctuation ((Aug(£q))?), the important terms are (bgbd) and (bqb_q), where the phases
cancel out with each other. Therefore, we will only use u(4q) hereafter. All of our results

on u(+q) can be easily generalized to u,(-q) and ug(+q).

3.3.2 Phase Operator

Classically, the amplitude and phase of the atomic vibrations are conjugate variables. How-
ever, quantum mechanically, the phase operator is not well defined either in quantum optics
or for phonons. Here, let us consider one particular definition of the phase operator bor-
rowed from quantum optics [63] and calculate its expectation value in a phonon coherent
state. The more straightforward definition of the phase operator by Dirac [64] is not Her-
mitian, while the definitions of the cos ¢ and sin ¢ operators by Susskind and Glogower [63]

are Hermitian. The cosine of the phase operator [63] is defined as

~ 1 1 1 .
cosp = - |at + ol . 3.20
2 Vata+1  Vala+1 ( )

where a is the annihilation operator for the mode k phonon in consideration. Recall that

the quantum state that most closely resembles the classical description is the coherent state.

Let us now calculate the average of cos ¢ in a phonon coherent state |) in mode k:

- 1 1 1
. — 1
Cos = (a|=|a +
(cos 9) |2 [ Vata+1  Vata+1
o + o

\/(LT(L-}— [

—~

al |a)

(o] ==

*771 n

e~ lol? Z
el vminl

[\.;l»—t N =

(0 + ) (m] )

|aIZ11

= Re{a} p‘|“|22 T (3.21)

When |a| is a very large number, the above sum takes the asymptotic expression

|2n e|a|2

Z\/m"' i
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Therefore,

(cosgz;) = ¢os @, (3.22)

which clearly demonstrates that the expectation of the phase operator b is given by the
phase ¢, of the coherent displacement o = |a|e*®=. Furthermore, it will be shown later in
Section 3.3.4 that the quantum phase ¢, of the coherent displacement « corresponds to the
phase of a classical plane wave in the crystal. The coherent-state phase ¢, is determined
by the mechanism of coherent phonon generation. For instance, if the coherent phonons
are produced by impulsive Raman scattering [40], ¢, = 7/2. If the coherent phonons are
generated through a displacive mechanism [43], ¢, = 0. Therefore, a measurement of the
phonon phase provides valuable information about the microscopic mechanism responsible

for the production of coherent phonons.

3.3.3 Phonon Number States

The eigenstates of the harmonic phonon Hamiltonian, Eq. (3.1), are number states:

bq | nq) = /7qlnq—1), (3.23)

b:‘l | nq) = /nq+1|nq+1). (3.24)

As noted before, phonons are intrinsically interactive and have a dissipative dynamics.
Thus the number states and the simple harmonic Hamiltonian for independent oscillators
are generally not sufficient to describe a phonon system. Furthermore, the phonon number
and phase of the atomic vibrations are conjugate variables. Thus, due to the uncertainty
principle, the phase is arbitrary when the phonon number is certain, as it is the case with any
number state |nq). Therefore, in the number state representation, the following quantities
vanish: the expectation values of the atomic displacement (ng|u;o|nq), velocity (nglia|ng),

and g-mode lattice amplitude (nq|u(+q)|ng):
(nqltialng) = (nqliialng) = (nqlu(xq)lng) = 0. (3.25)

These results do not imply that atoms never move and always remain at their equilib-
rium positions. Instead, they originate from the randomness in the phase of the atomic
displacements.

This issue can be also looked at from another perspective. Number states are the eigen-
states of an isolated system and thus they are appropriate when we deal with a system that

does not interact with its environment. However, if we consider a subset of an interacting



system, for which energy is not a good quantum number anymore, number states are not
the best choice. In fact, there exist states that can describe such a non-conserving system

P~

better. Coherent states [7] are in this category, and will be discussed in the next section.

3.3.4 Phonon Coherent States and Their Generation

In this section we study the dynamical and quantum fluctuation properties of phonon coher-
ent states. We also briefly discuss the connection between phonon coherent states and the
experimentally-observed coherent phonons. Typically, the dynamics of coherent phonons
are described by using classical equations of motion, while here we present a quantum de-

scription of them. This is a necessary step before introducing phonon squeezed states.

Single-mode Phonon Coherent States

A single-mode phonon coherent state is an eigenstate of a phonon annihilation operator
bqlBy) = Bqllq) - (3.26)

It can also be generated by applying a phonon displacement operator Dqy(34) to the phonon

vacuum state (where there is no phonon excited)

‘ . __I_E__I_2_ o0 ﬁnq .
1Bq) = Dq(Bq)|0) = exp(ﬂqb:rl——/}’qbq)m) = ¢ 2 E ;lz Ing) - (3.27)
ng=0 q-

It can be seen from q. (3.27) that a phonon coherent state is a phase-coherent superposition
of number states. Moreover, coherent states arc a set of minimum-uncertainty states which
are as noiseless as the vacuum state. Coherent states are also the set of quantum states that
best describe classical harmonic oscillators. Indeed, these results are the phonon analog of
the photon coherent states [7, 57, 65]. Appendix A presents a summary of some useful
properties of photon coherent states.

A single-mode coherent state can be generated by the following Hamiltonian:

H = Ho+V
Ho = thwq (blbg +3) (3.28)
Vo= Anetatby + Aqemiwat bl

and an appropriate initial state (see Appendix A for further details). Here A\q represents
both the interaction strength between phonons and the external pump and the intensity

magnitude of the pump. Also notice that the pump is on resonance with the phonon mode.
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More specifically, if the initial state is a vacuum state, |1/(0)) = |0), then the state vector

|#) becomes a single-mode coherent state thereafter
() = [Ag(t)e™™at), (3.29)
)
Ag(t) = - (;;f\q) t, (3.30)

where Aq4(?) is the coherent amplitude of mode q. The linear divergence of Aqy(t) with time
t reflects the facts that no dissipation mechanism is present and that the external pump is
working continuously. Here the initial state does not necessarily have to be a vacuum state.

It can be an arbitrary coherent state because of the relation
Dq(aq) 18q) = €% Jag + Bq) » (3.31)

where 64 = I'm(Bqay) is an additional overall phase factor [65].

If the initial state is a single-mode coherent state
[9(0)) = |ag), (3.32)
then the state vector at time ¢ takes the form
[9(1)) = [{Aq(t) + aq} eﬂ.wqt)» (3.33)

which is still a coherent state.
In a single-mode (q) coherent state |[Aq(t) e~™at), the time-dependent expectation value
of the atomic displacement operator is

2h

(Uia)coh = m IUqchq(t)l cos(q-R; — wqyl + (/)U(l +- g/)Aq (1)). (3.31)
Here the branch subscript A has been dropped for simplicity, Ug = |Uqal expligu, ), and
Aq(t) = [Aq(t)] exp(igp,(t)). The time evolution of the expectation value of the lattice

amplitude operator also takes the plane-wave form
(u(£q))coh = 2|Aq| cos(wqt + ¢a (1)) - (3.35)

Thus a single-mode phonon coherent state is a plane wave propagating in the crystal when
$nq(t) does not depend on time.
The variance (also called “uncertainty”, “fluctuations”, or “noise”) of the atomic dis-

placement operator for a single-mode coherent state is

N
((Attia)*)eoh = ((tia)*eoh — (Wia)ioh = Z M . (3.36)
" 2N mwqa
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Notice that all the modes that are not excited are in the vacuum state and thus all contribute
to the noise in the form of zero-point fluctuations. This shows that a coherent state has the
same noise as the vacuum state. Furthermore, this expression of the atomic displacement
fluctuations gives a finite sum. On the other hand, the similar expression for the electric
field fluctuation in a photon field diverges.

The uncertainty of the lattice amplitude operator for a single-mode coherent state is

((Au(Eq))eon = {(u(£Q))2)con — ()%, = 2. (3.37)

Notice that, from the expressions of the noise {((At;q)%)econ and ((Au(£q))?)con, it is impos-
sible to know which state (if any) has been excited. On the other hand, this information is

clearly present in the expression of the expectation value of the lattice amplitude (u(£q))coh-

Multi-mode Phonon Coherent States

A multi-mode coherent state is a coherent state with more than one mode. Since phonon
modes are independent of each other, a multi-mode coherent state can be simply expressed

as a product of a series of single-mode coherent states:

lag, gy o) = |ay) @ lag) © - ® |ay) . (3.38)

Theoretically, a multi-mode coherent state can be obtained from the following Hamil-

tonian:
H = Ho+V
Ho = $qhwq (bhbg + 1) (3.39)
Vo= T {Meatbg + Ageat b}

and an appropriate initial state. Here Aq is the interaction strength between the phonon
system and the external source. For simplicity, branch labels have been dropped.
Similar to the single-mode case, if the initial state is a vacuum state, |1(0)) = |0), the

state vector |¢) will become a multi-mode coherent state thereafter,

(1)) = T] @ [Aq(t)e™aty, (3.40)
q

i

Ag(t) = —(ﬁAq)t, (3.41)

where Aq(t) is the coherent amplitude of mode q. If the initial state is a multi-mode

coherent state

1%(0)) = [] ® lag)s (3.42)
q
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the state vector at time ¢ will be
(1) = TT © | {Aq(t) + aq} e, (343)
q

which is still a coherent state.
We can now calculate the expectation values and quantum fluctuations of the atomic
displacement and lattice amplitude operators. In a multi-mode coherent state |9(t)) =

(%|Aq ~wat) the expectation value of the atomic displacement operator w;(t) is

‘ C —Wet » (q-R; ~wqt
('“'icy(t»coh = \/—NEZ” {lqa() 1Ri—wq A ( )+ U(lf\ 2 r v q f)}

\/m (Zl H wq l[[qcv Aq( )I (Og(q R, - wqf + (/)U (/)Aq(['),) ) (3‘“)

which is a sum of cosine functions. Here the branch subscript A has been dropped, Uy, =

[Uqal exp(idu, ), and Aq(l) = [Aq(t)] exp(ida,(1)). For a particular pair of +q, the lattice
amplitude operator u(+q) is

(w(£q))eon = Aq(t)e™™a" + A q(t)e el A (t) et + AZ( (t) et
2{|Aq(t)] cos(wqt + $a, (1)) + [A_q(1)] cos(w_qt + r_q(D)} - (3.15)

In the special case where |A_q| = |Aq|, and recalling that w_q = wq, the average of u(£q)
takes the simple form

(u(£4q))con = 4|Aq| cos 20 — #r-q(l) cos | wyt + P1q(t) + r-a(t) . (3.46)
! 2 ! 2

Moreover, if A_q = Aq, then u(Z£q) takes an even simpler form
D 1 19

((£q))con = 4|Aq| cos(wqt + da, (1)) - (3.47)

Therefore, in a multi-mode coherent state, (w;n(t))con and (u(£q))con are sinusoidal func-
tions of time, instead of being zero like in a number state |ng).

In a multi-mode coherent state, the fluctuation of the atomic displacement operator
takes the form

) N B Uqul? !
<(Auia) >coh = z PEYIE (34?\)

2N Mwya

If the £q modes are both in a multi-mode coherent state, the fluctuation of the lattice

amplitude operator becomes

<(All,(:f:q)) )u)h =2. (34())
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Therefore, if a phonon system is in either a single-mode or a multi-mode coherent state, the
fluctuations of the atomic displacement operator ((Aum)2)mh and of the lattice amplitude

operator ((Au(#q))?)con will be independent of time.

Equivalence of Quantum and Classical Coherent Phonons

Coherent phonons have been the subject of considerable interest in recent years, as pointed
out in the introduction section of this chapter and in Ref. [35]. Experimentally, coherent
optical phonons can be generated through optical interactions such as stimulated Raman
scattering [60, 61]. Using a similar technique, coherent acoustic phonons have also been
generated in zoue-folded superlattices [12]. Typically, the dynamics of coherent phonons
are described by using classical equations of motion. Here we present a quantum description
and show that it is consistent with the classical one and, as an additional bonus, contains
information on quantum fluctuations. An effective Hamiltonian for a coherent-phonon-

generating process is

: : g t oy yxptot
H g imulated—Raman = hw,,b;f}b], + hwy, (LLl ak, + hwk, ay, ax, + A bpax, ay, + A b;gakl ak,, (3.50)

where p refers to a Raman active phonon mode, ky (k3) denotes the higher- (lower-) energy
incident laser photons. In the context of spontaneous Raman scattering, where there is only
one beam of incident photons, mode k; is called the Stokes mode of the scattered (instead
of incident) photons. However, in a stimulated Raman process, two incident laser beams
are needed. The two incident photon modes have a frequency difference that is equal to the
frequency of the Raman active phonon mode. Since in a stimulated Raman process both
incident photon modes ky and k, are pumped into large amplitude coherent states, the
creation and annihilation operators of these two modes can be treated as c-numbers. Hence

in a mean-field (MF') approximation the Hamiltonian Hgnulated— Raman can be simplified to

IRk = hwy b3b,, + Aperth, + Are~rthl (3.51)

stimulated—Raman

As we pointed out earlier in this section, the phonons will be in a coherent state starting
from either a vacuum or a coherent state.

Coherent phonons can also be generated transiently by a femtosecond short pulse laser.
A femtosecond pulse duration is much shorter than any phonon period and therefore acts as
a delta-function driving force. It can produce coherent longitudinal optical (LO) phonons

[39, 43, 45, 46]. We can make a very simplified calculation by replacing the coupling strength
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Ape@rt with A, (t) = Aé(t — 1o) in Eq. (3.51), so that

aiMr = hwyblb, + A6(t — o) by + A™ 6(t — to) b} . (3.52)

stimulated—Raman

Here A = |A|e**4 is a time-independent complex amplitude containing the information of
the photon-phonon interaction and the coherent amplitude of the relevant modes in the
incident optical pulse. We assume that the crystal is in the phonon vacuum state before it
is hit by the laser pulse at ¢ = ty. Let us now consider the time-evolution of the phonons in
the p mode.

To obtain the time-evolution operator for the phonon mode, we first change into the

interaction picture, where the interaction-picture Hamiltonian takes the form
Vi(t) = 6(t = to) [Abye™ ™" 4+ A%bfetr!] . (3.53)

Notice that this Hamiltonian is time-dependent. Thus, we cannot integrate the Schrédinger
equation directly like we have done for the on-resonance cases. However, we can use the
Magnus method [66] to calculate the time-evolution operator Uj(t) = exp(—id; — iA; —
@Az — ) of the phonons (see Appendix A.2 for details). Since the Hamiltonian V() above
is linear in b, and b;, all the commutators equal to or higher than third-order vanish. The

second-order term A can be calculated as follows
1 t ta
Ap(tto) = m/, dts /{ dty [Vi(iy), Vi(ty)]
1 t t ‘ . .
= W/t dt, /to dty A2 6(ty = Lo) 6(ty — to) [ewv“rh) — emtwplta=t)

to

I to , |
= E / dtg/ d'/;l lfllzé(tl — fo) 6("[2 - to) sinwp(tg - tl)
Jito
0.

-

Therefore, only A; contributes to the time-evolution operator. U(t) can thus be written as

Ur(t,to) = e '
t
= exp <—— t dTV[(T))
0
i A ; P A* L .
= exp <——;——ﬁbpe"“’7"° - %%b;f)e1wﬂto> . (3.54)

In other words, for t > {o, the crystal is in a single-mode (if this phonon mode is the only
Raman active mode) coherent state |[A,e~*#!). The coherent phonon amplitude A, from

Eq. (3.30) is then
= — %— eiwnto (3.55)
3
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which is a constant complex number. Thus, a very short laser pulse conveniently provides
a time-independent amplitude and a coherent phase (see, e.g., [41]). If q is the wave vector
of the p mode, the state vector can be written as |Aqe"i“’qt), where Aq = —iAe™ato [2h. For

t > to, the average of the lattice amplitude operator in the state |[Aqe™"a) @ |0_4) becomes

(U(£Q)con = (0-ql ® (Aje™ | u(£q) [Aqe™™a") & [0_q)
= (Age™a'] (b + bf) [Aqe™ ")
_ _7_'2/7—31 {C—iwq(t-xo)+i¢>,, _ eiwq(t—t0)~idm}

= i gt = 1)~ 04) (3.56)

These longitudinal optical phonons can have a coherence time of about 50ps at 10K, and
even longer at lower temperatures [35].

In the classical sense, “coherent” means a wave with a well-defined phase, or waves that
can interfere with each other when superimposed. Here we have shown that the single-mode
coherent state of phonons generated by a short laser pulse is indeed a plane wave with a
well-defined phase. Thus, these phonons in a qguentum coherent state are also coherent in a

classical manner.

3.3.5 Phonon Squeezed States

In this section we study the dynamical and quantum fluctuation properties of various kinds
of phonon squeezed states. These states are special because they periodically exhibit less
quantum noise than phonon coherent states or the phonon vacuum state, both of which

exhibit zero-point fluctuations.
Quadrature Squeezed States

In order to reduce quantum fluctuations to a level below the one for coherent phonons,
we need to consider phonon squeezed states. Quadrature squeezed states are generalized
coherent states [9, 58, 67]. Here “quadrature” refers to the dimensionless variables such as
dimensionless coordinate and momentum. Compared to coherent states, squeezed ones can
achieve smaller variances for one of the quadratures during certain time intervals, and are
therefore helpful for modulating and decreasing quantum noise.

Phonon number states have the smallest possible noise in the phonon number, thus
are an extreme form of squeezed states. However, they have no phase coherence, which

is important in many situations. Figures 3.1 and 3.2 schematically illustrate several types
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of phonon states, including vacuum, number, coherent and squeezed states. These figures
are the phonon analogs of the illuminating schematic diagrams used for photons [68, 69].
Appendix B summarizes some definitions and useful results on quadrature squeezed states.

A single-mode quadrature phonon squeezed state is generated by applying a phonoun

squeezing operator Sq(€) and a phonon displacement operator Dg(aq) to a vacuum state

lag, €) = Dqlaq) Sq(£)]0), (3.57)
where

Sq(€) = exp (%bg - —é—bjf) : (3.58)

A two-mode quadrature phonon squeezed state is generated as follows
logys Oqyy €) = Dg,(aq,) Dgs(aq,) Squ,q.(€) 10), (3.59)
Sarar(€) = exp(Ebq,bq, — & bl bL) . (3.60)
Here Dy(aq) is the coherent state displacement operator with «y = }aq|ei‘7’, S5q(&) is the
0

single-mode squeezing operator, Sq, (&) is the two-mode squeezing operator, and £ = re!
is the complex squeezing factor with » > 0 and 0 < 6 < 2.
As shown in Ref. [58] and in Appendix B.3, the squeezing operator Sq, q,(€) can be

produced by the following on-resonance Hamiltonian:

192

Hay qy = hwq, 0 ba, + g, bl by, + Cemartwaz)t gt pb 4 cxeiloartwan)tp by (3.61)

Its time-evolution operator has the form

—iHot

Uty = exp< h" ) exp [g*(t)z)q]bq2—g(t)bg]bjn}, (3.62)
Ho = hiwg, bl by, + hwe, bl bg,

£t) = <1g')t. , (3.63)
: h

Here &(¢) is the squeezing factor and  is the strength of the interaction between the phonons
and the external source (including the power of the external pump). This interaction allows
the generation and absorption of two phonons at a time. The time-evolution operator
U(t) now factorizes into an unperturbed evolution operator exp(—iHyt/k) and a two-mode
(d1,92) squeezing operator Sq, o,(€) = exp {5(00511)32 - 5*([.)1)(111)(12}. I the two modes
q; and qy are degenerate, the squeezing operator becomes a single-mode one. Notice that
here the squeezing amplitude grows linearly with time. Such a divergence is due to the

continuous pump and a lack of any dissipation mechanism. In an experimental situation,

43



\
\

0/2
X

b ¢

<Y

Figure 3.1:  Schematic diagram of the uncertainty areas in the generalized coordinate
and momentum (X(q,—q), P(q,—q)) phase space of (a) the phonon vacuum state, (b)
a phonon number state, (c¢) a phonon coherent state, and (d) a phonon squeezed state.
Here X (q, —q) and P(q,—q) are the two-mode (+q) coordinate and momentum operators
defined in Section 3.3.1. They are direct generalizations of the single-mode coordinate and
momentum operators. Notice that the phonon coherent state has the same uncertainty
area as the vacuum state, and that both areas are circular, while the squeezed state has an
elliptical uncertainty area. Therefore, in the direction parallel to the 6/2 line, the squeezed
state has a smaller noise than both the vacuum and coherent states.
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Figure 3.2: Schematic diagram of the time evolution of the expectation value and the
fluctuation of the lattice amplitude operator u(4q) in different states. Here dashed lines
represent the average (u(£q))(¢), while solid lines represent the envelopes (u(£q))(?) +
V{[Au(£q)]?)(t) which provide the upper and lower bounds for the fluctuations in u(=4q)(¢)
’ 0), where (u(+q)) = 0 and {[Au(+q)]?) = 2. (b) A phonon
number state |ng,n_q), where (u(tq)) = 0 and {[Au(£q)]?) = 2(nq + n_q) + 2. (c) A
single-mode phonon coherent state |eg), where (u(£q)) = 2Re(aqe™™a!) = 2|aq| coswqt,
which means that aq is real, and (JAu(4q)]?) = 2. (d) A single-mode phonon squeezed
state |age~™wat £(1)), where the squeezing factor £(t) satisfies £(t) = re~2wat, Here,
(u(£q)) = 2|ag| coswqt, which means that aq is real, and its fluctuation is ([Au(£q)]?) =
2(e7?" cos?wqt + e sin?wqt). (e) A single-mode phonon squeezed state, as in (d). Now the
expectation value of u is (u(+q)) = 2|aq]sinwqt, which means that aq is purely imaginary,
and the fluctuation ([Au(+q)]?) has the same time-dependence as in (d). Notice that the
squeezing effect now appears at the times when (u(+q)) reaches its maxima while in (d)
the squeezing effect is present at the times when (u(£q)) is close to zero.




this initial linear growth in the squeezing factor will eventually be suppressed by dissipation
which leads to increasing fluctuations.
For a single phonon mode, the quadrature operators are

X(q) = (1)q+[):(l)/\/2— 3.6
{Pm) = ilby - BV (364

For a two-mode (q; and qq) situation, the phonon quadratures become

Xanaz) = (bq, + b:rll + by, + 1’:(12 /23/2 (3.65)
P(a,qz) = (bg, — bl + by — b, ) /(237%). ‘

Let us now consider a single-mode (q) phonon squeezed state |aq, &), where a is the
coherent amplitude (equivalent to that in a coherent state), and £(f) is a time-dependent

complex squeezing factor £(¢) = r¢??. The average value of the quadrature X (q) is

<"Y(q))sq = ((/Yqvfl‘X(Q)[a'q’f> = \/‘ERC (Q'q) 5 (3.66)

which is the same as for a single-mode (q) coherent state |aq). The variance of X(q) for

the single-mode phonon squeezed state |aq, &) is

(AX (@) = (2 E(AX (@), €) = 5 ( cos? ¥

+ €27 sin? g) . (3.67)

Similarly, in a two-mode phonon squeezed state |agq,, aq,, £), the average value of the

quadrature X (qy, q2) is

i | 1 o
<"\ (qlv q'Z))S({ = (a(llv (’Yq27 él‘XQIQ(ha aqzv E> = ﬁ]ﬁﬁ(a’ql + (1/(12) ) (‘5()‘\)

which is the same as in a two-mode coherent state |aq, , aq,), while the variance of X (q;, q2)

in a two-mode phonon squeezed state becomes

g L/ g 20 4,0
<(AX(CI1» QZ))2>sq = (a’q] ’ (1(]2, EI(A/‘Z)ZI(_Y(II y Qgyy E) = Z (6 2 COS2 ‘—Z- + C"2 Slll‘Z 5) .
(3.69)

Both of the above variances can be smaller than their coherent state values, which are 1/2
and 1/4, respectively.
In the special case of q2 = —qy, the two-mode phonon quadrature operators have the

simplified form

by + bl 4+ b_q + 01, ) /2372

3.70
by — b +b_q — 01} /(29/%). (3.70)

e N
3 o=
2 B
L
L o
([
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Notice that X (q, —q) takes the same form as the previously defined lattice amplitude oper-
ator u(+q) = bq+ biq +b_q+ b:r,, and both of them are proportional to the real part of the
Fourier components ()4 (we have dropped the branch label A) of the atomic displacement
operators u;y, which is the physical quantity we are interested in. The two operators are

only different by a constant factor of 1/2%/2;
u(+q) = 2°?X(q,—q) Re{Qq} . (3.71)

Therefore, the expectation value of u(+q) in a two-mode (£q) phonon squeezed state
lag, a_q, &) becomes

(u(£q))sq = 2Re(ag + a_gq) . (3.72)

As shown in IIgs. (3.45) and (3.72), the expectation values of the lattice amplitude
operator u(£q) in both phonon coherent and squeczed states have the same sinusoidal
dependence on time. However, the fluctuations of u(4q) behave differently in coherent and
squeezed states. As we have shown in Section 3.3.4, Iiq. (3.49), the fluctuation of u(+q) is

a constant in a two-mode coherent state:
<(Au(iq))2>coh =2. (373)

On the other hand, if the phonon system is in a two-mode (+q) squeezed state |oq, a—q, €)
with squeezing factor £ = r¢?, the fluctuation of u(+q), which is linearly proportional to

((AX(q,—q))%), becomes:

(Au(£a))sq = 8((AX(d,-q)))sq (3.74)

. 0 . 0
= 2 (6"2’ cos? 3 + €27 sin? E) . (3.75)

Notice that the time dependence of the fluctuation ((Au(£q))?)sq comes solely from the
squeezing factor £(1).

If one of the two (+q) phonon modes is in a single-mode squeezed state g, £) with a
squeezing factor of £ = re'? and a coherent amplitude g = |aq|ei4’, while the other mode

is in an arbitrary coherent state |3_q), the lattice amplitude fluctuation will be
: 12 —2r 2 4 2 s 2 4 Q ~a
<(Au(iQ)) >coh+sq =l+e cos”(¢ + 5) + e sin“(¢ + E) » (3.76)

which also depends on the phase ¢ of the coherent amplitude aq of the squeezed state.
Notice that the only contribution of the arbitrary coherent state |3_q) is to add a constant

background term of 1 to the fluctuation of u(+q).

47



We have just considered two cases where squeezed states are involved in two modes of
+q; one where the system is in a two-mode (£q) squeezed state |aq, a_q,€), and the other
when the system is in a single-mode squeezed state |, €) in the first mode and an arbitrary
coherent state |3_q) in the second mode. In both of these cases, the uncertainties of the
lattice amplitude operator ((Au(4q))?), given by Eqgs. (3.75) and (3.76), can be smaller

than in coherent states (see, e.g., Figs. 3.1 and 3.2).
Squeezing Phonons within a Single-mode

Above, we have considered the ideal quadrature phonon squeezed states that are generated
b
by one- or two-mode squeezing operator S and S, ). There are other types of pure
q q1,q2\5 A
phonon states with quadrature fluctuations periodically smaller than the coherent state

value. An example of this is provided by the following single-mode phonon Hamiltonian,
2 .
Hy = hwq blibgq + hA Y02, (3.77)

with an initial coherent state. Notice that this Hamiltonian provides an interaction that
will not change the phonon number in mode q. Of course, in thermal equilibrium the
phonon number in any mode is not conserved. However, if we focus on a situation in which
the phonon mode involved is a low-energy, long-lifetime acoustic mode, then in the short-
time limit this number-conserving interaction potential can be dominant. For this special
situation described by Hq, the fluctuations of the quadrature operators can be calculated
analytically in the Heisenberg picture. I'rom the equation i/},(l()/(ll, = [O, H], the time-

dependent annihilation operator becomes
ba(t) = exp{ =ilwq + 2Ab5(0)bq(0)]t} bq(0). (3.78)

Assuming the initial state to be a coherent state |ag), the variance of the quadrature

operator X (q,t) = (bq(t) + bg(t))/\/? can then be calculated [70] and the result is,

: 1 . |
(AX(dq, f))2>sqf = 5[{0 {aé exp (—‘Ziwqt — 20N |Qq'2(€—41,\z _ 1))
N “(21 exp (—‘Ziwqt + 2](1(1,‘2(6—%,\/, _ l))}
|”qu /. g o | N
+ 5 {1 —~ exp <2|aq| [cos(2At) — 1])} + 5 (3.79)

Here the subindex sq/ denotes squeezing by a number-conserving mechanism. Right after
the anharmonic term is turned on, i.e., in the small-¢ limit, the above expression can be

approximated by

. 1 w ,
(AX(q, 1)y = 3~ 2 crg| 2222 (1 + Efl‘ﬁ) ) (3.80)
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which is smaller than its coherent state value ((AX(q,t))*)con = 1/2. Furthermore, since the
expression (3.79) for ((AX(q,t))?)sy is periodic in time, we can have a periodic squeezing
effect in such a system.

The Hamiltonian Hj in Eq. (3.77) can be generalized to the more anharmonic case
Hy = hwg blbg + hA (bfbq)" (3.81)

where k is an integer larger than two. Systems described by Hj conserve the number
of phonons in a particular mode for any integer value of k. In general, the number of
phonons is not conserved. Thus, we will only consider here the very-short-time limit of
low-energy, long-lifetime acoustic phonons. In this very-short-time limit the number of
phonons is approximately constant. For example, Tamura’s calculations [74] indicate that
some acoustic phonon lifetime are of the order of milliseconds.

In the Schrodinger picture, we can calculate the time-dependent variance of X(q), but
only numerically when & > 2. If the initial state is a coherent state, then the state vector

at time t takes the form
[¥(1)) = e‘i}lt/'i|a( ) = exp {—iwqtb:flb I/\t(bTb } lag)
_ Z (aq ——u,uqt)n
a (!)I (Yq t) "f) . N
= iy 3.82
S e ) (3.82)

e——i,\tnk’n>

where aq(t) = age™™at and ¢, = Mn*. Compared to coherent states, this state is still a
phase-coherent superposition of number states, and the number distribution is still Pois-
sonian. The only difference is the phase factor e~ in the sum. This factor will lead
to a different superposition of number states, and thus to a squeezed state for quadrature
operators.

Now that the state vector [(t)) for the anharmonic Hamiltonian Hy is known, the
variance of the quadrature operator (¢(t)|(AX (q))?|¢(t)) can be calculated. The variances

of the phonon operators in |(t)) are

00 ot eiwqt m /—zwqt n
e——|cyq|2 Z (mI( q\/_') (qu/_ ) W pm—dn) /’Il(’ll _1 |7L _ 2

(w(t)[bgle(0))

m,n=0
2(n—2
= —Iaql"’z |ag 22 o2 o=2ival piln_z—bn)
(n—=2)! %a i
n=2
_ 2 ,—2twqt ,~|og|? |aq|2n —i(bny2—¢n) :
= g€ e ZTe , (3.83)
n=0 ”
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(aaeiwc‘t)m (aqe-—iwqt)n

(POLbglp(t)) = eTleal ST (m] = Yo ¢ (m=n)p|n)

m,n=0
- “‘|aq|2 I(qu
”221 (n—1)
= |agl (3.84)

o0 twqtym wqglyn
(B(Dlbal () = e*wig;JmH“J_ﬂ “W;T‘) im=b) s/ T — 1)
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Therefore, the fluctuation of the single-mode quadrature operator X(q) = (bq + [)2;)/\/‘2 is

(B(DIAX (@))(1)) =§ﬂwmm+%ﬂmw—wwmymem%

- - lal®™ ithia—dn) I
- Re {O.’26 210!(]1() |(¥ql Z —ql pngo—dn) +|Qq|2+:é_

n=0 n!

2
-2 {RP [(\ e~ watp=loal? Z |ﬂn' *i(d)n“—dln)]} . (3.86)

n=0

If at some specific times (P((AX(q))?|¥(1)) = ((AX(q))*)sy reaches its minimum value
((AX(q))%)sq = €77/2, which is less than 1/2, then » is the maximum squeezing factor
of ((AX(q))?)sqy- It measures how the variance decreases from the coherent state value
((AX(q))z)coh = 1/2

Iigure 3.3 presents some numerical results for the maximum squeezing exponent r,
max{r}. The general trend is that the squeezing effect is maximized by increasing the
average phonon number (n) in the initial state. Furthermore, for larger values of the initial
(n), the squeezing effect is larger for greater values of &, the degree of the nonlinearity in
the potential. Thus, the squeezing effect is maximized by increasing both the nonlinearity

in the potential and the initial average phonon number.

3.4 Generation of Phonon Squeezed States

In this section we discuss several possible ways to generate squeezed states of phonons. We
first focus on the three-phonon parametric down-conversion and make a full description of
the whole process, starting from the optical excitation of the optical phonon modes. Then

we turn to another possible way of producing phonon squeezed states based on second-order
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Figure 3.3: The maximum value of the squeezing exponent 7, max{r}, versus the initial
average phonon number (n). This figure shows the squeezing effect in a phonon system
with a potential Vi, « x?*. A larger k corresponds to a higher degree of nonlinearity in the
potential energy. Notice that increasing the average phonon number (n) in the initial state
leads to an increase in the maximum of =, but this rise in max{r} saturates at large (n).

Also notice that, for a fixed and large (n), max{r} increases with the degree of nonlinearity
k.
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Raman scattering. We also re-analyze the simple short-time squeezing mechanism described
in Section 3.3.5, applicable only for very short times, as another alternative way to generate

phonon squeezed states. Finally, the effect of the continuum background is discussed.

3.4.1 Three-Phonon Parametric Amplification Process

Parametric Amplification Processes

A possible mechanism to generate phonon squeezed states is based on a three-phonon para-
metric down-conversion process (e.g., the decaying process LO phonon — two LA phonons,
where LO refers to Longitudinal Optical, and LA refers to Longitudinal Acoustic). In a
(nonlinear) parametric amplifier [60, 61], an input “signal” wave of frequency w, is mixed
together with an intense “pump” wave of frequency w,. As a result of the parametric pro-
cess, the input “signal” wave is amplified (called the output “signal” wave), accompanied
by an “idler” output wave of frequency w; = w, — w; (see Iig. 3.4). Energy is transfered
from the incident pump wave to both the output signal and idler waves.

Parametric processes exist in a variety of contexts and may manifest itself in different
manners. They are typically called down-conversion processes when there is no amplification
involved, and the input signal of frequency w converts into two signals of frequency w,
and we which satisfly w; + wy = w. Tor example, if the pump and the idler are photon
modes while the signal is made of phonons or excitons, the parametric process is called
Raman scattering [60, 61]. In a Raman process the phonon mode is generally a Brillouin-
Zone-center Longitudinal Optical (LO) mode. It does not necessarily have to have a finite
population initially, as long as the phonon mode is Raman active. In other words, this
parametric process can use the zero point fluctuation of the phonon mode as the input
signal. Another example of a parametric process occurs when all the three waves are
photon modes. This is referred to as a non-degenerate parametric process in the optics
literature [60, 61]. Furthermore, if both the input signal and idler photons are in the same
mode, so that w; = ws, then it is called a degenerate parametric process; its inverse induces

second-harmonic generation [60, 61] since w, = w; + ws = 2w;.
Phonon Parametric Down-conversion

Here we would like to consider a phonon parametric down-conversion process where all
the three modes are phonon modes. Such a process is based on three-phonon interactions.
For all parametric processes, the pump wave must be very strong. This is because the

generic parametric process is nonlinear and is weak in most cases—including phonon sys-
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Figure 3.4: A schematic diagram of a nonlinear parametric amplification process, where
the input signal is amplified because energy is transfered from the strong incident pump
wave to both the output signal and the idler wave. The frequencies of the three waves are
related by w, = ws +w;. In our case, we have a strong pump of coherent optical phonons
and a signal and an idler of acoustic phonouns.

tems. Therefore, to realize a phonon parametric process, it is necessary to have a strong
input of phonons in the pump mode.

Typically, three-phonon interactions are the dominant anharmonic processes in a phonon
system and the lowest order perturbation to the harmonic Hamiltonian. We will neglect all
the higher order interactions because they are generally much weaker than the third-order
ones. Using the rotating wave approximation [6], which keeps the terms that can satisly
energy conservation, only terms like [)sb,,‘b; and blbjbp are left at the third-order. They lead
to three-body interactions such as creating a pump mode phonon while annihilating two
phonons in signal and idler modes respectively. If there is a degeneracy in the signal and
idler modes, the aforementioned terms change to bfb;f) and b1%b,. Below we will use the
sub-indices s, 7, and p to represent the “signal”, “idler”, and “pump” modes, respectively.

The simplest Hamiltonian with only three modes is
Hj_phonon = hwsblb, + hw;blb; + hw,blby, + A bbb} + Abiblo,, (3.87)

with the energy conservation relation w, + w; = w,. Similar to other parametric processes,
we assume that the pump mode is classically driven into a coherent state ](,vpc“"wr’) of large
amplitude and thus consider a mean field average over it. In other words, the creation
and annihilation operators of the pump mode in the Hamiltonian are treated as c-numbers,
¢

aze~*rt and aze™r", instead of non-commuting operators. We can then consider the fol-

lowing simplified mean-field Hamiltonian

HYE onon = hwsblbs + hwoiblb; + Xaie™rth by + Aavye ™ blb] (3.88)

3—phonon
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The hwpla,|? term is dropped from Hé‘f’_ghonon.

In fact, a c-number term, even if time-
dependent, does not affect quantum fluctuations. This can be seen by considering the

following example Hamiltonian
Hex = H,(t) + F'(1), (3.89)
where F(t) is a time-dependent scalar function. The corresponding state vector is

()ex = e S Hp0))
= e S F@r =5 [ Ha(r)dr )y (3.90)

i Hex(r)dr/h split into two factors, because the expo-

The time evolution operator e~
vential e~ Fdr/ho o Al sealar - ctar whi . 1l setati

nential e is an overall scalar phase factor which does not affect the expectation
value of any operator. Since our purpose here is to calculate the quantum fluctuations and
time averages of the lattice amplitude operator u(+q), we can always drop any c-number

terim, time-dependent or not, from the Hamiltonian.
MF

H n . QY e . N
3—phonon 11 15q. (3.88) can generate

As discussed in Appendix B.3, the Hamiltonian H
two-mode quadrature squeezed states from a coherent state in both the signal and idler
modes. The squeezing factor is

ﬂﬂ:%A%L (3.91)
where «, is the absolute value of the coherent amplitude of the pump mode. Notice that
here the idler mode is not really “idle” because it plays an active role in the squeezing

process, and is one of the modes of the two-mode squeezed state.

More Complete Description of the Three-Phonon Interaction Process

Using the Hamiltonian H3_phonon, it is possible to generate a two-mode quadrature squeezed
acoustic phonon state in the output signal and idler modes by pumping the pump mode
into a coherent state of large amplitude. This pumping process can be realized by using two
lasers to illuminate a crystal. With appropriate laser frequencies and directions, coherent
optical phonons of the pump mode can be generated through, for example, stimulated
Raman scattering (provided that the pump mode is Raman active), as we described in
Section 3.3.4, and as discussed, e.g., in Ref. [35].

Thus the Hamiltonian for the whole process initiated by the Raman scattering is (see
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Fig. 3.5)

Hpara.met,ric - HO + HRaman + ]Janharmonic
Hy = hwy, a;r(l ak, + hwy, (LI(2 ax, + 2 .q ﬁwqbgbq
HRaman = nag, a;r” b:{lp + 7)*(1,}:] g, bq, (3.92)

Hanharmonic

/\‘ls‘IiprbilsbIh + ’\*sq, bjlpb(lsbql

+ Vg Aqrqrbay bl bl + Mgl barbgr) -

Here a and b refer to photon and phonon operators, respectively. The higher- (lower-)
energy incident photon mode is labeled as k; (k3), and the lower-energy photon mode is
generally called Stokes mode in the context of Raman scattering. The sums over q’ and
q” in Hnharmonic represent decay channels other than the special one with acoustic signal
and idler modes. In general, the lower energy phonons are Longitudinal Acoustic (LA) ones
because the pump mode phonons are longitudinal optical phonons.

We now consider two mean field averages in order to simplify an otherwise analytically
intractable problem. The first mean field is over the photons. The photons in the incident
modes ky and k; (often denoted by “laser” and “Stokes” light) originate from two lasers.
For a reason that will be apparent in the next few paragraphs, we assume that the photons
in both modes are in ultrashort pulses with respective amplitudes ay, and ayg,. After

averaging over the photon modes k; and ki, the Hamiltonian becomes

H I’,ammcmc = H{+ Hipnan T Hanharmonic

H{ = hwi, |k, |2 + hwk, |a, [P + 3 /},wqbilbq

M = tlot @60t — to)by + 77l ot |81 — )b, (3.93)
Hanharmonic = AquqsDa, b0 + N5 q, b0 0a.ba,

+ T arar Aqrarba, b bl + Mg b, barbgr) -
Here the pump mode phonon frequency wq, is the frequency difference of the two photon
modes wq, = wk, — Wk,. Such an equality can always be achieved with a photon pulse,
which is wide-band. In addition, since photon wave vectors are very small compared to
phonons’, we assume that the pump mode LO phonons have a wave-vector q, = 0.

The second mean field average is over the pump mode longitudinal optical phonons. As
we discussed in the last part of Section 3.3.4, LO phonons produced by coherent or stimu-
lated Raman scattering with an ultrashort pulse are in constant amplitude coherent states.
This pump mode phonon coherent state |Fpe™*“ar!) satisfies (Boe™ "t |by, | Boe™ !y =
Boe~art. Here we use H + Hiopnan o determine g, and then substitute fy back into
Hl’)aramemc to obtain 'HI,)/aramctric' Since these LO phonons are in coherent states, the re-
sults from the average over the pump mode phonons are ¢c-numbers with a well-behaved

time-dependence. Moreover, if the three-phonon process is a normal process (in which the



Figure 3.5: A schematic diagram of a three-phonon parametric downconversion process.
Here (a) refers to a stimulated Raman scattering and (b) to a three-phonon anharmonic
scattering process. The subscript kg (k;) refers to the higher- (lower-) energy incident co-
herent photons. The arrows indicate the directions of the photon and phonon momentum
vectors. A typical process is as follows: a photon in mode k; interacts with the phonon
system and emits one optical phonon in the pump mode of frequency w,, while the photon
itself is scattered into mode kg; the generated pump mode optical phonon proceeds in the
crystal, interacts with the lower-energy phonon modes through the three-phonon interac-
tion, and eventually splits into two acoustic phonons in modes s and s’. Notice that the
pump mode optical phonons have an almost-zero wave vector, so that the two lower-energy
acoustic phonon modes have nearly opposite wave vectors +qs. The latter can be in a two-
mode phonon squeezed state for appropriate initial states. Notice that this figure is not to
scale. The appropriate scale in the figure would make all four lines of photons and phonons
(excluding the horizontal wavy line corresponding to the pump mode optical phonon) verti-
cal and almost parallel with each other. Ior the sake of clarity, we have increased the angle
between the vertical lines.
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quasi-momentum is conserved q, = q; +q;), we then have a special constraint on the result-
ing phonon wave vectors q; & —q, because q, = 0. After these operations, the Hamiltonian

can be simplified to

}Ill)laramctric = II + IIR"zm'm + }Ianhaxmomc

HY = Thwy, |ak, |? + hw, |ak, |? + hwqp|[30(()lz + 22 hwqbqb

[IRaman = 7][&[(1(11(2 |() quptﬁ* + n |Qk1 (43! I(’Wq"tﬂo (394)
}Ianhcumomr, = qe‘luﬁoc—twqpth bT + /\:(1 G * lwq,, b(l th

+ Z ' u(/\q qll/jo(f)bq bq,, + /\:; (1,,,3()(l)[)(1/[)(111) .

Now we drop all the c-number terms, based on the argument presented in Eqgs. (3.89)-(3.90),
because they will not affect the calculations of the fluctuations and expectation values of the
lattice amplitude operator. In addition, we also drop all the phonon modes involved in the
decay channels other than the special one consisting of the signal modes, considering them
only weakly coupled to the pump mode; i.e., we assume Agqr € Aq.q;- The Hamiltonian

now becomes

II/’! . i — hLqu bésbqs + h(&}_qs bt

parametric

qs b"‘ls

+Xqu—q, Boe W bl b AL o Breartbg,b g, (3.95)

qs

where fge~™ar! is the coherent amplitude of the pump mode LO phonons. Here we have
implicitly assumed that the Raman scattering process is much stronger than the anharmonic
scattering. According to the discussions in Section 3.3.5, the two-mode LA phonon system
will evolve into a two-mode squeezed state |aq,,a_q,,€(t)) from an initial coherent or

vacuum state, with a squeezing factor given by
2 . o 0n
f(l‘) = .}—I- /\QS,—QS /30 t. (39())

The state |aq,,x—q,,£(t)) is exactly the one we used to calculate the expectation values
and quantum fluctuations of the lattice amplitude operator u(+q) in Section 3.3.5. It is a
two-mode phonon squeezed state with a squeezing factor £(¢). Notice that to obtain this
squeezed state, the pump mode has to be in a constant amplitude coherent state, which is in
turn a result of the ultrashort pulse coherent photon pump. If the input photon modes are
in coherent states, then the pump mode optical phonons will be in a coherent state with an
amplitude growing linearly with time. With such a pump mode phonon state, we will not
be able to obtain a time-evolution operator in the form of squeezing operator. Therefore,
a crucial condition for the realization of a phonon squeezed state through our parametric

process is that the photons come in as a pulse. The linear divergence in the squeezing
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operator will not materialize in a real system, because various dissipation mechanisms are
present in an experiment, so that the fluctuations generated by these processes will rapidly
overshadow the intrinsic quantum noise in the phonon modes. Nevertheless, the squeezing
effect should be dominant during the short initial moment.

In summary, we have just considered generating two-mode LA phonon squeezed states
lag., @—q,,&(t)) by using the three-phonon anharmonic interaction. The higher-energy LO
phonon mode, which is called the “pump” mode, is driven into a coherent state through
a stimulated Raman scattering by a strong photon pulse. This mode in turn is used as
a pump in the parametric amplification process involving itself and the two lower-encrgy
LA phonon modes (#q;), the signal and the idler. Both of these modes can here be called
“signal” because the “idler” mode is not really “idle”; indeed, it is actively involved in the
squeezing process. We have shown that the LA phonons in the two signal modes (+q,) are
in a two-mode squeezed state before relaxation if (#) the LO pump mode is in a coherent

state and (77) we can neglect the other decay channels.
3.4.2 Two-Phonon Raman Scattering Process

So far, we have only used first-order Raman scattering to generate coherent phonons. If we
consider a second-order stimulated Raman process (see I'ig. 3.6), the Hamiltonian can be

written as

2
[11(‘(;31:1;111 = []0 + Ilint
Hy = fhwy, (I,I(I ax, + hwy, a};akz + 2 q. hwqﬁbgsbqs (3.97)
i = qu Jq. (/,kla;f(2 b}thbf_qﬁ ,

where gq, is the second-order Raman interaction constant. A mean field theory over the
two incident coherent photon modes k; (higher-energy) and k, (lower-energy) produces the

following Hamiltonian for the two excited acoustic phonon modes (+q;)
2 X : * y
Hi s = hwa, (b ba, + 0L boq ) + cq (0B 0Lg + ¢ (Dbgbog, . (3.98)

where ¢q,(t) = (gqguklalf(?) and has a time-dependent factor of e~iwastw—as)t and the
c-number terms obtained from the mean field average over h’wkl(l’I(la’kq] and /'zwkza;r(za,k2
have been dropped because they do not contribute to the amplitude averages and fluc-
tuations, as we saw above in this section. Thus, from the previous discussion in Sec-
tion 3.3.5, ['Ié?mamMF can generate two-mode squeezed states in these acoustic phonon
modes. If for any reason the first-order Raman scattering is either very weak or prohibited,

the second-order stimulated Raman scattering process can be used to generate two-mode
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Figure 3.6: A stimulated second-order Raman scattering process. The subscript ki (k2)
represents the higher- (lower-) energy incident coherent photons. The arrows show the di-
rections of the corresponding photon and phonon momenta. The incoming coherent photon
beams are about parallel to each other. The actual physical process is as follows: an incident
photon in mode k; interacts with a solid, producing two acoustic phonons, and leaves in
mode ky. For appropriate choice of initial photon and phonon states, the acoustic phonons
can be in a two-mode squeezed state. Notice that there are also additional incoming pho-
tons in mode kg, therefore this mode becomes stronger after the interaction, at the expense
of mode k;y. Also notice that the vector sum of the two phonon momenta is the difference of
the input and output photon momentum vectors. Since photon wave vectors are generally
much smaller than the phonon ones |k;| < |q;/|, the two acoustic phonon modes have nearly
opposite wave vectors +q,. Similar to Fig. 3.5, this figure is not to scale. The appropriate
scale in the figure would make all four lines of photons and phonons vertical and almost
parallel with each other. For the sake of clarity, we have increased the angle between them.

phonon quadrature squeezed states |ag,,a—q,,&(1)). In this process, the incident photons
should be in colerent states. They do not need to be in a pulse. In other words, we can
generate phonon squeezed states with continuous incident photons through a second-order

Raman process.

3.4.3 Short-time Squeezing Mechanism in a Single Phonon Mode

As discussed in the last part of Section 3.3.5, another way to generate short-lived squeezed
phonons is through a special kind of anharmonic process that conserves the number of

phonons in a certain low energy, long lifetime acoustic mode, as in the following Hamiltonian
Hy = hwbtb + hA(bTh)E. (3.99)

The interaction in Hj comes from the potential Vi, = gra?*, where & = 2,3,.... Here we

consider the short-time limit, and assume that there are phase-space restrictions that elimi-



nate all other processes coming from V}, so that the phonon-number-conserving potential of
Hj, is the dominant interaction. According to the discussions in Section 3.3.5, such a Hamil-
tonian produces periodic squeezing in this single mode, provided that the initial phonon
state is a coherent state. To realize such a process, the crystal must have a potential of
the form Vj, with the lower-order terms in the potential either vanishing or very weak.
Ferroelectric crystals are potential candidates because their atomic interaction energies can
be modeled by a harmonic term plus an anharmonic term of the form V, = gya! (see,
e.g., Ref. [55]). If the coherent initial state is generated through an optical method such
as stimulated Brillouin scattering, very low temperatures are needed so that the thermal
occupation of the phonon mode is negligible compared to the optically excited population.

Of course, in general the number of phonons is not conserved. Thus, this mechanism
for low-energy, long-lifetime acoustic modes might play a role only for very short times
(compared to the lifetime of the particular mode in consideration) when the number of

phonons is approximately constant.

3.4.4 The Continuum Background and the Finite Lifetime of Phonons

Calculation of the Phonon Decay Constant

A real three-phonon process must satis{y both energy and quasi-momentum conservation
laws. In three dimensions, these constraints produce four equations: one for energy conser-
vation, and three for quasi-momentum conservation. If the energy and quasi-momentum of
the initial phonon and the dispersion relations for the outgoing phonons are known, there
will be six unknown variables: all six components of the quasi-wave-vectors of the two
phonons produced. Thus, there are two unconstrained degrees of freedom [72]. In general,
they form a surface in momentum space. In special situations, this surface can degenerate
into a line, a point, or even totally disappear. In our calculation on three-phonon inter-
actions presented above, we focused on a special term and did not consider the effect of
other terms on the solution surface; this is somewhat oversimplified. Unless we have a very
degenerate situation, where only one channel exists for three-phonon decay, all the modes
are qualitatively equivalent and thus none of them should be disregarded. Lven in this
extremely degenerate case, it is still difficult to single out only one decaying mode, because
the higher order terms might be non-negligible. To partly remedy this shortcoming, let us

now consider the general situation. The complete Haniltonian is

H3Mm—continuum = hwp b;;bp + Z fiws I)Z[)é
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+ Y {/\ boberbl 6(qs + qo + G — qp) + h. c. } . (3.100)
5,8\ G

where the é-functions enforce the conservation of quasi-momentum, G are reciprocal lattice
vectors, and the sum runs over all the final states of the possible three-phonon processes
originating from the pump mode optical phonons. Here “pump mode” refers to the same
mode we studied in Section 3.4.1 on the three-phonon parametric downconversion process.
In the situation considered now, there is no real pumping actually happening.

In this section we focus on the decay of phonon modes regardless of their actual state.
More precisely, we will calculate the decay constant of the input pump mode (labeled by
the subscript “p” in Eq. (3.100)) due to the three-phonon interaction of strength Mgy with
lower-energy phonon modes (labeled by the subscripts “s” and “s’” in Eq. (3.100)). Here
we choose our system to consist only of the pump mode phonons, and consider all the lower-
energy phonon modes together as a reservoir. A system phonon is created by absorbing a
pair of phonons from the reservoir, and is annihilated by emitting a pair of phonons into
the reservoir. For simplicity let us consider only the normal process, in which G = 0. The

Hamiltonian can now be written as

Hr = Hp+ Hp+V;

Hp = hw,blb, .
Hr = 5, hoor bib, (3.101)
Vi = o { A bibibl + hoc. )

Here P refers to the system consisting of the pump mode phonons, while p refers to the pump
mode; R denotes the reservoir consisting of the lower-energy phonons, while r denotes the
reservoir phonon modes; and Vj is the interaction between the system P and the reservoir
R.

To study the decay of the system phonons in P into reservoir phonons in R, we first
use the interaction picture to eliminate the fast rotating part of the density matrix. The

Schrédinger equation for the density operator Ppp of both the system and the reservoir is

0Pp 1
a;R = - i{[v’“’ —lo), PprR], (3.102)
where
Vi(r) = e~ t(Hp+HR)T/h Vi G Hp+HR)T/N (3.103)

is the interaction between the system and the reservoir in the interaction picture.
Assuming that the interaction V; between the system Hp and the reservoir Hp can be

considered as a perturbation, and after taking a coarse-graining approximation (for further
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details, see Appendix C), the Schrédinger equation for the reduced density operator for the

system in the interaction picture becomes

. i [T
p(t) = % ) dr' tr, {Vi(7") PpRr(1)}

—h%[ dTI/O dT”M‘T {V](TI)VI(T”)PPR(t) — V](T’)PPR(t)Vl(T")}
g )
+h.c. (3.104)

Here the iteration has been cut off after second-order terms; p is the interaction-picture
reduced density operator p(t) = tr.{ Ppp(t)}; the trace tr, is over all the reservoir variables;
and 7 =t — tg. Using techniques similar to the ones employed in Appendix A.2 to derive

Eq. (A.24), the interaction can be explicitly written as

Vi(r) = hbiF(r)+ ho,Fi(7) (3.105)
F(r) = i3 Ay bypbys elrmer=wn)7 (3.106)

If we assume that the reservoir is always in thermal equilibrium and has a wide band-
width (as described in many quantum optics textbooks, e.g., [6]), the above Schrodinger
equation, Eq. (3.104), can be simplified into a master equation for the system (for a deriva-

tion, see Appendix C),

pt) = (0 +7) (bbop — bypb}) — T (pbhby, — bipby) + hec. (3.107)
r = h% /o,:;éw,,/z dw D(w) | Mw,w), — u))l2 -
7 -
+ h—,ZD(w,,/Q) IN(wp/2,wp/2))? (""Ez,,/'z = Ny, 2) (3.108)
v = f%/o :é P dw D(w) bw | MNw,w, — w)|* (ny + Ney—w + 1)
\WEWp
T ) . .
+h—2D(w,,/2) 0w | AMwp/2,wp/2)* (21,2 + 1) . (3.109)

Here D(w) is the density of states for reservoir phonons in the frequency range (w,w + dw),
and éw is the line-width of the w,/2-mode in the reservoir. Mw,w, —w) is the three-phonon
interaction strength between the system mode at frequency w, and the two lower-energy
modes in the reservoir at frequencies w and w, — w, respectively. A(w,w, — w) can be
obtained directly from A,,.,. Any possible degeneracy at the relevant frequencies has been
taken into account in the density of states D(w). The number n,, is the thermal equilibrium
number of phonons at frequency w in the reservoir. It satisfies the Planck distribution

n, = 1/(exp(hw/kpT') — 1), where T is the reservoir temperature. The constant I can be
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considered as the rate for the phonons in the reservoir to recombine into system phonons;
while I' + 7 is the rate for system phonons to split into reservoir phonons. The difference
is the net rate for the system phonons to decay into thermal phonons in the reservoir.

With this master equation, we can calculate the decay of the average population (b;;bp)
and the coherent amplitude ((blt + b,)) of a single-mode coherent state of the system. The
time-evolution of the average population is given by

d(blb,)

T = —27(blb,) + 2T, (3.110)

while the average of the lattice amplitude satisfies the relation

(l((b;f) + bp))

T = b)) (3.111)

Notice that the population (b;gb,,} decays twice as fast (27 versus 7) as the lattice amplitude
((b;f)—i—b,,)). This occurs because b;;bp is quadratic and has the same dimensions as the square
of the linear operatof b;f) + by, and the decay mechanism for both is the same anharmonic
interaction.

Let us denote by 7, the decay constant for the average population (b;f,bp)7 and vo as
the decay constant for the average lattice amplitude ((b} + b,)). Our calculation here
indicates that y; = 2y, = 2v. However, this is not true in general, because 7y, can also
contain contributions from dephasing processes such as elastic collisions between phonons
and impurities, which destroy the coherence but will not affect the population very much.
Therefore, the two decay constants can differ much less than a factor of two. However, in
many materials phonons decay mainly through anharmonic processes. Llastic events that
can change the phase of coherent phonon waves while leaving the population unchanged are
much weaker than the inelastic ones (see, e.g., [35]).

In Ref. [73] it is pointed out that both the three-phonon interaction and the four-phonon
interaction contribute to the phonon self-energy in the same order. However, the four-
phonon interaction does not contribute to the phonon lifetime. It only gives the relevant
phonon mode an energy shift. Therefore, our calculation of the phonon lifetime presented
here, with only a three-phonon interaction, is a rcasonable lowest-order estimate.

In the above calculation we assumed that the density matrix can be factorized into
a product of two density matrices: the system’s and the reservoir’s. This is exact for a
short period of time right at the beginning, but is only approximate afterwards because of

the interaction between the system and the reservoir. Indeed, this approximation is good
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when the interaction is weak. In addition, because of the relatively long lifetime of the
lower-energy acoustic phonons, the reservoir is not always in thermal equilibrium. This will
also introduce corrections to cur results. Nevertheless, as it is the case in the quantum
optics literature where similar approximations arise, we can consider our calculation to be a

first-order approximation that gives a qualitatively correct estimate to the decay of phonons.
Physical Consequences of the Phonon Decay

Through the simple calculation presented above, we are able to show that, by coupling

the pump mode phonons (the system) to a continuum of states (the reservoir), these high

energy phonons lose their coherence as they proceed through the crystal. This loss of
phonon coherence will introduce an additional noise, which we need to overcome to generate

squeezed phonon states iu the lower energy phonon modes. This noise can be easily modeled

by using a Langevin.equation for the pump mode phonons. Indeed, the approaches based on

the Langevin and master equations are equivalent to each other [6]. Both of them describe

a system interacting with a reservoir. A Langevin equation describes the time evolution

of a particular dynamical variable, such as the annihilation operator b,; while the master

equation models the evolution of the density matrix of the system. The effect of the reservoir

is to give rise to a decay constant and a noise term in the Langevin equation, while it ouly

leads to a decay factor in the master equation. This additional noise term in the Langevin

equation helps to preserve the commuting property of the dynamical variable. Otherwise, if
there is only a decay term without a noise term, the commutator [b,, b;f)] will vanish instead
of being equal to 1.

Physically, the effect of the finite phonon lifetime is to introduce fiuctuations into the
number of phonons in the pump mode. The coherence in this mode will then be either
entirely or partially lost and the average amplitude of the pump mode Fy(1) (see Eq. (3.95))
will not be a quantity with a periodic time-dependence. This irregularity will in turn affect
£(t), the squeezing factor. If Fo() is a periodic function of time, £(t) will also be periodic.
If Bo(1) changes with time aperiodically, the integration will fluctuate around zero and £(¢)
will lose its periodicity. This will make the squeezed states undetectable, since the squeezing
measurements are generally phase-sensitive (e.g., performed every period) and require the
squeezing to be periodic [58].

It is known that the lifetimes of optical phonons are very short, generally of the order

of one nanosecond to one picosecond [33]. The lifetimes of the lower-level modes, which are
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most probably acoustic modes, should also be taken into consideration. However, they are
much longer than the optical ones (up to milliseconds) [74, 75, 76], so that we can neglect
them in the present discussion. In addition, phonons in a crystal are not only coupled with
each other through anharmonic interactions, but are also coupled with electrons, impurities,
etc. Here we will not go in detail about these processes. Instead, we just point out that mass-
defect scattering—e.g., due to isotopic impurities—provides an important phonon-decay
mechanism in many materials. However, this effect can be eliminated by using materials

with a very low concentration of isotopic defects, such as diamond.

3.5 DPolaritons and the Squeezing of the Lattice Amplitude

Squeezed states can be generated not only through phonon-phonon interactions, as we have
discussed in previous sections, but also through phonon-photon interactions such as the one
present in polaritons. When an ionic crystal is illuminated by light, there can be a strong
coupling between photons and the local polarization of the crystal in the form of transverse
optical (TO) phonons. Photons and phonons are thus not separable anymore. Instead, we
have to consider the pair as a single entity, known as a polariton [78]. Here phonon and
photon have the same wave vector, so we use k to denote both of them. In this section
we study the squeezing of quantum noise in the atomic displacements of polaritons. The
essential idea can be summarized as follows. The incident photons induce transverse optical
phonons in the solid through the dipole interaction and introduce a correlation between the
+k TO phonon modes. This correlation can produce suppression of quantum noise in the

atomic displacements of the lattice.

3.5.1 Diagonalization of the Polariton Hamiltonian

Let us consider the simplest Hamiltonian describing polaritons; following the approach of

Madelung [78],

]Ipolariton = Z {Elk “I‘ ax + Lok b;r( by
k

+ B (afbi — axbl, — axb_g + al o) } (3.112)
where

FEy = hek (3.113)

Ey = hwov1+x (3.114)
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Here k is the wave vector for both photons and phonons, wq is the bare phonon frequency,

and y is the dimensionless dielectric susceptibility of the crystal, defined by
2 _ ¥ 2
xwicolE = P+ wiP,

where E is the electric field of the incoming light and P is the polarization due to trans-
verse optical phonons in the crystal. In the Hamiltonian Hpolariton, the two free oscillator
sums correspond to free photons and free phonons, while the mixing terms come from the
interaction E - P between photons and phonons. Notice that the phonon energy Fox has
been corrected, as wqg is substituted by woy/T + X, so that we have “dressed” phonons.

To diagonalize the polariton Hamiltonian, we introduce a set of polariton operators ayx

through a canonical transformation,
ik = w; ax + x; by + y; atk + z l)ik , 1=1,2. (3.116)

It is required that in the representation of ay,
. 1 1 .
I{ll)ola.riton = Z l:]‘,!({l) <Q'{k X1k + :—2-) -+ El({g) (a;k ok + 5)] . (311()
k

The sub-indices 7 = 1,2 specify the two polariton branches, with different dispersion rela-
. 1 2) . . .
tions E1(< ) and El(( ) The transformation matrix elements w;, x;, ¥, 2 are determined by

requiring that the a; s satisfy boson commutation relations,
[k , a;k,] = 8;;6kx , [k , ajk/] =0, (3.118)

so that

[, H] = El((i) ik , (3.119)

which is true if the two different polariton branches are independent of each other. We have
shown in Appendix D.1 how to derive all the transformation matrix elements (w;, =, i, ;)

and the polariton energies El((l) and El({z).
3.5.2 Time-Evolution of the Phonon and Photon Operators

The time-evolution of the TO phonon and photon operators can be computed after the
transformation between polaritons a; and photon-phonons (ax and by) is known. The cal-
culations are done in the Heisenberg picture, where the operators evolve with time. To cal-

culate the time-evolution of the phonon operators, we first go to the polariton representation
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to find the time-dependence of the polaritons, then transform back to the photon-phonon

representation.
In the polariton representation, the Hamiltonian Hl'mlamon describes two independent
harmonic oscillators. From the Heisenberg equation
e -
zh—d—t— = [0, H}, (3.120)
we can obtain
k() = onk(0) B A, (3.121)
ao(l) = ag(0) e~ B (3.122)

The canonical transformation from the photon and phonon operators ay, by to the

polariton operators ax can be written in a matrix form:

a=A-a, (3.123)
and the inverse transformation is
a=A"1.qa, (3.124)
where
1k w T Y1 N ay
o o e o b
o= 121( , A= wf lf !/2* 2, a= Tk . (3.125)
&k Yy o2 w @) aly
ol v 2wy o
The « vector at time ¢ is
, —iED h
apg(t) e~ (()2) 0 0 ak(0)
a(l) = agk(t) B 0 et/ 0 0 « azk(0)
af (0 |7 0 0 (B 0 af -i(0)
a;—k(t) 0 0 0 eiE(_z;ﬁt/h a;—k(o)
= Uuy(t)a(0). (3.126)
Thus a(t) is
a(t) = A a(t) = A7TUL(t) Aa(0). (3.127)

In other words, we can now express ax(t), bk(t), etc., as linear functions of ax(0), bk(0),

etc.
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3.5.3 Computation of the Variances in the Polariton System
Our goal is to compute the fluctuations of the lattice amplitude operator u(tk,t) = bg(t)+

bT_k(t‘) + b_k(t) + bL(t), which is an observable. According to Eq. (3.49) in Section 3.3.4,

the variances of this operator in a two-mode (£k) coherent state |aq, a_q) is
((Au(£a))*)eon = 2. (3.128)

Therefore, if at any given time we obtain a value less than 2, the quantum noise of the
lattice amplitude of the relevant mode is squeezed below the minimum uncertainty value
given by the vacuum state.

From Eq. (3.127) we get

b(t) + 01 (1) = Ar(D)ax(0) + Ax(t)bi(0) + As(t)al, (0) + Aa(t)b,(0), (3.129)
b_i(t) + bl () A5(D)al (0) + A5(1)bE(0) + A5(H)a—k(0) + A5()b-k(0), (3.130)

where A;(t) (they are not the elements of the transformation matrix A) are time-dependent
complex functions determined by the transformation matrices A, A=, and U,(¢). Photons
and TO phonons are initially independent, so that terms like (agbx) — (ak)(bk) are zero.

The fluctuation of w(+k,1) is

(Au(k,0))?) = ($(0)] (Au(Ek, 1)) |4(0))
= AND((Aa)?) + AFO(Ab)?) + AJ({(Aal )?) + AF()((AB! )
+ATH(O{(Aak)?) + A3 (O{(AB)?) + A3 (1){(Aay)?)
FATHO((Ab-1)) + 241 (DAF(0) ((exa-i) — (ar)(e—k))
+243()A3(6) ((afal ) = (af)(aly))
+2A2(t) A3(t) ((bicb—x) — (br)(b_x))
+2A44(1) A3() ((bhol ) — bR ))
Lax)
T

+2A1(6)]? ((afar) = (af) (@) + 20421 ((bhbr) — (BE) (b))
+2| As(t |2( 1 k) — (al k)((z,_k)>
(6L ibose) = b))

+Aq(2)|? + {Az(t)l“ + [ Aa()]% + | Aa(1)]?. (3.131)

+2]Ag(t)]?

Notice that all the expectation values in Eq. (3.131) such as (bf_kb_k) are the shorthanded

version of terms like (¢(0)|btk(0)b_k(0)|2/)(0)).
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The initial state {¢)(0)) includes both photon and phonon initial states. We have done
numerical calculations on several different combinations of initial states and analyzed their
effects on the time-evolution of the lattice amplitude variances. The results are summarized
below.

When the initial photon state is a coherent state and the initial TO phonon state is
either a vacuum or a coherent state, the fluctuation of u(tk,t) is (The subindices “coh”
and “vac” refer to “coherent” and “vacuum” respectively. The first subindex refers to the

initial photon state while the second subindex refers to the initial phonon state.)
((Au(£k, 1)) congvac = [ALD + [ Az (D] + | As( |2 + ] Aq(2)]%. (3.132)

Our numerical results show that there is a squeezing effect in w(Lk).

When the initial state is a photon squeezed state in mode k (with squeezing factor
¢ = re'?) and photon vacuum state in mode —k, and a phonon vacuum state in both modes
+k, the fluctuation then becomes

((Au(£k, 5))2>smsq+vac = |/11(1)|2 ( " cos % + €% sin? %)

+H A (D1 + | As(O1 + | A4(D)]?, (3.133)

where ® = 6 4 2arg {A;(t)} and the subindex “smsq” stands for “single-mode squeezed”
state. We have done numerical calculations for the two cases # = 0 and # = 21 (assuming
Wphoton = ¢k = 1), and the results are that there are squeezing effects in both cases.

When the initial state is a photon squeezed state in mode k (with squeezing factor
£ = re’’) and photon vacuum state in mode —k, and a thermal phonon state in both modes

+k, then the fluctuation becomes

. . P o @
<(Au(ika ['))2>smsq+t,hm = |A1(1)|2 < (,0(; —_ + 627 Slll ) + |A2(f)|z + !A t)lz
HADP + 2naie)( lAz(t)|2 AP, (3.134)

where & = 6 4+ 2arg {A;(t)}, and (nyk) is the thermal distribution of the relevant mode
phonons,
1

(’I’Lik> =
Numerical calculations show that there are squeezing effects below a particular temperature

determined by the frequency of the phonons (in (nyk)), the time-dependence of phase 6,

and the susceptibility y of the lattice.
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When the initial state is a two-mode (£k) photon squeezed state (with squeezing factor

¢ = re'?), and vacuum phonon state in both modes £k, then the fluctuation becomes

((Au(:tk,t))z)tms(hLvaC = % {62T [(l/ll('t,)| - lAg(l)l)z + 4| Ay (1) A3(t)] sin® 4 g @]
+ e (UM~ 1Al + A0 A0 cos? 2]}

+(J A () + [Ad(D*), (3.136)

where © = arg{A;(t)} — arg{A3(?)}. Numerical results show that there is a very weak
squeezing effect for the lattice amplitude operator u(+tk, i) when x > 0.3.

All the above results are summarized in Table 3.2, and some numerical examples are
shown in Figs. 3.7 and 3.8. Throughout the course of our calculations we have assumed that
the two polariton branches are independent from each other. This assumption turns out
to be a limiting factor of our approach. In our polariton transformation, the commutation
relation between apy and a,zk should be zero if the two modes are truly independent, while in
fact the commutator is nonzero (see Appendix D.2). This shows that the polariton operators
we construct (Eq. (3.116)), following standard textbooks such as Madelung’s [78], are in
fact weakly interactive. However, as discussed in Appendix D.2, it is reasonable to use them

as a first-order approximation.

| t = 0 photons I t = 0 phonons | Squeezed u(+k)? [
CS(+k) CS(£k) yes (no) if x > (<) 0.1
SMSS(k), VS(-k) VS(tk) yes (no) if x > (<) 0.1
SMSS(k), VS(=k) TS(xk) yes if T < Ty(x)
TMSS(£k) VS(£k) weak (no) if x > (<) 0.1

Table 3.2: Different combinations of ¢ = 0 initial states (modes +k) for the polariton
approach to lattice amplitude squeezing and the corresponding effects in the fluctuations
of the lattice amplitude operator u(+k). Here CS(k), VS(k), TS(k), SMSS(k), TMSS(+k)
refer, respectively, to coherent, vacuum, thermal, single-mode and two-mode squeezed states
in the modes inside the parentheses, k, —k, or £k. Ty(x) is the temperature below which
squeezing is obtained (see Fig. 4). By squeezing we mean that the quantum noise of the
relevant variable is below its corresponding vacuum state value.
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Figure 3.7:  Calculated fluctuation (u(4k))(t) of the lattice amplitude versus time for
different combinations of photon and phonon initial states using a polariton mechanism
for lattice amplitude squeezing. Dashed (solid) lines correspond to a susceptibility of \ =

1(0.4). Here x is a dimensionless dielectric susceptibility, and time is measured in units
of 1/ck, where ck is the free photon frequency. Our calculations here focus on the case
where ¢k is close to wg, the bare phonon frequency. A typical value of wg for optical
phonons is 10THz, therefore a typical time in our case is 0.1 picosecond. The horizontal
lines at ((Au(£k))?) = 2 correspond to the noise level of coherent states. Thus, any time
the fluctuation satisfies ((Au(£k))?) < 2, the state is squeezed. Different combinations of
initial states were considered. (a) Coherent photon and phonon states. (b) Single-mode
squeezed state in photon mode k with squeezing factor £ = 0.1 and a vacuum state in the
photon mode —k; both phonon modes are in the vacuum state. (c) Same combination of
states as in (b), but here £ = 0.1e%* (recall that the unit of time is 1/ck). (d) Single-mode
squeezed state in photon mode k with squeezing factor £ = 7€', where » = 0.1 and 6 = 0,
vacuum state in the —k photon mode, and both phonon modes in a thermal state with
temperature 7" = 25K (the bare phonon frequency is 10THz). (e) Same combination of
states as in (d), but here § = 2t. (f) Two-mode (+k) squeezed state for the photons, with
squeezing factor £ = re?, where r = 0.1 and 8 = 0, vacuum state for the two phonon modes.
(g) Same combination of states as in (f), but here 6 = 2¢.
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Figure 3.8: Temperature dependence of the minimum fluctuation min{{(Au[+k)]?)} in
the dimensionless lattice amplitude operator u(+k) using a polariton mechanism for lattice
amplitude squeezing. The phonon frequency is 10 THz. The initial states are: single-mode
squeezed state in photon mode k, vacuum state in photon mode —k, and thermal state in
both (+k) phonon modes. The squeezing factor is £ = 0.1€?*. Squeezing can exist up to a
temperature Ty(x). For example, when y = 0.2, squeezing effects vanish when T 2 25 K. On
the other hand, for stronger photon-phonon interaction (e.g., y = 0.5), the squeezing effects
can be obtained up to T' = 250K. At first sight, this temperature might seem very large and
thermal effects might seem to dominate all the fluctuations in the system. Indeed, this is
the case for the low energy acoustic phonons. However, the polariton mechanism squeezes
optical (not acoustic) phonons. The energy of optical phonons is around 10TeraHertz, too
large to be affected by thermal fluctuations. Indeed, the optical phonons considered here
are excited by the incident laser beam.

72



3.6 Suggested Detection Schemes

As summarized in Appendix E.1, it is possible to directly detect a single-mode squeezed
state, although it might not be the best method to measure quadrature squeezing effects.
In a phonon system, direct detection would involve phonon counting. There are two kinds
of phonon counters: superconducting tunnel junction bolometers and vibronic detectors
(24, 77]. Superconducting tunnel junction bolometers are the most widely used; however,
they are wide-band detectors. Phonons with similar energies to the squeezed ones can
also be detected, therefore causing unwanted noise. Another kind of phonon counters are
based on the vibronic band absorption present in certain materials [77]. These phonon
counters can detect a particular frequency, and therefore may be more suitable in detecting
single-mode squeezed states, although their efficiency is not very high.

To detect photon squeezed states, phase-sensitive schemes such as homodyne and het-
erodyne detectors are used most often because of their ability to lock their phases with the
electric field of the measured state. These are summarized in Appendices E.2, E.3, and .4,
There appears to be no available phase-sensitive detection method for phonons. A promis-
ing candidate might be measuring the intensity of a reflected probe light [37, 38, 46]. This
method has already been used to detect phonon amplitudes, since the reflectivity is linearly
related to the atomic displacements in a crystal [37, 38, 46]. The displacements’ Fourier
components at the relevant frequency, or the value of the lattice amplitude operator, can
be extracted by making a Fourier analysis on the sample reflectivity. If squeezing should
happen, its effect will be contained in the Fourier components of the reflectivity, and there-
fore in (the Fourier components of) the intensity of the reflected light. In this manner the
information on the squeezing effect in the phonons is also carried by the reflected light in
the form of squeezing of the photon intensity. We can then use a standard optical detection
method to determine whether the related light is squeezed or not. One shortcoming of this
method is that it is not direct. In the measurement there can be noise added into the signal,
such as the intensity fluctuation of the original probe light, the noise coming from the finite
efficiency of the reflected light to pick up the signals in the phonons, etc. Needless to say,
further research needs to be done on how to realize this phase-sensitive detection scheme,
and we hope that our initial proposals stimulate further theoretical and experimental work

on this problem.
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3.7 Discussion

From Eq. (3.75) in Section 3.3.5 it is clear that phonon squeezing depends on both the

absolute value r and the phase 8 of the squeezing factor £(t) = re'’. The explicit result is,

. 0 . o0 -

((Au(:{:q))z)ﬁ(1 = 2 (e‘z’ cos? 5 + %" sin? Z) . (3.137)

Only when 8 is close to 0 is noise suppressed in the lattice amplitude operator. This means
that in order to suppress the noise, the squeezing factor £(¢) has to have a dominant positive

real part (cos@ > tanh r). The squeezing factor obtained from the three-phonon process is

o '
£(1) = /i/ A Bo(7) et qr (3.13%)
1 Jo

where the real number X is the strength of the interaction and fp is the amplitude of the
phonon coherent state in the pump mode. From this expression for £(t) we can see that
the squeezing effect only appears during certain time intervals. If Fo(t) does not depend on
time or has a periodic dependence on time, squeezing will be periodic in time, which makes
a phase-sensitive detection easier to achieve.

According to the discussions in Section 3.4.4, the finite-lifetime of the pump mode
phonons does not favor the generation of squeezed states. Thus, one may wonder whether
an extremely degenerate case, where only one special phonon decay channel exists, might
solve this problem. Unfortunately, it does not. The vanishing of the third-order terms
simultaneously introduces the fourth- and higher-order anharmonic terms because of the
following argument. A high-energy phonon can decay into N lower-energy phonons, where
N = 2,3,4,- -, because of the anharmonicity in the lattice interaction. The decay rate is
determined by both the strength of the interaction and the accessible phase space for the
decay to take place (which is limited by polarization considerations, and the conservation of
energy and quasi-momentum). In general, the larger N is, the smaller the accessible phase
space available for each one of the decaying phonon modes. Thus, a high-energy phonon
generally has a higher probability of decaying into two lower-energy phonons (corresponding
to the third-order anharmonic interaction) than to three or more phonons. These higher-
order terms arc therefore neglected in our approximation. However, if the third-order
anharmonic term has only one accessible phase point, its significance will be very much
weakened so that the higher-order anharmonic terms can become important. If these higher-
order terms dominate the problem, they will play the same role as we assigned to the

vanished third-order terms. Namely, they will behave as a reservoir and give rise to a finite
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lifetime for the pump mode phonons. Therefore, the very unlikely degenerate situation
(where the third-order terms have only one accessible point in phase space) may not be
helpful in providing a better experimental environment for the generation and observation
of squeezed phonon states.

In addition, to make the various schemes (including those using phonon-phonon inter-
actions and phonon-photon interactions) work, there are some noise problems that must be
overcome. First, any attempt to generate or detect squeezed states should be at low temn-
peratures to avoid thermal noise in the crystal. For instance, the energy of a 10THz optical
phonon corresponds to a temperature of about 100K. Therefore, the experiment might have
to be carried out at a temperature well below 100K, such as 10K or lower. Besides thermal
noise, there is also noise generated by the optical interactions. The fluctuations in the laser
intensity and in the interaction between the laser and the crystal has to be very small, so
that it will not suppress the noise reduction process in the generation of squeezed acoustic
phonons. In fact, one possible way to reduce the noise coming from the laser beam is by
using a beam of squeezed photons. Another problem is the incoherence in the procedure
itself, like the finite lifetime of the pump mode phonons. We need to use phonon modes
with lifetimes as long as possible.

Due to a variety of reasons, squeezing effects are not easy to observe. On the one hand,
thermal noise is much larger than quantum noise in many experiments. On the other hand,
even when quantum noise is dominant, the squeezing effect might he overlooked because the
measurements focus on other aspects of the system. However, the difficulties in observing
reduction in the quantum noise do not imply that the squeezing effect is rare (see, c.g.,
[11, 16]). On the contrary, it is quite general: any diagonalizable system can be “squeezed”
in some manner by an appropriate choice of initial states. For example, consider a free
oscillator

H = dla, (3.139)

and let us define,

d = pa+val, (3.140)

where pt and v are complex scalars. In order for d to be a boson operator, ¢ and v must

satisfy the relation |u|? — |v|? = 1. Then the Hamiltonian becomes
H = (|p)? + [v|?)dTd = (prd'? + v d*) + |v|?. (3.141)

The generalized “displacement” (d 4+ dt)/v/2 is a mixture of the original displacement (a +



a')/V/2 and momentum —i(a—at)/v/2. If we are interested in a quantity such as (d+d')/v?2
and it is observable, the squeezing effect can be obtained when the initial state is a coherent
state of mode “d”, i.e., d|6) = 6|6). On the other hand, such a hybrid quantity (d + d?)/v2
might not be physically interesting and/or observable. In other words, the squeezing effect

is only relevant when it is related to the observables.

3.8 Conclusions

In this chapter we have investigated the dynamics and quantum fluctuation properties
of phonon coherent and squeezed states. In particular, we calculated the experimentally
observable time-evolution and fluctuation of the lattice amplitude operator w(£q) = by +
bf_q + b:rl + b_q. We showed that the (u(£q))(t) are sinusoidal functions of time in both
coherent and squeezed states, but the fluctuation ((Au(4q))*)(2) in a squeezed phonon
state is periodically smaller than its coherent state value 2, which is also the vacuum state
noise level. Therefore, phonon squeezed states are periodically quieter than the vacuum
state.

We have discussed four different approaches to generate phonon squeezed states. These
approaches are based on a variety of physical processes, including three-phonon interactions,
short-time single-mode phonon-phonon interactions, second-order Raman scattering, and
photon-phonon interactions that lead to polaritons.

First, we considered a three-phonon scattering process when the higher-energy 1O
phonon mode is colierently pumped with an ultrashort photon pulse. We showed that
the two lower-energy LA phonon modes can be in a two-mode phonon quadrature squeezed
state given appropriate initial conditions. We achieved this by dealing separately with (i)
the optical excitation of the pump mode LO phonons and (ii) the anharmonic scattering of
the pump mode LO phonons into the lower-energy LA phonons.

We also demonstrated that certain types of nonlinear phonon-phonon interaction can be
used to generate single-mode squeezed states in a low-energy, long-lifetime acoustic phonon
mode. Numerical results show that with this mechanism, the squeezing effect is maximized
by increasing both the average initial phonon number in the mode and the nonlinearity in
the interaction potential.

The two different mechanisms mentioned above—the three-phonon parametric amplifi-
cation and the short-time single-mode approach—generate squeezed states through phonon-

phonon interactions. We also considered two alternative approaches based on photon-
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phonon interactions: a second-order Raman scattering process, and a polariton mechanism.

We treated the second-order Raman process in a similar fashion as the three-phonon
parametric amplification process. In other words, assuming that the photons involved are in
coherent states, we take a mean field average over the photon operators. This approximation
enables us to obtain a two-mode phonon Hamiltonian. Given an initial vacuum or coherent
state, the phonons in these two modes evolve into a two-mode phonon quadrature squeezed
state. Here the incident photons for the Raman process do not have to be in a pulse but
can also originate from a continuous-wave laser.

In the polariton approach to squeezing, we calculate the atomic displacement part of a
polariton with various combinations of initial photon and transverse optical phonon states,
and prove that the fluctuations of the associated lattice amplitude operator can be squeezed
to various degrees for different combinations of initial states and large enough (v > 0.1)
interaction strength. The effect is more pronounced for large values of the dimensionless
dielectric susceptibility x (x > 10). More specifically, squeezing effects in u(+k) are rela-
tively strong for either one of the following two sets of initial states: (¢) photon and phonon
coherent states, or (i¢) single-mode photon squeezed state and phonon vacuum state. Lor
instance, the maximum squeezing exponent r is 0.015 when the incident photon state has
a squeezing factor £ = 0.1 (where ck is the photon frequency). On the other hand,
with an initial two-mode photon squeezed state and two-mode phonon vacuum state, the
squeezing effect in u(+k) is weak. We have also used initial conditions with a single-mode
photon squeezed state and thermal states in the two phonon modes. Our numerical results
show that squeezing effects are quickly overshadowed by the thermal noise for small y, while
for large x (2 0.5) the squeezing effect can exist up to 7"~ 250K.

We have also briefly analyzed several potential detection methods of phonon squeezed
states. Experiments in quantum optics indicate that phase-sensitive methods—such as
homodyne detection—are the best in detecting photon squeezed states. Therefore, we have
proposed a detection scheme based on a reflected probe light and an ordinary phase-sensitive

optical detector.
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Chapter 4

Squeezed States in Josephson
Junctions

This chapter presents a summary of our ideas and results on squeezed states in Josephson
junctions [21, 22]; these are discussed in detail in Chapter 5. We study quantum fluctuation
properties of Josephson junctions in the limit of large coupling and small charging energies.
We consider Josephson junctions coupled to one or several of the following circuit elements:
a capacitor, an inductor (in a superconducting ring), and an applied current source. These
can have ground states which are either squeezed vacuum or coherent states. Finally, we
calculate the uncertainties of their canonical quantum mechanical momentum (charge) and

coordinate (phase).

4.1 Hamiltonians for System Configurations Containing a
Josephson Junction.

Here we study the quantum noise originating from the non-vanishing commutator between
the phase and the charge number.

We first consider the Hamiltonian Hy = @Q?/2C — Ejcos¢ for an isolated junction
near its ground state at temperature 7' = 0, with capacitance ¢!. The operators @ and
¢ satisfy [¢, Q] = 2ie. Since Q@ = e*n = 2en and E¢ = 4e*/C, Hy takes the form H, =
2e?n?/C — Ejcosp = Ecn?/2 — Ejcos$, where [¢p, n] = i. Here we only consider the
coherent Cooper pair tunneling and neglect quasi-particle tunneling and shunting Ohmic
resistance, which actually originates from the quasiparticle tunneling.

When a JJ is current-biased, it can still be described by an effective Hamiltonian:
Hy = Ecn®[2— Ejcos ¢+ [®gp/2m, where I is the biasing current and ®y = h/2e.

When a JJ is in a superconducting loop with an external flux ®, = ®g¢./2m, the
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Hamiltonian has the form Hz = Ecn?/2 — Ejcos¢ + ®2(¢p — ¢.)?/872L, where L is the
inductance of the loop. In the special case when ®, = 0, Hj takes the simplified form
Hy = Ecn?/2 — Ejcos¢+ ®kp? /872 L.

For a JJ with E; > FE¢, we expand the cos¢ term at a potential minimum ¢, as:
cos ¢ = co8(Pm + Procal) = (1 — G /2 + G 1/24) 08 Py — (local — B,ca/6) S0 Gy Here
Plocal = ¢ — P is a small number. In doing so, we substitute the periodic potential with a
parabolic-type potential in the phase-representation. We thus put our emphasis on the local
properties of the phase ¢ instead of its transport properties. This kind of approximation
has been used in a variety of problems, including spin-density waves [90] and Josephson
junction arrays [91]. Needless to say, phase variations during a tunneling event do affect
the local properties of a junction and give rise to larger fluctuations. However, in the limit
when 7' = 0 and E; > F¢, transport effects are small, so that we can neglect them as a
first order approximation.

When there is a biasing current 7, the system is in the so-called “washboard” potential.
When [ is large enough (/®g > /E FE¢), any localized state is unstable; i.e., the phase of
the system will inevitably tunnel from one local potential minimum to another. However,
when [ is small (I®¢ < /F;E¢), so that the lifetime of a metastable state is long compared
to the characteristic time inside the potential well, we can study the properties of the
metastable state at the potential minima as if it were a localized state.

In order to further simplify the problein, we introduce an annihilation operator
AR YL i e a1 . ’
a= {(b./i/l‘fc)l/ Plocal + i (Ec/ Egi)'! n}/\/Z, (4.1)

where @ refers to one of the four different configurations. The Ij;’s are summarized in
Table 5.1. In the short time limit, the third or higher-order terms in « and af are negligible.
Such an approximation greatly simplifies the Hamiltonians in the various cases. The four
simplified Hamiltonians belong to two groups; the first group (denoted by H 4) includes I
and Hy, with a free oscillator term and two quadratic perturbation terms: H,4 = hwata
+ Ba? 4 p*at?. The second group (denoted by Hp) includes Hy and H3, which have two
additional linear terms: Hp = hwale + aa + a*al + pa? + p*at?. The corresponding
parameters for each of the four different configurations are summarized in Table 5.2. Below
we will find that these linear terms lead to higher-energy ground states for the relevant

systems.
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4.2 Ground and Excited States of Various Hamiltonians

The ground state of the Hamiltonian H4 is
leround) 4 = §71(£)|0)q = S(=£6)]0), (4.2)

where |0), is the vacuum state in the ¢-representation, and S(§) is a squeezing operator [11]:
S(€) = exp (f*a2/2 -~ 5(1,“/2), and £ = se¢'’ is a complex squeezing factor. The physical
meaning of S(&) is described in Figs. 1.1 and 1.2. Briefly, the squeezing operator acting
on the vacuum or a coherent state periodically reduces or “squeezes” the uncertainty of
one of the conjugate coordinates (e.g., n and ¢, or @ and p) below its coherent state or
vacuum state value. Therefore, the ground state of H 4 is a squeezed vacuum state with
a squeezing factor of —¢. The intuitive picture is the following. The dominant ¢? term
in the original H; and H, provides a confining harmonic oscillator potential (represented
by the ata term in H,), which produces minimum fluctuations allowed by the uncertainty
principle in the canonical conjugate coordinates. It is the (smaller) ¢* term in the original
Hy and H, (which gives rise to the ¢ and a!? terms in Il 4) that induces modulations on the
fluctuations of the conjugate variables, therefore leads to the squeezing effect. Higher-order
terms will also contribute to this modulation of the quantum fluctuations, but they are
neglected here because their effects are relatively small at the short time limit. The ground

state fluctuations for Hy are

((Adca)?) = +/Ec/4E; >, (4.3)
(An)?) = /Ej/4Eqg e™?1 (4.4)

and the magnitudes s; of the squeezing factors for the four different cases considered here
are summarized in Table 5.2. Figure 5.3a is a schematic demonstration of the ground state
fluctuations of H 4 in the ¢-n phase space.

The excited states of the Hamiltonian H 4 are

excited) 4 = |n)y = bT"[0)s/Va! = §(=€)|n),. (4.5)

In other words, the excited states of H4 are not the number states in the a-representation,

|n)q, nor the number states |n), in the charge-number representation, where the Cooper-

pair number is a good quantum number. Instead, |excited) 4 is a “squeezed” version of the

number states |n),. The fluctuations of the charge-number and phase operators are:

A 0 . o0
((A¢l()cal)2> = ;2(271 + 1) (6"23 COS2 5 + 625 Si]12 -2-) ,
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. . 0
{(An)?) = %(Qn + 1)(6“2“’ sin? g + %% cos? 5)

Therefore, in the excited states of H,4, the fluctuations in the charge number and phase
are modulated because of the correction in the harmonic oscillator potential. Whether the
noises will be larger or smaller depends on the phase angle 8 of the squeezing operator €.

The ground state of Hp can be expressed as

v — 206 Ii(r/),,—rf)“)
lground)p = D, (— “ av ¢ Sa(=8)|0)a, (4.6)
hw
which is a squeezed coherent state in the “e” representation (i.e., a|0), = 0), with £ = 4.

Here D,(0) = exp(aa’ — a*a) is a displacement operator in the “a” representation. Now,

for instance, the local phase and number operators for Hy have the following properties

(Bocat) = = (180/Ep)' ag(1 +48;) /ey
(Adroca)®) = {Ec/4E ;)% 2,
(n)

)

{(An)?

= 0,
= {]3_]2/4411‘?(1}1/2 ™52

The relevant parameters here are all summarized in the Table, while I'ig. 5.3b gives a phase
space representation of the ground state fluctuations of Hg. The excited eigenstates of
Hpg can be obtained in a similar manner as for H4. They are the number states in the

c-representation

] 8 * ‘2 :6 ‘i((i)u_(t)“)
lexcited) g = D, (— = “h; So(—E)In)e. (4.7)

Therefore, the excited states of Hp are displaced and squeezed number states in the «-

representation.

4.3 Discussion

The key parameter A = \/F;/FEc does not lead to squeezing directly, and so far cannot
be tuned at will in most experiments. However, A does provide a powerful control over
quantum noise. By adjusting the value of A, it is possible to redistribute the noise in both
n and ¢. This is very important because the number n and the phase ¢ are observable
quantities.

Here we have focused on four model Hamiltonians describing different ways to couple a

Josephson junction to its environment. Needless to say, this list is not exhaustive. However,
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these basic cases constitute a first step towards the study of more complicated and hybrid-
mode interactions with the environment. To include a heat reservoir is beyond the scope of
this thesis.

The approximations used here are valid in the limit of T' = 0, Fy > E¢, and a very small
biasing current. The states considered here are either the ground state or the low-energy
excited states. If the above conditions are not satisfied, other effects can be important.
The real quantum noise of the junction also includes contributions from the quasiparticles
and other environmental degrees of freedom. Whether our results will provide the most
important contribution depends on the relative strength of the dissipation and the thermal
energy to the Josephson coupling constant F.

By replacing a periodic potential with a localized one, we are using localized states to
represent “snapshots” of the extended states. Therefore, to improve our results, we need
to either change to an extended-state basis, or at least take into account the fluctuations

caused by the tunneling events.

4.4 Conclusion

In this work, we have investigated the quantum fluctuation properties of a Josephson junc-
tion in several different circuit configurations. Specifically, we considered the limit of large
Josephson coupling energy and small charging energy, so that the JJs are in the nearly-
localized regime. This limit can be easily realized for large S-I-S junctions. It is analogous
to the tight-binding limit for electrons in a crystal.

The approximate ground states of a Josephson junction in a variety of situations are
obtained. In particular, the ground state is a squeezed vacuum state for either an isolated
junction in a potential minimum or a junction in a superconducting ring without external
flux and in the global potential minimum. On the other hand, if the junction is current-
biased, or there is an external flux through the superconducting ring, the ground state is a
squeezed coherent state. In both of the above cases, we have calculated the corresponding
fluctuations of the charge and phase difference over the junction in these states. The
squeezing factors are determined by the parameter A = \/E;/E¢, where E; is the Josephson
coupling energy and E¢ is the charging energy of the junction. The squeezing effect is
strong when A is small. Since our working limit is at large A, a compromise should be
reached in order to both preserve the effectiveness of our approximation and maximize the

squeezing effect. The excited states of a Josephson junction in different circumstances are
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also obtained. We show that these excited states are similar to the number states of a

simple harmonic oscillator but with different fluctuation properties.

83



Chapter 5

Quantum Noise and Squeezed
States in Josephson Junctions

5.1 Introduction

5.1.1 Motivation

During the past decade, squeezed states of light [11] have attracted much attention in the
atomic-molecular-optical physics community. In these states, the quantum fluctuations of
one of the canonical variables (e.g., the electric field) can be squeezed below its vacuum-
state value at the expense of increasing the quantum fluctuations of its conjugate variable.
Examples of canonical conjugate variables are the position @ and momentum p of a particle
confined in one dimension, the electric field intensity and phase for light, as well as the charge
number difference n and phase difference ¢ for a superconducting Josephson junction. The
use of squeezed states for the exploitation of the limits of the uncertainty principle provides
nearly noiseless optical measurements {79], unique opportunities for the study of QED (e.g.,
enhance the lifetime of atomic excited states), higher signal-to-noise ratio for gravitational
wave detectors [69], and the promise of improved optical information transmission [11].
These and many other applications of squeezed states are described in [69], [L1], [57], and
references therein.

Is it possible to control quantum fluctuations in condensed matter systems, in analogy
to these optical situations? We have explored this question in several condensed matter
examples [18, 19, 20]. Indeed, quantum fluctuations can produce important measurable
effects [15] in these systems even when temperatures are not very low. Moreover, other
non-quantum-optics analogs of squeezed states are now being vigorously investigated by
several groups [16].

The modulation of the quantum fluctuations in the photon field is made possible by the
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very high precision achieved by optical measurements. Although most condensed matter
experiments do not produce such high-accuracy results, two exceptions to this rule are the
quantum Hall effect and the Josephson effect. For instance, the most precise measurement
of energy levels has been achieved not in the traditional context of atomic-optical physics,
but with superconducting tunneling Josephson junctions [23], to an astounding accuracy
of three parts in 10'®. Furthermore, Josephson junctions are currently been used in an
increasingly large number of applications involving high-precision measurements [80], In-
deed, the goal of several single-electron transport devices [81] is to operate in the limiting
case where fluctuations in junction charge number N are totally suppressed for all times
(i.e., AN = 0). For instance, the quantum pump proposed by Qian Niu [81, 82] acts like a
“controlled conveyor belt” or “turnstile” of electrons, where electrons are transported by a
time-dependent electric field. This remarkable device might provide an accurate standard
of current. In Niu's quantum pump, AN is always zero since the time-dependent electric
field produces a constant current of electrons. Thus the phase is totally undetermined,
and both conjugate variables can be treated as classical quantities. Here, we are interested
in studying quantumn noise and JJs are ideal candidates for the possible manipulation of
quantum fluctuations.

Here we explore the quantum fluctuation properties of a Josephson junction, and there-
fore point out a possible way of manipulating the accuracy limitations imposed by quantum
noise. In light of the recent advances in micro-fabrication and the general interest in the
possible control and minimization of quantum noise, we ask the following question: how
do quantum fluctuations affect Cooper pair tunneling in a Josephson junction? To answer
this, we need to first compute its quantum fluctuations and understand how they behave
in different physical situations involving Josephson junctions. This is indeed the problem
we focus on here. We would like to develop a theory of the quantum mechanical squeezed
states in Josephson junctions, and identify and list their properties. In particular, we diago-
nalize several Hamiltonians corresponding to different configurations containing Josephson
junctions, find their eigenstates, and calculate the corresponding fluctuations. We also con-
struct the time-evolution operators for the various cases considered here. From them, and
with different initial states, we calculate the time evolution of the variances of the conjugate
variables of the system. These provide a measure of the quantum fluctuations of the charge

and the phase difference of the Josephson junction.



5.1.2 Quantum Noise

There are various kinds of quantum noise. If a pair of quantum variables do not commute
with each other, the product of the variances of these two quantities has a lower limit which
is determined by the uncertainty principle. This kind of quantum noise, originating from
the non-vanishing commutator of the conjugate variables, is an intrinsic property of an
isolated system. However, no physical system is truly isolated; no matter how a system is
chosen, it always has an environment to interact with. Furthermore, all the environmental
degrees of {reedom are ultimately governed by quantum mechanics and often involve non-
commuting variables. Therefore, each degree of freedom has its own quantum noise due to
the uncertainty principle, and this noise is also embodied in the system variables due to
the interaction between the system and the environment; this kind of fluctuation can be
considered as external to the system.

Another kind of quantum noise is shot noise. It originates from the discreteness of the
carriers in the transport phenomena. For example, the tunneling events of quasi-particles
in a Josephson junction are mostly uncorrelated and random. Such randomness naturally
introduces a noise into the tunneling current, which is shot noise.

In this chapter (and the whole thesis) we only deal with the first kind of quantum
noise—the intrinsic one originating from the non-vanishing commutator of the conjugate
variables. The shot noise can be disregarded because of the coherence in the supercurrent
of a Josephson junction. We also neglect the coupling of the junction to its environment.
In addition, we focus our attention on the zero temperature case, so that no quasiparticle
is excited, and no thermal noise is involved. We expect that our results will still persist at

sufficiently low (but finite) temperatures.

5.1.3 Summary of This Chapter

In this chapter, we study the intrinsic quantum fluctuations of the charge and phase of a
Josephson junction in various circumstances. Section 5.1 explains the motivation of this
study. In Section 5.2 we consider a Josephson junction in a variety of situations, i.e., coupled
to one or several of the following circuit elements: a capacitor, an inductor (in a supercon-
ducting ring), and an applied current-source. The Hamiltonian for each case is constructed.
We use the small-phase approximation (described in Section 5.2) because we work in the
strong coupling limit and treat the metastable states as nearly localized. In Section 5.3

we find the second quantized forms of the Hamiltonians. We then proceed to solve for the
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ground and excited states near the potential minima of the various configurations that were
described in Section 5.4. The corresponding ground states are squeezed vacuum or coher-

5

ent states, while the excited states are a class of squeezed number states. In Section 5.
we calculate the quantum fluctuations of the phase ¢ and Cooper pair number n over the
junction for all the cases considered. We also construct the approximate time evolution
operators for the configurations described in Section 5.6. In Section 5.7 we present another
approach to study this problem: the rotating wave approximation. This is basically also a
first-order perturbation in energy. Section 5.8 presents a discussion and also lists several
open problems in the field. Finally, Section 5.9 summarizes the conclusions for the chapter.

Appendices A, B, F, and G are related to this chapter. Appendices A and B summarize
some properties of squeezed and coherent states. Appendix I' presents a brief review of
the quantized LC circuit model, and Appendix G presents derivations of results used in the

main body of the chapter.

5.2 Hamiltonians for System Configurations Containing a
Josephson Junction

5.2.1 General Cases

A Josephson junction [83, 84, 85] is a weak link between two superconductors. A super-
current can tunnel through it without any dissipation. The supercurrent I and the phase

difference ¢ between the two superconductors satisfy the following equations

I = Iysing, (5.1)
de 2e
- - v h.2
dt h (5:2)

Here Iy is a critical current, below which only the supercurrent exists at 7' = 0; and V is
the voltage drop over the junction when quasiparticle tunneling exists.

Josephson junctions are generally damped systems, especially if quasiparticles are in-
volved. Furthermore, in the Josephson equations the phase difference ¢ is treated as a
classical quantity instead of a quantum mechanical operator. However, in the limit of zero
temperature and small current, the system is dissipationless. Therefore, it is possible in
this limit to write an effective Hamiltonian for an ideal junction.

Here we treat the phase difference ¢ as an operator, and we also include in our effective
Hamiltonian its conjugate variable, the charge number n, in the form of charging energy. We

want to study the quantum noise originating from the non-vanishing commutator between
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the phase and the charge number.

We first consider an isolated junction (i.e., decoupled from its environment) near its
ground state, at temperature T' = 0. A capacitance is always present in Josephson junctions,
especially in small-area ones (see, e.g., [86, 87], and references therein). A standard model
[85, 89] for a simple Josephson junction is an ideal junction in parallel with a capacitor C.
Its Hamiltonian is, \

_Q _ .
H = 50 Fjcosg, (5.3)

where the operators () and ¢ satisfy the commutation relation

[P, Q] = 2ie. (5.4)
Rewriting Q as Q = e*n = 2en and F¢ = 4¢?/C, Hy takes the form
/1_,2 2
H, = —é—g— — Ejcos¢
Ec
= 26 n? — Ejcosd, (5.5)
where
(¢, n] = 1. (5.6)

Here we only consider the coherent Cooper pair tunneling and neglect quasi-particle tun-
neling and shunting Ohmic resistance, which actually originates from the quasiparticle tun-
neling.

When a Josephson junction is current-biased, the system is no longer closed. However,
it can still be described by an effective Hamiltonian, with an additional linear interaction
term:

Eeo . ; 1o
Hy, = 2 Fjcosop+ —0(15. (5.7)
2 2

Here I is the biasing current and ®¢ = h/2e is the superconducting flux quantum in the
MKS units.
When a Josephson junction is in a superconducting loop with an external flux &, =
®g. /27, the Hamiltonian has the form
E b

2
g HC 2 : *0) 2 :
H3 = A Iy cos ¢ + 87r2L(¢_ $e)”, (5.8)

where L is the inductance of the loop. In the special case when the external flux vanishes,
the Hamiltonian takes the simplified form

Feo. 2 .
QCWLZ—EJCOSQS—}——Q- 2 (.

Hy = .
! 8m2]

<2
Nel
—

These different configurations are summarized in Table 5.1.
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| Case # | System | Hamiltonian ]

1 Isolated JJ H, = %C- n? — Ejcos¢

2 Current-biased JJ Hy, = 1—“291 n? — Ejcos¢ — Egé

3 JJ in an SC ring Hy = %C n? + ®2/2L — Ejcos ¢
with an external magnetic flux

4 JJ in an SC ring without Hy = %L n? + L?:Z—(]lz—lf— — Ijcos¢

external magnetic {lux and
at the global potential minimum

Table 5.1: The four different configurations of a Josephson Junction in an LC Circuit
considered in Chapters 4 and 5. Here JJ refers to Josephson Junction, SC refers to Super-
Conducting, ® is the magnetic flux through a superconducting ring, while ¢ is the phase
difference bhetween the two superconducting leads of a Josephson junction. These two quan-
tities are related by ® = ®y(¢p/27), where @y is the flux quantum ¥y = h/2e. It can be
proved from the Josephson equations that the superconducting phase difference ¢ here is
equivalent to the phase on the capacitor, which is defined in Appendix F. Therefore, it is
not a coincidence that they have the same relation to the magnetic flux. In Hy, Es = hi/2e,
where I is the biasing current of the junction.

5.2.2 Form of the Hamiltonians near a Potential Minimum

Motivation for the Small Phase Approximation

In this section, we investigate the intrinsic quantum fluctuation properties of the various
Hamiltonians described in the previous section. For this purpose, we focus on the localized
or nearly-localized states of a Josephson junction, and neglect its tunneling features. Below
we consider each individual physical situation.

In the case of an isolated single junction, the problem is similar to that of an electron
in a periodic potential, with I; corresponding to the strength of the potential and F¢
corresponding to the inverse mass of the electron. The eigenstates of such a periodic system
are Bloch states. However, when an electron is in a deep potential well, it will be tightly
bound to that site most of the time. Therefore, even though an electron in a periodic
potential is always in an extended state, for deep enough potential wells we can consider
its localized regime in the tight-binding limit. Similarly, for a Josephson junction with
;> Ec, we can expand the cos ¢ terin at a potential minimum. In doing so, we substitute
the periodic potential with a parabolic-type potential in the phase-representation. We thus
put our emphasis on the local properties of the phase ¢ instead of its transport properties.

This kind of approximation has been used in a variety of problems, including spin-density
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waves [90] and Josephson junction arrays [91]. Needless to say, phase variations during a
tunneling event do affect the local properties of a junction and give rise to larger fluctuations.
However, in the limit when T = 0 and E; > ¢, transport eflects are small, so that we
can neglect them to a first order approximation.

When there is a biasing current, the system is in the so-called “washboard” potential.
When the biasing current is large enough, any localized state is unstable; i.e., the phase of
the system will inevitably tunnel from one local potential minimum to another. However,
when the biasing current is small [0y <« VE;Eq, so that the lifetime of a metastable
state is long compared to the characteristic time inside the potential well, we can study the
properties of the metastable state at the potential minima as if it were a localized state.

When there is a superconducting ring associated with the Josephson junction, the situ-
ation is somewhat different. Now the potential is a parabolic one modulated by a sinusoidal
term. There is a definite potential minimum, and the quantum fluctuation properties around
this global minimum are of interest.

In summary, to study the intrinsic quantum fluctuation properties of a Josephson junc-
tion, it is physically justified to expand the interaction potential term around a local (or
a global) minimum. The analytical solution of the full problem, without approximations,
is quite difficult and would require a much more numerical approach, which is beyond the

scope of this work.

Single Junction: Isolated or Current-Biased

For a single isolated junction, there is an infinite number of potential minima, which are all

equivalent to each other. We expand the potential energy around ¢ = 0:

_Le o . Ly Loy "
[Il = TTL —_ 14‘] (1 - §¢ + ﬁ¢ ) . (~)10)

When the junction is current-biased, the sinusoidal potential is tilted and becomes the

4

well-known “washboard” potential.

[dy

Vo= —Ejcosp+ —¢.
2w

(5.11)

Again, there is an infinite number of equivalent local potential minima, ¢,,2; and any one

of them satisfies

Vs ( , I .
— = Fysin¢ + —) =0, 5.12
a(/) bm2 27r rf)mz ( )
9%V, N
ad)z . = [D‘] cos C/) Id’m? > 0 : (5.[3)
m2
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In other words,

I
Sin gy = _27r13(‘)J’ (5.14)
I®g \?
COS Pz = 1“(’2}7},) . (5.15)

Now we can expand the potential energy V, around ¢, to investigate properties of the

localized states. Writing ¢ = ¢p2 + dlocal, the potential is then expanded as

) Iz |
V2 = ‘—L.I €os ((/)777,2 + ¢local) + 2—71_0 (¢m2 + d)lm::xl)
Idg
2T

= _E.I (‘COS (/)mQ COs ¢>local — sin ¢m2 sin (/slocal) ((/)mQ + (/)10( Ll) (51())

Since we are concerned with quantum states in the vicinity of a local potential minimum,

the variable ¢jcar is a small quantity. Therefore we use the following expansions

COS Plocal = ¢local + ¢local (5 17)

H 3
SN Plocal = Plocal — gd)local . (51 8)

Here we have taken higher-order corrections into account so that the nonlinear feature of

the sinusoidal functions can be described better. The potential now takes the form

1 1, 1 .
V2 = "EJ { (] - ;2‘(/5120&1[ + E'Zgblt,cal) Cos ¢m2 - (qslocal - 6d)ﬁ)ca1> sin §bm2}
I‘I)
0 (¢7n2 + ¢loc ll)
]‘D . 1 ) ‘
= < EJ Cos d)ml + O(bmz> (EJ cos d)mZ)(/)focal - 6 (El sin d)mZ) Qb?oca]

— ﬁ (EJ Cos </>m2) (bﬁ)cal

1o E 1% I®
- < Ejcos ¢m2 + 0(/57712) 2-] L~ (27I‘E0 > ¢local 0¢loca1
LJ I(I’O 2 4 ;
1-— Al - 5.1¢
24 <27I'E_]> ¢Iocal (5 19)

The constant term (which is a function of ¢,,2) gives the value of the local potential mini-
mum, while the terms related to ¢joca) determine the quantum fluctuation properties of the
metastable states at the minimum. It can be seen that these later terms are only related
to Iy and I, while the actual value of ¢, is irrelevant.

Notice that the fourth-order term in the Hamiltonian has a negative sign, which at

first sight might appear to be a non-stabilizing term. Recall that in the standard Landau
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argument for phase transitions, a free energy is expanded in terms of powers of the order
parameter, and only the first powers are kept (assuming a small value of the order parameter
close to T,). There, the ¢* term provides stability when the ¢? term is not stable, i.c., when
the coeflicient of ¢? is either zero or negative. In our case, we have a dynamic model instead
of a statistical model. The coeflicients in our Hamiltonians are all microscopic constants
that do not depend on temperature (to first order approximation), and the coeflicient of ¢?
(i.e., I'y) does not change sign. These are significantly different from the standard Landau
phenomenology for phase transitions. Indeed, in the small-¢ approximation, the ¢? term
of the JJ energy expansion in ¢ provides stability to the ¢ = 0 solution.

The essential idea of our approach is as follows. The dominant ¢? term provides a
confining harmonic oscillator potential, which produces time-independent fluctuations in
the canonical conjugate coordinates. Tt is the (smaller) ¢? term that induces time-dependent
modulations on the fluctuations of the conjugate variables. Higher-order terms (e.g., ¢°,
and ¢®) also modulate in time the time-independent harmonic fluctuations, but since these
higher-order terms are much smaller than the (already small) ¢! term, we will ignore them
here. Notice that even for the large—¢ case when ¢ = 1, the ¢ term is 12 times smaller than
the ¢? case (see Eq. (5.10)). Thus, the small-¢ limit we use here is robust for a relatively

wide range of values of ¢.
Josephson Junction in a Superconducting Ring

When a Josephson junction is in a superconducting ring, the situation is different. Now
the potential is a parabola modulated by a cosine function in ¢-space. Therefore, there
generally exists a global potential minimum, where the state is localized. Furthermore, if
the system falls into one of the local potential minima, it tends to eventually relax into
the global one. Otherwise, these local metastable potential minima should have similar
quantum fluctuation properties as in the case of the washboard potential. Now let us take
a closer look at the relevant Hamiltonians.

If there is an external flux @, = ®p¢. /27 through the superconducting ring, the Hamil-

tonian is

Ec .

Hy = 2(’71,2+V3, (5.20)
Vi = —Ejcosét —0 (- g,) (5.21)
" 87r2[, ¢ -

The potential minima are at ¢,,3 where 9V/9¢|4,, = 0 and 92V/d¢?|y , > 0. In other

words, @3 satisfies L2 sin drg + P5(y — ¢e)/472L = 0 and Ej cos dpz + Z /4721 > 0.
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In the neighborhood of ¢,,3, the phase can be expressed as ¢ = ¢m3 + Plocal- The potential

then has the form

@2
Vo = —FEy COS(‘me + ¢local) + &r—é)f(quii + ¢local - ¢e)2
= —Ey (COS Pm3 €OS Plocal — SIN $m3 sin ¢local)
q)% 2 5 2 )
Foor {(Pma = ¢) + 2 = b)Plocal + Focar (5.22)

Now we again expand cos @jocal and sin Piocal as in Eq. (5.14) and (5.15); the potential V;

can then be simplified to

(I> $2
Va = { Ly cos s + 5+ 2] ((f)7n3 d)C)Q} (Ll €0S @3 + ir S[) (/)i?ocal

1 , . o
- 6 (E] Sm ¢n7,3) d)i}ocal - ﬁ (EJ Cos ¢m3) (/)llocal ’ (523)
while
Ejsingms = —(¢ms — ¢e)®5/47°L, (5.24)
Ejcosppms > —0/47°L. (5.25)

Therefore, the Hamiltonian for a Josephson junction in a superconducting ring threaded

with an external flux @, takes the simplified form
Ec N ®2 5 <1>2
]{3 = T’n + _]:/J COs (bTILB + ——r—z—((bWIB - d)e) + LJ cos ¢m3 + ¢loc al

1 . ) e
- —é (E/ sin d)m3) (r/)‘lso(:al (FI Ccos (/)mS) (blog al * (526)

21

When the external flux through the ring is zero, the form of the Hamiltonian will remain

the same, but the equations satisfied by ¢,,4 are different:

. o2 o

EJ S q‘)md = —z—lﬁ%d)m" 3 (52()
o3

4m2 L’

Ejcosppa > -

Furthermore, it can be seen from the above equations that ¢,,4 = 0 is the global potential
energy minimum. The expansion around this point is even simpler than around a metastable

point:

Hy = _2—_77' - FEr+ (LJ + 1 2L Plocal = é-ZEJqslocal’ (5.29)

dma = 0. (5.30)
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Notice that the third-order term in ¢joca) has vanished. Indeed, from the form of the original
potential, it can be seen that the external flux only chifts the position of the minimum of
the parabolic potential. If . = 0, the global minimum of the total potential is at ¢ = 0.
Moreover, the change of ®. does not directly affect the quantum fluctuation properties of
the total potential because it only leads to a horizontal shift in the parabolic part of the

potential.

5.3 Second Quantized form

5.3.1 Single Isolated Junction

Let us first consider a free oscillator,

EC2 EJz EJ4 ;
Hy = —=<n — o - —¢" — . 5.31
1 271+2¢ 2405 J (5.31)

We introduce a pair of creation and annihilation operators

1 EJ 1/4 .<EC>1/4 .
— — 1 ' 32
a \/j{(LC> ¢+ I, ny, (5.32)
d = LB ()",
1 V2 Eq Ey ’

and also the following definitions

hvy = VEjEq, (5.34)

Ey
A o= e 5.35
1 Ec (5 )

so that

1 Ec)‘/“ 1
6 = ﬁ(_EJ (@ +a) = <

1 EJ 1/4 . /\1 o
n = m<—§> (al—air) = — 7(a1—a‘;). (5.37)

Notice that the number states for ¢y and a{ are not the Cooper-pair-number eigenstates.

(a1 +4al), (5.36)

Instead, they are the eigenstates of the operator (LI(I/[. In the a-representation, the charge-
number operator n plays a role which is similar to the momentum in a simple harmonic
oscillator (see Appendix I'). The Hamiltonian for an isolated single junction now takes the

form

1 hwl
H, = h ta+ =) - tyd
1 hwi (a a+ 2) 96/\1(a +a')
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= huwy (1 - éf\—l) ata — fﬁi/\l] ((L2 + (L”)

hwy
96\,

((LH +4a'3a 1+ 6at?a? + data® + (L") + constant. (5.38)

From its definition, w; is the plasma frequency of the junction and our quantum here [83].

. 2 , .
The lowest-order terms of I, are proportional to a2 and «f?, and there is no linear term.
1 1 1 9

5.8.2 Current-Biased Junction

In the cases of a current-biased junction and a junction within a superconducting ring, the
Hamiltonians are more complicated because of the linear shifts in the potentials produced
by the current and the flux.

For a current-biased junction, in the vicinity of any local potential minimum, the Hamil-
tonian is

Ec , E; [ 19 )2 ) [dy 4 Ey ( 1®, )2 A
Hy = n B B 1 - 1. (D39
2 2 n® + 9 <27I'1‘4’] ¢l()cal 127 (/)local 21 '271".E_] (rblonzﬂ | ( ) )

where we have already dropped the constant term, which does not affect the quantum noise.

To take into account the shift in the potential, we redefine the Josephson coupling energy

1(1)0 2
Ejp=Enll - - . 54
J2 J <‘27r]'}‘/> (5.40)

as

The eigenfrequency of the system and the junction parameter then have to be redefined as

1
wy = ﬁvE.mEc, (5.41)

Ny = ,/—’7;’3, 5.42
2 e (J )

and the creation and annihilation operators become

1 1«, 1 Eg \'*

a = 2{ : </>1M1+1<EJ(2) ng, (5.43)

1 j Ej N\ Be \ V4 .
t — J2 o C 5 4
42 V2 {( EC’) Plocal I(Em) T (5.44)

so that
1 [ Eg\'* ;

boen = o= (2] (e +ad), (5.45)
_ 1 EJQ)I/4 1 . n
n = ; 2<EC (a2 — ay). (5.46)



Now the Hamiltonian H4 takes the form

, 1 Idy [ Ec )\ 3 Eo 4
Hy = huwy (agag + 5) + YN <E12> ((Lg + (Lg) ~ 96 ((Lz + al) (5.47)

1 19 .
= fhwsy ((Lgag -+ —2-) + ;\/3;—2—5/7 ((1,2 + az) 32/\ {8(L2(L2 +14+2 (a2 + (Lé)}
1dg

4+ a +‘3(L a2+3(1 ar + a
24\/§7r)\3/2( ’ ’ J

flwz
96X, (
. 1 I‘I)() th 2
= hwo 1 - — 1 I _ 1 2
wy < 8/\2) Gyt + 8\/‘E7r/\‘;/2 ((L2 + (LQ) 16, (a2 + az)

+-constant 4 higher order terms . (5.48)

al’ + 4al3ay + 6al?a? + 4alad + a%)

The difference between Iy and I, lies in the linear term in H,, which represents a driving

force (the effect of the biasing current).
5.3.3 Josephson Junction in a Superconducting Ring

When the Josephson junction is in a superconducting ring, the situation is somewhat similar

to the current-biased junction. Recall that the Hamiltonian (with an external flux) is

be 5 1 (I)Z 2 1, . . .3
Hy = 7” + 5 Iy cosppma + - 2[ ¢Iocal - '6 (LJ sin (/)7713,) (/)local
1
~52 (£ cos ¢pm3) qﬁi‘ocal + constant , (5.49)

where ¢,,3 satisfies
o2 o
Ejsin (f)mS = _m(d)mB - ¢e) . (5.50)
Consequently, the renormalized Josephson coupling energy and the eigenfrequency of the

system are

(1)2
Lys = F1c0s¢mz+4 T (5.51)
1 .
wy = ﬁ\/ECEJB, (5.52)
L3 .
A: = 5
3 o (5.53)

The creation and annihilation operators are now defined as

1 (EJB)l/tl (EC >1/4
a = —= —_ ocal T 1 ny, 5.54
3 7 { o Brocal Ee (5.54)
3 ‘/1 1/4
P EJz)l (L) :
az = \/§ { < EC‘ ¢10L'11 LJS ne, (550)
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so that ¢jocal and n can be expressed as

Plocal = —\}3 (7%%)1/4 (as + o) , (5.56)
no = ,“\1/‘5 (%)1/4 (a5 — o) . (5.57)

The Hamiltonian Hs is now
B Qh()uj\i E;y coslf/;],,:j.qsgg J4n?L (“3 + (1,;)4 (5.58)

, 1 hws FEjsin ¢,
= hwj (ag% + 5) - 4\/23T3 JEIB</5 3 ((Lg n a3)

— ;2:33 Ly i;):::/)ms {12@;(1,3 +3+6 ((152 + (Li)}
hws  Ejsin ¢,3
T12v2%; Eus
liws Iy cos 3

T 96x;  Ejs

Ejcos qﬁm_g) ¥ huws g sin ¢z ¢ ¢
= h 1] - =T —————(a
3 ( 8A3L 3 st N 2A3E 3 ((13 * as)

hws Ej cos ¢, ; .
—W ((%2 + (L§> + constant + higher order terms. (5.59)

If the external flux through the superconducting ring vanishes, we can still use all the

((L:EB' -+ 3(1};2&3 + 3(1?5@3 + (1%)

(aﬁ"‘ + dalPas + 6al?al + 4aldd + (lg)

definitions and formulae above, by simply substituting ¢, by 0. However, if we further
limit our focus onto the global minimum, the expressions for the Hamiltonian H4 and the

relevant quantities become more compact because in this case ¢4 = 0. We thus have

Ea o= B 20 (5.60)
J4 - ] 47{'2[1 [} ).
1
wi = 2V EcEyy, (5.61)
Eyy ;
Ay = ' 5.62
1 EC [ (O 6 )
CoOS g = 1, (5.63)
1 3‘]4)1/4 ' (EC>1/4 .
4 - s ca 1 e 2 3 It (1
aq 7 {(Ec Plocal + ¢ B n (5.64)
1 ( Ec\'*
Plocal = ﬁ (i%) ((Iul + (I,,];) > (565)
= 1 E.]l; 1/4 f -
n = 3 (T> (a‘l - a4> 5 (5.66)
: hw, E] 2
Hy = h L) Ty — —2=T (4} 2 5.6
4 Wy (1 8/\,1EJ4> 40y W (ag” + ay) (5.67)
+constant 4+ higher order terms. (5.68)
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The parameters for all the above configurations are summarized in Table 5.2.

5.3.4 Approximate Form of the Hamiltonians

From the Schrédinger equation, the state vector of an arbitrary system (with a time-

independent Hamiltonian) can be formally written as
(L)) = e ]p(0)) . (5.69)
In general, [9(t)) can be expanded in a coherent state basis:
() = [ da a5 a)(ale 1M B) (Bl0(0)) (5.70)

In the short-time limit, el [HYL & + ¢Ht/h. Furthermore, let us restrict ourself to the
cases when |1(0)) is the ground state or a low-energy excited state. When this condition
is true, (B|¥(0)) should have its largest value for small |3]. Since ¢ is small, |1(¢)) should
not be too different from [¢(0)). Therefore, the above integral is significant only when
|af is small. With both @ and 3 small, i.e., |a] € | and |B] € 1, {«f (am + (1,3) |3) =
max{|a|?, |8]*} < max{]a|?,|8]?} & (af ((LT2 + (1,2) |3). In addition, the higher order terms
also have very small coeflicients. Therefore, as a first-order approximation, we can drop all
the terms that are to third or higher-orders in @ and af. Such an approximation greatly
simplifies the Hamiltonians in the various cases. For instance, the Hamiltonian for the single

isolated junction becomes

" l hw 2 -
Hy = huwy (1 - a) a{al BTV (a,f + (Li ) . (5.71)

The Hamiltonian of the current-biased junction takes the form

1 I‘I)O hw? 2
Hy, =h 1— —Jal —0 _(qf — 22 (al 2) . 5.72
9 Wa ( 8/\2) aqan + 8\/§7r)\‘;’/2 <(L2 + (Lg) 162, (az + (L2) (5.72)

The Hamiltonian of a Josephson junction in a superconducting ring becomes

Hs = huss (1 3 Ejcos q‘)m3) b hwa Ky sin ¢, ( t 3 hwa Ej cos 3

t2 2

Qs — TP [y z — el +al) .

Sl ) BT Tk R Wi G (J>>
573

Finally, when there is no external flux through the ring, and we consider only the global

potential minimum, the Hamiltonian is

EJ 1 h(.U4EJ 12 2
Hi=h 1— 4 — —— . 5.74
17 e < 8A4EJ4> IR T W (a1 + ad) (5.74)
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Case 1 Case 2 Case 3 Case 4
Effective JJ coupling Esi | En=E; |Es2=Es/1- 2—;4—;20;)2 Eis = Eycosdms + B2/47%L | Ess = E; + 92 /47°L
Energy quantum hAw; hwy = VEFc hws =VEREc hws =VEnREc hwy = VE EG
'JJ parameter A A = \/E_J/_E|C- Ay = \/EJ—JE_C Az = \/EJ——37E—C Ay = m
nonlinearity parameter §; | 6; = 1/16)\; 82 =1/16A; 63 = E;co8¢ma/16X3 E 3 by = \/E?,—_Ec/—E}:/lG
Renormalized frequency w| wi{l — 26;) wa (1 — 263) w3(1 — 283) wa(l — 268,)
Linear coefficient o 0 az = I@o/Sﬁm\g/z a3 = —hws Eysin ¢ma 42X E 3 0
Displacement factor d; 0 —az(1+ 265)/hw, —a3(l 4 263)/hws 0
Quadratic coefficient 3; —6&1 -6, —83 —84
|Squeezing factor| = s; 8 &, 53 84

Table 5.2: The parameters for the different Josephson junction configurations considered in
Chapters 4 and 5. In the table, Ej is the Josephson coupling energy for an ideal junction;
E¢ is the charging energy associated with the relevant junction; ®; = h/2e is the super-
conducting magnetic flux quantum; ¢,,3 is the phase of a local potential minimum for case
3; L is the inductance of the superconducting ring; and finally, I is the biasing current for

case 2.




The four simplified Hamiltonians belong to two groups. The first group (denoted by H 4)
includes Hy and H,4, with a free oscillator term and two second-order perturbation terms.
The second group (denoted by Hpg) includes H, and Hj, which have two linear terms in
addition to the free oscillator term and the second-order perturbation terms. Below we will
find that these linear terms lead to higher-energy ground states for the relevant systems.

Why the four diverse situations we originally considered can be simplified into only two
categories? The reason lies in the special form of the Josephson coupling energy. Although
each one of these Hamiltonians has its particular character, they all share the charging and
Josephson coupling energy terms. When I, is the dominant energy scale in the system,
the Josephson coupling is the governing factor in all of these systems, which leads to similar
properties. More specifically, the linear and quadratic energy terms are more of global
importance. 1If we focus on a local potential minimum, the special features should mostly

be determined by the sinusoidal function.

5.4 Ground and Excited States of Various Hamiltonians

In this section we focus on the ground states of the various systems we are interested in.

5.4.1 Ground and Excited States of the Hamiltonians H, and /1,

The Hamiltonian fI; for an isolated junction and [ for a junction in a superconducting

ring (at zero flux) at the global potential minimum have the same form H 4:

Ha = hwela + pa® + p=at?. .

oy
~1
ot
~—

This Hamiltonian can be easily diagonalized by introducing operators b and bt:

b = pa+val, (5.76)
b= prat 4. (5.77)
From these expressions we obtain
b1 = (Ju|? + |v|H)ata + pra® + prval? + v|2. (5.78)
Therefore, if we require that
P G 1)

the Hamiltonian H 4 is diagonalized to
hw t hw|v|?

Hy= ———mM by - —— .,
AT ¥ P 1 + [v]?
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To satisfy the boson commutator [b, bf] =1, u and v must satisfy the equality
|ul? = v = 1. (5.81)

From this equation and Eq. (5.79), we can solve for the transformation coeflicients p and v

up to a global phase factor:

1 1
2
- —_— - —
il 2v/1 — 462 2
> 1462, (5.82)
2 1 1
1% = — . —
21— 467 2
=~ 62, (5.83)
1
{ 2 v 2 = @ —
> 14267, (5.84)
¢u - ¢I/ = (f)ﬁ + 2mm 5 (585)
s = 1 (5.86)

hw
Here m is an arbitrary integer, and é is a small quantity because the perturbation terms
are much smaller than the free oscillator term. Now the Hamiltonian takes on the simpler

form

Hi = hovl— 462 bTo— %hw (1 -Vi- 462)

hew(1 — 26%) b1h — hwé?. (5.87)

(R

The ground state of this Hamiltonian satisfies
bl0), = 0. (5.88)

A squeezing operator S(£) [11, 58] can be introduced to represent the transformation
between b and a:
S(€) = exp <§2—a2 - ga“) , (5.89)

where £ = se'?

is a complex squeezing factor. Its physical meaning is described in [58] and
also in Figs. 5.1 and 5.2. Briefly, the squeezing operator acting on the vacuum or a coherent
state periodically reduces or “squeezes” the uncertainty of one of the conjugate coordinates
(e.g., n and ¢, or @ and p) below its minimum uncertainty or coherent-state value. It can

be easily shown that

S7H€)aS(€) = acoshs — alesinh s. (5.90)
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Therefore, if we let

p = coshs, (5.91)

v = —¢esinhs, (5.92)
then

b= 5"1(€)aS(€). (5.93)

Together with Eqs. (5.82) and (5.83), we can express the squeezing factor € in terms of 6
and ¢g:

s = arccoshy, (5.94)

b = gy (5.95)
Recall that the ground state of the system satisfies b|0), = 0, thus
S7HE) a 5(£)]0), =0, (5.96)
which leads to

a {5(£)[0)s} = 0. (5.97)

In other words, 5(£)|0); is the vacuum state for a:
S(£)10)s = [0)a, (5.98)
or [0), = 571(£)|0),. Namely, the ground state of the Hamiltonian H 4 is

|ground) 4 = $71(£)|0)a = $(=£)|0)a, (5.99)

where |0), is the vacuum state in the a-representation. In other words, the ground state of
H, is a squeezed vacuum state with a squeezing factor of —£. Intuitively, the dominant, ¢?
term in the original H; and H4 provides a confining harmonic oscillator potential (repre-
sented by the ata term in H4), which produces the minimum fluctuations allowed by the
uncertainty principle in the canonical conjugate coordinates. It is the (smaller) ¢* term in
the original Hy and H, (which gives rise to the a? and a!? terms) that induces modulations
on the fluctuations of the conjugate variables, therefore leading to the squeezing effect.

The excited states of the Hamiltonian H 4 are number states in the b-representation:

lexcited) 4 = |n)p = |0)s . (5.100)
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Schematic diagram of the uncertainty areas in the phase difference and charge
number (¢, n) phase space of: (a) the vacuum state, (b) a “number” state, (¢) a coherent
state, and (d) a squeezed state. In these diagrams, the phases are measured in units of
(Ec/Ez)'/4, while the charge numbers in units of (E;/E¢)!/4. In addition, the “number”
state here is not an eigenstate of the charge number operator n. It is actually an eigenstate
of the harmonic part of the Hamiltonians. Notice that the coherent state has the same
uncertainty area as the vacuum state, and that both areas are circular, while the squeezed
state has an elliptical uncertainty area. Therefore, in the direction parallel to the 6/2 line,
the squeezed state has a smaller noise than both the vacuum and coherent states.

Figure 5.1:
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Figure 5.2: Schematic diagram of the time evolution of both the expectation value (¢)(t)
and the fluctuation ((A¢)?)(t) of the phase operator ¢ for different states: vacuum (a),
number (b), coherent (c¢), as well as squeezed (d) and (e). Here dashed lines represent
(#)(t), while solid lines represent the envelopes (¢) £ /{((A$)%), which provide the upper
and lower bounds for the fluctuating quantity ¢(¢). (a) For the vacuum state |0), (¢)(¢) = 0
and ((A¢)?)(t) = 2\/Ec[E;. (b) For anumber state |n), (¢)(t) = 0 and ((A$)?)(t) = 2n+1.
(¢) For a cohelent state |a), (¢ )(t) = 2Re(ae™ ") = 2|a| coswt, which means that a is real,
and ((A¢$)?)(t) = 2. (d) For a squeezed state |ae™™t, £(1)), where the squeezing factor £(¢)
satisfies £(t) = re~2w1, (¢)(1) = 2|r| coswt, which means that « is real, and its fluctuation
s ((Ag)2)(t) = 2(e 2 cos?wt + e sin?wt). (e) A squeezed state, as in (d). Now the
expectation value of ¢ is (¢)(t) = 2||sinwt, which means that « is purely imaginary, and
the fluctuation ((A¢)?) has the same time-dependence as in (d). Notice that the squeezing
effect now appears at the times when (¢)(¢) reaches its maxima while in (d) the squeezing
effect is present at the times when ($)(¢) is close to zero.
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Since b' is related to af by bt = S~1(€)at5(€), the excited states of H4 can be simplified as

ﬁ (57" ©a's(6))" s7©)l0)a
\/17 §71(€)al"|0).

ST (E) )
S(=&)|n)q . (5.101)

I

lexcited) 4

Il

In other words, the excited states of H 4 are not the number states in the a-representation,
|n)q, nor the number states |n), in the charge-number representation, where the Cooper-
pair number is a good quantum number. Instead, |excited)4 is a “squeezed” version of the
number states |n), (see Section 5.5.3 for more details).

For the isolated-junction Hamiltonian Hy, the parameters in i 4 should be substituted

by

w = wi (1 - 8'/1\1) , (5.102)
hw1

- 5.10:

5 = PL_ 1 (5.104)

i'zwl - 16/\1 —2 '
In the large-ratio limit, Ay = \/E;/F¢ > 1, between the Josephson coupling energy and
the charging energy, the quantity 6 & 1/16A; < 1 is very small. Therefore,

1 2
) = 148 = 1+(16A1> , (5.105)
1 2
W2 = 6 e (16/\) _ (5.106)

Notice that the phase of 8 is 7, so that we can set ¢, = 0 and ¢, = 7. Furthermore, the

squeezing factor is

& = 51 2 6
1 1 [Ec _
— - L 5.107
160, 16V E,° (5.107)

with the phase angle of & satisfying 6; = 0.
For H4, which is the Hamiltonian of a Josephson junction at the global potential mini-

mum in a superconducting loop without external flux, the parameters are

Ey
= a1l - 5.]
w Wy ( 8/\4EJ4> , (5.108)
hw‘;E‘] =
= —— .10¢
p 1604 E (5-109)
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Thus, now we have

5,2 BaBL 1 [EjEc (5.110)
IGE%Q 16y E3,

and the squeezing factor becomes

1 [E%Fc
Eg=6,2 — =L =, (5.111)
16\ E3,

with the phase angle of &4 satisfying 64 = 0.

5.4.2 Ground and Excited States of the Hamiltonians [, and {;

Recall that the Hamiltonian H, describes a current-biased Josephson junction and Hj a
Josephson junction in a superconducting ring with external flux. Both H, and 3 have the
similar form Hpg:

Hg = lwala + aa + a*al + pa® + p*at?. (5.112)

Systems represented by H, are diagonalizable, as in the the case of H4. Again, we can

introduce a pair of operators b and b':

b pa + val, (5.113)

bt = ;I,*(LT—}—I/*(L. (5.114)

Namely, b = S71(—£) a S(—€), where S(—£) = exp(—£*a?/24£at /2) is a squeezing operator

and —€ = se!(®*7) is the squeezing factor; £ is related to g and v by g = coshs and

v = —elsinhs. If we define
3
6 = Lszl‘ , (5.115)
¢ and v then satisfy
w2 146, (5.116)
v]? = &2, (5.117)
¢;L . (/)u = (/)ﬂ . (5118)
The Hamiltonian can thus be simplified to
hw h,(.d|1/|2 * * K *
}IB = WI)T[)— 'l‘m + (O’M -V )b-l—(o: H’ = O!l/)bT
= hw(l = 26207 — hwé? + vb + y*b1, (5.119)
where
Y=ot - ot (5.120)
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Now we introduce the operator ¢ which diagonalizes Hp

by 2 5.121
e=bt 2—(1+26%), (5.121)
so that )
cle = bth 4+ L - T (14267 + - T 14 262t + {|7|(1 +252)} , (5.122)
and
Hp = hw(l — 26%)cfe — hwé? — |’7| 14 26%). (5.123)

The ground state of this Hamiltonian satisfies
cl0).=0. (5.124)

If we define a displacement operator D as
Dy(n) = exp (7be - n*b) , “(5.125)

which “displaces” b by 7
DY ()b Dy(n) = b+, (5.126)

we can express the operator ¢ as

= 07 (L) s -0as-o (L) (5.127)
where
= w(l - 26%). (5.128)
Thus
Dy (y*/hw') b Dy(y* [hw') [0). = 0, (5.129)
or
b{Dy(v"/hw')[0)c} = 0. (5.130)
Therefore,
Dy(y" /') [0)c = [0)s - (5.131)
In other words,
10)c = D! (hw > 10)s - (5.132)
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According to the discussion in the previous section
10}y = 557 (€)|0)a - (5.133)

Therefore, the ground state of Hg can be expressed as

leround)g = |0). = D;! ( 7 ) S716)]0), . (5.134)

!

Recall that D~1(n) = D(—n) and S~1(£) = S(—£). Thus the ground state of Hp is

0 = Do (-2 Su(-8)0)

hw'!

hw

])(1 (_ ar -~ 2a§€i(d’u—(ﬂ‘1)
| hw

1 + 262 .
= Dﬂr <_ i [Q*(lﬂ’l2 + |I/l2) - 20‘,“*1/]) Su(_g)lo)a

R

) Sa(—€)[0)q, (5.135)

»

which is a squeezed coherent state in the “a” representation, with £ = 6.
The excited eigenstates of Hg can be obtained in a similar manner as for H 4. They are

the number states in the c-representation

lexcited)g = |n). (5.136)

*

o5 () s siom ()] o5 () svom,

5
= o7 (L) 52050

A e BRGNS

= Dy (=) Sal-E)lnha. (5.137)

Therefore, the excited states of Hp are displaced and squeezed number states in the «-
representation.

In the case of I, which describes a current-biased Josephson junction, the parameters

are
W = Wy (1_8/1\;)) , (5.138)
o = 1% (5.139)
8\/2%\3/2
g = _fﬁ“;‘z. (5.140)



Consequently, o* = a, ¢g = 7, and ¢, = 7. If we define §; = |f|/hw = 1/(16A; — 2) =

1/16A2, which is a very small quantity, the squeezing factor £, has the form

1
=6, = : 5.141
&2 2= 60, ( )
and the displacement d is
d2 _ ot — zcgéei(q’)y—(f)”)
hw
~ 221 4 45,). (5.142)
hwg

In the case of Hj, which describes a Josephson junction in a superconducting ring with

an external flux, the parameters are

Ly

= - ) 5.143

w ws (l 8/\3E‘13COS¢ 3> ( )
hwslby . .

= ———=—S5Iin¢,3, 5.144

¢ AV2X3E 3 P ( )
hws E, .

B = —ﬁﬁ,—km%h (5.145)

83 8l o Ly 05 $ung (5.146)

hwg 1()/\3[‘/]3

Here é3 is again a very small quantity. The squeezing factor is now

Ejcos¢pa )
fo = §a = = ne 5.147
b = b 163 L 3 (5.147)

and the displacement d now becomes

o — 2abet(Pr—rbu)
hw

Ejsin ¢3 ,
=TT (] 4 463) = d. 5.148
IV (5-145)

(13 = -

5.5 Expectation Values and Fluctuations of the Number and
Phase Operators

In the previous section we have obtained approximate ground state wavefunctions by ne-
glecting the higher-order terms in the JJ interaction. Now we compute the quantum fluc-

tuations for the phase and charge number in these approximate ground and excited states.
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5.5.1 Squeezed Vacuum

State

Let us first consider Hy and H,4, for which the ground state can be written in the form

lground) = S(—¢£)|0), which is a squeezed vacuum state. Recall that

57YE)a5(€) = acoshs—alesinhs, (5.149)

S5 H-€)aS(—€) = acoshs+a ¢ sinh s, (5.150)

where £ = se?. In a squeezed vacuum state |0, —€) = §(—€)|0), we can calculate the
fluctuation

(Ba+a) = ((a+a)?) - ((ata) (5.151)

On the other hand,

([Ala—ah) =

(01571 (=&)(al? + a® + 2aTa + 1)S(—£€)|0)

€' sinh s cosh s + e~ sinh scosh s + 1 + 2sinh? s

0 0
e 2% sin? 3 + 2% cos? 3 (5.152)
{(a —a")?) — ((a — al))? (5.153)

(01S71(€)(a? + a® — 2ata — 1)5(£)(0)

¢ sinh s cosh s + e~ sinh s coshs — 1 — 2sinh? s

. 6 . 0
—e™ 2% cos® 5 e sin? — . (5.154)

2

For an isolated single junction, the phase and number operators are related to ¢ and o

by
_ L (Eo\' By L i 5 155
(/) = 72— (E) ((L 4+ a ) = \/2_/\((1, + a ) 5 (0.15'))

n =
Therefore, the ground state flu

<(A¢local)2>

((An)?)

1 B\ A _ ,
By (—é—) (a —al) = —i\/;(a —af). (5.156)

ctuations for an isolated single junction are

= SrilA@+dP)

_ 1 =251 . .2 0'1 254 '.291>

= o (c cos 5 + e“’!sin 5

— __‘C_ e (5.157)
4L
M ty12

= ‘7([13(“— a")]®)



]
= /;—1 (6“231 sin? %l + €21 cos? %)
E; o
— s 5.158
Rl (5.158)
where
Ey
Ay = — 5.159
1 EC ’ ( J )
9, = 0, (5.160)
1 ‘
|1 = . 5.161
o1 167 (5.161)

For a Josephson junction in a superconducting ring, with no external flux and at the

global potential minimum, the local phase and number operators are

Procal = (Ec/4Ez)" (a+ ah)
n o= —i(En/AE) (a - db). (5.162)

The Hamiltonian of this system is H,4, which has the same ground state as H; for the

isolated single junction case. Thus the ground state fluctuations are

(Adoea)?) = 5{—4<[A(a+rﬁ>]2>

Ec ' o 04 . o B4
= — 7% cos? =+ ¥t gin? =2
41 54 2 2

Lc 254 =
= e 168
\/4EJ4 “ (5 03)

{(An)?) = —52‘1<[A(a—a,f)]2>

| é. . . 0
= —41;; <e_2s4 sin? ——21 + 2% cos? ———;)
[ By 24 .
= 1E, e , (5.164)

where
Eus = Ey+-20 (5.165
J4 - J 47T2L ) e O)
0, = 0, (5.166)
1 E}EC .
84 = 6 E34 . (5.167)

Figure 5.3(a) schematically illustrates the uncertainty area of a squeezed vacuum state.

Both the average values of charge number n and phase difference ¢ vanish. The uncertainty
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area in the n-¢ phase space is squeezed along the n-direction, which indicates smaller

fluctuations for the charge number n compared to the zeroth-order approximation where

the cos ¢ term is expanded to the second-order in ¢.

5.5.2 Squeezed Coherent State

In the case of the current-biased junction, the ground state takes the form of |ground)p

|ground)s = D, (—

(),‘2(1 -I— 252) .
T> Su(=£2)[0Va ,

(5.168)

which is a squeezed coherent state. We can calculate the expectations and fluctuations:

((az + al))

([A(az + a))]?)
{(ag - ﬂ;))

([Aaz - ab)?)

2a2(1 + 262)

flu)g
= 7% Siﬂ2 50‘2‘ + e?o2 COS2 0.72 )
= 0,
= —e 252 ¢og? @ — e%%2 5ip? 0—2 .

Here —&; = s2¢/(%2+7) is the squeezing factor.

The local phase and number operators now have the following properties

(¢local>

<(A¢local)2)

((An)?)

1 ( Ec\' ‘
ﬁ (E;) ((e + (LT)>

4E‘C 1/4 Qg
“(En) g 1 F 202

(A + ahYP)

2X9
E , 0 ‘ 0
41;’2 (e‘Z‘” sin? —2—2— + €252 cog? 52—)

EC/ 259
e??,
4Es\[1 — (Io/27 E,)?

1 E_]Q)l/‘l '
(7)) ta-a)
- () e

iv2 \ Ec hw B

ki

En/1- (19027 E,)? -
1Ec ’
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ZJ2 (e_zsz cos? —-23 + €252 gin? é)

(5.169)

(5.170)

(5.171)

(5.172)

(5.173)

(5.174)

(5.175)

(5.176)



(a)

<V

(b) An

<V

Figure 5.3: Schematic diagram of the uncertainty area in the phase difference and charge
number (¢, n) phase space of (a) the ground states of Hy and Hy (which are squeezed
vacuum states), and (b) the ground state of H, and Hj (which are squeezed coherent
states). The units for ¢ and n are (Ec/E;)'/* and (E;/Eg)'/4, respectively. It can be
seen from the diagram (a) that the uncertainty of the charge number n is squeezed by a
factor of 1/16\, where A = \/E;/FEc. In (b) the uncertainty area has been displaced away
from the origin by an amount d, because linear driving terms are present in both H, and
H3. Again, the uncertainty of the charge number n is squeezed by a factor s = 1/16A, with
A = V/E;j[Ec. The displacement d from the origin is —v/2a(1 + 26)/hw, where a is the
coefficient of the linear driving term, and § reflects the relative strength of the nonlinear
correction terms.
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where

Ey2

hWQ

$2

= EJ,/1—<2{T¢£])2, (5.177)
= VEpnkc, (5.178)
= ];:;2 (5.179)
= ﬁi’ig/z, (5.180)
- 0, (5.181)
_ 161&, (5.182)

In the case of Josephson junction in a superconducting ring with external flux, the

ground state is similar to that of the current-biased junction. The parameters are different,

so that the expectation values and fluctuations of the local phase and number operators

become

(¢local)

((A¢local)2>

Il

where L is the inductance of the

1 [ Ec\'1
— <—C> (as + al)

V2 \E;3
4EC’>1/‘1 g3 o
-\ —=(1+4 26 5.18:
<E.]3 hw;( + 3) ’ () 3)

1 [ Eeo
2\ T (1B les + )
] / Ec ~283 o102 b3 253 2 03)
A (e Sin 9 + e CcOS 5
1 [ Ec e253
2V Ejs ’
1 (Ep\Y?
?ﬁ (E_C> {az — a%)
1 (EJ3)1/4 (1 + 283)(a — as3)

—I\/E /'zw3
0,

1 |E :
~3\ e (les = )

1 |L
Ly <e + €253 gin? %%)

(5.184)

Ec
(5.185)

2V ¢

1 EJ3 233
S\ ¢
2 “C

(5.186)

superconducting ring, ¢,,3 is the phase of the local mini-
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mum, and

®32 ,
Fj3 = FEjcosdms+ T2 (5.187)

hwg = vV E(]3Ec, (5].88)

L3 .

\ 3 5.189

, - (5 )

oy = Lolicsindms (5.190)

42E 3

Ljcosgps 5

o Brcoséms 5.191

53 16\sE3 .

b~ 0. (5.192)

Figure 5.3(b) schematically illustrates the uncertainty area of a squeezed coherent state. The
finite (¢) in this state represents the asymmetry in the potential energy. The uncertainty
area has the same shape and orientation as that of the squeezed vacuum state considered

in the last section, because these two cases share the same nonlinear potential of cos ¢.
5.5.3 The Excited States

Recall that the excited states for H4 are

[n,€) = S(=€&)|n)a. (5.193)

It can be shown that
~6)aS(€) = acoshs+ale?sinhs, (5.194)
S71(—€)atS(€) = alcoshs+ae ?sinhs, (5.195)

where £ = se'’. Therefore, the matrix elements can be calculated as

((a+a)) = 0, (5.196)
((a+a")?) = (n,é€l(a+a)’n,E)
= (nS7(=E)(a+ a")?S(E)In)
= (n| {a (cosh s+ e " sinh s) +al (cosh s+ e sinh s) }2 [n)
= (coshs+e™sinhs) (coshs + ¢ sinh s) (n|(aa’ + ala)|n)

= (2n+1) ( =25 gin? 29 + 29 cos? —g—) , (5.197)
((a—dl)®) = (nfua—anﬂnf)
= —(2n+1) ( =23 cos (2) + €** sin g—) . (5.198)
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We can then compute the fluctuations of the charge-number and phase operators:

(A7) = Zd(atay)

= —(2n +1) ( =29 gin’ g+ e** cos? g) , (5.199)
(An?) = ~Z((a—a?)

— A —-25 20 25 ; 20> '

= 5(271 +1) (e cos” 3 + %% sin 5) - (5.200)

On the other hand, in a pure number state (again, not the charge-number eigenstates) in

the a-representation, the fluctuations of the number and phase are

A

(A = Daltat ahhn)

= —;—(zn+1), (5.201)
(an?) = =Znla—alPln)

= %(2n+l). (5.202)

Therefore, in the excited states of H 4, the fluctuations in the charge number and phase

are modulated because of the correction in the harmonic oscillator potential. Whether the

noises will be larger or smaller depends on the phase angle 8 of the squeezing operator £.
In the excited states of Hpg, the expectation values such as ((« + a')) do not vanish

because the states are displaced. For example,
(n]. (a + (LT) n)e = (n|a STH=ED7Y(=C) ((L +a ) D, (=C)S(=&)|n),

(nla 57(=6) (@ + ot = ¢ = ¢) S(=E)In)a
= —(C+<¢). (5.203)

On the other hand, the fluctuations of « 4 al in the excited states of Hpg take the same form
as that in the excited states of H 4:
2 . e . 2 o
(nle (a4 ') In)e = (0l S7H=EDTH(=0) (e + a!)” Da(=0)S(=E)n)a
] t - -k 2 1
(nla $71(=8) (0 +a" = ¢ = ¢*) " Su(=E)In)a
2 v ;
(la $7(=€) (a+al)” Su(=E)n)a + (C+ ¢, (5.204)

so that

(e [& (a+ )] e = (57 (=€) (a4 o) Su(=E)In)a

6 0 ,
(2n+1) ( S sin? — 5 + €% cos? 5) , (5.205)
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where —¢& = se'?+7) s the squeezing factor. It is thus evident that the displacement

operation in the excited states of Hg is irrelevant to the fluctuation properties.

5.6 Time Evolution Operators of the Various Hamiltonians

In the previous sections we have obtained the eigenstates of a Josephson junction in var-
ious configurations. With the help of these cigenstates we can expand any initial state in
terms of these eigenstates and study its time-evolution. However, this approach can be
quite complicated for an arbitrary initial state. An easier way is to first find the time-
evolution operator U(t,tg) of the particular Hamiltonian, and then calculate the transfor-

mation Ut(t,to) f(a,a)U(t, to).
5.6.1 Time Evolution Operator of H,

The Hamiltonian /4 encompasses both Hy (for an isolated Josephson junction) and Hy
(for a Josephson junction in a superconducting ring without external flux and at the global

potential minimum):

Hy = hwala+ Ba® + p*at?

= Ho+Vy, (5.206)
where

Hy = hwala, (5.207)

Va = Bd?+p%at?. (5.208)

To obtain a factorized time-evolution operator, so that each term has a special meaning
(such as the displacement and squeezing operators), the general practice is to first change
to the interaction picture to eliminate the free oscillator term in the Hamiltonian, and then
solve the Schrédinger equation for Ur(t,tp) in the interaction picture. The free-oscillator

time-evolution operator Up(?) is
Uo(t) — e—i}‘]ot/h _ e—-iu/illia . (5.209)
In the interaction picture, the Schrodinger equation becomes

’ih%U}(l‘) = Vi(t)U(t), (5.210)
[()1 Ur(t) [4(0)) 1, (5.211)

Il
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1% (t))s
Vi(t)

Uo(%) |%(0)) 1, (5.212)
U (1) Va Ug(0)

I

. t . t ¢ A
ezwta, a,/jaZe wita'la + h.c. , (5213)

where Uf(t) is the time-evolution operator in the interaction picture, and the subscript S

refers to the Schrodinger picture. Recall that for a single mode

Bata _ T Sy
ae = angom(a a)t = nX::Om—(a a+1)"a
= ePlatatl), _ eﬁ"‘t“ueﬁ, (5.214)
Vi can thus be simplified to
Vi(t) = Ba?e 4wt 4 gt 2etivt (5.215)

Formally, the time-evolution operator can be written as

Ur(t) = Texp {—;;/tof V](T)d'l’} , (5.216)
where T is the time-ordering operator. This expression cannot be easily simplified because
Vi(t) is time-dependent; thus, in general, V;(¢)’s at different times do not commute with
each other. One way to circumvent this problem is to divide the time interval [to,!] into
a large amount of small intervals, so that in each of the intervals Vj(t) is approximately
a constant. Thus the Schrodinger equation can be integrated in each of the intervals and
the time-evolution operator during that period can be obtained by direct integration. Since
the time-evolution operator U(ty,t) satisfies U(lg,t) = U(to,t1) U(t1,1), we can therefore
obtain Uj(to,t) = Ur(to,t1) Ur(t1,43) -+~ Up(t,,1). Such an approach may be useful when
a numerical computation is the sole purpose; although the efficiency of such an algorithin
might not be very high. Analytically, this approach does not simplify the problem.

To obtain an analytical expression for any function of the creation and annihilation
operators, we can first transform into the b-representation, in which H, is diagonalized:
H 4 = hwy bh. Here we have dropped a constant. Thus the time-evolution operator of the

system in the b-representation is simply
Us(to, 1) = e~tt' = Ry(9), (5.217)

where 6 = wyt. Therefore, the expectation value of a polynomial f(a,at) of ¢ and «f is

(@) f(a,aN)|®(t)) = (2(10)|UN(to, 1) f(a,al) Ulto, 1)|®(t0)) (5.218)
= (D(to)]e™ " f(a,al) e st P(1y)) (5.219)
= (B(to)|R}(8) f(a,al) Ry(8)B(t0)) . (5.220)
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Let us now consider how to simplify the expression in between the state vectors. Recall

that
a = S}(s,4)bSus,¢) (5.221)
at = Sf(s, )0t Sy(s, ), (5.222)
where
Sp(s,d) = exp {—; (6‘2’-4’1)2 — e2i¢bT2)} (5.223)

is a single-mode squeezing operator in the b-representation, 0 < s < oc and —7/2 < ¢ <

7/2. We can thus express the function f in terms of b and bf. More specifically,

flasal) = [ (S](s,6)bSi(s,0), 5](s,0) b Su(s,9))

S3(s, @) F(b, b1) Sy(s, ¢) (5.224)

since Sg(s,qﬁ) Si(s,¢) = 1. Now we have

It

Ul(to,t) fla,a") Ulto, 1) = RE(O) SN(s,8) J(b,07) Si(s, 6) Re(8)
RI(6) 5](s,9) Ry(8) RI(0) f(b,bT) Ry(8) R}(8) Si(s,b) Re(6)
{ RIO) S{(s, ) 1u(8)} { RY(8) (b, b1) Ru(6)}

x { B}(6) Suls, ¢) Ry(8)} . (5.225)

Since operators S and R satisfy [92]

B}(8) Sils, @) Ri(0) = Sy(s, ¢+ 0) (5.226)
RI(OYORYO) = be™i?, (5.227)
so that
RI(8) f(b, bT) Ry(8) = f(R}(6)b Ry(6), R}(6) b Ry(6)) (5.228)
= f(be™¥ ble?y, (5.229)

we can therefore simplify the original expression Eq. (5.225) as

Ut(to,t) fa, ) Uto,t) = {RJ(0)5](s,0) Ru(0)} { BI(0) F(b, b) i) }
x {B}(8) Si(s,8) Ru(0)}

Sl(s 0+ 0) f(be™, btei®) Sy(s, b + )

= [ [Si(s,0+0)be™? Sy, 6+ 0),

SH(s, 0+ 0)b1et? Sy(s, 6 + 0)] : (5.230)

Il
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Since the parameters of the squeezing operator S have been changed (¢ becomes ¢ + 8),
now Sg(s, ¢+ 0)bSp(s, ¢+ 8) is not equal to a anymore. However, it can still be expressed

as a linear combination of ¢ and a':
Sg(s, ¢+ 0)bSy(s,¢p+8) = beoshs —ble? D ginh s
= (a, cosh s — ate?? sinh S) cosh s
-+ ((LT cosh s — ae % ginh s) e24¢1+0) ginh s

= acosh?r — ate?? sinh s cosh s

+ate? ¢+ ginh s cosh s — ae?? sinh? »
= a (cosh(‘2 r — e?? ginh? 7‘)
+ate?? sinh s cosh s (1 — e2i0> . (5.231)
In particular, if 8 = 0,
a (cosh2 s — e ginh? 3) + a'e? sinh s cosh s (1 - ezm) =a. (5.232)

Therefore, UT(tp,t)f(a,a")U(1o,t) now becomes a polynomial of a and a! and is easier to

handle. Taking H, as an example, we obtain

1
_ 5.233
8 16, (5.233)
b6 = 0 (5.234)

~ ; ]’ 2

= wyt wlt(l— 16,\1) (1 - 26?)

1

& w1 — ). 235
wlt(l ml) (5.235)

Here we have only kept terms up to first order in § = 1/16\;. Substituting these parameters
into expressions [5.230] and [5.231], the expectation value of function f at any time ¢ can

then be calculated with an arbitrary initial state.

5.6.2 Time Evolution Operator of Hg

The time-evolution operator for H g, which describes both H, (for a current-biased junction)
and Hj (for a Josephson junction in a superconducting ring driven by external magnetic
flux), can be obtained similarly. We first separate the Hamiltonian Hp into a free oscillator

part Iy and a correction Vg,

Hg = hwala+ aa+o*al + Ba® + pat?
= Ho+ Vg, (5.236)
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where
Hy = hwala, (5.237)
aa+ a*al + Ba® + f*al?. (5.238)

VB

Again, if we transform into the interaction picture, we will only be able to obtain a time-
evolution operator that is either a formal time-ordered expression, or a product of time-
evolution operators at cach small time increment. To achieve a more analytical expression,
we will now follow the approach we have taken for H 4. In other words, we will transform into
a representation in which Hpg is diagonalized (that is, the c-representation we discussed in
Section 5.4), obtain the time-evolution operator in that representation, do the calculations
there, and then transform back to the a-representation. This procedure is presented below.

In the c-representation, Hp is diagonalized Hp = hw.cfe; here we have dropped a

constant. The time-evolution operator of the system in the e-representation is then simply
Ue(lo, 1) = e~ete’e = R (), (5.239)

where 8 = w,t.

The transformation from the a-representation to the c-representation is given by

b = Si(s,¢)aS.(s,b) (5.240)
¢ = Di(a)bDya). (5.241)
The inverse transformations are
a = Sy(s,9)bS[(s,¢) (5.242)
b = Di(—a)eD(-a). (5.243)
Therefore,
a = Sy(s,¢) Di(=a) e Do(—a) Si(s, ). (5.244)

From b = ¢ — a, we can express Sy(s,¢) in terms of ¢

exp {% (e—zz’(bbz _ e‘ziq&b‘rz)}

Sb(s’ ¢)

= exp {3 { “Hh(e - a)? - 2P(ct a*)2]}
2
= exp {% [( 2“/’(c 2ac + a?) — (1?2 — 207t + a*Q)]}
_ s —2ip .2 _ 2,12 2 o x ot _ o= 20
= exp{Q[( c ]-{—5[ «wc ac]
=2 2 2ip %2 .
+2 [ o e Pu ]} ) (5.245)
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Using the result we derived in Appendix B.4, this operator can be factorized:

S

Sy(s,4) = exp {5 o202 — e29ct?] 1 [2Parel — e~Hac] 4 £ [e720a - 62%*2]}
= DB)Sc(s,d)e, (5.246)
where 3 and 7 are complex numbers determined from «, r, and ¢. In particular, v is pure
imaginary. Therefore,
@ = €' D,(B)S(s,8) Di(—a) ¢ Do(—) SI(s,4) DI(B) ™
= Do(B) Se(s,¢) Di(—a) ¢ Do(—a) Si(s,¢) DY(B) . (5.247)
To calculate the expectation value of f(a,a!), we have
(@(1)] f(a,al) (1)) = (®(0)| UT(to, 1) f(a,al) Ulto, ) |®(0)) (5.248)
(®(0)|RL(O) [(a,al) Ro(6)|9(0))
(@(0)|RI(0)  [DelB)Scls, ) DY~ ) e De(—a) DY(B)SN(s, ),
De(B)Se(s, $)DY(—a) ¢! D(=) DY(B)SH(s, )| Re(8)](0))
= (®(0)|RY(8) Do(B) Se(r,¢) Di(—a)
x f(e, ') De(—a) Sl(s, ¢) DI(B) R(6)|®(0)) . (5.249)

.
il

Since operators S, D, and R satisfy [92]

RI(0) Se(s, ) R(6) = Sc(s, ¢+ 0) (5.250)
RY(8) De() Ry(6) = D, (ae) (5.251)
RI6)bRy(O) = be ¥, (5.252)

the above matrix element can be further simplified to
((1)] f(a,a")|@(2))
= (D(0)| D(Be) Se(s,¢+ 0) DI (—ae®) x fce™™, ctei?)
X Do(—ae’) S1(s, ¢ + 6) DI(Be) |8(0))
= (B(0)|f [De(Be) 5u(s, 6+ 0) DI(—ae'?) ce™ Do(~ae™?) 51(s, ¢+ 0) DI(Be™),
De(Be”) Scls, ¢+ 0) Di(—ae®®) e Do(~ae'?) Si(s, ¢ + 0) DI(Be?)] |2(0)).

(5.253)

Since
D.(Be?) ¢ DY(Be®) = ¢ - Be'? (5.254)
Se(r,d+0)cSi(s,p+80) = ccoshs+ cfe®tDginh s, (5.255)
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the kernel of the above quantum average can thus be expressed as a polynomial of ¢ and ¢,
which in turn are linear functions of @ and a!. In other words, the kernel of Eq. (5.253) is
also a polynomial of @ and af, whose matrix elements can be calculated in a straightforward

manner.

5.7 Rotating Wave Approximation

In the previous sections, we solved for the approximate eigenstates of the various configu-
rations involving Josephson junctions. In this section we study the problem using a very
different approach. Here we use the standard (see, e.g., [6]) rotating wave approximation
(RWA) which enforces energy conservation—since the contribution to the energy correction
from the non-number-conserving terms vanishes. This approach give us a complementary
viewpoint on the fluctuation properties of a Josephson junction. The results obtained are
consistent with our previous calculations. Again, we consider the small-phase approxima-
tion and focus on the bottom of a local potential minimum.

For an isolated Josephson junction, from Eq. (5.38), after dropping the constant terms

which only produce an unimportant energy shift, we obtain the following Hamiltonian

1 h 2
Hi = hwy (1 - l()')q) ata — .126(':)\11 <(LT(L) . (5.256)

In Appendix G we demonstrate that the RWA is only valid when (afa) is small. Since
throughout this chapter the system is near its ground state, the above condition for the
RWA is always satisfied. Similarly, the Hamiltonian H, for the current-biased junction can

be simplified from Eq. (5.47) into the form

1 hw 2 ;
s p_— — ty — 2 (41 1 257
Hy = hws (1 16/\2> a'a 160, ((L (1.) +v(e+al}, (5.257)
with
19
= _-———03—/5. (5.258)
8\/571'/\2

I'rom now on, let us drop the subscripts and focus on the general properties of the Hamil-

tonians.

5.7.1 Factorization of the Time Evolution Operator (TEO)
TEO of a Free Oscillator

To simplify the notation, let us first introduce

1 .
o= w (1 - m) , (5.259)
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[#3)
- Y 5.260
v 16X (5.260)

The time evolution operators for the free oscillators of cases (1) (an isolated Josephson
junction) and (4) (a Josephson junction in a superconducting ring with no external flux,
at the global potential minimum) are already in factorized form, making the calculations

straightforward. For example, for Hy,

7 t
@) = GONO)s = exp (5 [ mdr) 190)s
e—iuta‘a,(?z'ut((ﬂrz)? |lII] (0))5 , (5.261 )

where |Wq)g is the Schrodinger-picture state and U(t) is the time evolution operator for

free oscillators [valid for both cases (1) and (4)].

TEO of a Linearly-Driven Junction

The time-evolution operators for the case (2) (linearly-driven Josephson junction) and (3)
(Josephson junction in a superconducting ring with an external flux), Us(t) and Us(t),
are much more complicated since these systems have interactions. We use the interaction
picture to derive the factorized time evolution operator. The linear term is treated as the

interaction. The full Hamiltonian H, is split as

Hy = H+Hy, (5.262)
Hy = hpala—-ho(aa)?, (5.263)
H; = 7((I,—I—(LT). (5.264)
The Schrodinger equation is
., 0 ,
zh—a—;hﬂg)g = Hq|¥3)s, (5.265)

where |U3) g is the Schrodinger-picture state for a linearly-driven junction. It can be proved
that approximately (see Appendix B),

2

U 192(0)s = exp (—7 [ tradr ) 102(0)s

i~ e—-i]{lt/ﬁena1—a7]'|\I,2(0))S’ (5266)

{¥a(1))s

where
v 1- ei(l—aTa/S,\)wt .
T e 1= ata/8\ (5.267)

Notice that the operator 1 does not commute with either @ or at. Therefore, the transfor-

mation matrix (or displacement operator) exp(nal — an*) cannot be directly factorized.
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To simplify the problem of factorizing Us(t), we first expand the numerator and denom-
inator of 7 to zeroth order in ata (i.e., we take a'a/8) ~ 0), and consider the small-time

limit, in which wt < 1. Thus, to zeroth order in a'a/8A, the TEO becomes

UZ(O)(T,) = exp {—‘I',/Lt(l,f(l, + 'zﬁz/t(afa)2} exp (an‘r - 773(1,) , (5.268)
where
_ l 1 _ plwi 3-8
o= 3= (1 e ) . (5.269)

To check the accuracy of the above approximation, we also expand 7 to the next higher

order (i. e. , first order) in afa/8X, so that now the TEQ becomes

1 . , 1 cwl .
UZ( )(t) = exp {zwt (l - 16/\) afa - zm((ﬁﬂ,)z}

. 2 " .
X exp {(770 +n0)at = (no + m)*a + pata - nl(ﬁrﬂ} , (5.270)

where
o = 7_17;(1 _ ety (5.271)
m = 8)%[1 — (L — iwt)] . (5.272)
According to the Baker-Hausdorff formula [6], eAtB = eAeBelABIZ | if [A,[A, B]] =

[B,[A, B]] = 0. However, the later condition does not hold in this case, where A = (1 +
m)at — (9o + m)*a and B = nyata - nfaTa,Z. Nevertheless, higher-order terms, like [A, B,
[A,[A, B]] , etc., are at most O(ngm;) and thus smaller than the terms that are O(1g) or
O(m), since |ng| < 1 and |m| < 1. Therefore, we only consider the dominant terms, which
are ~ O(no) and O(ny), and factorize the exponential of Ug(l)(l,) as eATB =~ edeB. Now,

Uz(l)(t) becomes

. 1 L .
(/2(1)(_1,) = exp {zwt <1 - 16/\) ata — i%(a*a)z} exp {maTza - 77{(1,%2}
X exp {(770 + el = (9o + nl)*(L} , (5.273)

which has a more factorized form. These results, derived for II,, also apply mutatis mutandis

to 113

5.7.2 Calculation of the Quantum Fluctuations

Free Oscillator Case
The state vector for a free oscillator can then be expressed as
—iptata _—ivi(ata '
[y (1)) = e~ imtalegivi(ala)®|y, (g)) (5.274)
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Thus, given an initial state, the state vector at any future time is determined. A special

initial state is a coherent state, namely,

11(0) ¥) 5.275)
[¥1(0)) = |a) nz,;\/; (5

A coherent state [6] is an eigenstate of the annihilation operator, a|a) = aja). It can also be

a) = D(a)|0), where the

generated by acting a displacement operator on a vacuum state, |«
displacement operator is D(a) = exp(aa! —a*a). See Appendix A for further explanations.
Now the state vector of the free oscillator with an initial coherent state is

- ta —
2 : ipeta ap ivt(ata) I,”)

710

Il

|5oM(1))

2 90 n )
Gl o P—iutn —iutrzzl >

= ¢ 2 2 : 5.276
,;) T ¢ (5.276)
The canonical coordinate and momentum are defined as
X = i(a, +al) (5.277)
\/5 k]
P = a—al 5.278
(). (5.28)
X and P are dimensionless quadrature operators. They are related to n and ¢ by
E\Y ;
X = < ;’) b, (5.279)
e ‘
Ec\ '/
P = ( f’> n. (5.280)
Ly
So the fluctuations of the phase and charge number are
] 2 [ 1 2 e
((d)local) ) = <(AX) > <(AX) )a (3281)
Ey A
E,; _
(Anp) = /2L (APP) = A (aPy). (5.282)
c

Now that we have the state vector [1(t)), we can calculate the fluctuations of X and

P:
(AX)*) = <X"’)1 — (X1 (5.283)
= (1 +2lal?) 4 e~lo Z o7 |2n+2 cos(2ut + 4(n + 1)rt)
n=0
{ —faf? |O‘|2n+1 }2 ‘
Z cos(pl + (2n + 1)vt) (5.284)
n=0
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((AP)*) (P"’)l — (P)? (5.285)

2 I |2n+2
= —(1+2|a|) e~ lel 5‘

{ P Z Je**

This calculation can be numerically carried out when «, w, and A are given. We have done

cos(2ut + 4(n + 1)vt)

12n+1 2
sin(ut + (2n + l)z/t)} (5.286)

so and we conclude that there is a squeezing effect when o # 0, i.e., when the initial state
is a coherent state; but there is no squeezing when the initial state is a vacuum state.
According to the above results for ((AX)?%); and ((AP)?)1, a large-area junction, which
has large I'; and small ¢, should have small fluctuations in phase and large fluctuations in
particle number. On the other hand, a small-area junction has smaller Josephson coupling
and smaller junction capacitance {which means a larger charging energy FE¢); thereflore
it should have larger phase fluctuations but smaller number fluctuations. All these con-
clusions are qualitatively consistent with experiments. Further experimental studies, with
thermal and environmental noise smaller than the intrinsic quantum noise, are needed to

quantitatively verify the above results.

Linearly-Driven Josephson Junctions

In this section we derive some analytical results for the fluctuations of the phase and charge
number of a linearly-driven Josephson junction. Recall that the corresponding state vector
is approximately

|’l/)2(t)> — C—i“mtae_il't(a'a)'z(jnoai_ngald)g(o» , (5.287)

where 79 = (1 — e!)/hw , A = \/E;]/Ec, and v = —Eg/V2\. The later parameter, 7,
reflects the relative strength of the external driving current, which acts like a “force”.
We calculate the fluctuations with two different initial states: vacuuin state and coherent

state. If the initial state is a vacuum state, the state vector is
—iutata —ivt(ata)? I
],(/)vaC( )) = ¢ iuta de wi(a'a) ehoa noalo)

emintalag=ivi(alal |y ) (5.288)

On the other hand, we can also use a coherent state as the initial state. As an example, we

use an initial coherent state |€) with £ = 1. The state vector now becomes

[Ygoh(t)) = emimtalagmivi(ala)? gmel —nga)qy (5.289)
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Coherent states exhibit the following property
D(mo)l€) = €10 +€) (5.290)

where § is a real number related to 79 and €. In other words, 6 is just a phase which will
not affect the calculation of the expectation values. Thus we can drop this constant phase,

and the state vector takes the form
‘,wcoh( )> . -—zp.taTa.e—iumfn)?ll + 770) ] (5291)

For both of these initial states, [132°(¢)) and |5°1(¢)), the fluctuations are given by

1 ” 2n+42
(AX)Y), = 5 I+ 4 lP Z M cos(2¢¢ — 2ut — dvt(n + 1))
n=0 !
0o “12n 2
"'lCI2 |€|2 i 3 ; 2 90
2¢e Z =——cos(P¢ — pt —vi(2n + 1)) (5.292)
n=0 .
(AP, = 24 |c2—e P l(’]%“ (2¢¢ — 2ut — dvt(n + 1))
2 = §+|€| Z o cos(2¢¢ — 2 vt(n +
2
omleP Z |€|2n+1 0
sin(¢pe — pt —vt(2n + 1)) p . (5.293)
n=0 !

When the initial state is a vacuum state, |0), the parameters ¢ and ¢¢ in ((AX)?), and

((AP)?); become

Cvac o = l(] _ eiwt) , 5.294)
4 hw :

. si t ;

pree = arctan( g”‘f“’ ]) = /2 +wt/2. (5.295)
coswt — 1

However, if the initial state is the coherent state |1), the parameters are,

CCOh = 14 = 1+ ___(1 zwt) , (5296)
ol , sin wt ) 50~
&¢ arctan <coswt Ty (5.297)

These results, derived for case (2), also apply for case (3). We have carried out the numerical
calculation of the above fluctuations but found no squeezing effect in either X or P when
the initial state is a vacuum state. On the other hand, with an initial coherent state, we
have found squeezing effects over a wide range of values of A. The results are presented in
Fig. 5.4, where solid lines correspond to initial coherent states and dotted lines to an initial

vacuum state.
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100 <:(A X)":>

Figure 5.4:  Time evolution of the variances of the quadrature phase difference in the
linearly-driven Josephson junctions, using the rotating wave approximation. The products
are normal ordered and the quadrature phase is X = (EJ/EC)]/“(/L The squeezing or reduc-
tion of the quadrature phase fluctuations is reached whenever its normal-ordered variance
falls below zero. The solid lines represent results obtained with a zeroth-order approxima-
tion in a'a/8\ and with an initial coherent state. The dotted lines are results obtained
with the same approximation but with an initial vacuum state. The dashed lines use the
first-order approximation in af¢/8\ and with an initial vacuum state. The fluctuations
((AX)2)(t) and ((AP)%)(1) for the first-order approximation in ata/8X, and starting from
an initial coherent state, are indistinguishable from the zeroth-order results (at least for
small times). This indicates that our approximation is robust and works well when in the
regime 0.5 < A < 5, where A = \/E;/F¢.
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First order Correction for the Linearly-Driven Case

For the linearly-driven junction cases (2) and (3), and with an initial vacuum state, we have
also calculated the fluctuations of the canonical conjugate variables by expanding 7 to first

order in a'a/8)\. In other words, now

v 1= ei(l—-a'a/S/\)wt
hw 1—ata/8N
~ o+ nate, (5.298)
where
o = EVZJ“ — ety (5.299)
_ v 1 Lty s 3
o= s [1— e (1 — iwt)] . (5.300)

The formal displacement operator can now be simplified as:

enat—an'r ~ e(nou,?—no‘uv)—{—ma'uu'——ni"aafa

2
o gmata—niate? (notm)al=(mo+m)*a

> (14 1(I,T2(L —nrata®) D(ng + my) . (5.301)
! ! ) ,

Where in the last line we have kept the dominant terms of the first exponential factor.

If the initial state is a vacuum state, we will have a state vector

[ye()s = emmeleem e (1 4yata - piata?) D(io + m) 10)

= e“i‘““"‘e“i”‘(“‘a)?(l + 7]1(LT2(1, —niata®)|no + Ny (5.302)

The numerical evaluation of the fluctuations ((AX)%), and {(AP)?), does not show a qual-
itative difference from the zeroth-order approximation (see Fig. 5.4, in which these results
are shown in dashed lines), which demonstrates that the approximation we make for 7 is
robust. The fluctuations for large values of ¢ show an abnormal increase in magnitude be-
cause of the limitations of the small-time approximation. Therefore, we will only focus on
the zeroth-order approximation, keeping in mind that we should remain in the small-time

regime (wt ~ 1).
Physical Significance of the Initial States

Now let us look at the rotating wave approximation to this problem more closely. It is clear

that when we take the small phase approximation, we have already implicitly assumed that

130



the states are localized. Thus our approach is better suited for the sitnations where F is
relatively large.

As shown above, with an initial vacuum state we cannot reach a squeezed state at any
time. The reason can be seen from the squeezing mechanism considered here. The fourth-
order terms in the creation and annihilation operators are responsible for the redistribution
of phase, which in turn leads to a squeezing effect. To make this term more effective, a
large number of quanta are needed, because each one of the fourth-order terms involves four
quanta at a time. An initial vacuum state cannot satisfy this condition, thus preventing
the formation of squeezed states. On the other hand, an initial coherent state does have a
nonzero average number of quanta, therefore making it possible for squeezed states to be

generated.

5.8 Discussions and Open Problems

As we mentioned before, a key parameter in a Josephson junction is A = /E;/FE¢c. This
parameter does not lead to squeezing directly, and so far cannot be tuned at will in most
experiments. However, A does provide a powerful control over quantum noise. By adjusting
the value of A, it is possible to redistribute the noise in both n (the tunneling Cooper pair
number) and ¢ (the phase difference between the two sides of the junction). This is very
important because the number n and the phase ¢ are observable quantities.

Here we have focused on four model Hamiltonians describing different ways to couple
a Josephson junction to its environment. Needless to say, this list is not exhaustive, al-
though we believe that these basic cases constitute a first step towards the study of more
complicated and hybrid-mode interactions with the environment. Other interactions with
the environment can be considered. For example, a thermal reservoir can be represented
by a series of harmonic oscillators and introduce a linear coupling. Such a model was used
to discuss dissipation in tunneling events (sce Ref. [93] and references therein).

Recently, another Hamiltonian was proposed [95] in which the coupling between a
-Josephson junction and an external electromagnetic mode is contained in the quasicharge.
Such an interaction can give rise to modulation of supercurrent through the junction. How-
ever, in this approach the phase difference over a Josephson junction is treated as an exactly
measurable classical quantity, whose fluctuation comes solely from the driving external elec-
tromagnetic field. A more complete treatment has to consider both the external noise and

the intrinsic quantum fluctuation we have discussed in this paper.
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We did not include a heat reservoir in any of the cases considered in this paper, assuming
that the noise due to the exchange with the environment is relatively weak. With a reservoir,
a better approach would be to solve a quantum Langevin equation for a relevant variable
such as the phase difference. This is beyond the scope of this work.

Throughout this paper, we have used two major approximations: we treat Josephson
junctions as ideal and consider their quantum states to be localized. These approximations
are valid in the limit of 7" = 0, F; > F¢, and a very small biasing current. The states
considered here should be either the ground states or the low-energy excited states. If the
above conditions are not satisfied, other effects can be important.

Recall that the Josephson coupling energy is a sinusoidal function of the phase difference
across the junction. In our treatment, we choose one of the potential minima and expand
the whole potential around this minimum in a Taylor series up to the fourth-order terms.
Such an expansion and truncation provides a potential that can localize wavefunctions.
The expansion is a good representation of the original potential only around the potential
minimum. Furthermore, by replacing a periodic potential with a localized one, we are using
localized states to represent “snapshots” of the extended states. Therefore, to improve our
results, we need to either change to an extended-state basis, or at least take into account
the fluctuations caused by the tunneling events.

We can consider the effect of the periodicity from another point of view. FFrom elemen-
tary quantum mechanics, a band structure will form in the energy spectrum as a result
of a periodic potential. In Josephson junctions, the periodicity in the original sinusoidal
potential transforms the discrete energy levels we obtained to a series of bands [85, 89].
The corresponding states are Bloch states. When F; > E¢, the lowest-energy bands are
very narrow and highly degenerate, and the energy spectrum is very similar to a localized
oscillator, which is what we obtained from our approximations.

Real junctions are not ideal. A commonly-used model for them is the resistively-shunted
junction model [83], in which the junction is represented by an ideal junction in parallel with
a capacitor and a resistor. The damping of a non-ideal junction comes from the resistor.
Microscopically, this dissipation originates from the interaction between Cooper pairs and
their environmental degrees of freedom and also the excitation of quasiparticles. Therefore,
the real quantum noise of the junction also includes contributions from the quasiparticles
and other environmental degrees of freedom. Whether our results will provide the most

important contribution depends on the relative strength of the dissipation and the thermal
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energy to the Josephson coupling constant E ;.

To go beyond the approximations used in this work, it would be interesting to study the
interplay between the intra-potential-well fluctuation and the inter-potential-well tunneling.
To relate the Bloch states to the localized states studied here would also be an interesting
subject. Such a comparison would clearly show whether our results, which are based on
an approximation, contain most of the relevant information in the Bloch states, which are
the exact solution to the periodic potential problem. In addition, to describe the quantum
noise in a more complete manner, it is also important to study the shot noise from the
quasiparticle tunneling and the white noise (or colored noise, to be more general) of the
environment. Another very interesting topic is the possible manipulation of the quantum
fluctuations in » and ¢. Notice that in this paper we have only discussed the variation of
the quantum noises due to the nonlinearity of the Josephson coupling energy cos¢. No ex-
ternal tuning was considered. Therefore, an open problem would be to consider an external
mechanism that would control the level of quantum noise in a given variable, similar to our
work on phonons [18, 19, 20], where the incoming coherent light pumps optical phonons
into a parametric amplification process through a Raman mechanism. These optically ex-
cited coherent optical phonons can then convert into squeezed acoustic phonons through an

anharmonic interaction.

5.9 Conclusions

In this chapter, we investigate the quantum fluctuation properties of a Josephson junction in
several different configurations. Specifically, we work in the limit of large Josephson coupling
energy and small charging energy, so that the junctions are in the nearly-localized regime.
This limit can be easily realized for the large S-I-S junctions. It is analogous to the tight-
binding limit for electrons in a crystal. TFurthermore, we expand the I; cos¢ Josephson
coupling energy around ¢ = 0 to fourth order in A, since we work in the nearly-localized
regime. Such an expansion enables us to solve for the eigenstates analytically.

We also obtain the approximate ground states of a Josephson junction in a variety of
configurations. In particular, the ground state is a squeezed vacuum state for either an
isolated junction in a potential minimum or a junction in a superconducting ring without
external flux and in the global potential minimum. On the other hand, if the junction is
current-biased, or there is an external flux through the superconducting ring, the ground

state is a squeezed coherent state. In both of the above cases, we calculate the corresponding
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fluctuations of the charge and phase difference over the junction in these states. The
squeezing factors are determined by the parameter A = \/E;/FE¢, where E; is the Josephson
coupling energy and F( is the charging energy of the junction. The squeezing effect is strong
when A is small. Since our working limit is at large A, a compromise should be reached in
order to both preserve the effectiveness of our approximation and maximize the squeezing
effect.

The excited states of a Josephson junction in different circumstances are also obtained.
We show that these excited states are similar to the number states of a simple harmonic
oscillator but with different fluctuation properties.

One can think of the squeezing effect intuitively in terms of the expanded cos¢ term.
The second-order term in the expansion provides a harmonic potential, which has constant,
quantum fluctuations in its cigenstates. The fourth-order term introduces a time-dependent
modulation to these states, thus also modulates the intrinsic quantum noise in the states.

We have also studied the time evolution of quantum fluctuations of a Josephson junc-
tion under the rotating wave approximation, which enforces energy conservation. When
calculating the fluctuations of the canonical momentum and coordinate in the free oscilla-
tor cases (e.g., a Josephson junction coupled to a capacitor or a superconducting ring) and
in the linearly driven cases (e.g., a current biased junction), we find that in the small-phase,
small-time limit, there is squeezing when we have an initial coherent state, and no squeezing
if we have an initial vacuum state.

According to the calculations for ((A¢)?) and ((An)?), a large-area junction, which has
large I/; and small F¢, should have small fluctuations in phase and large fluctuations in
particle number. On the other hand, a small-area junction has smaller Josephson coupling
and smaller junction capacitance (which means a larger charging energy E¢); thus it should
have larger phase {luctuations but smaller number fluctuations. Therefore, our calculations
of ((A¢)?) and ((An)?) provide results qualitatively consistent with experiments. TFur-
ther experimental studies, with thermal and environmental noise smaller than the intrinsic

quantum noise, are needed to quantitatively verify our results.
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Chapter 6

Conclusions

This thesis cuts through different sub-areas of physics: quantum optics and condensed mat-
ter. The proposals contained in it open a new area of research: the control of quantum
fluctuations in condensed matter systems. Here we theoretically study the quantum fluc-
tuation properties of two condensed matter systems: phonons and Josephson junctions. In
particular, we investigate several approaches for the generation and detection of squeezed
states in these systems.

We first study coherent and squeezed quantum states of phonons. The latter allow the
possibility of modulating the quantum fluctuations of atomic displacements below the zero-
point quantum noise level of coherent states. The expectation values and quantum fluctua-
tions of both the atomic displacement and the lattice amplitude operators are calculated in
these states—in most cases analytically. We also study the possibility of generating squeezed
phonon states using a variety of different approaches, including a three-phonon paramet-
ric down-conversion, a second-order Raman process, a short-time single-mode squeezing
mechanism, and a polariton-based approach. The first two are based on phonon-phonon
interactions, while the last two exploit photon-phonon interactions. Furthermore, we ana-
lyze several possible detection schemes, point out their advantages and disadvantages, and
propose one based on reflectivity measurements.

For the Josephson junctions, we study their quantum fluctuation properties in the limit
of large coupling and small charging energies, when the eigenstates of the systems can be
treated approximately as being localized. We consider Josephson junctions in a variety of
circuit configurations, e.g., coupled to one or several of the following elements: a capacitor,
an inductor (in a superconducting ring), and an applied current source. By solving their
effective Schrodinger equations for a range of parameters, we obtain squeezed vacuum and

coherent states as the ground states of a Josephson junction in several of these configura-
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tions. We calculate the uncertainties of its canonical momentum (charge) and coordinate
(phase), and also study the time-evolution of an arbitrary operator of the Josephson junc-
tion system given an arbitrary initial state. Furthermore, the time evolution and quantum
fluctuations of the conjugate variables (phase and charge) are studied using the rotating
wave approximation, where we also find that, in a certain regime of parameters, the quan-
tum fluctuations of the charge and phase difference over the junction can be squeezed below

their coherent-state values.
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Appendix A

Coherent States

A.1 Coherence and Photon Coherent States

The nth-order correlation function of a photon system is defined as

Gl @1y, w20) = Tr {pEG @) B @) B (eng) - B (22 } 5 (A1)

where the superscripts (L) refer to the positive and negative frequency components of the

electric field E, and E,, refers to the p;th spatial component of E,

2

EC)(r,t) = —LZ M(lkuk(r)f’“"kt. (A.3)

E(+)(r,t) ak ui(r —iwt (A.2)

The nth-order coherence is defined as the factorization of up to the nth-order correla-
tion function G’ES?..MH. If the state is an eigenstate of the annihilation operators ay, the
correlation functions can be factorized straightforwardly. Therefore, these eigenstates are
introduced as the basis for the quantum description of coherent light. They are called
coherent states [7].

A single-mode coherent state &) is an eigenstate of the annihilation operator a:
ala) = ala), (A.4)
where a = |ale'® is an arbitrary complex number. An equivalent expression is

le) = D(a)|0), (A.5)

D(a) = exp(aa’ —a*a). (A.6)
The displacement operator D(«) transforms the annihilation operator a as
D™ Ya)a D(a)=a+ a. (A.7)
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In the number state basis, a coherent state can be expressed as,

_lef? " .
la) = e" 2 > \C/Yn_' |n), (A.8)

and the probability distribution of the coherent state in the number state basis is

a2n€—|(x|2

|(nla)|? = , (A.9)

n!

which is a Poisson distribution.

In the coordinate and momentum representations, the wavefunctions of a coherent state

|a) are
w /4 w 2
(gley = (;5) exp (—— [,/i—ﬁq - a] , (A.10)
1 1/4 1 ) 2 v
(play = (lew) exp | — |4/ SY4 + e . (A.11)

Therefore, a coherent state is a Gaussian wave packet in both coordinate and momentum
spaces.
The generalized coordinate and momentum ¢ and p (which satisfy the commutator

[¢,p] = ih) can be expressed in terms of a and af,

\/2—%(a+(ﬁ), (A.12)

p = —it/—=—(a—al). (A.13)

q

Their variances in a coherent state satisfy

<(Ap)2)coh X <(Aq)2>coh = %

which is at the lower limit of the Heisenberg uncertainty relation. In other words, a coherent

h?, (A.14)

state is a minimum-uncertainty state. If we define dimensionless quadrature operators X
and P as
1
V2
2 ,

P = _ﬁ(a —al) = (hw)™2p, (A.16)
there will be a circular uncertainty region in the complex a plane for any coherent state,
1
5"

X

(a+al) = (w/h)?yq, (A.15)

(AX)eon = (AP))eon = (A.17)

The uncertainties in an arbitrary coherent state are the same as in the vacuum state, which
means that coherent states are as quiet as the vacuum. Fig. 1.1 graphically illustrates such

a circular uncertainty region for a coherent state.
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A.2 Derivation of the Coherent Phonon Displacement Oper-
ator

In Appendix A on coherent states, a displacement operator D(a) = exp (aat — a*a) was
used to generate a coherent state |a) = D(«)|0). Such an operator can be explicitly derived
for phonons starting from the following Hamiltonian

]Icohercnt - 110 +V
1y 22q Ty (b(ﬁbq + %) (A.18)
v = g {Paciat bl g ety

which represents an ensemble of independent phonons Hy interacting via ¥V with an external
source, such as a beam of light. Notice that the external pump is on resonance with the
relevant phonon mode. Here the strength of the interaction is given by the A4()s, which
are smooth functions of time. A convenient way to find the time-evolution operator of this

system is 1o first change to the interaction picture. The transformation matrix is

Up = e~ ot/ — r:'_'izq wqt(b‘t‘qur']?). (A.19)

In the interaction picture, the Schrédinger equation becomes

0
WU, = VU .
?hatUI ViU, (A.20)
[P = Urly(0)r, (A.21)
Vi o= Ui'VU
_ Z {eit/hzq hwg (Bhda+1) A1) b:rx iR i (bhba+1) L h.c.} (A22)
q

where Uy is the time-evolution operator in the interaction picture. Recall that for a single

mode
ﬁata —_ — ﬂn noo_ S an n
ae = a ngb—ﬁ!—((ﬁa) = n};);;!-((I,T(L—F )"a
= ePlatet)), _ eﬁ“taaeﬂ, (A.23)
so that Vi can be simplified to
vi=%" (/\q bt + h.c.) : (A.24)
q

which is time-independent. The equation for U; thus becomes

) i
il - _ = i A DR
U = - §q:{,\q bl + hoe.} UL(2) . (A.25)
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This differential equation can be integrated directly, because the factor before U;(t) on the

right hand side of the equation commutes with Uy(¢). The solution is

Ui(t) = TTexp{Aq(t)bh = A5(1)bq} | (A.26)
q
7

Aql) = =7 Aqt. (A.27)

So Ur(t) is a multi-mode displacement operator in the interaction picture. It is a gener-
alization of the single-mode case where D(a) = exp(aat — a*a). Here the magnitude of
the coherent displacement grows lincarly with time. Such a linear growth (which will be
eventually suppressed in any real experiment) originates from the continuous pumping and
our neglect of any dissipation mechanism.

Changing back to the Schrodinger picture, the time-evolution operator Ug(t) (so that

[(t)) = Us(t)]4(0))) will have an additional free oscillator term in it

Us(1) = [ exp(—iwqtblbq) exp { Aq(t) bl — AZ(1)bq } - (A.28)
q

If the initial state is a vacuum state |0), the state vector at time ¢ will be

Us(t)|0)
H exp {—iwqtbflbq) exp(Aq(t) b}; — Ag(t) bq} |0)
q

(1))

I

H exp( “""wqtbijq)|/\q(t)>

q
[T ®lAq(t) e aty. (A.29)
q

Therefore the effect of the free-oscillator time-evolution operator e~iwathlba is 10 make the co-
herent displacement vector |Aq(?)) rotate around the origin in the (X, P) = (Re{a}, Im{a})
phase space. The state vector |Aq(¢) e™™at) is still a coherent state.

In the cases when the external pump is not on resonance with the relevant phonon mode,
so that Age~™at in Eq. (A.18) is replaced by Aq(t) with an arbitrary time-dependence, the

time-evolution operator for the q mode in the interaction picture can be written as

it

Uqy(to,t) = Texp{—é V](_q,T)(lT} (A.30)
lo

Vila,7) = Aq(7) bl + A3(7) by, (A.31)

where T is the time-ordering operator. Since this Hamiltonian is time-dependent, we cannot

integrate the Schrodinger equation directly like we have done in the on-resonance cases. A
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general approach we can take to explicitly write out the time-evolution operator is the

Magnus method [66]. According to the Magnus approach, Uy(t) can be expressed as
Ur(t) = exp [—iA (L, to) — iAa(t, lo) — tAs(t, t0) + ... ], (A.32)

where (dropping the mode label q)

Lt ,
Al(t, t()) = -}-‘; ) (HIV](tl) (A33)
’ 0
1 t t2
Ag(f,,to) = Srr d’q (ltl [V[(tl),V[(tg)] (A3/1)
2!l’l to to

1 t 13 to _
As(t to) = m/t (“3/[ (“2/, dty {[Vi(t1), [Vi(t2), Vi(13)]]
+ [[Vi(th), Vi(t2)], Vi(ts)l} (A.35)

Since our Hamiltonian V(1) here is linear in bq and 1)11, the commutators (like the ones
in A3) equal to or higher than third-order all vanish. The second-order term A, can be
calculated but will only give a global phase factor which is irrelevant when we calculate any
expectation value.

Due to the fact that V;(1) is linear in bq and 1):‘1, we can obtain the time-evolution operator
by directly solving the Schrodinger equation. In the interaction picture, the Schréodinger

equation is (dropping the mode subscript q, because we are treating a single-mode problem)

”’5 V(D)) = Vi(O]¥(1), (A.36)
Vi(t) = MO+ A ()b, (A.37)

Let us now make a transformation,
(1)) = exp (71;7/01 v,(r)dr> (1)), (A.38)

and substitute it into the Schrédinger equation. Thus we get

i [ e o O W (0) i V0 Dty < vt VIO ) (4 39)

ot
Let
A 1 7t . .
= :ﬁ/o Vi(r)dr, (A.40)
0A 1 .
B = = —Vi(1). W<
ot ih,h( ) (A1)

Thus [A, B] = ¢ where ¢ is a c-number. We need to simplify the expression de?/9t, which

can be expressed as

d 4, 0 XA )
ETRE:Y 2 n!’ (A42)

n=0
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It can be easily shown that

d n(n —1)

AP — n—1 An—2 A 4
BtA nBA + 5 c , ( 3)
therefore,
d a_ €\ A

The Schrodinger equation can thus be greatly simplified to
i 14
ih|W'(1)) = —%—)W'(t)) . (A.45)
The equation can now be integrated, and the results are
1t
|@'(t)) = exp {——, C(T)(ZT} [0'(0)), (A.46)
2ih 0

and '
1t 1t
|W(t)) = exp {——/ c(T)(lT} exp {—/ VI(T)(lT} |¥(0)). (AA4T7)
2¢h Jo th Jo
Therefore, the state |¥(t)) is a coherent state if the initial state is a vacuum or coherent

state. The global phase factor is not important because it will cancel out when we calculate

any expectation value.
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Appendix B

Quadrature Squeezed States

Quadrature squeezed states are generalized coherent states [9, 10, 11, 58, 67, 70]. The error
circle in phase space for coherent states becomes an ellipse for quadrature squeezed states,
so that the variance of one of the quadratures can be smaller than the coherent state value.
This is schematically illustrated in Figs. 1.1 and 1.2. This property makes the squeezed
states useful in situations where we need to observe one of the quadratures with very high

accuracy.
B.1 Single-mode Quadrature Squeezed States

A single-mode squeezed state is generated by a squeezing operator S(£) as follows

o &) = D(a) S(€)10), (B.1)
S(&) = exp (%az—%ﬁz) , (B.2)

where D(a) is the coherent state displacement operator with a = |ale!®?, §(£) is the single-

0

mode squeezing operator, and ¢ = re'? is a complex number, with » > 0, 0 < 8 < 27. The

annihilation operator is transformed by the squeezing operator as follows
S7HE) aS(€) = a coshr — al e sinh 7. (B.3)

With the help of the above transformation, it can be proved that in a squeezed state,

1 0 0 .
(AX))y = 5 <e"2’ cos? 3 + ¥ gin? 5) , (B.4)
((AP)Z)Sq = % (e‘w sin? g + €% cos? g) , (B.5)
1 1
(AX))sg{(APY)q = 7 (1+5in?8 sinh?2r) > T (B.6)
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Notice that the variances are independent of the coherent amplitude a. In particular, when

# = 0, the above relations become

(AX)D)yg = %e—w’ (B.7)
(AP))sq = %ezrv (B.8)
<(A‘X)2>sq<(AP)2)sq = ;lI’ (B.9)

where the minimum uncertainty relation is satisfied while ((AX)?)s, can be smaller than
1/2.

The average number of particles in a single-mode squeezed state is
()sq = la)? 4 sinh? 1 (B.10)

Assuming that (fi)sq is far larger than sinh?r (i.e., |a|? > 0 and the state is highly excited
above the vacuum state), we can calculate similar relations for the number-phase (n, )

conjugate variables,

(AR = |af? ( "cos?(¢p — ~) + ¥sin?(¢p — —)) (B.11)

4|il’|2 (e "sin ((/5— —) "cos ((/)— —>) (B.12)

Here 7 is the number operator and v is the phase operator defined as the angle, measured

from the origin, spanned by the uncertainty area [58]. Here we denote operators with tilde

to distinguish between scalar angles (such as 6 and $) and the phase operator #. In the

case |a|? > 0, we can see that for ¢ = 6/2,

(AR)sq = lal®e™?, (B.13)
(A = I[zly—lgew, (B.14)
(B.15)
thus the fluctuation in the number operator 7 is squeezed. For ¢ = 6/2 + 7/2,
(A7) = |a)®e™, (B.16)
(A9 = g™ (B.17)
(B.18)
so that the fluctuation in the phase operator ¢ is squeezed. In either case,
(A (D90 = 7 (1.19)
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which agrees with the minimum uncertainty relation.
In the three special cases considered above (6 = 0, ¢ = 6/2, and ¢ = 0/2 + 7 /2), the

uncertainty for one of the quadratures is smaller than the coherent state value.

B.2 Two-mode Quadrature Squeezed States

It is also possible to generate two-mode quadrature squeezed states [58],

lag,, @qyy §) = Dq,(@q,) Day(q,) Sqi,q2(6) 10) (B.20)
Saraz(§) = exp (f*aqlaq? ——f(l,:rllcl,jn) , (B.21)

where the Ds are still displacement operators, and Sq, ¢,(€) is the two-mode squeezing

operator, where € = re'?. It will transform the creation and annihilation operators as
follows
-1 4 1. ‘
Ser () @qy Say,q2(€) = aq, coshr — (th e sinhr, (B.22)
S(;llyqz (£)aq, Sq1.0,(§) = agq, coshr — (th e sinhr . (B.23)

For the two-mode squeezed state, the generalized quadrature operators are defined as

Xaw = (0 +al +aq +al,) /277 (B.24)
Para = <“‘“ - (l':rll + g, — “':rn> /23/2 (B.25)

Using the above relations, we find that

((AX(ll 2 )2)5(1

<e—21' cos? g + €% sin? —> , (B.26)

e Y

. 0 . _
(APqyq2))sq = <€_27 sin? 3 + €*" cos? —) . (B.27)

4
Therefore, the variance of one of the quadrature operators can decrease while the other one

simultaneously increases to satisfy the uncertainty principle.

B.3 Derivation of the Quadrature Squeezing Operator

In this Appendix we prove that the Hamiltonian Hg, 4, of Eq. (3.61) can generate a two-
mode quadrature squeezed state in modes qq and qg {rom either a vacuum state |0) or a

coherent state |ag,, aq,). Let us consider now the following two-mode Hamiltonian,

HQl g2 T Ho + an.Qz
Ho = fuwqblybq, + hiwg,b,bq, (B.28)
Varae = ¢ emilva +wq2)t(,j“b:rh + C* eilvm +Wq2)tbqlbq2 .
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where the external pump is on resonance with the driven system. In the interaction picture,
7 3 .
Vq1.q; becomes Vp:

Vi = (bl bk, + ¢ by by, - (B.29)

Now the interaction becomes independent of time, so that Uj, the time-evolution operator

in the interaction picture, can be integrated out as

S
I

exp {€*(1) b, ba, — E(1) 01,61, } (B.30)

L, (B.31)

£(t) 7 ¢

and the state vector in the Schrédinger picture becomes,

—i Hot |
[p(1))s = exp( lh O') exp {5*(1,)0(“1)(,2 z)bglbgz} 14 (0 (B.32)

The evolution operator is now factorized into a product of the free oscillator evolution
operator and a squeezing operator. The free oscillator term only changes the phase of the

squeezing effect. If |1(0)) = |0), the state vector |)(1))s becomes

—iHot : v
B0, = exp (252 10.0.€00), (B.33)
which is a squeezed vacuum state. If the initial state is coherent, [¥(0)) = |aq,, q,), the
state vector [1(t)), becomes
—iHgt\ ; ).
l(t))s = (3xp( ; 0 > Sara: (E(1) Dq, (g, ) Dg, (g, )|0) (B.34)

which is also a squeezed state, where Sq, q,(£(t)) is the two-mode squeezing operator in
Eq. (B.21). Since Sq, 4,(£(1)) does not commute with either Dy, (aq,) or Dg,(aq, ), the state
|9(t))s cannot be written directly as Dq, (aq,) Dq,(Qq,) Sqy.q.(E())]0), or |ag, ,aq,,E(1)).
However, the variance of Xq, 4, is now

I R .
(DA X g0, ) 19(1)) = 1 <e 2 (:05254— e sin® 5) ) (B.35)

which is exactly the same as in the two-mode squeezed state |ag,, aq,,&(t)). Therefore,
[1(t))s is also a squeezed state.
Thus, here we have proven that Hy, 4, can generate a two-mode squeezed state |1(t)),

from a vacuum or coherent initial state.
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B.4 Factorizing the Squeezing and Displacement Operators

The Baker-Hausdorff formula [6] states that

A+B A_B

e =¢cerce

-4, B2 (B.36)

when [A,[A, B]] = 0 and [B,[A, B]] = 0. When these two conditions are not satisfied, the

above relation has to be modified. Here we are interested in the case when

A = aa-a*al, (B.37)

B = Ba® - prat?. (B.38)
From the above two expressions, we obtain

[A,B] = [aa—a*al,Ba® - g*a’?]
= 2Ba*a — 28 aal
= C, (B.39)

and

[A,[A4,B]] = [A,C]
—4iTm(a?B*). (B.40)

Il

Therefore, C is also a linear operator of a and a' (like A), and D is a constant instead of

A+B

being 0. Therefore, e cannot be factorized by using the Baker-Hausdorff formula. Let

us now try to find an alternative way to factorize this operator.

First, let us define the function
f() = eMe'B, (B.41)
We can then calculate the derivative of f:
%/\l = eM(A+ B)e*E = Af(\) + M Be B (B.42)

To further simplify the right hand side of the above relation, we need to calculate [e4, B]:

[e*M,B] =3 =A™, B]. (B.43)
0

n.
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Since

[A",B] = A""'[A,B]+[A""!, B]A
— An—lc + [An——l’B]A

— 2An—-lc _ DAn—? + [An—2,B]A2
n{n — 1)

— nAn—lcv _ DAn—? ,
2
s0
SR I VRN S (R
’ o (n—1)! 5 2(n - 2)!
2
= AeMC - /\?De"‘".

Therefore,

df(N) pY:

= . AA AB

Similar to [e*, B}, we can calculate [e*, C]. The result is even simpler:
[C,\A’ Cv] — /\De/\A .

Now we finally arrive at the expression

2
‘]{1(;) = (A+B)f(A) + A\CF(N) + %Df()\) .

Integrating this equation, we can get an explicit expression for f()):
J) = () MBI CHED,
Since f(0) =1 and f(1) = eteP, we get a relation
eAeB = ((A+B)+C/24D/6
Recall that D is a complex number, so

A+C[2)+B _ A B D[6

el
If A" = A+ C/2 = va — v*a’, then 7 satisfies

y=a+a*f.
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(B.48)

(B.49)

(B.50)

(B.51)

(B.52)



We can calculate o« when # and v are known. Then we are able to factorize the operator

'
eA +B

€

A'+B

AI

S x W

2

AeBeDIS

va —y*al,

ﬁa2 - IB*G'TZ ]
aa — a*at,
—4iIm(a?G*),

a+a".
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into a product of two distinct operators. Here we summarize our results below

(B.53)
(B.54)
(B.55)
(B.56)
(B.57)
(B.58)



Appendix C

Derivation of the Phonon Master
Equation

In this Appendix we derive the phonon master equation, Eq. (3.109) in Section 3.4.4. In
the interaction picture, the density operator for the system and the reservoir as a whole

satisfies the Schrodinger equation

oP J :
aI:R = —7;; [Vi(t — o), PpR] - (C.1)

Integrating this equation to second order in V(¢ — tg), we get,
PPR(i) = PpR(to) — ﬁ /z dt’ [V] t— to) P]JR(io)}

/ dt’ /t dit”" [Vi(t' = to), [Vi(t" = to) Ppr(to)]] - (C.2)
to

Taking the trace over the reservoir, we then have an equation for the reduced density

operator for the system p(t) = tr,.{ Ppr(t)}, where {r, means “trace over the reservoir”,

p(t) = p(to) - ;_L/t‘ dt’ tr, {[Vi(t' — to), Ppr(to)]}

I ¢ , . ,
“ﬁ/ dt'/ dt" tr. {[Vi(' = to), [VI(1" — to) Ppr(to)] ]} - (C.3)
Jto to
Now we take a coarse-grained average. In other words, we assume
o P = p(t—T) .
iy A= A=) ca

where 7 = t — to. This approximation works well when p(¢) changes slowly with time, so
p(t+ 1) = p(1), and Ppp(t — 7) = Ppp(t). After the coarse-graining, we get Eq. (3.104) in
Section 3.4.4:

pt) = _%/OT dr’ tr, {Vi(7') Ppr(1)}



_thr /OT dT,/OTI dr” e {Vi(r")Vi(7") Ppr(t) — Vi(r") Ppr(D)Vi(T")}
+h.c. (C.5)
where
Vi(r) = hbF(7)+ hb,FT(r), (C.6)
F(T) = —=iY A bgbyetlor—wn—wdr (C.7)
k,

where the sum in F(7) is over the reservoir modes. To get a master equation for p({),
we substitute the particular Vi(7) of Eq. (C.6) into Eq. (C.5). In doing this we get terms
like tr, {b;f)F(T)PpR([)}. Such a term can be factorized into a product of the system and

reservoir operators,
tr {BLF(r) Prr(t)} = 0} p(t) tr, {F () pr(HR)} . (C.8)
This factorization is legitimate around ¢y, when
Ppr(to) = ppr(to) = pp(lo) pr(Hr), (C.9)

where ppr(tp) is the Schrodinger picture density operator for the system and the reservoir
as a whole at ¢y, pp(to) is the Schrédinger picture density operator for the system, while
pr(HR) is the Schrédinger picture density operator for the reservoir. Since the reservoir is
in thermal equilibrium, the operator p,(Hp) is time-independent. However, at an arbitrary
t, the above separation of the system and the reservoir is generally not exact because of the
interaction between them. Nevertheless, the factorization is a good approximation as long
as the interaction is weak.

After separating of the system and reservoir operators, I5q. (C.5) now becomes
o K b

p(t) = =73 T/ (lT/ (I'r"{b FT(T Nr
—by p() b (F(r"VFY(7" ) + b,,m p(t) (FT () F (")) R

~b8 p(t) by (FT(T"YF(T')) R } + hec. (C.10)
Since we have assumed that the reservoir is in thermal equilibrium, terms like (F(7")) g and
(F(r")F(7"))r have all vanished.

Now let us consider the reservoir averages. Keeping in mind that the reservoir is in

thermal equilibrium, we have

V(R = 3 AaAn, (bibibh,bh) g eis(r' =)= ilonr o' —uim ")

mYn
kimn
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= Y s 1) + D))
k£l
+ '/\kklz(nz + 3n; + 2)ei(wp—2wk)(7"-—r”) : (C,]l)
k

and similarly

<FT(T’)F(T’/))R — Z |/\kl|2nkn1€_i(w7’~wk_“’l)('r’_‘r")
k£l
+ Z |)\kk'2(ni2€ — ’[lk)e_i(wp—?wk)('rl—-r”) ) (C’.12)
k

The next step is to integrate over 7’ and 7”. Let us first make a variable change for 7

T =7/ — 7". Then, the integral over 7" becomes

!

/ " et a) (=) / T 4T emitn—ar—e)T (C.13)
0 4]

Since the reservoir is in thermal equilibrium, its correlation time is much shorter than any

typical system time. Thus

’

/ dTe~wr=wk=w)T = ¢ (wp —wg —wy) . (C.14)
0
The integral over 7/ and 7" now becomes, for instance,
1 T 7!
T/ dT'/ (lT”(FT(Tl)F(T”»R = lrz— Z INut)? gy 0wy — wp — wy)
h*r Jo 0 C h oy

+% S wel? (02 = ) 8(wp — 2wk) (C.15)
k

Now let us replace 3, by [dwD(w), then

gi—r/o dr’/o dr"(FY(r")F (")) R (C.16)
T ¥ "2
ﬁi ./O,w;éwp/? d D(w) |/\(w’ “p— w)l R Py —w
+ })—gD(w,,/:z)5w|A(wp/2,wp/2)|2(n§P/2 = Ny 2) - (C.17)

Here 6w is the line-width of the w,/2 energy level in the reservoir. Substituting this result

back into Eq. (C.10), we finally get the master equation for the system phonons:

pt) = =(D+7) (blbpp = bppbl) — T (pblb, — b1pby) + h. c. (C.18)
+ -}%D(w,,ﬂ) bw | Mwp/2,w,/2)|? ('n,f)p/2 — 1y, /2) (C.19)

Y = rj—z /oj;éwp/2 dw D(w) |AMw,wy, — w)|? (n, + Nyp—w + 1)
+§§D(w,,/2) 60 |\ (wp/2,w0p/2)[2 (20 13 + 1), (C.20)
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which is Eq. (3.109) in Section 3.4.4.

In deriving this master equation, we have assumed that the interaction between the
system and the reservoir is weak, and that the correlation or relaxation time for the reservoir
is much shorter compared to that of the system. Therefore, this master equation is not
exact. Nevertheless, as a first order approximation, this equation gives a reasonably good

qualitative description of the system phonons.
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Appendix D

Derivations for the Polariton
Approach to Optical Phonon
Squeezing

D.1 Transformation Matrix and Energies of Polaritons

The polariton operators ay are related to the photon and transverse optical phonon oper-
k

ators ax and b through Eq. (3.116),
ax = way + vbx + y(ﬁ_k + sz_k . (D.1)

Notice that we have dropped the polariton branch subscripts because they will automatically
appear when we solve the secular equation for the polariton energy, as will be shown below.

The coefficients w, x, y, and = can be determined using Iiq. (3.119)

[, H] = Py o, (D.2)
where FEy is the polariton energy. Recall that the polariton Hamiltonian in the photon-
phonon representation takes the form shown in Eq. (3.112). The Hamiltonian Hpolariton
only mixes photons and phonons with the same or opposite wave vectors. Thus let us

choose a particular k and —k and adopt a simplified notation. The Hamiltonian now takes

the form

[,)olariton = El(air( ag + a‘T_k (Z_k) + EQ(bL bk + bT—k b—k)
+€3 (aabk - akbL — agb_y + (Lf_kb}:)
+e3 ((Ltkb_k — (,L_ka_k — a_kbr + af(bf_k) (D.3)
€1 = hck (D.4)

€ = hw(,\/1+x (])r))



| h2ckwox 12
= | ——— . D.6
o = (i .

The commutator [e , H] can now be calcnlated
lax , H] = wlax, H]+ x[bx, H] + y[aT_k, H]+ z[bf_k, H]
= w (slak + Eg()_f_k + €3bk) + (Ezbk + 63(LT_k — sgak)
+y (—Elfﬁ_k + e3by + 631)T_k> 4z (—521)11{ + e3ay — 83(LT_k>
= (wey — xes + ze3) ax + (wez + weg + ye3) by
+ (ze3 — yey — ze3) (I,T_k + (wez + yeg — zez)bf_k
= Iy (wa,k + zby + ;I/(I,T_k + :’bf_k) . (D.7)
Comparing the coefficients of the operators in the last equality, we get a set of linear

equations:
(61— x)w —e3x + €32 =
eaw + (g2 — Ex)a + €3y

I
coo

D.8)
eax — (614 Ex)y —e3z = (
eaw+ezy—(e2+ Fx)z = 0
For this set of equations to have non-trivial solutions, its determinant must be zero:
e — Fx —&3 0 &3
5 o — I : :
s (2= Bk) & 0 ) (D.9)
0 €3 —(e1 + L) - €3
£3 0 £3 —(e2 + Fk)
The characteristic polynomial can be simplified into a quadratic form
(E2): — (5 + e2) B + €32 4+ deyeqel = 0. (D.10)
The solutions to this equation are
nl 1 AV P
o2 = 5{5?+6%ﬂ:\/(sf—sé)z—lﬁslszgé} . (D.11)

These two solutions correspond to the two branches of the polaritons (since both photons
and phonons have positive energy, we ignore the negative energy terms here). Since ¢y, ¢,
and e3 are all symmetric for 1k, the energy {or the £k modes polaritons are also the same.
Substituting the energy Fy back into Eqgs. (D.8), we obtain the following relations between
w, ¢, y, and z

(€1~ Pi)le + Pi)

z = - , (D.12)
25263 )
El—Ek )
y = ——w, D.13
y pa——Y (D.13)
€1 — Fx)ea — F
R G Sl 3 [ G I 219 I (D.14)
289€3
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In addition, « satisfies the Boson commutation relation so that
[way + by + yaf_k + sz_k , 'w*a;r( + m*b}: +ya_x +2"0_k] =1, (D.15)

which can be simplified to
[w)> + |z = y* = 2> = 1. (D.16)
Combining this equation with Fqs. (D.14), we are able to express w in terms of Fy, ¢, €2,

and €3, with

(D.17)

1
o 461,Ek EQEk(E] — ]’)k)z Tz
YT\ B e3¢3 '
We have chosen w to be real since such a constraint simply removes the phase arbitrariness
of the polaritons. Together with Eqs. (D.14), @, y, and z can all be determined straightfor-
wardly.
For the particular choice of parameters

& =

~ =

£9 = (Dl?\))

g3 = 2V\/(T+Y)

where x is the dimensionless dielectric susceptibility (in MKS unit) of the crystal, and the
energy is measured in units of ¢k, the energies of the polaritons become

’ | . ) zlx . i
E]%:E{c2+l:t\/((2—l)z+mfz}a (D.19)

which has two branches. If we further assume that ¢ is a number that is not very close to

one, or more accurately, assume that 462/\"/(62 - 1)2 < 1, the energies of the two branches

can be written approximately as (taking the case ¢ > 1)

2
nl ( 0
By = (2+€2_1x (D.20)
9 ) 2 )
Ejg = 1= —5—7X (D.21)

When ¢ approaches 1, so that 4¢®y /(€ — 1)2 > 1, while y is still much smaller than 1, the
energies become
EE = (14 & +2¢/X)/2, (D.22)
which have a very different dependence on y from the previous case with 4e2x/(¢? - 1)? < 1.
Such a change originates from the energy degeneracy between photons and phonons at € = 1.
In our calculations, we have fixed € at 1.2 while change the susceptibility y.
In summary, we have shown in this section how to obtain the transformation matrix A
in Eq. (3.125) and the energies of the polaritons from a given set of parameters ¢y, €, and

g

<3,



D.2 Correlations between the Two Polariton Branches

In writing down the equation [a;x, H] = Ly a;x, we have implicitly assumed that the two
branches of the polaritons are independent. However, this constraint is not automatically
embodied in the polariton transformation Eq. (3.116). Here we demonstrate that the two
branches are not totally independent, and that there are weak interactions between them.

Recall that for j = 1, 2
Gk = wiak + by + yja,T_k + zij_k . (D.23)
The commutator can be calculated,

[Otlk, az,—k]

WYz + X122 — wayy + Tz
(2 1
Wy wWo (Lli ) _ El(( ))

2 (El + El((l))(€1 + ];l(f)) 828:23

X {(El‘(”)2 (13{(2))2 = {s? (_E,(f’)2 + €2 (E,‘{‘))Z] +eed + 4515253} . (D.24)

fl

and is generally nonzero. When we take the particular choice of units so that ey = 1, ¢ = ¢,
€3 = iy/x€/(4 + 4x), and assume that y is small, the commutator can then be simplified to

-1
[ark, 2 k] = §+ [wiwz (D.25)

which is proportional to ¢ — 1. Therefore, when ¢ is somewhat close to one, our assumption
of independent branches for polaritons is justified. In other words, if the phonon and photon
frequencies are close to each other (¢ ~ O(1)), the two polariton branches are approximately

independent,.



Appendix E

Detection of Optical Squeezed
States

There are several distinct ways to detect optical squeezed states. It is important to study
which of these methods might be more suitable for a potential squeezed phonon detection
scheme. For this purpose, we need to understand their most salient features. Here we
briefly summarize several detection methods and their respective advantages. These are

not described in the standard phonon literature. For more details see Ref. [58].

E.1 Direct Detection

The signature of a single-mode squeezed state is its lower-than-vacuum noise in one of
the quadratures. We can detect this variation of noise by counting the photon numbers.
Consider a photon detector of efficiency 7. Such a device can be thought of as an ideal
detector with 100% efficiency plus a mixture of some vacuum noise at the input. The final

photocurrent (/) is related to the input photon number (#) as

(m) = n(n), (I5.1)
((Am)?) = 9*((AR)?) + (1~ n)(R)

A 0 ‘ . 0
= 7nlal? {1 +7 [e‘" cos? ((/) - 5) + €%" sin? (d) - —2-> - 1}} , (E.2)
Am)? AR)? .
—————<( )> = 1-{—1}(——————(( )>—1> (E.3)
(1) (R)
Here 7 is the photon number operator for the input squeezed light, ¢ is the phase of its
coherent component, 7¢i? is the complex squeezing factor, and (1) is the measured strength

of the photocurrent, which is equal to the number of input photons (@) times the detector

efficiency 7.
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Equation (E.3), which relates the output noise ((Am)?) and the input noise ((A#)?),
clearly tells us that if the input light has a sub-Poissonian distribution in the photon num-
ber, i.e., {((AfR)?) < (#), the output photocurrent also has a sub-Poissonian distribution,
((Am)?) < (m). Therefore, by measuring the average photocurrent () and its fluctu-
ation ((Am)?), we can obtain information on the average input photon number and its
fluctuation.

This detection scheme is not very sensitive because it depends heavily on the phases ¢
and 0/2, which are properties of the input squeezed state. In this situation, the desired
phase lock between ¢ and 6/2 is not guaranteed. Furthermore, this scheme can only detect
the statistics of the photon number, but not the quadratures and their noises.

Let us now focus on the effect of the photon detector efficiency #7. From the above
relation between the output noise ((Arm)?) and the input noise ((An)?), it is clear that
a relatively small 5 can prevent squeezing effects from being detected. One term in the
output noise is directly proportional to 1 — 7. Therefore, when the detector efficiency 9 is
small, the information loss is large. The contribution from this term in the output noise
can completely dominate the contribution from the input signal noise, so that the squeezing

effect in this case is not detectable.

E.2 Ordinary Homodyne Detection

To overcome the problems present in the direct detection method, phase-sensitive ap-
proaches must be used. The homodyne detector is such an example (see Fig. E.1). In
this scheme, the input squeezed light of single-mode a will be superimposed onto a local
oscillator of mode aj,—with the same frequency as the input light—Dby a symmetric beam-

splitter. Here L denotes “Local oscillator”. The output annihilation operators d; and dy

diy \ [ r ay, A
()=o) () e

where 7 and ¢ are the reflection and transmission coefficients. The coupling matrix should

satisfy

be unitary, so that

PP+ =1 (1.5)
rt4+rtt = 0. (E.6)

The second condition above implies that
arg{r} — arg{t} = g (B.7)
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For an Ordinary Homodyne Detector, only the first output is used. The following restric-
tions on the transmission and reflection coefficients and the local oscillator strength must
be imposed

<1, Irllazl > ldlal, (1.8)

where «p, is the amplitude of the local oscillator, and « is the coherent amplitude of the

input squeezed light. We also need to introduce a quadrature operator

Wi(p) = % (ei"”aJr + e_i‘P(L) , (E.9)
T o
p = arg{r}—arg{t}+ ¢, = 5 + ¢r, (E.10)

where ¢, is the phase of the local oscillator and is generally time-dependent.

The detected photocurrent (171) and its fluctuation ((Ashy)?) are

(1) = 2n|r||tlles]|al cos(e — ¢) (E.11)
(Am)?) = glrPlagl? (14l [1((AW(9)?) - 1]) (E.12)
(AW (p))?) = % ((3—28 cos?(p — g) + e® sin?(p — §)> . (E.13)

Here 72 is the detected current operator, and se'? is the complex squeezing factor. It can be

P
, 18

seen from Eq. (E.12) that there are two contributions to the output noise: one, y|r|?|cy,
from regular shot noise, while the other, n?|r[?|¢|*|ay |*(4{(AW (¢))?) — 1), contains the noise
of the quadrature W (). If the input is a beam of squeezed light, the second contribution
will be negative, so that the total noise will be less than the shot noise. Therefore, squeczing
can be detected by finding sub-Poissonian statistics in the output photocurrent.

In the Ordinary Homodyne Detection scheme, the phase ¢y, of the local oscillator cun
be manipulated in such a way as to maximize the squeezing effect in the noise of W ().
We can thus vastly improve the efficiency of detecting any squeezing effect over the direct

detection method, whose output is fixed by the input squeezed light.

E.3 Balanced Homodyne Detection

In a Balanced Homodyne Detector, the reflection and transmission coefficients of the beam-

splitter satisfy the following conditions

[rl=1tl, lep]> |af. (E.14)
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Detector
No.2, M

dr=ra + ta,
a ¢ Detector
Input | ———» —
t No.1l, M
. di=ra,+ta
Symmetric
Beamsplitter
ay,
Local
Oscillator

Figure E.1: A schematic diagram of a typical homodyne or heterodyne photon detector,
where the ideal symmetric beamsplitter mixes the input and the local oscillator light, and
the detectors are photon counters with efficiency 7. The local oscillator has the same
frequency as the input signal. Notice that the ordinary homodyne detector only uses one of
the two photon counters, while the balanced homodyne and heterodyne detectors use both
of the photon counters by measuring the photocurrent difference from the two counters.
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Both outputs are used and the measured quantity is the current difference (1y4). The result

is
iy = didy —didy, (E.15)
(az) = 2nlagl(W(p)), (15.16)
(Arz)?) = glegl? (147 [1((AW ()Y - 1)), (E.17)
(AW (p))?) = % <e"23 cos?(p — g) + €% sin?(p — g)) . (I0.18)

Here ((AW())?) is the same as in the previous section on Ordinary Homodyne Detection.
It can be seen that the balancing scheme has completely eliminated the noise contribution
from the local oscillator, thus improving the ability to observe the squeezing effect. Similar
to the Ordinary Homodyne Detector, squeezing in the input single photon mode leads to

sub-Poissonian statistics in the output photocurrent.

E.4 Heterodyne Detection

Heterodyne Detection is used to detect two-mode squeezed light. The experimental setup
is the same as the Balanced Homodyne Detector (see Fig. I5.1). The input is a two-mode

(of frequencies wy and wy) photon squeezed state, while the local oscillator has a frequency
wr, = (wy +wy)/2. (E.19)
The new quadrature operator for the two modes is

| - . 1 - » A
W(Z)(cp) = 5{.}1 (e“"a}r + e_“"a,]) + 58(.:2 (e“pa;g + e““"ag) . (15.20)

Here &; = /hw;/2¢0V is a measure of the vacuum noise at the frequency w; (i = 1, 2),
and e¢ is the vacuum dielectric constant. When the two frequencies w; and w, are close
enough, they can be substituted by a common factor £.. The result will then be essentially

the same as that of the Balanced Homodyne Detection.
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Appendix F

Quantization of an LC Circuit

In an LC circuit, we can define a phase ¢ [86],

e [t
4):—/ Vdr, (F.1)
h Joco
which can be related to the flux ® through the inductor by using Faraday’s law
o= a, 2. (F.2)
27

Here ®g = 27h/e* is the flux quantum and e* is the charge of the carriers in the circuit.
The Lagrangian of the whole circuit is

:—C 2 a9,y .3

(L) o e —a, (P3)

with @, the externally applied flux. The canonical momentum is
h h
P=2CV=29, (F.4)
e e

where () is the charge on the capacitor, so that the following commutation relation holds:

(6, P] = ih, (1.5)
or
[®,Q] = ih. (F.6)
Thus the Hamiltonian of the circuit is
(¢ - @,)? .
= F.
Hio =5 C + T (F.7)
and the Schrodinger equation of the system is
0 ' v
ihs ¥ = Hic¥. (F.8)

An analogy exists between the dynamics of an LC circuit and a harmonic oscillator, as
shown in Table F. Because of these similarities, an LC circuit can be treated as an harmonic

oscillator and can be quantized accordingly.
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| harmonic oscillator | LC circuit |

Coordinate z Flux ® or phase ¢
Velocity v Voltage V =& =Q/C
Momentum p Charge @

Mass m Capacitance '

Spring constant k 1/Inductance, 1/L
Frequency w = /k/m | Frequency w = 1/VLC

Table F.1: Comparison of the physical quantities of a harmonic oscillator and the analog
variables in an LC circuit with a superconducting junction.
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Appendix G

Rotating Wave Approximation

G.1 Rotating Wave Approximation for Josephson Junctions

Our approach is based on the assumption that, under some physical circumstances described
in the paper, we can use the small-phase approximation. Furthermore, in Sec. 5.7 we have
also used the rotating wave approximation (RWA) to eliminate the non-number-conserving
terms produced by the ¢* expansion. In fact, the RWA corresponds to perturbatively
calculating the energy to first-order while keeping the eigenfunctions unchanged. To justify
these statements, here we calculate the second order correction on the energy levels, and
also the first order correction to the wave functions.

Let us first analyze the complete expansion of ¢*
e
T A,

$* (a+ah)t. (G.1)

Ignoring the constant part and concentrating on the operator part for now, we can simplify

the expansion by writing it as
(a+ aT)4 = 6((LT(1)2 +6ata+3+ (LT(‘ +at + 4aT2(aTa) + 4((1Jfa)a2 + GaJr2 + 6a?. (G.2)

Our unperturbed states are number states of a harmonic oscillator |n). There is no de-
r " . . .
generacy. The first three terms above contribute to the first-order perturbation in energy
and do not affect the eigenstates, because they commute with Hg. The remaining terms
contribute to second-order perturbation in energy and do affect the eigenstates, since they

mix the number states. Thus the first-order perturbation on the energy is

: 1

(1 - —*
et = (nlg;¢'n)
.
96

(6n° + 61 + 3), (G.3)
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which is only related to those number-conserving terms. On the other hand, the second-

order energy perturbation is

AH,m|?

2 _ |AH,m|*
o= ) © O

m#n €n’ — €m
hw

= (96A)2 {‘5(6 +4n)’(n+2)(n +1) + -1~(4n — 9)n(n — 1)

—%(n +1)(n+2)(n+3)(n+4)+ ln(n ~1)(n—-2)n-— 3)} . (GA)

As long as A is not too small, the (96A)? in the denominator will dominate when 7 is not

large. For example,

£ = *ﬁh‘" , (G.5)
£ %rzw , (G.6)
e = (321?2 ho (G.7)
e = —(—fg%hw : (G.8)

When A = 1, we have 50 (2) ~ 0.004%w while 5( ) ~ 0.2hw. In the meantime, sgl) ~ 0.13/hw
and sg) ~ 1.6hw. Therefore, for the RWA to be valid, we need to work in the n < 2
range so that the second order corrections to the energy is much smaller than the first-order
corrections.

We also need to calculate the first-order correction to the eigenstates, to check if we
need any further constraints on n. The perturbed states are

! A]Imn
) = )+ 3 5w

m;én n —5771

_ (a + (LT)4
B 96/\ 2 S m)

m#n -m

= 171)-}-96/\ —(2n 4+ 3)y/(n+ 1)(n+ 2)|n + 2) + (2n — 1)y/n(n — 1)|n — 2)

—Z\/(n +1)(n+2)(n+3)(n+4)|n +4)

+% (n - D(n—2)(n—3)n—4)}. (G.9)

For example,

'

00 = 10) - = (6v2J2) + V2il4)) , (C.10)

9())\
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ny = |1)- - (10v6]3) + v120]5)) , (G.11)
(28V3]4) + v/360/6) — 6v/2/0)) , (G.12)

13)’ 13) - — (36v/515) + VB40[7) — 10v/6]1)) , (G.13)
5 (2

N
S
Il
o
S

21/30/6) + V1630/8) — 28v/3]2) ~ v24[0)) . (G.14)

In the particular case of A =1 (F¢ = I;), we have

10) = |0)—0.09[2) — 0.05]4), (G.15)
1) = ]1) - 0.263) - 0.11]5), (G.16)
12)" = |2) = 0.51]4) — 0.20(6) + 0.09]0) , (G.17)
13)" = |3) - 0.84/5) ++ 0.30]7) — 0.26]1) , (G.18)
|4 = J4) - 1.266) + 0.43|8) — 0.51|2) — 0.05]0) (G.19)

We can clearly see that the correction to the ground state is very small, while the correction
on the first excited state is non-negligible. Therefore, it is cautious not to extend our
approach to the regime with n > 1. The physical reason for this restriction is clear. For
large n (large energy), the 2t term in the potential is larger than the 22 term, so that the

perturbative results are no longer reliable.

G.2 The Time-Evolution Operator of a Linearly-Driven
Josephson Junction

In the case of linearly-driven Josephson junction, corresponding to Hy (current-biased
junction) and Hj (external-field-driven superconducting ring with a Josephson junction) in

Section 5.7, the Hamiltonian can be written as

Hy = Ho+V, (G.20)
Hy = hpata — ho(ata)?, (G.21)
V = v(a+dh). (G.22)

Here we use case (2) as an example, while case (3) is qualitatively (but not quantitatively
because of different parameters) the same. Our goal is to obtain a factorized evolution

operator. To achieve this goal, we first employ the interaction picture
OI —_ el‘]’lof./,’L OSC—Z'[‘[()IV/,I, , (CT‘.?.:,;)
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I‘I’g)] = eiHot/rLl\I/g)S , (G24)
4 0 w
Zh—a—t—“l’g)[ = H]l‘l’z)] . (C125)

where
Hyp = exp(tHot/h)V exp(—tHot/h). (G.26)
Since [afa, (afa)?] = 0, we can factor exp (—iHot/h) into exp (—iutata) exp[—ivt(ata)?]. So
now we have
Hiy = exp (iHot) V exp (—iHot)
h h

ivt(ata)? iutata 174 e—iuta’n,(/)——iz/t(a,tn.)2

= € c
. t o2 . ) . t o2
_ ezut(a a) ’)’(6 it + C‘Z“t(l/T) e wi(ala)

= (62iuta7ave—i(u—u)taT + (LC—Qiuta‘faei(u—-u)t> ) (G.Z"v)
In the derivation we have used the results from Appendix G.3. If we let
|Wa()r = U(t) [¥2(0))1, (G.28)

the Schrodinger equation becomes

z‘h%U{(t) = H;UJ(1), (G.29)

so that we can obtain a formal time-evolution operator

; i
Ul(t)y = Texp (-Ii/ H,dr>, (G.30)
1 Jo

where T is the time-ordering operator. This expression cannot be easily simplified. However,
using the Magnus approximation [66], and accurate to first-order in Hj, we can drop the

time-ordering operator. Thus,

;o
UQI([,) > exp (——’i/ H]dT). (G.31)
0

2

Recall that ¢ and @' are operators in the Schrédinger picture. Namely, they are time-

independent. Therefore,

U5 (1)

; ¢
exp (_%/ (€2il/'ra1ue—i(1/—/i)7‘af+(Le—2il,7a?uei(u_“),’_)d7_>
0

= exp {__fl [(/t €2iu7a7ae~i(u—u)rdr> (LT + (L/t e—‘Ziu‘ra"uei(u—u)rdT]}
h 0 0

= enal—ant (G.32)
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where (1—ata/ey)
71_wtezl—aa8, . )
n=-— . G.33
1= hw 1o ata/8A ( )

Now the state vector in the interaction picture is

at—an* 1+
|‘I’2(f,)>] = e K |\I’2(0)>1, ((1.34)
so the state vector in the Schrédinger picture is

v _iHgt
Wa(D)s = ¢ r (Ut
- e—iutafa.e—iut(at(1.)2ena.f——n‘aI\IIZ(O»I

- e-—iutatae—iut(ata)z (?Tmt_7]‘a]\]?2(0)>5 . ((}35)
Now that we have the state vector, we can readily calculate the fluctuations.

G.3 Derivation of Two Useful Relations

Throughout this paper we deal with operators which satisfy the Boson commutation relation
[a, (lT] = 1. To calculate various commutation relations and fluctuations, we need to compute
ST —aata, oata - (afa)? , m(ata)? ' W
quantities such as e ae and e ae . Here we present the computation,
in which we have used the Taylor expansion of an exponential operator e = 5722 ) A™ /nl.
ta o
Now let us look at ae®®'® first,
o0 t.,\n oo n t,,\n
wetele — g Z (cala)” Z a"ala'a)
n! n!

n=0

Il

EOO: a™(aat)"a i a™ata +1)"
e —

1 1
— n! oy n!
t t .
= eolelatl)y - eadlagoy (G.36)
Therefore,
—aat 1 —aal t .
€T %qe? = T e %% = % (G.37)

where « is a complex number.

We can use the same technique to calculate e=Plata)? gehlata)?, Again we will first look

132
at aefla'a) y

T oo t,32n
Blata)? _ Bala) a(Ba'a)
ae = aE 2 b atadied/)
Tl o n!

2n 1y\2n o 22n(.1 2n
_ Zﬂ (aa’)™a - Z["__(“_“tl_)__a = Pflatat1)? (G.38)

' '
n=0 n: n=0 .
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Therefore,
e-‘ﬁ(afa.)zaeﬁ(afa)2 — e—ﬁ(ﬂta):zeﬂ(ﬂta'*’lya = eﬁ(Za'a-H)a’ (G39)

where 3 is a complex number. Both of the above quantities come from the Heisenberg
operator exp (% fot Hdr)a exp (—--,’; g Hd'r). Since the Hamiltonian is Hermitian, o and 3
should both be purely imaginary numbers. We also have implicitly used the Baker-Hausdoril

formula: eA+8 = ¢4 eB if [A, B] = 0.
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