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Cavity magnomechanics, exhibiting remarkable experimental tunability, rich magnonic nonlinearities, and compatibility with
various quantum systems, has witnessed considerable advances in recent years. However, the potential benefits of using cavity
magnomechanical (CMM) systems in further improving the performance of quantum-enhanced sensing for weak forces remain
largely unexplored. Here we show that, by squeezing the magnons, the performance of a quantum CMM sensor can be signif-
icantly enhanced beyond the standard quantum limit (SQL). We find that, for comparable parameters, two orders of magnitude
enhancement in the force sensitivity can be achieved in comparison with the case without magnon squeezing. Moreover, we obtain
the optimal parameter regimes of homodyne angle for minimizing the added quantum noise. Our findings provide a promising ap-
proach for highly tunable and compatible quantum force sensing using hybrid CMM devices, with potential applications ranging
from quantum precision measurements to quantum information processing.

quantum force sensing, cavity magnomechanics, magnon Kerr effect

PACS number(s): 42.50.Lc, 71.36.+c, 75.30.Ds, 42.50.Pq, 63.20.Ls

Citation: Q. Zhang, J. Wang, T.-X. Lu, R. Huang, F. Nori, and H. Jing, Quantum weak force sensing with squeezed magnomechanics, Sci. China-Phys. Mech.
Astron. 67, 100313 (2024), https://doi.org/10.1007/s11433-024-2432-9

1 Introduction

Hybrid cavity magnomechanical (CMM) systems [1-6] based
on collective spin excitations (i.e., magnons) in ferromag-
netic crystals (e.g., yttrium iron garnet YIG) exhibit re-
markable experimental tunability and compatibility [7-9], en-
abling strong and coherent interactions between magnons
and photons, phonons, as well as superconducting qubits.
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These have become a versatile platform for fundamental
studies with a wide range of applications, including elec-
tromagnetically induced transparency and absorption [10],
quantum entanglement [11-14], quantum control of a single
magnon [15], nonreciprocal magnon blockade [16], nonclas-
sical states [17-19], magnonic frequency comb [20], quantum
parametric amplification [21] and mechanical cooling [22].
In a very recent experiment [23], broken PT-symmetry was
achieved via Non-Hermiticity caused by on-site loss, gen-
erating complex-valued edge states. Particularly, the YIG
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sphere, which is rich in Kerr-type nonlinearity due to mag-
netocrystalline anisotropy [24], has emerged as a promising
new tool with extensive applications, such as quantum en-
tanglement [25-28], bi- and multi-stabilities [29-32], ground-
state cooling [33, 34], and nonreciprocal effects [35-37].

In parallel, quantum-enhanced sensing with the aid of
quantum entanglement or squeezing has been widely used
for the measurement of force [38-40], displacement [41],
electromagnetic fields [42-44], acceleration [45, 46], single
spin [47], mass [48, 49] due to their superior sensitivity to
external perturbations. Recently, by using entanglement-
enhanced joint force measurements with two optomechanical
sensors, the SQL was surpassed scaling for arrayed optome-
chanical sensors [50]. However, how to achieve sub-SQL
quantum force sensing by utilizing the unique advantages of
CMM systems has remained unexplored until now.

In this work, we propose to build a bridge between such
two active fields as quantum engineering of CMM systems
and quantum-enhanced sensing. We show that the perfor-
mance of a CMM sensor can be significantly enhanced draw-
ing support from the magnon squeezing. We show that by
tuning the magnon Kerr strength, the effects of backaction
noise can be mitigated [8], allowing for a considerable sup-
pression of quantum noise, two orders of magnitude less
noisy (that is, much more sensitive) than the SQL. Moreover,
we obtain the optimal parameter regimes of homodyne angle
for minimizing the added quantum noise. Our work is com-
patible with existing CMM techniques, and all parameters
used for numerical calculations are experimentally accessi-
ble [7, 10].

2 Quantum-enhanced force sensing by squeezing
magnons

In recent experiments, CMM devices with remarkable exper-
imental tunability have been utilized to achieve bi- and multi-
stability [30, 51], ternary logic gates and long-time mem-
ory [31], magnomechanically induced transparency and ab-
sorption [10], to name a few [31]. We also note that ad-
vanced techniques based on non-classical squeezed light re-
sources been developed to overcome the SQL for individual
sensors [50, 52, 53]. Note that the merits of the CMM sys-
tem in generating quantum squeezing have already been con-
firmed in experiments [18]. However, as far as we know,
the possibility of enhancing weak force sensing by utilizing
squeezed CMM system has not been explored.

Here we consider a hybrid CMM system, as sketched in
Figure 1(a). The strong coupling between microwave pho-
tons and magnons generated by a ferromagnetic YIG sphere
placed inside the cavity is achieved via the magnetic dipole

interaction, and can be adjusted by varying the position of the
YIG sphere inside the cavity [10]. The magnetostrictive force
couples magnons and phonons [4, 54-56]. The optomechan-
ical interaction is neglected given that the size of the YIG
sphere (0.1-1 mm) is much smaller than the wavelength of
the microwave field. In the frame rotating at the drive fre-
quency ωd, the Hamiltonian of the system can be described
as

H = ~∆ca†a + ~∆mm†m +
~

2
ωb

(
Q2 + P2

)
+ ~gmbm†mQ

+ ~gma

(
a†m + am†

)
+ Km†mm†m + i~Ω

(
m† − m

)
, (1)

where a (a†) and m (m†) represent the annihilation (cre-
ation) operator of the cavity mode (with frequency ωa)
and the magnon mode (with frequency ωm), respectively;
∆c(∆m) = ωa(ωm) − ωd denotes the detuning between the
cavity (magnon) mode and the driving magnetic field; Q
and P represent the dimensionless position and momentum
quadratures of the mechanical mode at the resonance fre-
quency ωb, satisfying the commutation relation [Q, P]= i;
gma and gmb represent the magnon-photon coupling strength
and the magnon-phonon coupling strength, respectively; K =
µ0Kanγ

2/(M2Vm) is the strength of the magnon Kerr effect
caused by the magnetocrystalline anisotropy, where µ0 is the
vacuum permeability; γ = 2π × 28 GHz/T is the gyromag-
netic ration; M is the saturation magnetization; Kan and Vm

are the first-order anisotropy constant and the volume of the
YIG sphere, respectively. Figure 1(b) shows K is inversely
proportional to the cube of the diameter D of the YIG sphere;
Ω =
√

5γ
√

NB0/4 represents strength of the drive magnetic
field directly pumping the YIG sphere, where B0 denotes the
amplitude of the drive field; N = ρVm denotes the total num-
ber of spins with ρ = 4.22 × 1027 m−3 is the spin density
of the YIG sphere. The YIG sphere is directly driven by a
microwave field, unlike the methods in refs. [7, 10], which
drive the cavity instead, exerting a weak influence on the
magnon subsystem, and thus making it challenging to ob-
serve the nonlinear effects [29]. Additionally, since we focus
only on the lowest order ferromagnetic resonance mode, and
the microwave drive field around the YIG is approximately
uniform [7], the impact of the direction or the location of the
drive field is neglected.

Note that the CMM system was already well-established
in experiments. For example, a strongly coupled cavity-
magnon system was utilized for realizing the bi- and multi-
stability [30, 51], and by selecting suitable input power, the
ternary logic gate and long-time memory were experimen-
tally demonstrated in a hybrid CMM system with the magnon
Kerr effect [31]. We also note that, by introducing quantum
squeezing or entanglement, an improved sensitivity in the
shot-noise-dominant regime was achieved [57], and by tun-
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Figure 1 (Color online) (a) Schematic of the hybrid CMM system. Magnon squeezing is achieved by a YIG sphere, which correlates the amplitude and phase
fluctuations of the magnon mode. The output light field is measured with a balanced homodyne detector. (b) The magnon Kerr strength K (log scale) is plotted
as a function of the diameter D of the YIG sphere [29]. As the diameter D decreases, the magnon Kerr strength K increases (i.e., K is inversely proportional to
D). (c) The frequency spectrum and linewidths of the system. The frequency of the drive field is blue detuned by ∆c from the cavity resonance frequency ωa,
and by ∆m from the magnon resonance frequency. The linewidths of the cavity mode and the magnon mode are κa and κm, respectively. (d) Schematic diagram
of the different interactions in a hybrid CMM system [4,10], wherein the magnons couple to photons through magnetic dipole interaction as well as to phonons
through magnetostrictive interaction [54]. The optomechanical interaction is neglected given that the size of the YIG sphere (0.1-1 mm) is much smaller than
the wavelength of the microwave field.

ing the pump phase of the optical parametric amplifier, con-
siderably suppressed quantum noise and thus giant enhance-
ment of force sensitivities were achieved [39]. Indeed, the
merits of the CMM system in generating quantum squeez-
ing have already confirmed in experiments [18], and now our
primary objective in this work is to investigate the impact of
magnon squeezing on quantum-enhanced weak force sens-
ing.

The quantum Langevin equations (valid when ωa, ωm ≫
gma, κa, κm) describing the system are given by

ȧ = −
[
i∆c +

κa
2

]
a − igmam +

√
κaain,

ṁ = −
[
i∆m +

κm
2

]
m − igmbmQ − igmaa

− 2iKm†mm + Ω +
√
κmmin,

Q̇ = ωbP, Ṗ = −ωbQ − gmbm†m − γbP + ξin,

(2)

where κa (ain), κm (min), and γb (ξin) are the dissipation rates
(input noise operators) of the cavity, magnon and mechanical

modes, respectively. The steady-state mean values are

ms =
Ω

(
i∆c +

κa
2

)(
i∆̃m +

κm
2

) (
i∆c +

κa
2

)
+ g2

ma

,

Qs = −
gmb

ωb
|ms|2 ,

(3)

where ∆̃m = ∆̄m + 2K |ms|2 is the effective detuning be-
tween the magnon mode and the driving field with ∆̄m =

∆m + gmbQs. The noise forces acting on the mechanical
membrane are ξin = ξth + ξex, where ξth and ξex are the
scaled thermal force and the detected force with dimension
Hz1/2, respectively. All noise operators have zero mean:
⟨ain⟩ = ⟨min⟩ = ⟨ξin⟩ = 0.

Considering a strong microwave drive field applied to
directly pump the YIG sphere, thus we can expand each
operator as the sum of its classical mean value and a
small quantum fluctuation [58], i.e., â = as + δâ, Q̂ =

Qs + δQ̂, and P̂ = Ps + δP̂, with ⟨δâ⟩ = ⟨δQ̂⟩ =
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⟨δP̂⟩ = 0. By defining the quadrature fluctuation opera-
tors δXa =

(
δa + δa†

)
/
√

2, δXm =
(
δm + δm†

)
/
√

2, δYa =(
δa − δa†

)
/
√

2i, δYm =
(
δm − δm†

)
/
√

2i with the associated
input noise operators (δXin

k , δY
in
k )(k = a,m) and correspond-

ing correlation functions⟨
δXin

a(m)[ω]δXin
a(m)[ω

′]
⟩
=

1
2
δ
(
ω + ω′

)
,⟨

δY in
a(m)[ω]δY in

a(m)[ω
′]
⟩
=

1
2
δ
(
ω + ω′

)
,⟨

δXin
a(m)[ω]δY in

a(m)[ω
′]
⟩
=

i
2
δ
(
ω + ω′

)
,⟨

δY in
a(m)[ω]δXin

a(m)[ω
′]
⟩
= − i

2
δ
(
ω + ω′

)
,⟨

δξth[ω]δξth[ω′]
⟩
= n̄T

mδ(ω + ω
′),

(4)

where n̄T
m ≈ ~ωm/kBT , kB is Boltzmann’s constant, and

T is the bath temperature. Then the linearized quantum
Langevin equations describing the quadrature fluctuations
(δXa, δYa, δXm, δYm, δQ, δP) are given by

δẊa = −
κa
2
δXa + ∆cδYa + gmaδYm +

√
κaδXin

a ,

δẎa = −∆cδXa −
κm
2
δYa − gmaδXm +

√
κaδY in

a ,

δẊm = −
κm
2
δXm + ∆̃mδYm + gmaδYa −GδQ +

√
κmδXin

m ,

δẎm = −∆̃mδXm −
κm
2
δYm − gmaδXa +

√
κmδY in

m ,

δQ̇ = ωmδP, δṖ = GδYm − ωmδQ − γbδP + ξin.

(5)

The effective magnomechanical coupling strength, G =

i
√

2gmbms, can be adjusted by varying the strength of the
drive field, Ω, which in turn modulates the magnomechanical
cooperativity, C = G2/(κmγb). We also note that by chang-
ing the position of the loop antenna above the YIG sphere,
the dissipation of the magnon mode (and consequently the
magnomechanical cooperativity, C) is controlled [59].

We use a flow chart to depict the flow of backaction
noise, as shown in Figure 2. For a conventional CMM sys-
tem, magnons impart a radiation-pressure-like force on the
phonons due to magnetostrictive interaction, introducing the
magnomechanical backaction noise (Channel 1, red arrows
in Figure 2). In the presence of the magnon Kerr effect, a
direct coupling between magnon quadratures emerges, intro-
ducing a magnon-induced backaction noise path (Channel 2,
blue arrow) [8]. As Figure 2 shows, the destructive inter-
ference between the two channels suppresses the backaction
noise of the CMM sensor and thus enhances the sensitivity
of the force sensing.

In practice, one often measures the field that escapes from
the cavity to extract information about the intracavity field,
because directly measuring the intracavity field is typically
challenging. Thus, with the help of the input-output relation

Phonon Magnon

Channel 1：

Channel 2： 

Figure 2 (Color online) Flow chart of dynamical backaction noise. Chan-
nel 1 (red arrows) represents the original magnomechanical backaction noise
due to magnetostrictive interaction. Another path (blue arrow) can be in-
troduced by utilizing the magnon Kerr effect. The destructive interference
between Channel 1 and Channel 2 can reduce the impacts of the backaction
noise and thus enhance the sensitivity of the force sensing.

Table 1 Experimentally accessible parameters

Parameter Symbol Value

Cavity mode frequency ωa 2π × 10 GHz

Mechanical frequency ωb 2π × 10 MHz

Cavity dissipation rate κa 2π × 2 MHz

Magnon dissipation rate κm 2π × 2 MHz

Mechanical damping rate γb 2π × 102 Hz

Amplitude of the magnetic field B0 3.9 × 10−5 T

δaout =
√
κaδa − δain, one can read out the frequency-

dependent force noise via homodyne detection. The output
field is mixed with a reference field (i.e., a local oscillator
with phase ϕ) at a 50:50 beam splitter. Then the measured
quadrature is given by:

δXout
ϕ,a [ω] = δXout

a [ω] cos ϕ + δYout
a [ω] sin ϕ. (6)

The spectrum of the output field thus consists of ampli-
tude or phase vacuum noise, thermal occupations, and quan-
tum correlations (see Appendix for more details on defini-
tions and calculations)

S̄ II[ω] =
1
2

⟨{
δXout
ϕ,a [ω], δXout

ϕ,a [−ω]
}⟩

= Rϕm (n̄m + n̄add[ω]) , (7)

where Rϕm is the mechanical response of our CMM sensor to
the detected external force.

Here, the added noise n̄add includes both imprecision noise
and quantum backaction noise, contributing to the total force
noise spectrum, which is essential for quantifying the sensi-
tivity of the force measurement

S̄ FF[ω] = 2~meffκmωb(n̄T
m + n̄add[ω]). (8)
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In the following, we subtract the contributions of thermal
noise to reveal the influence of the magnon squeezing on the
quantum noise and the performance of the CMM sensor.

Quantum squeezing is known to be capable of increas-
ing the sensitivity of quantum sensors [12, 50, 57, 60-64]. In
a CMM system, magnon quadratures can be indirectly cor-
related through the mechanical mode via the magnetostric-
tive interaction [54], resulting in a quadrature squeezing
of the phonon [55, 56, 65, 66] and the magnon mode [18].
The magnon squeezing can also be achieved by utilizing
the magnon Kerr nonlinearity. As detailed in ref. [18], the
squeezing of the magnon mode can be transferred to the mi-
crowave cavity field [67-70], and the squeezing can be ob-
served in the cavity output field via a homodyne detection.
With identical parameters, the added noise is limited by the
SQL for the non-squeezing case, while it can be suppressed
below the SQL by tuning the magnon Kerr strength K.

As shown in Figure 3(a), the scaled added noise n̄add/n̄
SQL
add

is plotted for magnomechanical cooperativity C, with differ-
ent magnon Kerr strength K. For K = 0 (i.e., in the absence
of the magnon Kerr effect), there is always n̄add/n̄

SQL
add > 1,

in sharp contrast to the situation when K > 0, for which
n̄add/n̄

SQL
add first decreases below 1 (i.e., beating the SQL, the

best sensitivity existing in the absence of quantum correla-
tions, represented by the gray line in the Figure 3(a)) with
C/CSQL, and then increases with increasing C/CSQL after
reaching a minimum value. For K/2π = 1.2 nHz, the added
quantum noise can be suppressed by up to two orders of mag-
nitude below the SQL, and thus significantly enhancing the
force sensing.

To determine the parameters corresponding to the mini-
mum noise, we plot n̄add/n̄

SQL
add as a function of the magnome-

chanical cooperativity C and magnon Kerr strength K, or
the magnon-phonon coupling strength gmb and the magnon-

Figure 3 (Color online) (a) Weak force measurement below the standard quantum limit. Added noise (log scale) is plotted as a function of the cooperativity
C/CSQL with different magnon Kerr strengths K for the standard phase detection. The gray solid line corresponds to the SQL. The magnon-photon coupling
strength gma/2π = 3.2 MHz, and magnomechanical coupling strength gmb/2π = 0.2 Hz. (b) Quantum noise below the SQL, with suitable magnon Kerr
strength K and magnomechanical cooperativity C/CSQL. (c) The scaled added noise n̄add/n̄

SQL
add versus the magnomechanical coupling strength gmb and the

magnon-photon coupling strength gma. (d) Added noise n̄add/n̄
SQL
add versus the homodyne angle ϕ, when K/2π = 0.6, 1.2 and 6.4 nHz. (e) Density plot of the

scaled added noise as a function of the cooperativity C/CSQL and the homodyne angle ϕ. The parameters used for our numerical calculations are experimentally
accessible and stable (see Table 1).
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photon coupling strength gma in Figure 3(b) and (c). We
find that the minimum added noise occurs for C/CSQL = 2,
K/2π = 1.2 nHz, gmb/2π = 0.2 Hz, and gma/2π = 3.2
MHz. Moreover, the two orders of magnitude improve-
ment in sensitivity, compared to the result in the absence of
magnon squeezing, as depicted in Figure 3(a), can be further
enhanced by optimizing the homodyne detection (see Fig-
ure 3(d) and (e)). Physically, these phenomena can be un-
derstood by the generation of magnon squeezing, which can
be facilitated by the destructive interference between the two
channels of the backaction noise (see the discussion of Fig-
ure 2).

3 Conclusion and outlook

A distinct feature of our system lies in its intrinsic Kerr-type
nonlinearities, which induce the magnon squeezing, thereby
enhancing quantum force sensing, ground-state cooling, and
quantum entanglement. Besides, the CMM systems exhibit
remarkable experimental tunability compared to the COM
systems, as the magnon frequency can be conveniently ad-
justed by the bias magnetic field. Furthermore, the ability
to preserve good quantum coherence even at room tempera-
ture also provides an excellent opportunity to study coherent
information processing [7, 30, 71], explore nonlinear proper-
ties of the CMM systems [24, 29-31], and take advantage of
its broad compatibility with various quantum systems [4,10],
making it possible to further study coherent interactions be-
tween different systems.

In summary, we study the impact of quantum squeezing
induced by the quantum correlations between the magnon
quadratures on quantum-enhanced weak force sensing. We
show that the performance of the CMM sensors can be signif-
icantly enhanced with considerably suppressed added quan-
tum noise, achieving two orders of magnitude less noisy (that
is, much more sensitive) than the SQL. Furthermore, we also
show the impact of the homodyne angle, magnon-phonon
coupling strength and magnon-photon coupling strength on
the sensitivity of our CMM system. Our work not only re-
veals the significant impact of the magnon squeezing in the
realm of quantum precision measurements, but also confirms
that compact CMM systems can serve as powerful new tools
for quantum sensing. Moreover, our results may potentially
lead to the use of CMM systems in phonon laser to EP-
enhanced quantum sensing [72-75]. We expect that such
tools can play unique roles in applications involving mag-
netic signals such as seismics, geomagnetically-matching
navigation, and biomedical diagnosis.
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Appendix

A1 Derivation of the added quantum noise

The output fluctuations in the amplitude and phase quadra-
tures of the cavity and magnon modes to be measured in the
Fourier domain can be derived from
δXout
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δXout
m
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=
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Aa Ba Ca Da Ea

Fa Ga Ha Ia Ja

Am Bm Cm Dm Em

Fm Gm Hm Im Jm


×

(
δXin

a δY
in
a δX

in
m δY

in
m δξ

in
)T
, (a1)

where

Aa =
√
κaA1 − 1, Fa =

√
κaA3,

Ba =
√
κaB1, Ga =

√
κaB3 − 1,

Ca =
√
κaC1, Ha =

√
κaC3,

Da =
√
κaD1, Ia =

√
κaD3,

Ea =
√
κaE1, Ja =

√
κaE3,

(a2)

Am =
√
κmA2, Fm =

√
κmA4,

Bm =
√
κmB2, Gm =

√
κmB4,

Cm =
√
κmC2 − 1, Hm =

√
κmC4,

Dm =
√
κmD2, Im =

√
κmD4 − 1,

Em =
√
κmE2, Jm =

√
κmE4,

(a3)

A1 =
E+B− + C+A−
A+A− − B+B−

+ µ

(
A−H+ + B−H−
A+A− − B+B−

)
,

B1 =
F−B− +D+A−
A+A− − B+B−

+ σ

(
A−H+ + B−H−
A+A− − B+B−

)
,

C1 =
E−A− + C−B−
A+A− − B+B−

+ ρ

(
A−H+ + B−H−
A+A− − B+B−

)
,

D1 =
F+A− +D−B−
A+A− − B+B−

+ ν

(
A−H+ + B−H−
A+A− − B+B−

)
,

(a4)

A2 =
E+A+ + C+B+
A+A− − B+B−

+ µ

(
A+H− + B+H+
A+A− − B+B−

)
,

B2 =
F−A+ +D+B+
A+A− − B+B−

+ σ

(
A+H− + B+H+
A+A− − B+B−

)
,

C2 =
E−B+ + C−A+
A+A− − B+B−

+ ρ

(
A+H− + B+H+
A+A− − B+B−

)
,

D2 =
F+B+ +D−A+
A+A− − B+B−

+ ν

(
A+H− + B+H+
A+A− − B+B−

)
,

(a5)

A3 = ∆aΛ1A1 − Λ2A3 +
√

2Qaµ −
√
κa∆aχ

2
0χ1χ,

B3 = ∆aΛ1B1 − Λ2B3 +
√

2Qaσ +
√
κaχ0χ1χ,

C3 = ∆aΛ1C1 − Λ2C3 +
√

2Qaρ +
√
κm∆a∆̃mgmaχ

4
0χ

2
1χ,

D3 = ∆aΛ1D1 − Λ2D3 +
√

2Qaν −
√
κm∆agmaχ

3
0χ

2
1χ,

A4 = ∆̃mΛ1A3 − Λ2A1 +
√

2Qmµ +
√
κa∆a∆̃mgmaχ

4
0χ

2
1χ,

B4 = ∆̃mΛ1B3 − Λ2B1 +
√

2Qmσ −
√
κa∆̃mgmaχ

3
0χ

2
1χ,

C4 = ∆̃mΛ1C3 − Λ2C1 +
√

2Qmρ −
√
κa∆̃mχ

2
0χ1χ,

D4 = ∆̃mΛ1D3 − Λ2D1 +
√

2Qmν +
√
κaχ0χ1χ,

(a6)

with

χ0 =

(
−iω +

γ

2

)−1
,

χm = ωm

(
ω2

m − ω2 − iωΓM

)−1
,

χ1 =
(
1 + ∆2

aχ
2
0

)−1
,

Λ1 = g2
maχ

3
0χ

2
1χ,

χ2 = (1 −Gmχmη)−1 ,

Λ2 = gmaχ0χ1χ,

χ3 =
(
1 − ∆a∆̃mg2

maχ
4
0χ

2
1

)−1
,

(a7)

η =∆̃mg2
maχ

3
0χ

2
1χ

(
a1qm + a2qa

a1m1 − a2m2

)
− gmaχ0χ1χ

(
m1qa + m2qm

a1m1 − a2m2

)
+
√

2Qm,

µ =G∆̃mΛχmχ2

(
E+A+ + C+B+
A+A− − B+B−

)
−GΛ2χmχ2

(
E+B− + C+A−
A+A− − B+B−

)
+
√
κaG∆a∆̃mgmaχ

4
0χ

2
1χχmχ2,

σ =G∆̃mΛχmχ2

(
F−A+ +D+B+
A+A− − B+B−

)
−GΛ2χmχ2

(
F−B− +D+A−
A+A− − B+B−

)
− √κaG∆̃mgmaχ

3
0χ

2
1χχmχ2,

ρ =G∆̃mΛχmχ2

(
E−B+ + C−A+
A+A− − B+B−

)
−GΛ2χmχ2

(
E−A− + C−B−
A+A− − B+B−

)
− √κmG∆̃mχ

2
0χ1χχmχ2,

ν =G∆̃mΛχmχ2

(
F+B+ +D−A+
A+A− − B+B−

)
−GΛ2χmχ2

(
F+A− +D−B−
A+A− − B+B−

)
+
√
κmGχ0χ1χχmχ2,

(a8)



Q. Zhang, et al. Sci. China-Phys. Mech. Astron. October (2024) Vol. 67 No. 10 100313-9

where

A± = 1 − ∆2
±g2

maχ
4
0χ

2
1χ + g2

maχ
2
0χ1χ,

B± = ∆±g3
maχ

4
0χ

2
1χ − ∆∓gmaχ

2
0χ1χ,
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maχ
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0χ

2
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√
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2
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0χ1χ,
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0χ1χ −

√
κa∆∓g2

maχ
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0χ

2
1χ,
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0χ

2
1χ −

√
κa∆±gmaχ

3
0χ1χ,
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√
κagmaχ

2
0χ1χ −

√
κa∆

2
±gmaχ

4
0χ

2
1χ,

G± = ∆±gmagmbmsχ
3
0χ

2
1χ,

H± =
√

2Q±∆±χ0 +
√

2Q∓gmaχ0.

(a9)

We measure the force noise by homodyne detection, in
which the photocurrent I is proportional to the rotated field
quadrature

δXout
ϕ,a [ω] = δXout

a [ω] cos ϕ + δYout
a [ω] sin ϕ. (a10)

In the Fourier domain, the quadratures of the output fields are
given by

S̄ II[ω] =
1
2

⟨{
δXout
ϕ,a [ω], δXout

ϕ,a [−Ω]
}⟩

= Rϕm (n̄m + n̄add[ω]) , (a11)

where the mechanical response of the system to the detected
force signal is derived as

Rϕm = E2
a cos2 ϕ +J2

a sin2 ϕ + EaJa sin (2ϕ) , (a12)

and the added noise consisting of the imprecision noise and
backaction noise is

n̄add =
1
2

(A2
a + B2

a + C2
a +D2

a + iAaCa + iBaDa

E2
a cos2 ϕ +J2

a sin2 ϕ + EaJa sin(2ϕ)

)
cos2 ϕ

+
1
2

(F 2
a + G2

a +H2
a + I2

a + iFaHa + iGaIa

E2
a cos2 ϕ +J2

a sin2 ϕ + EaJa sin(2ϕ)

)
sin2 ϕ

+
1
4

(
AaFa + BaGa + CaHa +DaIa

E2
a cos2 ϕ +J2

a sin2 ϕ + EaJa sin(2ϕ)

)
sin(2ϕ).

(a13)

The sensitivity of the force measurement is typically char-
acterized by the noise power spectral density (PSD)

S̄ FF[ω] = 2~meffγbωb(n̄T
m + n̄add). (a14)

In Figure a1, similar features as in Figure 3(a) arise, noise
suppressions and thus giant enhancement of the force sen-
sitivities was achieved. Figure a1 shows that the PSD of the
homodyne measurements shares the same dependency on the
magnon Kerr strength K as the added quantum noise. Specif-
ically, the PSD decreases as K increases, until reaching a
minimum value and then increases, which is in agreement
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Figure a1 (Color online) Noise power spectral density (PSD) of homo-
dyne measurements versus (a) the homodyne angle ϕ (b) the temperature
when K/2π = 0.6, 1.2, 6.4 nHz. The parameters are the same as those in
Figure 3.

with the performance of the added quantum noise shown in
Figure 3.

A2 Stability analysis

Finally, we analyze the stability properties of the CMM sys-
tem by applying the Routh-Hurwitz criterion.

The characteristic equation of |C − λI| = 0 can be reduced
to:

a0λ
6 + a1λ

5 + a2λ
4 + a3λ

3 + a4λ
2 + a5λ

1 + a6 = 0, (a15)

where a0 = 1, a1 = 2κa + γb and
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a6 = − 2∆cg2
ma∆̃mω

2
b +
κa∆

2
cgmbGmsωb√

2
+

1
4
κ2a

+ ∆2
c∆̃

2
mω

2
b +
κmg2

magmbGmsωb√
2

+
1
2
κ2ag2

maω
2
b

+ g4
maω

2
b +
κ3mgmbGmsωb

4
√

2
+

1
4
κ2m∆̃

2
mω

2
b.

By applying the criterion to the coefficient matrix C, we
obtain the stability criterion of the system, defined by the in-
equalities

∆n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a0 0
... 0

a3 a2 a1
... 0

a5 a4 a3
... 0

· · · . . . . . . . . . . . .

0 0 0
... an

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
> 0, (a16)

where n = 1-6. The stable and unstable parameter regimes
are shown in Figure a2, and the parameters chosen in this
paperwork are confirmed to be within the stable region.
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Figure a2 (Color online) The stable and unstable regions can be tuned
by altering the magnon Kerr strength or the magnomechanical cooperativity,
The parameters are the same as those in Figure 3.
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