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In physics, it is crucial to identify operational measurement procedures to
give physical meaning to abstract quantities. There has been significant effort
to define time operationally using quantum systems, but the same has not been
achieved for space. Developing an operational procedure to obtain information
about the location of a quantum system is particularly important for a theory
combining general relativity and quantum theory, which cannot rest on the
classical notion of spacetime.

Here, we take a first step towards this goal, and introduce a model to
describe an extended material quantum system working as a position measure-
ment device. Such a “quantum ruler” is composed ofN harmonically interacting
dipoles and serves as a (quantum) reference system for the position of another
quantum system.

We show that we can define a quantum measurement procedure correspond-
ing to the “superposition of positions”, and that by performing this measure-
ment we can distinguish when the quantum system is in a coherent or incoherent
superposition in the position basis. The model is fully relational, because the
only meaningful variables are the relative positions between the ruler and the
system, and the measurement is expressed in terms of an interaction between
the measurement device and the measured system.
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1 Introduction
In physics, operational measurement procedures give physical meaning to observable quan-
tities in terms of laboratory operations. Such procedures require concrete models of mea-
surement devices, and a realistic description of interactions between the device and the
measured system. The definition of such procedures is important not only for practical
purposes, but also from a fundamental perspective: in experimentally unexplored regimes
of physics the correspondence between abstract observables and physically meaningful
quantities can be ambiguous. For instance, in special-relativistic quantum physics this is
the case for the relativistic spin operator [1, 2]. More strikingly, at the interface between
quantum theory and gravity basic notions such as time, space, and causality cannot be kept
unchanged. Hence, it is crucial to develop methods to characterise physically meaningful
quantities via procedures that can then be employed in more general scenarios than those
currently tested experimentally.

An operational definition of time can be obtained using quantum clocks. In quantum
information, quantum clocks have been studied, e.g., in relation to thermodynamics [3]
and to the possibility of measuring time more accurately than with classical clocks [4]. In
gravity, quantum clocks constitute a promising tool to investigate the properties of physics
at the interface between quantum theory and gravity [5–9].

Despite the attention that operational procedures to measure time have received, not
much is known about analogous procedures to measure spatial positions. To overcome
idealised position measurements, in which the reading in the laboratory frame corresponds
to our standard notion of distance, we need a concrete model of a “quantum ruler”, namely
a quantum system that provides us with information on the position of another quantum
system, i.e. the measured system.

Here, we introduce such a quantum ruler (Fig. 1). A quantum ruler has been previously
considered in Refs. [10, 11] in a different context and with different goals to the one we have
here. To make our quantum formulation amenable to a general relativistic description, the
ruler should be an extended quantum system, which serves as the reference system for the
measurement of positions. Considering the ruler as a physical system allows us to define
local observables that are also background independent. In the quantum gravity literature,
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Figure 1: Intuitive illustration of the functioning of the quantum ruler. We introduce a relational
position measurement scheme for systems in a spatial quantum superposition, which does not depend
on any abstract or absolute quantity and is solely expressed in terms of relations between two physical
systems. Central to the idea is to develop a concrete model of a quantum ruler which interacts (red
arrows) with a quantum system initially prepared in a quantum superposition state of two different
locations. The ruler is distorted (red spots) as a result of the interaction with the system. We show
that after the measurement, which involves both the ruler and the quantum system, the coherence of
the quantum superposition (the interference pattern) can be preserved.

the expectation that a theory of quantum gravity should be background independent has
been related to the necessity of considering extended material reference frames [12–15], such
as an elastic medium. Physically, this means that the observables (intended in a broad
sense as measurable quantities) should be relational. Hence, they should be expressed in
terms of the interaction between two physical systems and not rely on any background or
absolute structure [16–19].

Our quantum ruler is composed of N identical electric dipoles, which are coupled with
a harmonic potential to their neighbouring ones, forming a one-dimensional “mass-spring
chain”. The measured system is an ion, which can be initially prepared in a localised state,
in a mixed state of two positions, or in a pure quantum superposition state in the position
basis.

While the considered setup is to be viewed as a simplified model of a more realistic,
three-dimensional extended material ruler, one-dimensional trapped ion [20, 21] and dipole
atom chain [22] systems with phononic modes have been considered in the lab for quantum
information processing applications. Our motivation for considering a dipole rather than
an ion chain model, is to have a more local interaction between the ion system and ruler.

We show that the ion system-dipole atom ruler can be approximated using the Hamil-
tonian of a multi-mode optomechanical system with N − 1 mechanical oscillators, allowing
exact solutions for the resulting ion-ruler quantum dynamics [23]. When considering a
large number of dipoles (N ≫ 1), the ruler behaves as an oscillator “bath” environment for
the ion system. Thus, if we restrict ourselves to measurements of the ion system only, the
ion’s state will decohere [24] in the position basis.

Our goal is to construct a measurement scheme to obtain information about the position
of the ion without losing the coherence of the quantum state. This measurement is more
general than the usual position measurements, in that it measures the system in a “quantum
superposition of positions”. Crucially, this procedure is expressed solely in terms of relative
quantities, and the results do not depend on the state nor on the dynamics of the centre

Accepted in Quantum 2024-03-25, click title to verify. Published under CC-BY 4.0. 3



of mass degree of freedom of the ruler.
The generalisation of such a measurement encounters nontrivial challenges, which are

due to the complexity of the quantum ruler as a one-dimensional many-body system. In
particular, we want to reduce all possible decoherence effects on the state of the ion. We
show that an appropriate choice of parameters of the ruler and measurement procedures
ensures that measurements via the quantum ruler can distinguish a pure quantum super-
position state of the ion from an incoherent mixture. We also comment on how future
work could develop and enrich the measurement scheme we introduce here.

The paper is organised as follows. In Section 2 we introduce a relational toy-model
of N non-relativistic particles, which captures the main conceptual features of the ruler,
but is technically much simpler. In Section 3 we develop a method to construct relational
position measurements. In Section 4 we introduce the quantum ruler, and in Section 5 we
illustrate the measurement procedure involving the quantum ruler and the ion.

2 A relational toy model with classical particles
We consider N non-relativistic particles with mass mα and coordinates qα, with α =
1, · · · , N . The dynamics is governed by the Lagrangian

L =
N∑

α=1

mα

2 q̇2
α −

N−1∑
α=1

Vα(qα+1 − qα) − 1
2M

(∑
α

mαq̇α

)2

, (1)

where M =
∑

αmα is the total mass, the first term is the kinetic energy of the N particles,
and the second term is an interacting potential between two neighbouring particles, which
scales with the relative distance between the particles (qα+1 − qα). The last term rescales
the total energy by subtracting the energy of the centre of mass. Equivalently, this term
makes the system fully translationally invariant, so that the relative velocities between two
particles are the only meaningful quantities. The kinetic term can be cast as [25]

T =
N∑

α=1

mα

2 q̇2
α − 1

2M

(∑
α

mαq̇α

)2

=
N∑

α=1

mα

2 (q̇α − q̇CM )2 , (2)

where qCM =
∑

α
mα
M qα. We now make a coordinate transformation to the centre of mass

coordinates and the relative coordinates of the N particles to the centre of mass:

xCM = qCM =
∑

α

mα

M
qα, xα = qα − qCM , (3)

with α = 1, · · · , N . Notice that in this step we have introduced a redundant coordinate,
which we will eliminate later using the identity

∑N
α=1mαxα = 0. The Lagrangian can then

be expressed in this set of coordinates as

L =
N∑

α=1

mα

2 ẋ2
α −

N−1∑
α=1

Vα(xα+1 − xα). (4)

The canonical momenta are

πα = ∂L
∂ẋα

= mαẋα, πCM = ∂L
∂ẋCM

= 0. (5)
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The Hamiltonian corresponding to the Lagrangian of the system is then

H =
∑

α

π2
α

2mα
+

N−1∑
α=1

Vα(xα+1 − xα) + µC, (6)

where µ is a Lagrange multiplier and C = πCM is a constraint coming from the equations
of motion, i.e. C ≈ 01. This constraint is trivially satisfied, as the Hamiltonian does not
depend on it. Finally, we need to impose the identity

∑N
α=1mαxα = 0. This can be

easily done by eliminating one of the particles from the description. For instance, we can
choose to remove particle 1 and write x1 = −

∑N
α=2

mα
m1
xα. Notice that this condition

should not be treated as a dynamical constraint, because it is an artefact of our coordinate
transformation. Hence, it holds in general, and not only on the space of solutions of the
equations of motion, and can be simultaneously implemented with C ≈ 0.

3 Position measurements with a material reference frame
It is generally believed that diffeomorphism invariance is not compatible with the possi-
bility of defining meaningful local measurements. However, this problem is solved when
one abandons the abstract notion of a coordinate system and considers material reference
frames, namely reference frames associated to physical (matter) systems. In this case, a
measurable quantity O is not evaluated at an abstract point of a manifold M, i.e.O(x),
with x ∈ M, but should be considered as an “event” arising from the interaction between
two physical systems. As a consequence, when a diffeomorphism transformation is per-
formed, both the material reference frame and the observed system are transformed, and
diffeomorphism invariance is preserved.

In quantum theory, it is possible to construct local observables as quantum operators
that are invariant under a gauge (diffeomorphism) transformation. In quantum gravity,
relational observables have been defined as Dirac observables by employing an extended,
material coordinate system [12, 26–31].

Usually, a position measurement is defined by choosing an abstract coordinate system
labelled by x and measuring an observable ÔS acting on a system S. If ÔS is the position
operator, then the measurement returns outputs some classical value x∗, which is the
position of the system on the abstract coordinate system. This procedure is represented
as a set of projective operators: for each possible value x∗ of the position measurement,
there is a corresponding projective measurement operator

ÔS(x∗) → Π̂x∗ = |x∗⟩S ⟨x∗| . (7)

If we change the coordinate system, this local measurement is not diffeormorphism in-
variant, because each value x∗ is transformed by the diffeormorphism transformation. In
a relational picture, all positions are instead the relative distance between two physi-
cal systems, one of which, r, serves as the reference system. In our case, r is a ruler,
described as an extended quantum system on a lattice, where the N lattice sites are la-
belled as i = 1, · · · , N . The ruler r interacts with the system S via the unitary operator
USr = e−iϵĜSr , where ĜSr denotes the system-ruler interaction Hamiltonian, and ϵ rep-
resents the interaction strength. The effect of this interaction is to entangle the system
of the ruler and system. With this procedure, the position measurement becomes a joint

1The symbol ≈ denotes a “weak equality”, namely an equality that holds on the constraint surface.
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measurement of the system and the ruler, denoted as ÔSr:

ÔSr(si) → Π̂i ⊗ |si⟩r ⟨si| , (8)

where i labels the site of the ruler, and not an abstract coordinate system. Notice that the
ruler is constructed to be invariant under global translations, so that it does not matter2

where the quantum system is relative to the ruler.
Our goal here is to construct a measurement corresponding to the “quantum superpo-

sition of positions”. A minimal requirement that we impose is that such a measurement
is a Positive Operator Valued Measure (POVM). If we were to use an abstract coordinate
system, the most natural choice for a POVM would be to divide the spatial extension of
the laboratory into N slots of length ∆m. Calling R = ∆m the resolution of the measure-
ment apparatus, it is then possible to check in which slot the system is found3. However,
this procedure is suitable to measure the system in a well-defined position, but cannot
measure the system in a quantum superposition of positions, because no set of POVM
corresponding to the quantum superposition of positions can be defined on the single sys-
tem S. However, this can be achieved by including the ruler in the picture and defining
a measurement acting on both the system S and the ruler r as in Eq. (8). This allows
us at once to i) consider more general position measurements corresponding to projective
measurements, and ii) establish a relational, local picture in which position measurements
can be performed.

We here outline an intuitive description of this procedure by providing a simplified
model of the ruler. Key to this procedure is the existence of a suitable interaction between
the ruler and the system which gives rise to an entangled state of S and r. We give the
explicit form of the interaction in Section 4 and of the measurement in Section 5 for the
actual quantum ruler.

In this idealised description of the quantum ruler, each site m is a two-level system,
where the state |0⟩rm

corresponds to the ruler not being distorted and the state |1⟩rm

corresponds to the ruler being distorted by the interaction with the quantum system S. A
general state of the ruler is then

|Ψ⟩r =
∑

s1,s2,··· ,sN =0,1
cs1s2···sN |s1⟩r1

|s2⟩r2
· · · |sN ⟩rN

. (9)

In an ideal scenario where the system is localized near ruler site j, a distortion occurs at
the ruler site j. As we explain in Section IV, this is not realistic for the actual quantum
ruler, which responds to the interaction with the system in a non-local way. We define
the state in which one site is distorted as |0⟩r1

|0⟩r2
· · · |1⟩rj

· · · |0⟩rN
= |j = 1⟩r. The new

single-position measurement is an operator on the Hilbert space of the ruler and of the
quantum system, namely

Mj = |ψj⟩S ⟨ψj | ⊗ |j = 1⟩r ⟨j = 1| , (10)

where |ψj⟩S is a normalised state on the Hilbert space of the quantum system centred at
the jth site and roughly constant in the corresponding slot, and having typical width σ
which is at least of the order of the measurement apparatus resolution R. For instance,

2A subtlety is to make sure that the measurement is not affected by boundary size effects, meaning
that the system S should be distant from the edges of the ruler. We discuss this point in Section 4.

3A similar strategy was used in Refs. [32, 33], for finite-dimensional systems, to define the classical limit
of a quantum theory.
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they could be coherent states with very large σ. Notice that, in the case of an ideal ruler,
we do not need the states |ψj⟩S to be orthogonal for different values of j, because the
measurement acting on the dipoles of the ruler ensures that MjMk = Mjδj,k. However,
the states |ψj⟩S must form a basis of the Hilbert space of the system S. In addition, we also
obtain the completeness condition

∑
mMm +

∑
m̄Mm̄ = 1lab, where the first term includes

the measurements that are physically relevant for us (for instance, those corresponding
to the slot where the system is) and m̄ labels the complementary set. Here, 1lab is the
identity operator on the Hilbert space of the system and ruler restricted to the laboratory,
where the laboratory might comprise the edge of the ruler or other delineated boundaries.

This construction can be extended to measure the system S that is prepared in a
quantum superposition of different sites. In this work, we are particularly interested in
determining whether the system exists in a superposition involving two distinct sites. Sup-
pose that based on prior knowledge, we learn that the system is restricted to two specific
sites, denoted as j and k. However, the coherence of the system over the two sites remains
uncertain. In such a scenario, the measurement to define the coherence can be described
as

M± = 1
2
[
|ψj⟩S |j = 1⟩r ± |ψk⟩S |k = 1⟩r

] [
S ⟨ψj |r ⟨j = 1| ± S ⟨ψk|r ⟨k = 1|

]
. (11)

It is then easy to check that the set of measurements M̃N
i=1 =

{
M+,M−, {Mi}i ̸=j,k

}
satisfies

the same relations M̃lM̃m = M̃lδl,m and
∑

m M̃m +
∑

m̄ M̃m̄ = 1lab. In what follows, we
consider a regime in which the interaction strength ϵ between the ruler and the system is
small. In this case, the measurement is analogous to a “weak” measurement as defined,
e.g., in Ref. [34].

4 A material quantum ruler as an extended reference frame
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Figure 2: Schema of the one-dimensional quantum ruler model. The ruler is composed of N (odd)
electric dipoles that are coupled via harmonic nearest-neighbour interactions (represented by the
springs). The dipoles also interact electrostatically with an ion with charge −qI , whose state is in a
quantum superposition in the position basis, restricted to a parallel axis a distance w from the ruler,
and assumed to be far away from the edges of the ruler. The ion induces displacements of the ruler
dipoles, from which the position of the ion relative to the ruler can be determined.
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We introduce a relational model, illustrated in Fig. 2, consisting of a one-dimensional
quantum ruler r interacting with a quantum system I. The ruler is composed of N identical
dipoles of mass mr (with N odd, so that a dipole is situated at the geometric midpoint
of the ruler in classical static equilibrium), which are coupled via a harmonic nearest-
neighbour interaction (indicated by the springs connecting the dipoles in the figure) with
effective spring constant kr and classical, static equilibrium separation ar. The quantum
system is located at a fixed, vertical distance w from the ruler, but otherwise free to move
parallel to the ruler x-coordinate axis. We take this quantum system to be an ion (hence
the use of the measured system label ‘I’) of mass MI , which can, for example, be prepared
in a quantum superposition of localised position states. Our goal is to introduce a relational
measurement between the ruler and the ion which does not localise the quantum state of
the ion, i.e., preserving its superposition properties. Here, by relational we imply that
the meaningful coordinates are distances along the x-coordinate axis between the physical
systems involved, and that the centre of mass does not play a role in our description. In
addition, the observables that we measure are relational, in that they provide information
about the position of the ion (the measured system) in terms of correlations between its
quantum state and the states of the dipoles composing the ruler. In this sense, our model
does not require an abstract, background absolute coordinate system for its definition.

By allowing for the possibility of arbitrarily large (odd) dipole number N , our ruler
model captures some of the features of actual, macroscopic material extended ruler systems–
a primary motivation for the model. The one-dimensional nature of our model is an ide-
alization, however, allowing for exact analytical solutions to the interacting, many-body
ion system-ruler dipole quantum dynamics in terms of phonon modes. A price to pay
in working with a one-dimensional mass-spring model, however, is that the ruler elastic
displacement response to a localised ion state is nonlocal, extending throughout the length
of the ruler. A more realistic two or three-dimensional mass-spring lattice model will ex-
hibit more localised distortions opposite the ion localisation, but with the phonon mode
dynamics more challenging to analyze.

The total Hamiltonian operator of the ruler and the ion can be decomposed as Ĥ =
Ĥr + ĤI + V̂Ir, where Ĥr is the ruler Hamiltonian:

Ĥr = p̂2
rCM

2Mr
+

N−1
2∑

n=− N−1
2

π̂2
n

2mr
+ 1

2kr

N−3
2∑

n=− N−1
2

(ϕ̂n+1 − ϕ̂n)2. (12)

This Hamiltonian has a more transparent physical interpretation in the Lagrangian picture;
we summarize our derivation of the Lagrangian in Appendix A. The first term in the
Hamiltonian (12) is the kinetic energy of the ruler centre of mass, with Mr = Nmr the
total ruler mass. The harmonic potential energy of the ruler is in terms of nearest-neighbour
dipole coordinate differences, with ϕ̂n = x̂r,n − nar − x̂rCM, canonically conjugate to the
momentum π̂n, corresponding to the displacement of nth ruler dipole relative to its classical
equilibrium position. We choose the ruler centre-of-mass to be the origin of the reference
frame. Consequently, we have the constraint

xrCM = 1
N

N−1
2∑

n=− N−1
2

xr,n = 0. (13)

Note that this constraint does not imply the localisation of the ruler’s centre-of-mass in the
lab frame. Nevertheless, upon solving the equations of motion, it is found that the velocity
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of the ruler centre-of-mass is identically zero in its own reference frame. As a result, the
first term in Eq. (12) disappears. This constraint is effectively the same as the following
constraint for the relative coordinates (for the details of this equivalence, see Appendix B):

N−1
2∑

n=− N−1
2

ϕn = 0. (14)

The free Hamiltonian of the ion is

ĤI = p̂2
I

2MI
, (15)

and V̂Ir describes the electromagnetic, Coulomb interaction between an assumed negatively-
charged ion (−qI) and the ruler through its dipoles:

V̂Ir = − qIq

4πϵ0

N−1
2∑

n=− N−1
2

 1√
(w − l/2)2 + (x̂I − x̂r,n)2

− 1√
(w + l/2)2 + (x̂I − x̂r,n)2

 , (16)

where l is the distance between the opposite charges +q and −q of a given ruler dipole
(we adopt the convention q, qI > 0), and recall that w is the fixed, perpendicular distance
between the ruler dipole chain and ion; this potential results in distorting displacements
of the ruler dipoles from their equilibrium positions in the presence of the ion (see later
below).

We suppose that the ion is perpendicularly located sufficiently close to the ruler such
that the latter must be analyzed as a discrete mass-spring lattice system (as opposed to
being approximated as an elastic continuum field system), i.e., w ≲ ar. We furthermore
assume that l, δϕn ≪ w, where δϕn is the uncertainty in the nth dipole’s displacement:

δϕn =
√

⟨ϕ2
n⟩ − ⟨ϕn⟩2. (17)

Under these conditions, the potential of Eq. (16) can be Taylor expanded in ϕ̂n to give the
following simpler, approximate potential (see Appendix A for details):

V̂Ir ≈ −qIprw

4πϵ0

N−1
2∑

n=− N−1
2

[
(x̂2

I,n + w2)−3/2 + 3ϕ̂nx̂I,n(x̂2
I,n + w2)−5/2

]
, (18)

where pr = ql is the ruler atom electric dipole moment and x̂I,n = x̂I − nar − x̂rCM is the
location of the ion relative to the nth, rigid ruler dipole position. Constraint (13) gives
x̂rCM = 0; from now on, x̂rCM will no longer appear in the equations. The first term in
Eq. (18) describes the potential experienced by the ion due to the ruler atom dipoles in their

classical equilibrium lattice positions; we henceforth define V̂I = − qIprw
4πϵ0

∑N−1
2

n=− N−1
2

(x̂2
I,n +

w2)−3/2 and combine it with the free ion Hamiltonian. The total, approximate ion-ruler
Hamiltonian can then be re-expressed as Ĥ = Ĥr+Ĥeff

I +V̂ eff
Ir , where Ĥr is given in Eq. (12)

(without the centre of mass kinetic energy term), and the effective ion Hamiltonian and
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ion-ruler dipole elastic displacement interaction are, respectively,

Ĥeff
I = p̂2

I

2MI
− qIprw

4πϵ0

N−1
2∑

n=− N−1
2

(x̂2
I,n + w2)−3/2, (19)

V̂ eff
Ir = −3qIprw

4πϵ0

N−1
2∑

n=− N−1
2

ϕ̂nx̂I,n(x̂2
I,n + w2)−5/2, (20)

with ϕ̂n satisfying the constraint (14). Note that the ion-ruler Hamiltonian now depends
only on the relational ion x̂I,n and ruler atom ϕ̂n dipole coordinates.

4.1 Transformation between local and nonlocal ruler bases
In Appendix C, we solve for the classical and quantum (Heisenberg picture) free ruler
dynamics, utilizing the common approach of working in terms of the nonlocal normal
mode “position” operator solutions:

x̂α(t) = xα,0
[
âα(0)e−iΩαt + â†

α(0)eiΩαt
]
, (21)

where xα,0 = (ℏ/2mrΩα)1/2 is the zero-point displacement uncertainty of the αth normal
mode, and the normal mode frequencies are

Ωα = 2ωr sin
(
απ

2N

)
, α = 1, 2, . . . , N − 1, (22)

with ωr =
√
kr/mr, and âα(0), â†

α(0) are the “phonon” annihilation and creation operators,
respectively, which satisfy the commutation relation [âα(0), â†

α′(0)] = δα,α′ (with all other
commutation relations vanishing).

However, in order to understand how this system functions as a ruler, it is necessary to
also work in terms of the local, dipole atom position observables ϕn that correlate with the
position observable xI,n of the ion system. To achieve this, we need to perform a change
of basis from the normal mode position operator eigenstates |{xα}⟩r to the local dipole
displacement operator eigenstates |{ϕn}⟩r of the ruler. This is implemented through the
following linear transformation between the mode position and dipole position coordinates:

ϕn(t) =
N−1∑
α=1

uα,nxα(t), (23)

where the uα,n are the orthonormal mode eigenfunctions of the ruler:

uα,n =
√

2
N

cos
[
απ

N

(
n+ N

2

)]
, α = 1, 2, . . . , N − 1. (24)

Note that we have one fewer mode (N−1) than the total number of ruler atom dipoles (N).
This is because we do not include the zero frequency, α = 0 mode in the sum, which results
in Eq. (23) solving the constraint of Eq. (14). In other words, imposing the constraint is
equivalent to simply removing the zero frequency, centre of mass mode of the ruler (hence
showing a key advantage of first working in terms of the nonlocal normal mode solutions
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to the free ruler equations of motion). The inverse transformation is

xα(t) =
N−1

2∑
n=− N−3

2

ũα,nϕn(t), (25)

where4 ũα,n = uα,n − uα,− N−1
2

.

4.2 Second-quantized, tight binding model of the ion-ruler system
In this section, we will first derive an approximate, second-quantized tight binding model
description of the ion-ruler system, and then obtain analytical solutions for the resulting
ion-ruler quantum dynamics. From Eqs. (21) and (23), the free ruler dipole position
and momentum operators operators are respectively defined as (see Appendix C for the
derivation details):

ϕ̂n(t) =
N−1∑
α=1

xα,0uα,n

[
âα(0)e−iΩαt + â†

α(0)eiΩαt
]
, (26)

π̂n(t) = −i
N−1∑
α=1

√
mrΩαℏ

2 uα,n

[
âα(0)e−iΩαt − â†

α(0)eiΩαt
]
, (27)

where the normal mode ruler frequencies are given by Eq. (22). Expressed in terms of
the normal mode annihilation and creation operators, the ruler Hamiltonian Ĥr takes the
standard form of a sum over decoupled harmonic oscillator Hamiltonians, one for each
mode:

Ĥr = 1
2

N−1∑
α=1

ℏΩα

(
â†

αâα + âαâ
†
α

)
. (28)

Throughout this work, we restrict to situations where the ion is distant from the ruler
edges labelled by n = ±(N − 1)/2 (with ruler dipole number N ≫ 1). Let us first
assume therefore that we initially prepare the ion in a localised state opposite the ith
ruler dipole, where |i| ≪ (N − 1)/2. While the ion will classically remain trapped by
the potential VI in the ion Hamiltonian Heff

I , quantum mechanically the ion can “hop”
from one dipole site to the next by tunnelling through the potential barriers between
the sites, leading to delocalisation of the ion5. However, we shall work in a parameter
regime where the ion hopping timescale between nearest neighbour ruler dipoles is long
compared to the timescale over which the ruler responds to the initial presence of the ion,
i.e., the timescale for the ruler to measure the position of the ion. Restricting to w ≪ ar,
i.e., the perpendicular distance between the ion and ruler is much smaller than the ruler
dipoles’ classical, static equilibrium separation ar, we can then approximate VI as a delta
function potential: w2(x2 + w2)−3/2/2 → δ(x), giving VI(x) ≈ −qIprδ(x − xi)/(2πϵ0w),

4We originally have xα(t) =
∑N−1

2
n=− N−1

2
uα,nϕn(t), and a technical subtlety is that we need to eliminate

one of the atom dipole sites in the sum in order to enforce the relational constraint equation (14). Here,
it does not matter which coordinate we eliminate, as long as it is not one of the ruler coordinates opposite
the ion location. We choose to eliminate the left-most ruler edge coordinate ϕ− N−1

2
= −

∑N−1
2

n=− N−3
2

ϕn.

5Taking into account the quantum dynamical response of the ruler dipoles (i.e., phonons) to the ion
may in fact serve to localise the ion under certain conditions [35–37]; we do not consider such a possibility
in the present work.
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with xi = iar. Neglecting for now tunnelling to the neighbouring sites, the (degenerate)
ground states of the ion Hamiltonian Ĥeff

I are given approximately by the bound states

|i⟩I =
√
κ

∫
dx e−κ|x−xi||x⟩I , (29)

where κ = MIqIpr/(2πℏ2ϵ0w). Here, |i⟩I denotes that the ion is localised at site i when
the position uncertainty of the ion satisfies ∆x = 1/(

√
2κ) < ar.

In order to account for the ion being localised at different sites, as well as account for
tunnelling between neighbouring sites, it is convenient to adopt a second-quantized tight-
binding description, where the position of the ion is expressed in terms of the number of
ions at each site n, forming a Fock space spanned by the following Fock state basis:

|ψ⟩I = |s− N−1
2

⟩
I

⊗ · · · |sn⟩I ⊗ · · · |sN−1
2

⟩
I
. (30)

If the ion is localised at site i, the Fock state corresponding to the single ion state |i⟩I

satisfies sn = δi,n. We then introduce creation and annihilation operators, ĉ†
n and ĉn

respectively for an ion at the nth site, and suppose that these operators satisfy anticom-
mutation relations (i.e., the ions are treated as Fermions), so that not more than one ion
can occupy a given site. However, since we will be considering below only initial states that
consist of a single ion, the quantum dynamics ensures that the ion number is conserved
and always equal to one, and whether we treat the ions as Fermions or Bosons is then
immaterial6. Note that we do not in fact require the use of the full N -fold tensor product
in Eq. (30), since we will only consider ion states that correspond to the ion being distant
from the ruler edges (|i| ≪ N), as mentioned above. In particular, including the |s− N−1

2
⟩
I

state space in Eq. (30) will not give rise to any inconsistencies in the following.
The effective ion Hamiltonian (19) with rigid ruler potential becomes in the second

quantized, tight-binding formulation:

Ĥeff
I =

N−1
2∑

n=− N−1
2

[
νĉ†

nĉn + γ
(
ĉ†

n+1ĉn + ĉ†
nĉn+1

)]
, (31)

where the on-site binding energy ν is given by

ν = I⟨n|Ĥeff
I |n⟩I = −ℏ2κ2

2MI
, (32)

and the hopping strength γ is given by

γ = I⟨n+ 1|Ĥeff
I |n⟩I = −ℏ2κ2

MI
e−κar (κar + 1) . (33)

With the ion wavefunction localisation condition giving κar > 1 (see above), we have that
e−κar ≪ 1, so that the overlap integral and hence hopping strength is only significant for
nearest-neighbour sites. From Eqs. (32) and (33), we also have that γ ≪ ν and from now
on we neglect the hopping terms in Ĥeff

I .

6In principle, initial states consisting of more than one ion could also be considered by working with this
second quantized model. In this case, it would be necessary to also take into account the ion-ion repulsive
interaction, and different quantum dynamics would result depending on whether the ions are Bosons or
Fermions.
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The ion-ruler dipole elastic displacement interaction V̂ eff
Ir defined in Eq. (20) takes the

following second-quantized, tight binding form:

V̂ eff
Ir = −3qIprw

4πϵ0

N−1
2∑

n=− N−1
2

ϕ̂nx̂In

(
x̂2

In + w2
)−5/2

|x̂In=x̂I−nar = −λ
N−1

2∑
n=− N−1

2

ĉ†
nĉnϕ̂n, (34)

where the coupling strength λ is given by

λ = −⟨n|V̂ eff
Ir |n⟩
ϕ̂n

= 3qIprwκ

4πϵ0

∫ ∞

0
dx e−2κxx(x2 + w2)−5/2

= 3qIprwκ
4

4πϵ0
ξ(κw),

(35)

with ξ(z) =
∫∞

0 dx̃ e−2x̃x̃(x̃2 + z2)−5/2, x̃ = κx.
The full, second quantized tight-binding form of the ion-ruler Hamiltonian is then

Ĥ =
N−1

2∑
n=− N−1

2

νĉ†
nĉn +

N−1∑
α=1

ℏΩαâ
†
αâα −

N−1
2∑

n=− N−1
2

N−1∑
α=1

ℏΩαλα,n ĉ
†
nĉn

(
âα + â†

α

)
, (36)

where the dimensionless ion-ruler mode coupling strength is defined as follows:

λα,n = λxα,0uα,n

ℏΩα
, (37)

with xα,0 = (ℏ/2mrΩα)1/2, and Ωα, uα,n defined in Eqs. (22) and (24) respectively.

4.3 Exact solution to the ion-ruler quantum dynamics
We shall focus on the quantum dynamics resulting from the following example initial ion-
ruler product state:

|Ψ(0)⟩ = 1√
2

(|i1⟩I + |i2⟩I) ⊗ |ψ(0)⟩r, (38)

where the ion is in an equal amplitude quantum superposition of stationary wavepackets
centred at distinct sites i1 and i2, and the ruler is in the ground state of its free Hamiltonian,
expressed in the non-local normal mode basis as

|ψ(0)⟩r = |0⟩1 ⊗ |0⟩2 ⊗ ...|0⟩α ⊗ ...|0⟩N . (39)

In particular, the ruler normal mode phonon occupation numbers are all initially zero.
Assuming such an ion-ruler initial product state (38) is equivalent to “plucking” (i.e.,

suddenly switching on) the ion-ruler interaction at time t = 0. Therefore, the ruler will
behave as a wavelike medium with the formation of “ripples” that reflect from the ruler ends
and do not dissipate away; the ruler would then function very poorly in terms of measuring
the ion position. This problem can be addressed by inserting a switching function S(t) in
the interaction part of Hamiltonian (36), which ensures that the interaction between the
ion and the ruler is turned on sufficiently slowly:

Ĥ =
N−1

2∑
n=− N−1

2

νĉ†
nĉn +

N−1∑
α=1

ℏΩαâ
†
αâα −

N−1
2∑

n=− N−1
2

N−1∑
α=1

S(t)ℏΩαλα,nĉ
†
nĉn

(
âα + â†

α

)
. (40)
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Here, we model the switching function as follows:

S(t) =
{

1 − e−t/∆t t > 0
0 t < 0

. (41)

This switching function equals zero for t < 0 and approaches one as t → ∞, switching on
at around t = 0 over the duration ∆t; in the limit ∆t → 0, the switching function (41)
coincides with the step function Θ(t).

Hamiltonian (40), which neglects the tunnelling of the ion between neighbouring sites,
resembles that for an optomechanical many-body system comprising multiple cavity modes
and multiple mechanical modes [23]. The fact that the ion-ruler interaction Hamiltonian
commutes with the on-site ion Hamiltonian allows for the quantum dynamics to be solved
analytically in closed form; we apply the method of analysis given in Ref. [23] to express the
unitary time-evolution operator Û(t), denoted in Sec. 3 as ÛSr, in the following manner:

Û(t) = e−i ν
ℏ
∑

n
ĉ†

nĉnt e
−i
∑

α,n
f(α,n,t)(ĉ†

nĉn)2
e
∑

α,n

[
g(α,n,t)â†

α−g∗(α,n,t)âα

]
c†

ncn e−i
∑

α
Ωαtâ†

αâα ,
(42)

where f = (F1 + F2F3), g = (F3 − iF2)e−iΩαt, and F1, F2, and F3 are time-dependent
functions defined respectively as

F1(α, n, t) = −2λ2
α,n

∫ Ωαt

0
dτ
(
1 − e− τ

Ωα∆t

)
sin (τ)

∫ τ

0
dτ ′

(
1 − e− τ ′

Ωα∆t

)
cos

(
τ ′) ,

F2(α, n, t) = −λα,n

∫ Ωαt

0
dτ
(
1 − e− τ

Ωα∆t

)
cos (τ) ,

F3(α, n, t) = −λα,n

∫ Ωαt

0
dτ
(
1 − e− τ

Ωα∆t

)
sin (τ) .

(43)

Cross term contributions of the form e
−i
∑

α,n̸=m
f(α,n,m,t)(ĉ†

nĉnĉ†
mĉm) are neglected in the

unitary operator expression (42), since they are only relevant for states describing more
than one ion occupying different sites; here we restrict ourselves to single ion states.

The initial state |Ψ(0)⟩ given by Eq. (38) evolves into an entangled state between the
ion and the ruler:

|Ψ(t)⟩ = Û(t)|Ψ(0)⟩ = 1√
2
e−i ν

ℏ t [|i1⟩I |Φ1(t)⟩r + |i2⟩I |Φ2(t)⟩r] , (44)

where |Φm(t)⟩r =
∏N−1

α=1 e
−if(α,im,t)|g(α, im, t)⟩r, m = 1, 2, with |g(α, im, t)⟩r a coherent

state of normal mode α. From Eq. (44), the density matrix of the ion-ruler system is

ρ̂(t) = |Ψ(t)⟩⟨Ψ(t)| = 1
2

2∑
m,m′=1

|im⟩I ⟨im′ | ⊗ |Φm⟩r ⟨Φm′ | . (45)

A necessary condition for the ruler to measure the position of the ion is that the off-
diagonal terms of the reduced density matrix of the ion subsystem in its site position basis
become suppressed over time, i.e., the ruler decoheres the initial ion superposition state.
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We obtain for the off-diagonal term of the ion reduced density matrix

ρi1i2
I (t) = I ⟨i1| Trr [ρ̂(t)] |i2⟩I =

= 1
2Trr


N−1∏

α,β=1
e−i[f(α,i1,t)−f(β,i2,t)] |g(α, i1, t)⟩r ⟨g(β, i2, t)|

 . (46)

Recalling the formula for the inner product between two coherent states |a⟩ and |b⟩, ⟨b|a⟩ =
exp

[
−1/2(|b|2 + |a|2 − 2b∗a)

]
, from Eqs. (43) and (46) we obtain for the ion coherence

CI(t) = 2|ρi1i2
I (t)| =

N−1∏
α,β=1

| ⟨g(α, i1, t)|g(β, i2, t)⟩ | =

=
N−1∏

α,β=1
δα,β exp

{
−1

2Re
[
|g(α, i1, t)|2 + |g(β, i2, t)|2 − 2g∗(α, i1, t)g(β, i2, t)

]}
=

= exp
{

−1
2

N−1∑
α=1

[
(F3(α, i1, t) − F3(α, i2, t))2 + (F2(α, i1, t) − F2(α, i2, t))2

]}
.

(47)

For times longer than the switch-on duration ∆t, the functions F2 and F3 become approx-
imately

F2(α, n, t) ≈ −λα,n

(
sin(Ωαt) − Ωα∆t

1 + Ω2
α∆t2

)
, (48)

F3(α, n, t) ≈ λα,n

(
cos(Ωαt) − 1

1 + Ω2
α∆t2

)
, (49)

where λα,n is defined in Eq. (37). Provided the switch-on duration satisfies ∆t ≫ 1/Ωα=1,
expressions (48) and (49) can then be further simplified to

F2(α, n, t) ≈ −λα,n sin(Ωαt), F3(α, n, t) ≈ λα,n cos(Ωαt). (50)

For N ≫ 1, the above condition on the switch-on duration can be rewritten as ∆t ≫
L/(πcr), where L = (N − 1)ar ≈ Nar is the classical, equilibrium free ruler length and
cr = ωrar is the ruler elastic wave propagation speed in the long wavelength (equivalently
low frequency) limit. In particular, the ion-ruler coupling is switched on more slowly than
the time for an acoustic wave to propagate the length of the ruler. For t > ∆t, the ion
coherence (47) is then given approximately by the following long time limit expression

lim
t→∞

CI(t) = exp
{

−
N−1∑
α=1

λ2

2ℏNmrΩ3
α

[
cos

(
απ

N

(
i1 + N

2

))
− cos

(
απ

N

(
i2 + N

2

))]2
}
.

(51)
Note that Eq. (51) is time-independent.

Fig. 3 plots the dependence of the long-time limit coherence given by Eq. (51) on both
the ion superposition separation |i1 − i2| and the ruler dipole number N , for some example
ion-ruler system parameters. As might be expected from enviromentally induced decoher-
ence (with the ruler acting as an environment for the ion), the coherence becomes smaller
the larger the ion superposition separation |i1 − i2|, as can be seen from Fig. 3a by fixing a
given value forN and looking at the dependence on the separation. Less expected in Fig. 3a
is a weaker, but still progressive decrease in coherence with increasing ruler dipole num-
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(a) (b)

Figure 3: Ion coherence (51) versus ruler dipole number N and separation |i1 − i2| between ion
superposition states; the ruler dipole parameter units are mr = kr = ℏ = 1. (a) Coupling strength
λ = 0.3. (b) Coupling strength λ = 2 and scaling mr → Nmr, kr → Nkr.

ber N (equivalently increasing ruler length) for a fixed given ion superposition separation
|i1 − i2|; we might have expected that the fixed separation coherence would not depend on
ruler length when the latter is much larger than the former (recall we are assuming that the
ion is distant from the ruler edges). The resolution lies in the fact that we are considering a
one-dimensional mass-spring model of a ruler, which in contrast to a more realistic two or
three-dimensional model, gives rise to infra-red type signatures (i.e., boundary size effects)
in local properties. In particular, as our one-dimensional ruler becomes longer, it gets more
“floppy”, and the zero-point fluctuations in the dipole displacements δϕn grow. Such fluc-
tuations will cause dephasing and hence a progressive decrease in the ion coherence (51)
with increasing N as seen in Fig. 3a. Note that such dephasing due to ruler zero-point
fluctuations is not the same as decoherence due to the ruler becoming entangled with the
ion (and measuring the position of the latter); both decoherence and dephasing result in
a reduction of the ion coherence (51) that cannot be distinguished without measuring the
ruler response to the ion as well (as discussed in Sec. 5 below).

The above-described ruler length signature can be avoided by scaling both the ruler
atom mass mr and spring constant kr by the factor N s, with s > 0 some scaling exponent,
i.e., by making the ruler progressively stiffer and correspondingly more massive as its length
increases, hence capturing some distinguishing scaling aspects of longitudinal vibrational
modes in two and three-dimensional rulers. In Fig. 3b, we show the ion coherence for
the scalings mr → Nmr and kr → Nkr (i.e., s = 1), which effectively corresponds to
a two-dimensional model. Since including the scaling makes the ruler stiffer, we have
correspondingly increased the ion-ruler coupling strength from λ = 0.3 to λ = 2 in order
to increase the local distortion of the ruler opposite to the ion location. Note that the
coherence now in fact increases with ruler length and fixed ion superposition separation,
in contrast to when there is no scaling; this is because the dipole zero-point fluctuations
decrease with increasing dipole mass and spring stiffness, resulting in less dephasing.

5 The quantum ruler as a position measurement device
In the previous section, we examined the reduced ion system state in the long time limit,
tracing out the state of the ruler. This gave us some indirect information about the
behaviour of the ruler as a quantum, many degree of freedom environment interacting
with the ion. In this section, we investigate the behaviour of the ruler as a quantum
measuring device for the ion that is initially in a superposition state (38) and with the
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ruler initially in its ground state (39). We shall first obtain the ion-ruler density matrix
in the local position representation |{ϕn}⟩r of the ruler dipoles, and investigate the ruler
response to the ion by tracing out the latter and considering the average ⟨ϕn⟩ and variance
δϕn of the ruler dipole displacements versus dipole site n. We then selectively trace out the
ruler dipoles, except for those directly opposite the ion, giving a reduced density matrix
for the ion and two nearest dipoles whose displacements ϕi1(2) respond to the ion’s local
presence. The resulting reduced density matrix is then compared to that which assumes
an initial mixed state for the ions through a certain joint measurement of the ion and ruler
dipole displacements, in order to quantify the extent to which the extended material ruler
acts as a quantum position measuring device.

5.1 Local description of the ruler dipoles state
We first express the density operator (45) in the nonlocal mode position representation
|{xα}⟩r as follows:

ρ̂(t) =
N−1∏

α,β=1

∫
dxαdx̃β|xα⟩r⟨xα|Ψ(t)⟩⟨Ψ(t)|x̃β⟩r⟨x̃β|

=1
2

2∑
m,m′=1

N−1∏
α,β=1

∫
dxαdx̃βψim(xα, t)ψ∗

im′ (x̃β, t)|im⟩I⟨im′ | ⊗ |xα⟩r⟨x̃β|,
(52)

where the wave function ψim(xα, t) of mode α is defined as ψim(xα, t) = r⟨xα|Φm(t)⟩r.
From Eq. (50) and the definition for |Φm(t)⟩r given just below (44), we have in the long
time limit, |Φm⟩r =

∏N−1
α=1 e

−if(α,im,t)|λα,im⟩r, and the mode α wave function is

ψn(xα, t) = 1√√
2πxα,0

e−if(α,n,t)e
− 1

4

(
xα

xα,0
−2λα,n

)2

, (53)

where f = F1 + F2F3 [with the Fi functions defined in Eq. (50)], xα,0 = (ℏ/2mrΩα)1/2,
and λα,n = λxα,0uα,n/(ℏΩα) [see Eq. (37)].

We next express the ion-ruler system density operator (52) in terms of the local, ruler
dipole displacement coordinate representation |{ϕn}⟩r, by inserting on the left and right
sides the following resolution of the identity7:

1 =
√
N

N−1
2∏

n=− N−3
2

∫
dϕn|ϕn⟩r⟨ϕn|. (54)

The overall
√
N normalization factor is the determinant of the N−1 dimensional Jacobian

matrix: ∂({xβ})
∂({ϕn}) =

√
N . Integrating over the nonlocal mode coordinates xα, x̃α, and using

the fact that r⟨{ϕn}|xα⟩r = δ(xα −
∑

n ũα,nϕn) [see Eq. (25)], the density operator (52)

7Note that n ranges from −(N − 3)/2 to (N − 1)/2, since we have eliminated the ϕ(N−1)/2 coordinate
by expressing it in terms of the remaining ϕns through the constraint (14).
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becomes

ρ̂(t) =
√
N

2

2∑
m,m′=1

N−1
2∏

i,j=− N−3
2

∫
dϕidϕ

′
j

N−1∏
α=1

ψ̃im({ϕn}, t)ψ̃∗
im′ ({ϕn}, t)|im⟩I⟨im′ | ⊗ |ϕi⟩r⟨ϕ′

j |,

(55)
where ψ̃im({ϕn}, t) = ψim (

∑
n ũα,nϕn, t).

We now give the expression for the reduced density operator of the ion and the dipoles
located at the ruler sites i1, i2. This amounts to tracing the density operator (55) over the
dipoles at all of the other sites n ̸= i1, i2. We obtain

ρ̂Ir(t) = Trϕn ̸=i1,i2
[ρ̂(t)] =

=
∫
dϕi1dϕ

′
i1dϕi2dϕ

′
i2 |ϕi1⟩r⟨ϕ′

i1 | ⊗ |ϕi2⟩r⟨ϕ′
i2 |

∏
n̸=i1,i2

∫
dϕn r⟨{ϕn}|ρ̂(t)|{ϕn}⟩r,

(56)

where now the reduced state lives on the tensor product of the Hilbert spaces of three
subsystems: the ion and the ruler dipoles at sites i1 and i2. The elements of this density
operator are given explicitly in Appendix D.

5.2 Ruler response to the ion
In this section, we determine how the ruler responds to the ion in the long time limit.
Consider first the situation where the ion is localised at a single site i [i.e., in a bound
state (29)] and the ruler initially in its ground state (39); using the long time solution
|Φ(t)⟩r =

∏N−1
α=1 e

−if(α,i,t)|λα,i⟩r, with ϕn =
∑N−1

α=1 xαuα,n, we obtain respectively for the
average ruler dipole n coordinate displacement and the uncertainty in the latter:

⟨ϕn⟩ = lim
t→∞

Tr
[
ϕ̂nρ̂(t)

]
= 2

N−1∑
α=1

uα,nxα,0λα,i (57)

and

δϕn =
√

⟨ϕ2
n⟩ − ⟨ϕn⟩2 =

√√√√N−1∑
α=1

u2
α,nx

2
α,0, (58)

where uα,n is defined in Eq. (24), xα,0 = (ℏ/2mrΩα)1/2, and λα,i = λxα,0uα,i/(ℏΩα), with
Ωα defined in Eq. (22). Note that the ruler dipole displacement uncertainty (58) does not
depend on the interaction with the ion (i.e., no dependence on the coupling strength λ),
coinciding with the free ruler quantum zero-point uncertainty in its ground state.

In Fig. 4, we plot the average ruler dipole displacement ⟨ϕn⟩ and uncertainty δϕn versus
dipole label n for an example ruler length N = 41, and two different ion-ruler coupling
strengths: λ = 2 (Fig. 4a) and λ = 25 (Fig. 4b). The ruler dipole mass and spring constant
are scaled respectively as mr = Nmr0 = 41 and kr = Nkr0 = 41, with dipole parameter
units mr0 = kr0 = ℏ = 1.

From Fig. 4, we see that the ruler dipole displacement ⟨ϕn⟩ is a local maximum where
the ion is localised at the example sites i = 0 and i = −5. This is as we require in order
to have the ruler locate the ion. However, the ruler response is non-local, with the dipoles
having non-negligible displacement magnitudes all the way to the edges of the ruler at
n = ±(N − 1)/2. As mentioned in the beginning of Sec. 4, this non-local ruler response
is a consequence of the one-dimensional mass-spring nature of the ruler model; if we were
to instead use a more realistic two or three-dimensional, extended mass-spring model of a
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Figure 4: Long time limit average ruler dipole displacement ⟨ϕn⟩ versus dipole site label n for an ion
localized at i = 0 (purple stars) and i = −5 (red triangles), and ion-ruler coupling strengths (a)
λ = 2; (b) λ = 25. The dipole displacement uncertainty δϕn is also shown for comparison (blue dots).
The other parameters used are N = 41, kr = mr = 41, and ℏ = 1.

material ruler, then the dipoles would be most displaced in the neighbourhood of the ion’s
location, with the displacement amplitudes decaying away in magnitude as we move away
from the ion location, hence given a more desirable localised response8.

Another way to understand the nonlocal ruler response seen in Fig. 4 is as a consequence
of the relative coordinate constraint (14):

∑(N−1)/2
n=−(N−1)/2⟨ϕn⟩ = 0. In particular, since there

is a segment of the ruler where ⟨ϕn⟩ > 1, we must also have complementary segments
where ⟨ϕn⟩ < 1, such that the negative region “areas” of the ⟨ϕn⟩ versus n curve cancel
the positive region “area”; we have verified that

∑(N−1)/2
n=−(N−1)/2⟨ϕn⟩ = 0, as must follow from

Eq. (14).
In Fig. 4, we note that the dipole displacement uncertainties δϕn increase towards the

ruler edges. This is again a feature of the one dimensional nature of the mass-spring ruler
model, where the dipoles become progressively more “floppy” with decreasing effective
spring constants, the closer they are located to the ruler edges. With our example choice
of coupling strength λ = 2 (Fig. 4a), we have ⟨ϕi⟩ < δϕi, i.e., the average local dipole
displacement at the ion location i is smaller than the dipole zero-point uncertainty there;
this corresponds to the “weak” measurement regime, where a large (ensemble) number of
repeated measurements of the ruler dipole displacements is required in order to accurately
determine the ion location. On the other hand, for the example choice of coupling strength
λ = 25 (Fig. 4b), we have ⟨ϕi⟩ ≫ δϕi, i.e., the average local dipole displacement at the
ion location i is much larger than the dipole zero-point uncertainty there; this corresponds
to the “strong” measurement regime, where we can accurately determine the ion location
without a large (ensemble) number of repeated measurements on the ruler dipole displace-
ments.

Returning to the situation where the ion is in a superposition of two states localised
at distinct sites i1 and i2, with the ruler initially in the ground state of its free Hamil-
tonian [Eq. (38)], we obtain respectively for the ruler dipole n average displacement and

8A price to pay, however, would be a more complicated normal vibrational mode analysis of the extended
two or three dimensional mass-spring structures.
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displacement uncertainty in the long time limit:

⟨ϕn⟩ =
N−1∑
α=1

uα,nxα,0 (λα,i1 + λα,i2) , (59)

δϕn =

√√√√√N−1∑
α=1

u2
α,nx

2
α,0 +

[
N−1∑
α=1

uα,nxα,0 (λα,i1 − λα,i2)
]2

. (60)

Note that, in contrast to the ruler dipole displacement uncertainty for the ion localised
at a single site considered above, the displacement uncertainty now depends on the inter-
action between the ion and the ruler (characterised by the coupling strength λ).

Fig. 5 plots the average ruler dipole displacement ⟨ϕn⟩ and uncertainty δϕn versus dipole
site label n for the same example parameters as in the single site localisation situation
considered above, and with superposition sites i1 = −5 and i2 = 5. From Fig. 5, we see
that the ruler dipole displacement ⟨ϕn⟩ is a local maximum where the ion is localised at
the sites i1 = −5 and i2 = 5 in the superposition. One may also verify that the average
dipole displacements satisfy the relative coordinate constraint (14):

∑(N−1)/2
n=−(N−1)/2⟨ϕn⟩ = 0.

However, the ion-ruler λ coupling-dependent contribution to the uncertainty [second term
in the square root expression (60)] dominates over the free ruler zero-point uncertainty
[first term in the square root expression (60)], and in fact is larger than the local maximum
average dipole displacements ⟨ϕi1(2)⟩, independently of the selected coupling strength λ.
This implies that, even for a large ion-ruler coupling strength, a much larger (ensemble)
number of repeated measurements on the ruler dipole displacements are required in order
to accurately determine the ion locations in a superposition (or mixture) of localised site
states than for the situation where the ion is in a single site localised state. From Fig.
5b, we see that the large, λ coupling-dependent uncertainty magnitude δϕn extends to
the ends of the ruler at an approximately constant value, and dips sharply between i1(=
−5) < n < i2(= 5). This non-local, λ-dependent uncertainty is again a consequence of
the one-dimensional nature of the ruler model; for a two or three-dimensional mass-spring
model of an extended material ruler, we would expect the uncertainty to be more localised
in the neighbourhood of the localised ion positions in the considered superposition state.
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Figure 5: Long time limit average ruler dipole displacement ⟨ϕn⟩ (red squares) and dipole
displacement uncertainty δϕn (blue dots) versus dipole site label n for an ion in a superposition state
with i1 = −5 and i2 = 5. The ion-ruler coupling strengths are (a) λ = 2; (b) λ = 25. The other
parameters used are N = 41, λ = 25, kr = mr = 41, and ℏ = 1.
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5.3 Quantum measurement scheme for superpositions of positions
While the ruler exhibits a large quantum uncertainty in its dipole displacements for a
strongly coupled ion that is initially in a superposition of localised site states i1 and i2
(see Fig. 5), there is no difference between these ⟨φn⟩ and δφn outcomes and those for
an equal mixture of corresponding ion position states. Consequently, it is not possible to
distinguish such a state by measurements of the ruler alone from alternatively having the
ion in a mixture of the localised site states i1 and i2; as discussed in Sec. 3, we necessarily
require a joint measurement that acts on both the ion system and ruler. We define such a
joint quantum measurement through the projector Π̂∗ = |Ψ∗⟩ ⟨Ψ∗|, where

|Ψ∗⟩ = 1√
2

[
|i1⟩I |χ̄1|1⟩

r
|χ̄2|1⟩

r
+ |i2⟩I |χ̄1|2⟩

r
|χ̄2|2⟩

r

]
, (61)

The state |χ̄l|m⟩ for l,m = 1, 2 corresponds to the distortion of the ruler dipoles l when
the ion is initially localised at site im. The measurement projector Π̂∗ is analogous to the
measurement M+ defined in Eq. (11) in Sec. 3. The explicit form of the states |χ̄l|m⟩ is

|χ̄l|m⟩ = 1√
2cδϕil

∫ ⟨ϕil
⟩m+cδϕil

⟨ϕil
⟩m−cδϕil

dϕil
|ϕil

⟩ , l,m = 1, 2. (62)

Here, ⟨ϕil
⟩m is the average displacement of the il-th ruler site when the ion is localised at

im; for the case i1 = −i2, we have from Eq. (59):

⟨ϕi1⟩1 = ⟨ϕi2⟩2 = 2
N−1∑
α=1

uα,i1xα,0λα,i1 ,

⟨ϕi2⟩1 = ⟨ϕi1⟩2 = 2
N−1∑
α=1

uα,i1xα,0λα,i2 . (63)

The integration range in the definition (62) for the state |χ̄l|m⟩ reflects the precision of the
dipole displacement measurement, with c an adjustable “precision” parameter and with the
scale set by δϕil

, the uncertainty in the free ruler dipole displacement at the ion site il [see
Eq. (58)]:

δϕil
=

√√√√N−1∑
α=1

u2
α,il
x2

α,0. (64)

We then define the ion-ruler joint measurement coherence [38] as follows:

C∗ =
Tr
[
Π̂∗ρ̂pure

]
− Tr

[
Π̂∗ρ̂mix

]
Tr
[
Π̂∗ρ̂mix

] , (65)

where ρ̂pure denotes the ion-ruler density operator in the long time limit, with the ion
initially prepared in a pure superposition state and the ruler initially in its free ground
state, while ρ̂mix denotes the ion-ruler density operator in the long-time limit, with the
ion initially prepared in a mixed state and the ruler initially in its free ground state. The
coherence C∗ quantifies the extent to which the joint measurement that we have defined
can distinguish between an initial coherent superposition and an initial incoherent mixture
of localised ion positions. Utilizing the properties of the trace operation, we have

Tr
[
Π̂∗ρ̂

]
= Trϕn̸=i1,i2

[⟨Ψ∗|ρ̂|Ψ∗⟩] = ⟨Ψ∗|
[
Trϕn ̸=i1,i2

ρ̂
]

|Ψ∗⟩, (66)
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with Trϕn̸=i1,i2
[ρ̂pure(t)] = ρ̂Ir(t), where ρ̂Ir(t) is given by Eq. (56), while for initially mixed

ion states, Trϕn ̸=i1,i2
[ρ̂mix(t)] = ρ̂i1,i1

Ir (t) + ρ̂i2,i2
Ir (t). (See Appendix D for more details con-

cerning the reduced density matrix ρ̂Ir.) Using the equalities ⟨Ψ∗|ρi1,i1
Ir |Ψ∗⟩ = ⟨Ψ∗|ρi2,i2

Ir |Ψ∗⟩
and |⟨Ψ∗|ρi1,i2

Ir |Ψ∗⟩| = |⟨Ψ∗|ρi2,i1
Ir |Ψ∗⟩|, the ion-ruler coherence (65) then simplifies to

C∗ = |⟨Ψ∗|ρ̂i1,i2
Ir |Ψ∗⟩|

⟨Ψ∗|ρ̂i1,i1
Ir |Ψ∗⟩

. (67)
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Figure 6: Joint ion-ruler measurement coherence C∗ versus ion site separation |i1 − i2| for ruler dipole
number N = 41. The other parameters used are c = 0.1, λ = 2, and kr = mr = N , and ℏ = 1.

Figure 6 compares the joint ion-ruler measurement coherence C∗ dependence on the
ion-superposition separation |i1 − i2| for ion-ruler coupling strength λ = 2 and example
ruler length N = 41 (i.e., the same parameters as considered above in Fig. 5a). The
precision parameter is chosen to be c = 0.1; smaller values of c do not lead to any significant
increases in C∗. The ion-ruler coherence C∗ decreases the further apart the localized states
are in the superposition. If we were to choose a larger ion-ruler coupling, e.g., λ = 25,
the coherence C∗ immediately drops to a negligible value: for |i1 − i2| = 2, we have
C∗ ≈ 10−6. Thus, the ruler must operate in the weak measurement regime in order to be
able to distinguish between superpositions and mixtures of localized ion position states for
a range of superposition separations. The qualitative trend of decreasing ion-ruler joint
coherence with increasing coupling strength is related to the nonlocal entanglement that
develops between the ion and all of the ruler dipoles when they interact—a consequence
of the one-dimensional ruler model; partially tracing out the other ruler dipoles n ̸= i1, i2
results in decoherence. For a more realistic two or three dimensional mass-spring model
of an extended material ruler, we expect that the ion-ruler entanglement will be more
localised to the dipoles in the neighbourhood of the localised ion positions, resulting in a
weaker decrease in ion-ruler coherence C∗ with increasing superposition separation |i1 − i2|
(and perhaps allowing for the quantum ruler to operate in the strong measurement regime
with comparatively larger ion-ruler coupling strengths). Another possible way to increase
the ion-ruler coherence C∗ would be to include more dipole sites in the ion-ruler joint
measurement projector construction, although at the expense of having a less accurate
measure of the ion’s location.
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6 Conclusions
In this work, we have introduced a concrete model of a quantum position measurement
device: a quantum ruler, which interacts with an ion, whose position we would like to
measure. We then constructed relational observables on the joint system composed of the
ruler and the ion, and showed that such a measurement procedure can distinguish between
the cases in which the ion is prepared in a mixed state or in a quantum superposition state
in the position basis. This generalises the usual position measurement, which localises the
measured system around a single position.

This work constitutes the first step towards the long-term goal of bridging the gap
between the abstract relational observables defined in quantum gravity approaches and
physical quantities that can be measured in the laboratory with concrete operational pro-
cedures. Here, we have considered the simplest case, by restricting ourselves to i) a non-
relativistic and static measured system and ii) the simplest possible measurement, acting
non-trivially only on two sites of the ruler at once.

In the future, it will be important to extend this approach. For what concerns the
measured system, one could allow for some non-trivial dynamics of the ion, such as uniform
velocity or acceleration. In these scenarios, one might study the emission of, respectively,
Cherenkov [39] or Unruh [40] radiation from the ion, and the measurement procedure
should be adapted to capture the properties of the radiation.

The quantum ruler model we introduce here can be easily generalised to quantum
field theory, by taking the continuum limit in the distance between the sites. From a
fundamental perspective, a field-theoretic description of the measurement apparatus is
desirable to relate more directly the operational results of this work to quantum gravity
approaches.

Another direction is to refine the measurement model to involve a larger number of
sites of the ruler, either as an extended two or three-dimensional lattice. We speculate
that this could increase the difference between the response of the ruler when the ion is
in a mixed state versus in a quantum superposition state. The reason is that the ruler
responds to the interaction with the ion more locally, with the nearest-neighbour induced
dipole distortions becoming more diluted as we move radially away from the localised ion
position.

Conceptually, a motivation for introducing the model of the quantum ruler is previ-
ous work on quantum reference frames [12, 41–45], namely reference frames associated to
physical systems, which can be in a quantum superposition or entangled relative to each
other. One general goal of the quantum reference frames programme is to substitute the
abstract description of a coordinate system by providing a more physical one, which relies
on measurements performed on physical objects. It would be interesting to associate a
quantum reference frame to a quantum ruler, and compare the perspectives of different
quantum rulers. On the one hand, this would be an important step to achieve a relational
perspective on nonclassical spacetime closer to research in quantum gravity, where quan-
tum reference frames are extended material systems. On the other hand, it would also
identify a procedure to measure the position of a quantum system relative to a quantum
reference frame, whose concrete implementation is still an open question in the field.
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A Lagrangian formulation of the ion-ruler system
The individual Lagrangians of the ion and the ruler subsystems are

LI = 1
2MI ẋ

2
I , (68)

Lr = 1
2mr

N−1
2∑

n=− N−1
2

ẋ2
r,n − 1

2kr

N−3
2∑

n=− N−1
2

(xr,n+1 − xr,n − ar)2. (69)

Introducing the ruler centre-of-mass and relative coordinates, we have

xrCM = 1
N

N−1
2∑

n=− N−1
2

xr,n, (70)

ϕn = xr,n − xrCM − nar. (71)

The coordinate ϕn gives the displacement of the nth dipole relative to its classical equilib-
rium position. While a more natural ruler coordinate would be x̃r,n = xr,n −xrCM, marking
the distance from the ruler’s midpoint in equilibrium, the former ϕn coordinates are more
suited for indicating local elastic displacements induced by the nearby ion; we can always
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easily convert to a ruler length coordinate by considering ϕn + nar = x̃r,n. In terms of the
above coordinates, the ruler Lagrangian becomes

Lr = 1
2Mrẋ

2
rCM + 1

2mr

N−1
2∑

n=− N−1
2

ϕ̇2
n − 1

2kr

N−3
2∑

n=− N−1
2

(ϕn+1 − ϕn)2, (72)

where Mr = Nmr is the ruler’s total mass. The Coulomb interaction potential energy
between the ruler and ion is

VIr = − qIq

4πϵ0

N−1
2∑

n=− N−1
2

 1√
(w − l/2)2 + (xI − xr,n)2

− 1√
(w + l/2)2 + (xI − xr,n)2


≈ −qIprw

4πϵ0

N−1
2∑

n=− N−1
2

[
w2 + (xI − xr,n)2

]−3/2
, (73)

where the approximation is valid under the limit l ≪ w, with l the distance between
the ruler dipole charges q and −q, pr = ql is the ruler atom electric dipole moment, and
xr,n = ϕn + nar + xrCM. The interaction potential is further approximated as

VIr ≈ −qIprw

4πϵ0

N−1
2∑

n=− N−1
2

[
(x2

In + w2)−3/2 + 3xInϕn(x2
In + w2)−5/2

]∣∣∣∣∣∣∣
xIn=xI−nar−xrCM

, (74)

under the limit ϕn ≪ w.

B The equivalence of constraints
Starting with the ruler Lagrangian of Eq. (72)

Lr = 1
2Mrẋ

2
rCM + 1

2mr

N−1
2∑

n=− N−1
2

ϕ̇2
n − 1

2kr

N−3
2∑

n=− N−1
2

(ϕn+1 − ϕn)2, (75)

and imposing the constraint of Eq. (13)

xrCM = 1
N

N−1
2∑

n=− N−1
2

xr,n = 0, (76)

we obtain the corresponding quantized ruler Hamiltonian (28).
On the other hand, starting with Hamiltonian (28) and substituting in

âα =

√
mrΩα

2ℏ x̂α + i√
2ℏmrΩα

p̂α, (77)

we obtain the ruler Hamiltonian in terms of the nonlocal canonical coordinate pairs x̂α

and p̂α:

Ĥr =
N−1∑
α=1

p̂2
α

2mr
+ 1

2mr

N−1∑
α=1

Ω2
αx̂

2
α, (78)
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and the corresponding Lagrangian is

Lr =
N−1∑
α=1

mrẋ
2
α

2 − 1
2mr

N−1∑
α=1

Ω2
αx

2
α. (79)

Using the relation xα =
∑N−1

2
n=− N−1

2
uα,nϕn to express the Lagrangian in terms of the local

coordinates ϕn, we obtain

Lr =
N−1∑
α=1

1
2mr

N−1
2∑

n,n′=− N−1
2

uα,nuα,n′ ϕ̇nϕ̇n′ − 1
2mrΩ2

α

N−1
2∑

n,n′=− N−1
2

uα,nuα,n′ϕnϕ
′
n


=

N−1
2∑

n,n′=− N−1
2

(
1
2mrϕ̇nϕ̇n′

N−1∑
α=1

uα,nuα,n′ − 1
2mrϕnϕn′

N−1∑
α=1

Ω2
αuα,nuα,n′

)

=
N−1

2∑
n=− N−1

2

1
2mrϕ̇

2
n − mr

N


N−1

2∑
n=− N−1

2

ϕ̇n


2

− 1
2kr

N−3
2∑

n=− N−1
2

(ϕn+1 − ϕn)2

=
N−1

2∑
n=− N−1

2

1
2mrϕ̇

2
n − 1

2kr

N−3
2∑

n=− N−1
2

(ϕn+1 − ϕn)2. (80)

The last equality holds due to the constraint on the relative coordinates [Eq. (14)]:

N−1
2∑

n=− N−1
2

ϕ̂n = 0. (81)

We then recover the ruler Lagrangian (72) when the constraint xrCM = 0 is satisfied.

Therefore, the constraint
∑N−1

2
n=− N−1

2
ϕn = 0 is effectively the same as the constraint xrCM =

0.

C Free ruler dynamics
The free ruler’s dipole displacement equations of motion can be easily solved in terms of
normal modes as we now show. From the Lagrangian (72), the equations of motion are

ϕ̈n = ω2
r (ϕn−1 − 2ϕn + ϕn+1) , −1

2(N − 3) ≤ n ≤ +1
2(N − 3), (82)

with boundary conditions

ϕ̈N−1
2

= −ω2
r

(
ϕN−1

2
− ϕN−3

2

)
(83)

ϕ̈− N−1
2

= −ω2
r

(
ϕ− N−1

2
− ϕ− N−3

2

)
, (84)

where ωr =
√
kr/mr. It is convenient to introduce symmetric and antisymmetric coordi-

nates:
ϕs

n = 1
2 (ϕn + ϕ−n) ; ϕa

n = 1
2 (ϕn − ϕ−n) , (85)
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where ϕs and ϕa still satisfy the equation of motion (82) and the boundary condition (83),
but where now we have the following boundary conditions at n = 0:

ϕa
0 = 0, (86)
ϕ̈s

0 = −2ω2
r (ϕs

0 − ϕs
1) . (87)

The constraint (14) is now imposed only on the symmetric coordinate:

ϕs
0 + 2

N−1
2∑

n=1
ϕs

n = 0. (88)

Consider a mode solution Ansatz of the form:

ϕn(t) = cos (Ωt+ φ) [A cos (knar) +B sin (knar)] . (89)

Substituting into the equation of motion (82), we obtain after some algebra the following
dispersion relation between mode frequency Ω and wave number k:

Ω = 2ωr sin
(
kar

2

)
. (90)

Imposing the antisymmetric coordinate boundary condition (86), we have A = 0, while for
the symmetric coordinate boundary condition (87), we have B = 0. Imposing the boundary
condition (83) at the free end of the ruler, we obtain kα = 2απ

Nar
, α = 0, 1, 2, . . . , N−1

2 for the
symmetric mode solutions, and kα = (2α+1)π

Nar
, α = 0, 1, 2, . . . , N−3

2 for the antisymmetric
mode solutions, where here α denotes the mode label.

Putting everything together so far, the symmetric and antisymmetric normal mode
solutions can be written as follows:

ϕs
α,n(t) = Aα cos (Ωs

αt+ φs
α) cos

(2αnπ
N

)
, α = 1, 2, . . . , N − 1

2 , (91)

ϕa
α,n(t) = Bα cos (Ωa

αt+ φa
α) sin

[(2α+ 1)nπ
N

]
, α = 0, 1, 2, . . . , N − 3

2 , (92)

where Ωs
α = 2ωr sin

(
απ
N

)
and Ωa

α = 2ωr sin
[

(α+ 1
2 )π

N

]
. Note that we do not include the zero

frequency, α = 0 mode for the symmetric case, a consequence of the constraint (88); for
all symmetric normal mode solutions (91) with α ≥ 1, one can verify that the constraint
condition is satisfied. In other words, imposing the constraint removes the zero frequency,
centre of mass mode.

The symmetric and antisymmetric normal mode frequencies can be combined as Ωα =
2ωr sin( απ

2N ), α = 1, 2, . . . , N − 1. In terms of the above, derived normal mode solutions,
an arbitrary ruler spatial coordinate solution can be expressed as a linear combination of
the former as follows:

ϕn(t) =
N−1∑
α=1

[
cos (Ωαt)xα(0) + sin (Ωαt)

pα(0)
mrΩα

]
uα,n, (93)

where (xα(0), pα(0)) are the initial mode α canonical position and momentum coordinates,
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and where

uα,n =
√

2
N

cos
[
απ

N

(
n+ N

2

)]
(94)

are the orthonormal mode eigenfunctions.
With expression (93), it is straightforward to quantize the ruler coordinates in the

Heisenberg picture. In terms of the α mode lowering operator:

âα(0) =

√
mrΩα

2ℏ x̂α(0) + i√
2ℏmrΩα

p̂α(0), (95)

Eq. (93) becomes

ϕ̂n(t) =
N−1∑
α=1

√
ℏ

2mrΩα

[
âα(0)e−iΩαt + â†

α(0)eiΩαt
]
uα,n. (96)

The momentum operator π̂n(t) canonically conjugate to ϕ̂n(t) is

π̂n(t) = −i
N−1∑
α=1

√
ℏmrΩα

2
[
âα(0)e−iΩαt − â†

α(0)eiΩαt
]
uα,n. (97)

D Density matrix elements in the local basis
Take one element of the reduced density matrix Eq. (56), for example

ρi1,i2
Ir (t) =

√
N

2 |i1⟩⟨i2| ⊗
∫
dϕi1dϕ

′
i1dϕi2dϕ

′
i2 |ϕi1⟩⟨ϕ′

i1 | ⊗ |ϕi2⟩⟨ϕ′
i2 |

×
∏

n̸=i1,i2

∫
dϕn

N−1∏
α=1

ψi1

(∑
n

ũα,nϕn, t

)
ψ∗

i2

(∑
n

ũα,nϕ
′
n, t

)
. (98)

The second line of Eq. (98) is a function of ϕi1 , ϕ
′
i1 , ϕi2 and ϕ′

i2 . The other reduced density
elements are

ρi1,i1
Ir (t) =

√
N

2 |i1⟩⟨i1| ⊗
∫
dϕi1dϕ

′
i1dϕi2dϕ

′
i2 |ϕi1⟩⟨ϕ′

i1 | ⊗ |ϕi2⟩⟨ϕ′
i2 |

×
∏

n̸=i1,i2

∫
dϕn

N−1∏
α=1

ψi1

(∑
n

ũα,nϕn, t

)
ψ∗

i1

(∑
n

ũα,nϕ
′
n, t

)
, (99)

ρi2,i2
Ir (t) =

√
N

2 |i2⟩⟨i2| ⊗
∫
dϕi1dϕ

′
i1dϕi2dϕ

′
i2 |ϕi1⟩⟨ϕ′

i1 | ⊗ |ϕi2⟩⟨ϕ′
i2 |

×
∏

n̸=i1,i2

∫
dϕn

N−1∏
α=1

ψi2

(∑
n

ũα,nϕn, t

)
ψ∗

i2

(∑
n

ũα,nϕ
′
n, t

)
, (100)

ρi2,i1
Ir (t) = ρi1,i2∗

Ir (t). (101)

If we trace out the ion site state, we obtain the reduced state of the (i1, i2) ruler dipole
state:

ρr(t) =
√
N

2

∫
dϕi1dϕ

′
i1dϕi2dϕ

′
i2 |ϕi1⟩⟨ϕ′

i1 | ⊗ |ϕi2⟩⟨ϕ′
i2 |
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×
∏

n̸=i1,i2

∫
dϕn

N−1∏
α=1

[
ψi1

(∑
n

ũα,nϕn, t

)
ψ∗

i1

(∑
n

ũα,nϕ
′
n, t

)

+ψi2

(∑
n

ũα,nϕn, t

)
ψ∗

i2

(∑
n

ũα,nϕ
′
n, t

)]
. (102)

The joint probability density of finding the (i1, i2) ruler dipoles at locations (ϕi1 , ϕi2)
is

p(ϕi1 , ϕi2 , t) =
√
N

2
∏

n̸=i1,i2

∫
dϕn

N−1∏
α=1

∣∣∣∣∣ψi1

(∑
n

ũα,nϕn, t

)∣∣∣∣∣
2

+
∣∣∣∣∣ψi2

(∑
n

ũα,nϕn, t

)∣∣∣∣∣
2
 , (103)

while the probability density of finding the jth ruler dipole at location ϕj has the folllowing
simpler form:

p(ϕj , t) =
√
N

2
∏
n̸=j

∫
dϕn

N−1∏
α=1

∣∣∣∣∣ψi1

(∑
n

ũα,nϕn, t

)∣∣∣∣∣
2

+
∣∣∣∣∣ψi2

(∑
n

ũα,nϕn, t

)∣∣∣∣∣
2
 . (104)
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