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Chaotic synchronization of
two optical cavity modes in
optomechanical systems

NanYang?*, Adam Miranowicz(®?3, Yong-Chun Liu*, Keyu Xia(®**" & Franco Nori®?®

The synchronization of the motion of microresonators has attracted considerable attention. In previous
studies, the microresonators for synchronization were studied mostly in the linear regime. While the
important problem of synchronizing nonlinear microresonators was rarely explored. Here we present
theoretical methods to synchronize the motions of chaotic optical cavity modes in an optomechanical
system, where one of the optical modes is strongly driven into chaotic motion and transfers chaos to
other weakly driven optical modes via a common mechanical resonator. This mechanical mode works
as a common force acting on each optical mode, which, thus, enables the synchronization of states.

We find that complete synchronization can be achieved in two identical chaotic cavity modes. For two
arbitrary nonidentical chaotic cavity modes, phase synchronization can also be achieved in the strong-
coupling small-detuning regime.

The synchronization of oscillators is a universal concept in nonlinear sciences' It has been observed in both
nature? and social activities', and also promises important applications in engineering"**-8. Since its discov-
ery in pendulum systems by Huygens in the 17th century®, synchronization has been observed in various fields
including bursting neurons, fireflies'!, and chemical reactions'?. Although these systems operate in very dif-
ferent size scales, the mechanism behind synchronization can be understood as follows: oscillators under weak
interaction adjust their rhythms to keep their motions consistent. The synchronization of oscillators has also been
studied in relation to information processing’, communications®, and high-precision clocks®.

Optomechanical resonators’*-*! with high-quality factors and strong nonlinearities have attracted consid-
erable attention in various fields due to their promising applications. The synchronization of optomechanical
systems is an important topic in optomechanics®~*2 It has been demonstrated that an optomechanical system,
with strong nonlinear light-matter interaction**-*¢, can support quite different types of motion, i.e., periodic!4,
quasi-periodic®, and chaotic?'-**?-%, However, the majority of previous works concentrated on the synchroni-
zation of periodic oscillations. The synchronization*” of two chaotic optomechanical systems is still a very chal-
lenging task. The main problem is how to design an experimentally accessible setup, which implements existing
mathematical schemes of chaotic synchronization. For instance, chaotic synchronization fails in two optome-
chanical resonators, when they are mediated by optical fields. Therefore, a model enabling the chaotic synchroni-
zation in optomechanical systems is desirable.

In this paper, we propose methods for the synchronization of two optical modes in an optomechanical system
with chaotic dynamics rather than with periodic motion. These methods are based on a configuration in which a
strongly driven and one (or more) weakly driven cavity modes are coupled to a mechanical resonator. Chaos is
generated from the nonlinear optomechanical coupling?2>?’-%° between the strongly driven cavity mode and the
mechanical mode, and transferred to the other weakly driven optical-cavity modes via the mechanical motion?.
The mechanical resonator subsequently works as a common force acting on every cavity modes. In this configura-
tion, we find that complete synchronization is achievable in two identical weakly driven cavity modes, and phase
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synchronization can be realized in two arbitrary different cavity modes in the weak-detuning strong-coupling
regime.

The complete synchronization studied in this paper can be understood in the framework of the active-passive
decomposition (APD) model*-*. In the APD model, a chaotic system is decomposed into two parts: an auton-
omous subsystem and a non-autonomous subsystem (system 1). An identical non-autonomous subsystem is
called system 2, and driven by the same autonomous subsystem as system 1. Complete synchronization between
chaotic systems 1 and 2 can be achieved if their synchronization error is uniformly asymptotically stable at the
zero point defined right below Eq. (4). In optomechanical setups, the mechanical resonator corresponds to the
autonomous subsystem, and the two chaotic weakly driven optical modes are the non-autonomous subsystems
to be synchronized. By constructing a strict Lyapunov function, we show that complete synchronization can be
achieved and is stable to mechanical input and initial conditions. Moreover, numerical simulations, given in this
paper also coincide with this analytical result.

For two non-identical chaotic optical modes, the hidden synchronization, known as phase synchronization,
can also be observed in the systems 1 and 2. The configuration used here is the same as in complete synchroni-
zation. The mechanical resonator acting on the frequencies of each optical resonators, modulates their rotations
in the same way. Especially, in the strong-coupling small-detuning regime, the rotations of the cavity modes are
dominated by the frequency shifts brought by the same mechanical resonator. Here, we use unwrapped phases
to measure the rotations of the optical resonators. Thus, although the two optical modes are in different chaotic
motions, their unwrapped phases can be locked at a fixed ratio.

We propose two optomechanical setups for either complete synchronization (A1 and B1) or phase synchro-
nization (A2 and B2) of chaotic optical modes. In both setups A1 and A2, all the optical modes are integrated
into a single optomechanical system and coupled via the same mechanical resonator. While in setups B1 and B2,
the optical modes are coupled via different connected mechanical modes, which thus, have more potential appli-
cations as the optical modes to be synchronized are distributed in difference devices. In the strong mechanical
coupling regime, setups Bl and B2 can be reduced to setups Al and A2, respectively.

This paper is organized as follows: In Secs. II and III, we present the corresponding setups for both complete
and phase synchronization in an optomechanical system. The numerical results for these two types of synchro-
nization are shown and compared in Sec. IV. In Sec. V we summarize our work and discuss some potential
applications.

Complete Synchronization
In this section, we propose two optomechanical setups (Al and B1) for the synchronization of two chaotic iden-
tical optical modes. These setups enable the following processes: (1) the mechanical mode transfers chaos, which
is generated by a strongly driven optical mode, to other weakly driven modes, (2) it acts as a common force to
synchronize each optical mode to a consistent state. When the weakly driven optical modes are identical, this
configuration leads to a complete synchronization of the modes, which can be understood by the already defined
APD model. Below we first introduce the concepts of complete synchronization and the APD model.

In general, complete synchronization refers to the identity among the phase-space orbits of chaotic systems.
Let us consider two chaotic systems

¥ =1y, 7,=1fy) 1)

where y, and y, are N-dimensional variables governed by the function f: RY — RY. We define the difference
between the phase-space orbits of two chaotic systems as the synchronization error e(t), where e(t) = Y1) — v, (8)
Two chaotic systems are called completely synchronized if and only if their synchronization error e(t) vanishes in
the evolution long time limit®’, i.e.,

lim e(t) = tlirr;||}ﬁ(t) — yz(t)H =0.

t—00

2

The drive-response model®* and the active-passive decomposition (APD) mode are two widely used
methods for characterizing the complete synchronization of chaotic systems. In the former model, the drive and
response systems, which are to be synchronized, are in the unidirectional-coupling regime. It is required that the
response system can be decomposed into a stable subsystem and an unstable one. By controlling the motion of the
unstable subsystem, the driving part can force the phase-space orbit of the response part to reach a synchronized
state. However, the drive-response model can only be applied to decomposable chaotic systems. This seriously
restricts its applications in engineering. The APD model, as an advanced version of the drive-response model,
provides a more general way to study complete synchronization. In the APD model, two chaotic parts to be syn-
chronized can be written as the non-autonomous form:

151 148750

i, = glz), s(t)], 2, = glz,, s(t)], (3)

where the temporal evolutions of z, and z, are ruled by the function g, and s(t) is the common external driving
governed by the autonomous function §(t) = h[s(#)]. The synchronization of these two chaotic systems depends
on their error equation, which is given by

¢ = glzy, s(H)] — glz, — e, s()], (4)

wheree = z, — z, is the synchronization error. Synchronization occurs if the error equation in Eq. (4) is asymp-
totically stable at the zero pointe = 0. The APD model provides a flexible method to find a proper function h[s()]
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Figure 1. Schematic diagrams of two optomechanical models for complete synchronization. (a) Setup Al
includes a strongly driven cavity mode 4, two weakly driven cavity modes 4., and a mechanical mode b. The
strongly and weakly driven cavity modes are coupled via the mechanical mode with coupling strengths ¢ and 8
respectively. (b) Setup B1 consists of a strongly driven cavity mode 4, and two weakly driven cavity modes ;,
where the latter are coupled to 4, via the mechanical modes b and b, "which are additional coupled to each other
with the spring coefficients k;.

for the complete synchronization of chaotic systems. In this section, we use the APD model to study the chaotic
synchronization of the two optical cavity modes in an optomechanical system.

The setups are shown in Fig. 1, both of them consist of three subsystems: (i) a strongly driven cavity mode, 4
(ii) two weakly driven cavity modes, 4, and d,; (iii) mechanical mode(s), either b in setup A1, or b b and b in
setup B1. The only difference is that the optical modes are integrated in one or different optomechamcal resona-
tors. In each setup, the cavity mode 4, is strongly driven by a single-frequency laser field to induce chaos. This
chaos can be then transferred to the two weakly driven cavity modes (4, and d,) via the mechanical resonator(s)*.
This chaos transferring regime is exactly the same as that in ref.?>, which theoretically proves that the spectrum

Pump(w) of the strongly driven optical cavity mode is proportional to that S orove(w) Of the weakly driven optical
mode: S mp(w) = GS,pope(w)s where G is a coefficient depending mainly on the coupling strength between the
strongly (weakly) drlven cavity and the mechanical resonator, and the corresponding field density. It is subse-
quently derived that the weakly driven cavities are chaotic if the strongly driven cavity is in the chaotic regime.

According to APD model, the mechanical oscillation corresponds to an external signal and the weakly driven
cavity modes are the two subsystems to be synchronized. Analytically, we find that complete synchronization is
stable to the mechanical input. We also numerically show in Sec. IV that the two weakly driven optical modes can
be excited to chaotic states and can evolve into a completely synchronized state.

For simplicity, we neglect both thermal noise and quantum noise. This is valid under the following assump-
tions: (i) the thermal occupation of the cooled mechanical resonators is low, such that the thermal noise of the
mechanical oscillators is small in comparison with the motion caused by the applied driving; (ii) the optome-
chanical system is driven by strong laser fields and, therefore, can be treated as a classical system. Under these
conditions, the effect of environmental thermal noise and quantum noise of our optomechanical system can be
neglected.

Complete synchronization in setup A1. We start our discussion of complete synchronization by intro-
ducing setup A1, shown in Fig. 1(a). One strongly and two weakly driven cavity modes are coupled to the same
mechanical mode. Here the strongly driven optical mode creates mechanical chaos through nonlinear optome-
chanical coupling. In this arrangement, the fields in the weakly driven cavity modes are modulated in a chaotic
way by the chaotic mechanical mode. The total Hamiltonian of this synchronized system is given by (we seth = 1
and always assume j = 1, 2):

A = Adla + S Aa0+ 0,00+ is,@ — )

+idoela — a) + gala(b + B + Zg alab + B,
j (5)

where 4, (4;) denotes the annihilation operator of the strongly (weakly) driven cavity mode, A; = w_,,; — wy,

cav,s
(A; = Wy, — wy) stands for the corresponding detuning between the cavity resonance frequency Weavs (@,

)
and the input laser frequency w;, ; (w, 1) and ¢, (5 ) is the dr1v1ng strength of the cavity mode 4, (a ). The anmlcrﬁé-
tion operator of the mechanical resonator is represented by b,and (1, denotes its natural frequency Here, g, (g)) is
the optomechanical single-photon coupling strength between the cavity mode 4, (3;) and the mechanical mode b.

To obtain the equation of motion of the system in the classical regime, we first write the quantum Langevin

equations for the Hamiltonian, given in Eq. (5), as:

SCIENTIFIC REPORTS |

(2019) 9:15874 | https://doi.org/10.1038/s41598-019-51559-1


https://doi.org/10.1038/s41598-019-51559-1

www.nature.com/scientificreports/

R ~t ~
b, = —iAa, — %a —iga(b +0b) +¢

(6a)
N Fm"i.AfAi.Ah
b=-iQ,b— ?b ig.ala, — igaja; (6b)
7 A
]——1Aa—za—zgju(b +b)+5j, (60)

where 7 (7;) and I}, are the damping rates of the cavity mode 4, (4;) and the mechanical mode b, respectively.

We treat the optomechanlcal device as a classical system such tilat we can replace the quantum operators with
their classical mean values: o, = (4,),; = (@;),and 8 = (b b). Note that the thermal noise and quantum noise are
neglected, as explained above. Here, the back-action from the weakly driven cavity modes a; on the mechanical
mode (3 can be neglected, as it is comparably small to the strongly driven one. We denote this as the
unidirectional-coupling regime, and in which the motion of the cavity mode a, and the mechanical resonator are

reduced to
= —io, — l045 — iGax + €,
2 (7a)
.. 2 . 2
MepeX = _mefomx - mefmex + th‘asl > (7b)

where m, g denotes the effective mass of the mechanical resonator. An optomechanical system, governed by Eq.

(7), can exhibit chaotic behavior?!-?»?7-%_ Chaos originates from the nonlinear coupling between the cavity and

mechanical modes, and can be transferred to the weakly driven cavity mode via the mechanical mode [Eq. (8)].
In this configuration, «; are the two classical cavity modes to be synchronized, which are governed by

i
& = —iljoy — —o; — iGoyx + €,

! 2 ®)
where x = x,pp(3 + (%) refers to the classical mechanical displacement, and its nonlinear coupling strength with
the optical mode q; is denoted by G = g /%7pp- Here xzpy is the zero-point fluctuation (ZPF) displacement of the
mechanical resonator

Lete = o, — v, be the synchronization error. Then from Eq. (8), we obtain the equation of motion for e,

e=—ilAe— %e — iGex(t). ©)

Note that the parameters of two weakly driven cavity modes are identical, i.e.: A} = A,,, = 7,,and G, = G,.
Complete synchronization occurs if the synchronization error system, descrlbed by Eq. (9), is asymptotlcally
stable at the zero point. By constructing a strict Lyapunov function V = || e||2 > 0, wheree = [Re(e), Im(e)], we
show that this system meets the criteria of uniformly asymptotical stability®?, i.e.,
V10t + (9V/De) (&) = 72'y||e|| < OandVle(t + T), t + T] — Vl[e(r), 1] < — Y[||e(t)||]by letting T = 1/,
and Y[|le(®)|] = (1/2) ||e(t)|| This implies that the synchronization error decreases to zero as the time goes to
infinity, and complete synchronization can be achieved in two chaotic identical optical modes.

Complete synchronization in setup B1. In this subsection, we focus on setup B1 shown in Fig. 1(b).
Specifically, this system consists of one strongly and two weakly driven optomechanical systems, each of which
includes only a single cavity mode and a mechanical mode. Different from setup A1, here the optomechanical
systems are coupled with each other via the mechanical resonators: each mechanical mode , in the weakly driven
optomechanical system is coupled to the mechanical mode b, in the strongly driven optomechanical system with
a coupling coefficient k;. Moreover, in this setup, all the optomechamcal systems are in the classical regime, such
that the quantum operators of the cavity (4, a;) and mechanical modes (b, ,b) can be replaced by their classical

mean values: o, a;, 3, and 3. Here, the equatlons of motion of the two weakly driven optomechanical systems are

. N
& = —zAjaj — Eaj + szajxj + € (10a)
mmeff,jx'j meff]Q iXj meff]Fx + hiG; ‘a | I<](x] - xs)' (10b)

These two system, described in Eq. (10), are driven by the same strongly driven optomechanical system:

. . s
G, = —iAop — Esa — iGax, + &, (11a)
o 2 . 2

Mimeff,sXs = mmeff,stxs - mmeff,sl_;xs + ﬁGs|as‘ > (11b)
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where A (A)), 7, (7)), and g (¢)) refer to the detuning frequency, the damping rate, and the driving strength of the
cavity mode in the strongly (weakly) driven optomechanical system. Whilem, .  (m, ¢ ]) Q, (Q ), T, (F) and x,
(x;) are the mass, the resonance frequency, the damping rate, and the displacement of the mechanrcal mode b (b )
of the strongly (weakly) driven optomechanical resonator, respectively. Also, its optomechanical couphng
strength is denoted by G, (G)). Here, x; (x;) is defined as x, = x7pr(6 + 37) [x = xZPF(ﬁ —+ [5’ 9], and we define
G, = g/xypr (G =g 1%Jpp)s where Xypp (xZPF) is the zero-point fluctuation of the strongly (weakly) driven optom-
echanical resonators and g (g;) refers to the single photon optical-mechanical coupling strength. The external
force acting on the mechanical resonator associated with the displacement x; takes the form — K (x; — x,), where

= hk;/ (x5 ppxpp) is the classical mechanical coupling strength. When K, / My | = Ky/mp 5, the two weakly
drlven modes share the same dynamics. Thus, this system can be studied in the framework of the active-positive
decomposition (APD) configuration: two weakly driven optomechanical resonators as two chaotic subsystems are
synchronized and the strongly driven optomechanical resonator acts as a common external force.

In the mechanical strong-coupling regime, the mathematical model of setup B1 can be reduced to that of setup
Al In this case, the Lyapunov function in setup Al is also valid, and complete synchronization is stable in this
setup. Note that the external-force term —K(x; — x,) in Eq. (11b) is derived from the classical Lagrangian
Ly = Kjlx; — x, )2/2. If we start from the quantum Langevin equations of the system, then the external-force
term should be Kjx,. This difference — K x; between these two functions originates from the quantization of clas-
sical coupled-spring oscillators. Quantum systems interact with each other in the discontinuous regime, while the
classical ones interact in the continuous regime. When Q% > K., the term — Kjx; in Eq. (10D) is very small when
compared to other terms and can be omitted. Thus, Eq. ( léb) ané the correspond/mg quantum Langevin equation
are consistent for high-frequency resonators.

To summarize, complete synchronization in setups Al and B1 is a result of (i) dissipation of the cavities and
(ii) a common external force. The chaotic mechanical resonator, working as a common force, adjusts the rhythms
of the two optical modes to the same chaotic oscillation, while the dissipation of the cavities eliminate their initial
state differences to reach a synchronized state.

In this section, we discussed the complete synchronization of two identical chaotic optical modes in optom-
echanical systems. However, it is technically challenging to fabricate two identical optomechanical resonators.
Even a tiny parameter mismatch between two chaotic optomechanical resonators can destroy their complete syn-
chronization. Thus, the research of synchronization in nonidentical chaotic systems is of importance. So far, there
are many attempts for synchronization of two nonidentical chaotic systems, including phase synchronization®*,
generalized synchronization®>, and time-delayed synchronization®. Below we describe phase synchronization
of two nonidentical optical modes in an optomechanical system.

Phase Synchronization

Now, we discuss in detail the synchronization of nonidentical chaotic cavity modes. In this section, we show that
the phases of two nonidentical chaotic cavity modes can be locked at a fixed ratio, although their amplitudes are
irrelevant to each other.

In general, two oscillators are called phase synchronized if their phases v,(t) and 1),(t) are locked at a fixed
ratio m/n, i.e.,|mp,(t) — mip,(t)| < constant, where m and n are integers. This notion of phase synchronization
has been extended to chaotic systems. We find that two weakly-coupled chaotic systems can be perfectly phase
locked even if their amplitudes are irrelevant. Note that the phase in this phase synchronization is essentially
different from the phases of complex fields in setups Al and B1, and is used here to describe the rotation of the
orbit of a chaotic system. The definition of this phase in a chaotic system is not unique. Indeed, various versions
have been proposed based on analytic signal processing methods®® or the Poincaré section. Here, we use the for-
mer to study the phase synchronization of chaotic cavities. To obtain the temporal phase, observed in an
arbitrary-scale time function s(t), a complex analytic signal ¢(¢) is reconstructed from s(f), i.e.,

(1) = s(t) + i5(t) = A(t) exp[i¥(1)], (12)

where A(f) is the amplitude of the signal and ¥(¢) is its phase, while §(¢) is the Hilbert transform of s(t), which is
given by

0 = P V. f@otS(_T)T (13)

where P.V. denotes the Cauchy principal value. Note that the phases are unwrapped, i.e., these are not constrained
to the range (— 7, m]. Once s(t) is obtained, the amplitude A(f) and phase W(¢) can be calculated?®.

In this section, we also study the configuration mentioned in Secs 1 and 2: The mechanical resonator acts on
the frequency term of each chaotic cavity mode, and modulates their rotations in the same way. More specifically,
in the small-detuning strong-coupling regime, the mechanical resonator governs the rotation of each chaotic cav-
ity mode with different coupling strengths. These cavity modes can, thus, be locked at a fixed value associated with
the coupling strengths. Here, the optical rotations are measured by the wrapped phases calculated by Eq. (13).

For examples, we consider the phase synchronization of strongly and weakly driven cavity modes. The setups
are shown in Fig. 2(a,b), both of them consist of one strongly driven mode, one weakly driven cavity mode, and
one or more mechanical mode(s). we describe a configuration for phase synchronization of a strongly driven
cavity mode and a weakly driven one in an optomechanical system. When the driving-enhanced optomechanical
coupling is strong and the cavity-driving detuning is small, i.e., in the strong optical-mechanical coupling and
small-detuning regime, the temporal phase of each optical mode mainly depends on the displacement(s) of the
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Figure 2. Schematic diagrams of two different setups for phase synchronization. (a) Setup A2 consists of a
strongly driven optical mode 4, a weakly driven optical mode d,,, and a mechanical mode b. Both the optical
modes are coupled to the mechanical resonator and integrated into a single optomechanical system; (b) Setup
B2 includes one strongly driven (4, and b,) and one weakly driven (a,, and b,,) optomechanical systems, which
are coupled via the mechanical modes b, and b,, with a coupling coefficient K.

mechanical resonator(s). In this configuration, the two chaotic optical cavity modes can be prepared in phase
synchronized, regardless of their amplitudes. As in complete synchronization, here we also neglect thermal noise
and quantum noise.

The detailed description of these two setups is presented in the following subsections.

Phase synchronizationin setup A2.  Asshown in Fig. 2(a), the system consists of a strongly driven cavity

mode 4, and a weakly driven cavity mode 4,, and a mechanical mode b associated with displacement
~F ~ ~

£ = x,pp(b + b). These two cavity modes 4, and 4, are coupled to the mechanical mode b in the

unidirectional-coupling regime. Next we show how the phases of the two chaotic optical modes, in the strongly

and weakly driven regimes in setup A2, can be locked at a fixed ratio.

Let o, av,,, and 3 be the mean values of 4, 4,,, and b: a, = (4)a, = (4,),and 8 = (b)in the classical regime.
Their dynamics is governed by:

. s
= —iAo, — 2o, — iG, ,
[JAWe R 2a iGox + € (142)
N w
&, = —iA, o, — 2o, — iG,o,x + € (14b)

where A, = w,, o — wy (A, = wy,.,, — w;,,) is the corresponding detuning between the cavity resonance fre-

quency w,, ; (We,y,,) and the laser frequency wy ¢ (wy ), while g (¢,) and 7 (,,) are the driving strength and the
damping rates of the strongly (weakly) driven cavity mode 4 (4,,), respectively. Here, G, = g /x,p; (G,, = g, /xzpp)
represents the coupling strength between the strongly (weakly) driven cavity mode 4, (4,,) and the mechanical
mode (3, where x;pr (x7p) is the zero-point fluctuation of the strongly (weakly) driven optomechanical resonators
and g (g,,) refers to the optomechanical single-photon coupling strength between the cavity mode 4; (4,,) and the
mechanical mode b.

The cavity modes o and «,, are two parts to be synchronized. They are driven by the same mechanical mode
(. The mechanical motion is governed by

. 2 . 2
MegeX = — efomx - meff]:\mx + h‘Gs|as‘ > (15)

where Q,, is the resonance frequency of the mechanical resonator mode b, and T, is its damping rate. In our
arrangement, the effects of the weakly driven optical modes acting on the mechanical mode x can be neglected by
choosing G| o[ > G, |a,|*.

Next, we find the relation of parameters determining the ratio of the unwrapped phase of cavity modes in
phase synchromzatmn We define the mean value of the mechanical displacement x as
X =lim,_ (t — to)* f |x(¢")|dt’, where t, is the initial time. We refer to the conditionsGX > A, (G, X > A,)

andGx > v, (G, X > 7, ) as the strong-coupling small-detuning regime. In this regime, the instantaneous fre-
quencies of both strongly and weakly driven optical modes are determined by the following two factors: the
detuning A, (A,) and the mechanical displacement-dependent parameter Gx (G, x). For on-resonance driving,
A, = A, = 0, the evolution of the strongly (weakly) driven optical mode a; (c,,) depends mainly on the
mechanical motion G (G, %). Thus, the unwrapped phases, ¥, (t) and ¥(¢) of the cavity modes o, and «,,, defined
in Eq. (12) are locked at a fixed ratio of

v.() G,

m = —
-0 U(t) G, (16)

as the time approaches infinity.
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To conclude, in the strong-coupling small-detuning regime, the mechanical displacement x dominates the
unwrapped phases of the two chaotic optical modes (o and «,,). While the coupling strengths (G, and G,,) act as
the weighting factors of x in this process. Therefore, the unwrapped phases of the two chaotic optical modes (c,
and «,,) can be locked at a fixed value related to G, and G,

Phase synchronization in setup B2.  As shown in Fig. 2(b), the setup B2 consists of a strongly driven
optomechanical system and a weakly driven one, each of which includes only a single cavity mode and a mechan-
ical mode. Different from setup A2, two optomechanical resonators are mechanically coupled with each other
with a coupling coefficient k. Treating the whole system classically, we can replace the operators 4, (4,,) of the
quantum cavity modes and l;s (l;w) of the quantum mechanical resonator mode for the strongly (weakly) driven
optomechanical system with their mean values: o, = (&), v, = (4,), 3, = (b,),and 3, = (b, ).

The dynamics of the weakly driven optomechanical resonator is described by:

. . 97 .
&, = —iA o, — 7Waw + iG,o,x, + €, (172)
mwx.w = 7mw92wxw - mwrwxw + th|aw|2 - K(xw - xs)' (17b)

In the unidirectional coupling regime, the motion of the weakly driven optomechanical part is governed by
the strongly driven optomechanical one. The motion of the latter can be modeled as
s

a, = —ila, — Eas — iGox, + €, (18a)

. 2 . 2
Mexs = _msQ:xs - msrsxs + hG]|as‘ ’

(18b)

where A (A,), 7, (7,), and g, (g,,) are the corresponding detuning, damping rate, and driving strength of the
cavity mode in the strongly (weakly) driven optomechanical resonator. While the effective mass, resonance fre-
quency, and mechanical damping rate of the mechanical mode b, (b,,) are represented by Mg s (Mg ), 2 (2,,) and
[ (T;,), respectively. Here, G, = g /xyp; (G,, = g /xzpp) is the optical-mechanical coupling strength in the strongly
(weakly) driven optomechanical part. The displacements of the strongly and weakly driven mechanical oscillators
are given by x, = xypp(3, + 67) and x,, = xpp(8,, + B;%), where x;pp and x/pp. are the corresponding ZPF dis-
placements of the left and right mechanical resonators.

In this setup, the term —K(x,, — x,) in Eq. (17) with a mechanical coupling strength K = 7ik/(xppx,pg) is the
external force driving the mechanical mode x,,. It provides a positive feedback to the weakly driven mechanical
mode x,, when (x,, — x,) < 0. This feedback turns to be negative when (x,, — x,) > 0. Thus, when the coupling
coefficient k is strong enough, we have the relation: x,,(t) ~ x,(t). We define the mean value of the mechanical
displacement x,, as X, = lim, , _(t — t,) " j: " |x,,(t')|dt', where t, is the initial time and m = s (w) stands for the

0

strongly (weakly) driven mode. In the strong-coupling small-detuning regime when G.X, > A (G, X, > A,)
and GX, > ~, (G,X,, > 7,,), the temporal phase of the strongly (weakly) driven optical mode «; (c,,) mainly
depends on GX, (G, %,). Under these approximations, the ratio of the unwrapped phases U, (t) and U(t) of o, and
v, for this setup B2 in the infinite-time limit is the same as the corresponding limit, given in Eq. (16), for setup
A2.

We now discuss our idea for the chaotic synchronization of optomechanical systems in the unidirectional
coupling regime. This treatment is reasonable as long as G,|a,|* > G, |, [*. Note that both complete and phase
synchronization can be obtained with a slight change in the chaotic motion of the mechanical resonators, when
taking into account the weak force from the weakly driven cavity modes on the mechanical resonators.

Results

In Sec. II, we presented four setups for both complete and phase synchronization of chaotic optical modes in an
optomechanical system. These setups are different in their configurations but share a common dynamics: the
strongly driven cavity mode overwhelms the weakly driven cavity modes and drives them into chaotic motion.
For each setup, we plotted the corresponding phase portraits to show their dynamical motions. We assume that
the strongly driven optomechanical resonators in each setup are in the red detuning regime, and their values are
based on the experimental data given in ref.?. The values of the other parameters, which were set in our simula-
tions, are also experimentally accessible with current technologies. Complete synchronization can be achieved
when the amplitude of the strongly driven cavity field is much larger than the weakly driven ones:|a| > || and
|| > |,|. While phase synchronization requires more conditions: Gx > A, (G, x > A,) and GX > 7,
(G,,x > ~,). Now we present our numerical results below for the configurations of these two types of
synchronization.

Complete synchronization. As mentioned above, we propose two setups for realizing complete synchro-
nization. Both setups are described by the APD model. The mechanical mode plays two key roles: (i) transferring
chaos from the strongly driven cavity mode to the weakly driven ones, and (ii) acting as a common external force
on the optical modes. Below we provide several numerical simulations for the complete synchronization of these
two setups.
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Figure 3. Complete synchronization in setup Al: Time evolutions for (a) |a], (b) x, and |, (¢) without and (d)
with coupling to|cy | While, (e and f) are the phase portraits of optical cavity mode «; and the mechanical mode
3 without and with coupling to c,. The parameters are setas: A,/2w = 13 MHz, /27 = ~,/2m = 0.24 GHz,
g/2m = 0.126 GHz, ¢,/2m = 22 MHz, A /2m = 0.13 GHz, ¢,/27 = 15.4 GHz, L, /21 = 2.8 MHz,

Q,,/2m = 0.346 GHz. Moreover, g /27 = 0 for (cand e), and g/2m = 0.126 GHz for (d and f). The largest
Lyapunov exponent (LLE) is calculated to be (e) LLE/Q2,, = —0.0002 and (f) LLE/S2,, = 1.97. Here, Re(av,),
Im(ay), and x correspond to the three coordinates of the three-dimensional phase space, and the fourth variable
X in (e and f) is characterized in the color scale according to the depicted colorbar.

Complete synchronization in setup AI. In setup Al, the system consists of three cavity modes (i.e., one strongly
driven and two weakly driven modes) and a mechanical mode. Each cavity mode is coupled to each other via the
mechanical mode. To realize chaotic synchronization, first we need to prepare the weakly driven cavity modes ¢
and o, in chaotic states. However, in general, weakly driven optomechanical systems can only generate noncha-
otic fields. An efficient method to obtain a weak chaotic field is that connecting a weakly driven cavity mode to a
chaotic resonator. In this setup, chaos is generated by the strongly driven cavity mode, and then transferred to the
weakly driven cavity modes «; and «, via the mechanical mode?. Here, the cavity mode « is taken as an exam-
ple to show how its dynamics transfers from regular into chaotic. To give a straightforward view of this transfer,
we numerically calculate its phase portraits without [see Fig. 3(e)] and with [see Fig. 3(f)] the driving from the
strongly driven optical mode. Moreover, we calculate the largest Lyapunov exponent (LLE) of the system with the
method proposed in**% to check if o, evolved to a chaotic state. A positive LLE is an indicator of chaos, while a
non-positive LLE means regular motion.

To make a clear comparison of the weakly driven optical mode with and without coupling to the strongly
driven optical mode, we first consider the case without the cavity mode «,. In this case, the optomechanical sys-
tem is reduced to a single weakly driven optical mode o, and a single mechanical mode 3,. As shown in Fig. 3(c),
the time series of | ()| shows a regular fluctuation as the time progresses. Also, in the corresponding phase
portrait [see Fig. 3(e)], a single closed loop is found with LLE < 0, implying that the system is in regular periodic
motion in the weakly driven regime. Then, we study the system shown in Fig. 1(a), in which the two weakly
driven cavity modes are coupled to the strongly driven cavity mode via the mechanical mode. The time series of
the amplitudes of the weakly driven cavity mode «; is converted from regular [see Fig. 3(c)] to chaotic motion
[see Fig. 3(d)] with the coupling of the strongly driven cavity resonator « [see Fig. 3(a)]. We find that the ampli-
tude of «; in Fig. 3(c) is even larger than the one in Fig. 3(d). This is because the generated photons are distributed
in a broad range of frequencies when the cavity mode is in the chaotic regime, while they are concentrated in a
single frequency for periodic cases. It can be seen from the phase portrait that a chaotic attractor appears even if
it is weakly driven [see Fig. 3(f)]. We find that LLE > 0. This means that the weakly driven optical mode is suc-
cessfully driven to a chaotic state. In the chaotic regime, both optical and mechanical resonators are excited to
very high values, such that the back-action effect during the measurements can be neglected in experiments. The
phase portraits in Fig. 3(f) consist of two complex variables: the weakly driven cavity mode ¢, and the mechanical
mode (. For simplicity, we expand this two-dimensional complex space (o;, 3) to the four-dimensional real space
[Re(ay), Im(ay), x, %], where x and £ denote the displacement and the velocity of the mechanical mode, respec-
tively. The value of x is presented as different colors.

We use the synchronization error between two chaotic fields o; and «, as the criterion of complete synchroni-
zation. The synchronization error includes the amplitude error |a,| — || and phase error 6,(¢) — 6,(¢), where
|| (v, |) is the amplitude of the cavity mode «, (c,), and its phase is denoted by 6,(¢) [6,(t)]. The chaotic cavity
fields oy and «, are completely synchronized if both of their amplitude and phase errors converge to zero as the
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Figure 4. Synchronization errors for complete synchronization in setup Al: (a) amplitude errors and (b) phase
errors between the two chaotic weakly driven cavity modes o, and v, as a function of time ¢. Here,

§/2m = g,/2m = 0.126 GHz, A, /2w = 13 MHz,v,/2m = 0.24 GHz, and &,/27 = 22 MHz. The initial
conditions are set as: «;(0) = 0. 1 + 0.14, a,(0) = 0.14, a(0) = 0, and 3(0) = 0. All the other parameters are
the same as in Fig. 3.

evolution time progresses to infinity. Figure 4 shows the synchronization error between the two chaotic fields o,
and a, for three different values of the coupling strengths g and g,. Note that the initial conditions of o; and cv,
are set to be different. In general, two neighboring chaotic trajectorles without coupling will rapidly depart from
each other because chaos is sensitive to initial conditions. However, we can find that both amplitude error
|y (t)] — |y (t)| [see Fig. 4(a)] and phase error 6,(t) — 6,(t) [see Fig. 4(b)] decrease to zero after conquering the
transient states. The jumps seen in Fig. 4(b) occur because of the sudden transitions of the chaotic orbits. Thus,
complete synchronization is obtained in the two weakly driven cavity modes and this synchronization is inde-
pendent of the coupling strengths ¢ and g,. Note that if the coupling strength g/, < 0.05, then the weakly driven
cavity mode o, cannot be driven to a chaotlc state. In Figs 3(b) and 4(b), we show that the weakly driven cavity
modes: (i) can be driven to the chaotic modes and (ii) can realize the synchronization with each other under the
driving of the chaotic mechanical resonator.

Complete synchronization in setup Bl. Now we study complete synchronization in setup B1, shown in Fig. 1(b).
The system includes three optomechanical subsystems: two weakly driven optomechanical objects are coupled
to the strongly driven optomechanical one via the mechanical coupling. In this subsection, we numerically show,
by preparing the strongly driven optomechanical part in a chaotic state, that the weakly driven parts can also be
driven into synchronized chaotic states.

Since the two weakly driven components share the same dynamics, we choose one of these as an example, and
numerically calculate its temporal amplitudes and phase portraits with [Fig. 5(c,e)] and without [Fig. 5(d,f)]
coupling to the strongly driven component. The results turn out to be similar to the ones in setup Al. Without the
strongly driven part, the weakly driven component is in regular motion: the amplitude of the cavity mode, |c(#)],
fluctuates periodically and the corresponding phase portrait shows a single loop. The periodic time series of | v (¢)|
becomes chaotic and the phase portrait turns to a chaotic attractor after the strongly driven optomechanical res-
onator is coupled. Moreover, this transition is also indicated by LLE, changing from negative in Fig. 5(e) to posi-
tive in Fig. 5(f). Similarly to Fig. 3, the complex two-dimensional weakly driven optomechanical resonator [c;, 5;]
is illustrated in the four-dimensional real space [Re(q,), Im(a)), x,, %;]. Here, Re(c;) [Im(q)] is the real (imagi-
nary) part of the classical cavity mode o, and x; (x;) denotes the displacement (velocity) of the classical mechan-
ical mode (3;. The color of the lines show the values of the fourth component x,.

As discussed in setup A1, the two chaotic cavity modes () and o, () can achieve complete synchronization,
if their error converges to zero. Figure 6(a,b) show the amplitude error, |y}, and phase error, 6,(¢) — 6,(¢),
for different mechanical-coupling coefficients k, and k,, where| | [6,(t)] denote the amplitude and
phase of the cavity mode o, (o)), respectively. The initial condition difference is set to be:| v, (0)| — |;(0)] = 0.041
in Fig. 6(a) and 6,(¢t) — 6,(t) = —/4 in Fig. 6(b). When k, and k, are very weak (k,/; = k,/v, = 107%), both
amplitude and phase errors fluctuate considerably [blue dashed curves in Fig. 6(a,b)] as the evolution time pro-
gresses. When k, (k,) increases to k /v, = k,/~, = 107* [green dashed dot curves in Fig. 6(a,b)], these two errors
drastically fluctuate in the beginning, and then decrease to zero after a transient period. Moreover, the increase of
the coupling strength k, (k,) accelerates the convergence of the synchronization errors, as shown in Fig. 6(a,b)
(red solid curve). The time to reach synchronization greatly decreases as the parameters k, and k, increase to
ki, = kyly, = 1fromk,/v, = k,/v, = 10”2 Obviously, the mechanical-coupling parameters k, and k, play a
crucial role in the synchronization of chaotic optical fields. Two weakly driven optomechanical systems can be
driven into complete synchronization when the mechanical coupling k, and k, are large enough.

Comparison of setups Al and B1. Complete synchronization can be realized in both setups Al and B1 according
to the APD model. As shown in Figs 4 and 6, the motions of the two weakly driven cavity modes tend to be close
to each other and become completely identical as the time progresses. As our theoretical prediction, the weakly
driven cavity modes in chaotic motion can be in complete synchronization if they are asymptotically stable and
their motion is dominated by a common external force, which is the strongly driven cavity mode here. Chaos can
be transferred from the strongly driven cavity mode to the weakly driven cavity modes by mediation of a direct
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Figure 5. Complete synchronization in setup B1: Time evolutions of (a) |cy, (b) x;, and | e | (¢) without and (d)
with coupling to a,. While (e and f) correspond to the phase portraits of the weakly driven optomechanical
system 1 (e) without and (f) with coupling to the strongly driven one. The parameters are: A,/2m = 26 MHz,
§/2m = 252 MHz, [[/27 = /27 = 2.8 MHz, /27 = /2w = 0.346 GHz. Moreover, k,/2m = 0 MHz for
(cand e); and k,/2m = 129 MHz for (d and f), while other parameters are the same as in Fig. 3. The largest
Lyapunov exponent (LLE) is calculated as: (a) LLE/{2; = —0.00007 and (b) LLE/Q; = 1.97. Here, the different
colors in (e and f) correspond to the values of %, shown in the colorbar.
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Figure 6. Synchronization errors for complete synchronization in setup B1: (a) amplitude errors and (b) phase
errors between the cavity modes o, and o, as a function of time ¢ for different mechanical-mechanical coupling
coefficients k, and k, as a function of time t. The initial conditions of the weakly and strongly driven
optomechanical systems are set as: [«;(0), 5,(0)] = (0.14, 0),[,(0), 5,(0)] = (0.1 + 0.14, 0), and

[a,(0), 5,(0)] = (0, 0). The parameters are: k;/2m = k,/2m = 129 MHz, while all the other parameters are the
same as in Fig. 5.

coupling in setup A1 (see Fig. 3) or indirect coupling in setup B1 (see Fig. 5). In setup A1, the two weakly driven
cavity modes are synchronized. They are driven by the same mechanical mode.

For setup A1, complete synchronization occurs due to the configuration that the two identical weakly-driven
cavity modes are driven by the same mechanical mode. In this regime, the damping of the cavity modes removes
the information about the initial cavity conditions. In other words, the differences between the initial states of the
two weakly driven cavity modes vanish as time increases. Therefore, even in the chaotic regime, the two optical
modes can still achieve a synchronized state.

Different from setup Al, the action of the common external drive in setup B1 is indirectly applied to the two
weakly driven cavity modes via the mechanical coupling. The setup B1 highly relies on the mechanical coupling
coefficient k; and k,. The motion of the optical modes of weakly driven optomechanical systems is not only
affected by its own oscillation but more crucially depends on the strongly driven optomechanical one. When the
mechanical-coupling coeflicients are large, setup B1 can be reduced to setup A1, and thus complete synchroniza-
tion is achieved. However, for small k, and k,, the motion of the mechanical modes is dominated by the weakly
driven optical modes. Thus, the external drive has little effect on the optical cavity modes to be synchronized. As
aresult, in the weak mechanical-coupling regime, complete synchronization is impossible in setup B1.
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Figure 7. Phase synchronization for setups A2 and B2. Phase portraits of (a) the strongly driven and (b) weakly
driven optomechanical systems in setup A2. While for setup B2, the corresponding phase portraits are shown in
(cand d). The parameters for setup A2 are: A/27 = 0.13 GHz, /27 = 0.24 GHz, g /27 = 0.126 GHz,

&/2m = 15.4 GHz, A, /27 = 26 MHz, v, /27 = 52 MHz, g /27 = 25.2 MHz, ¢,,/2m = 0.22 GHz,

I,,/2m = 2.8 MHz, andQ,,,/2m = 0.346 GHz. The parameters for setup B2 are: I,/27 = [}, /27 = 2.8 MHz,
Q27 = Q, /2 = 0.346 GHz, and k/2m = 1.29 GHz, while all the other parameters are the same as in

setup A2.

Phase synchronization. Phase synchronization is defined as the locking of the unwrapped phases in two
dynamical systems. Below we will show phase synchronization of two chaotic optical modes in Fig. 2 in the
strong-coupling small-detuning regime. Note that the unwrapped phases defined here are unfolded in every
2m-period. This is essentially different from the phases introduced for complete synchronization in Sec. II.

Phase synchronization in setup A2. In setup A2, shown in Fig. 2(a), the weakly and strongly driven optical
modes are coupled via a mechanical mode. Here, the cavity mode 4, and mechanical mode b are prepared to cha-
otic motions when the cavity mode 4 is strongly driven. As a result, the weakly driven cavity mode is converted
into a chaotic state via its coupling with the mechanical mode b, which is also proved by the positive LLE. As
shown in Fig. 7(a,b), the amplitudes of these two chaotic optical modes drastically change in different scales.
However, two attractors rotate in the similar way with respect to the axis of o, = 0in Fig. 7(a) and o, = 0 in
Fig. 7(b), respectively. It indicates a correlation of the phases in the two attractors.

To study phase synchronization between the two chaotic optical modes, we calculate the ratio of the
unwrapped phases of the strongly and weakly driven optical modes. To do so, we fix G, but change the coupling
strength G,, to see how the optomechanical coupling strength influences phase synchronization in the optome-
chanical system. The unwrapped phase U, (¢) [()] of the weakly (strongly) driven cavity mode is evaluated from
the real part of the observed signal Re[«,, ()] (Re[c()]) with the analytic signal processing method. Phase syn-
chronization occurs if the ratio of the phases of two nonidentical optical modes can be locked at a fixed value of
G,/G,,ast — 00, according to our discussion in Sec. II.

Figure 8(a—c) illustrate the evolutions of the ratio of unwrapped phase ¥,(¢)/J, () as a function of the coupling
strength G,. When G,, is very weak, e.g. G,/G,, = 100, the motion of the weakly driven optical mode mainly
depends on a given periodic input field. As a result, the ratio of U (¢)/ ¥, (¢) fluctuates over a large region[32, 35.1]
and does not converge, see Fig. 8(a). When G, is larger (e.g. G,/G,, = 10), the ratio of U(t)/V, () fluctuates within
a relative smaller region, but still cannot approach to a constant value [see Fig. 8(b)] because the influence of the
input field and the driving of the mechanical mode on the weakly driven optical mode compete with each other,
leading to the randomly varying rhythms of the strongly and weakly driven cavity modes. In the strong-coupling
regime, e.g. G/G, = 1, the phase of the weakly driven cavity mode is dominantly controlled by the chaotic
mechanical mode. This mechanical mode also acts on the strongly driven cavity mode simultaneously. In this
case, the resonance frequencies of both the weakly and strongly driven cavity modes are determined by the
motion of the mechanical mode, see Fig. 8(c). The phase ratio converges to a constant value after oscillating over
a transient period. These results show that phase synchronization can be realized in two chaotic optical
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Figure 8. Phase synchronization for setups A2 [(a-c)] and B2 [(d-f)]: Evolutions of the ratios for the phases of
the strongly [,(#)] and weakly [¥, ()] driven cavity modes. In setup A2, we fix other parameters and change the
coupling strengths to be: (a) G,/G,, = 100, (b) G,/G,, = 10,and (¢) G,/G,, = 1, where G, = 8/ %zpr and

g = 0.126 GHz. In setup B2, the spring coeﬂiaents are: (d) k/~, = 10 4 (@) k/vy, = 10 ,and B) ki, = 10°,
while g/2m = g, /2m = 0.126 GHz. The red line in each panel denotes the forecasting value G,/G,,. Here,

g /2m = 1.1 GH for setup A2 and ¢, /2w = 0.22 GHz for setup B2. All the other parameters are the same

asin Fig. 7.

oscillators, whereas their amplitudes are quite different. Moreover, the fixed value here is approximately equal to
the ratio of optomechanical strengths G,/G,, = 1 [red dashed line in Fig. 8(c)], consistent with our theoretical
analysis.

Phase synchronization in setup B2.  In setup B2 shown in Fig. 2(b), the strongly and weakly driven optomechan-
ical systems are coupled to each other with a rate k via the mechanical coupling between two mechanical oscilla-
tors. When k is strong enough, the setup B2 shares a similar dynamics with setup A2: the chaotic strongly driven
optomechanical component (on the left-hand side) dominantly controls the motion of the weakly driven optom-
echanical component (on the right-hand) to a chaotic state, and their temporal phase can be locked at a constant
value. As shown in Fig. 7, a typical chaotic attractor appears in the phase portrait [Fig. 7(d)] of the weakly driven
optomechanical system when coupled to the chaotic strongly driven one [Fig. 7(c)].

As mentioned above, in phase synchronization, the unwrapped phases of the two chaotic optical cavity modes
should be locked at the value G,/ G, , which refers to the coupling strength of the strongly driven optomechanical
part. To check the influence of k on phase synchronization, we set G/G,, = 1 and numerically calculate the tem-
poral phases U, (t) and W(t) for different mechanical-coupling strengths k [see Fig. 8(d-f)]. Here, U, (¢) [¥,(¢)] is
obtained from the optical signals Re[cv,, (¢)] (Re[a(¢)]) by Eq. (12) using the analytic signal processing method.

Similar to setup A2, the motion of the weakly driven optomechanical part is determined by two factors: (i) its
inherent oscillation and (ii) the driving of the strongly driven optomechanical resonator. For the latter factor, the
increase of the mechanical coupling coefficient k enhances the coupling strength between the strongly and weakly
driven components. When k is very small (k/~, = 10™*), see Fig. 8(d), the motion of the weakly driven optome-
chanical subsystem is separable from the strongly driven one. As a result, its motion is mainly determined by
itself. Thus, the phases of the two cavity modes in two parts are uncorrelated. The phase ratio U, (¢)/¥, (t) fluctuates
in the range from 32 to 35 as the evolution time increases. As k/~, increases to 102, the ratio W,(¢)/¥, (¢) oscillates
around (but cannot stay at) the value G,/G,, = 1as the evolution time progresses [see Fig. 8(e)]. In this case, the
phase of the weakly driven optomechanical system is mainly dependent on its own oscillation and the external
driving force. It can be seen in the inset of Fig. 8(e) that U, (¢)/¥, (¢) fluctuates in a much smaller range[11, 11.2],
compared to the case in Fig. 8(d). When k/~, = 10°, the motion of the weakly driven cavity mode is governed by
the strongly driven optomechanical system. It leads to a perfect phase locking, as shown in Fig. 8(f). Note that
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there still exists a small discrepancy between ¥(¢)/¥, (¢) and G,/G,,, mainly because the temporal phases of the
optical cavity modes are also effected by its own oscillation. This phase mismatch decreases as the mechanical
coupling coefficient k increases.

Comparison of setups A2 and B2. Both setups A2 and B2 can be described as a common configuration in
which the strongly driven optical mode dominates the motion of the weakly driven optical mode. To realize
phase synchronization, setup A2 requires strong optomechanical coupling and weak detuning (the so-called
strong-coupling small-detuning regime). Compared to setup A2, the setup B2 additionally requires a strong cou-
pling between the two mechanical resonators. Moreover, in this strong mechanical coupling regime, the mathe-
matic model of setup B2 is equivalent to that of setup A2.

Conclusions and discussions

We have studied both complete and phase synchronization of optical cavity modes mediated by mechanical res-
onators. It is found that the complete synchronization of two identical optical cavity modes in chaotic motion can
be obtained. We also showed the phase synchronization between two nonidentical optomechanical systems. In
both types of chaotic synchronization, the chaotic displacement of the mechanical resonators is dominantly gov-
erned by the strongly driven optical mode. The chaotic motion of the mechanical resonators subsequently pulls
the weakly driven optical cavity modes into chaotic motion. As a result, the phases of the strongly and weakly
driven cavity modes can be synchronized. We stress again that complete synchronization can be achieved when
the amplitude of the strongly driven cavity field is much larger than that of the weakly driven cavities:| | > ||
and|a,| > |a,| While phase synchronization requires more conditions: GX > A (G, x > A, ) andGX > 7,
(G,x > ~,). In this paper, the values of the strongly driven optomechanical resonators were based on the exper-
imental data given in ref.?’. The optomechanical models studied in this paper can be easily extended to a number
of N chaotic optical modes, supporting either complete synchronization or phase synchronization, or both. Our
work provides a method to observe chaotic synchronization in experimentally-accessible optomechanical sys-
tems. The setup of ref.?* can be used to experimentally implement our proposals. Future work can include the
analysis of the synchronization of two chaotic mechanical resonators in optomechanical setups.
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