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Studies have shown that the Hilbert spaces of non-Hermitian systems require non-
trivial metrics. Here, we demonstrate how evolution dimensions, in addition to time,
can emerge naturally from a geometric formalism. Specifically, in this formalism, Hamil-
tonians can be interpreted as a Christoffel symbol-like operators, and the Schrödinger
equation as a parallel transport in this formalism. We then derive the evolution equa-
tions for the states and metrics along the emergent dimensions and find that the cur-
vature of the Hilbert space bundle for any given closed system is locally flat. Finally,
we show that the fidelity susceptibilities and the Berry curvatures of states are related
to these emergent parallel transports.

1 Introduction
Since the discoveries and development of PT -symmetric [1–4] and pseudo-Hermitian [5, 6] quantum
mechanics (QM), non-Hermitian QM has become one of the major research fields [7–26]. Most
of the non-Hermitian studies focus on generalizing Hermitian QM to non-Hermitian QM [27–29]
or finding some exotic properties of non-Hermitian quantum systems [30–33]. However this study
is performed in the opposite direction. Specifically, we extend the geometric (i.e., fiber-bundle)
formalism inspired by non-Hermitian QM and show that it can also be applied to Hermitian
quantum systems.

Strong evidence is suggesting that the Hilbert space bundles, where the fiber is a Hilbert
space and the base space is time, of closed non-Hermitian quantum systems have some nontrivial
geometric structures [5, 34–36] (see Table 1). It was pointed out [37] that treating Schrödinger’s
equation as a parallel transport, an analogue of a less strict geodesic with the Hamiltonian being
a “generalized” Christoffel symbol [38–40] in a fiber bundle [see Table 2 and Appendix A for the
analogy with general relativity (GR)], along the time evolution dimension leads [37] to a self-
consistent QM, which can apply to both Hermitian and non-Hermitian quantum systems.

In this study, we find that if the system has some tunable continuous parameters, these open
new dimensions to the evolution space, or a base space in the fiber-bundle terminology, in addition
to time t (see Fig. 1). We can, then, use this formalism to find how the states and the geometry
of the Hilbert space vary according to some continuous physical parameters.
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Conventional QM Non-Hermitian (Metricized) QM

⟨ϕ|ψ⟩ =
(
ϕ∗

1 ϕ∗
2

) ψ1

ψ2

 ⟪ϕ|ψ⟫ = ⟨ϕ|G |ψ⟩

=
(
ϕ∗

1 ϕ∗
2

) g11 g12

g∗
12 g22

 ψ1

ψ2



Table 1: Comparison of two kinds of inner products in a two-dimensional Hilbert space. The dual state in the
conventional QM is just the Hermitian conjugate of the state; the dual state in the metricized QM carries an
additional structure, namely, the metric operator G. Note that in Hermitian QM, the G can always be chosen
to be the identity, which reduces back to conventional QM.

General relativity (GR) (Non-)Hermitian (metricized) QM

Inner product g(U, V ) = UµgµνV
ν ⟪ψ1|ψ2⟫ = ⟨ψ1|G |ψ2⟩

Field equation
for the metric

0 = ∇λgµν

= ∂λgµν − Γρ
λµgρν − gµρΓρ

λν

{ 0 = ∇tG = ∂tG− iGH + iH†G

0 = ∇iG = ∂iG− iGKi + iK†
iG

Field equation
for vectors

0 = dxν

dτ

(
∇ν

dxµ

dτ

)
= d2xµ

dτ2 + Γµ
νλ

dxν

dτ

dxλ

dτ

{ 0 = ∇t |ψ⟩ = (∂t + iH) |ψ⟩

0 = ∇i |ψ⟩ = (∂i + iKi) |ψ⟩

Curvature Tµν = Gµν = Rµν − 1
2gµνR Fij = 0 = Fti

Table 2: Comparison of the basic concepts in GR and non-Hermitian quantum mechanics. Although the inner
products in both cases are affected by the geometry of the space, the vectors in GR [38–40] live in the same
space of the coordinates, namely, the spacetime; but the vectors in QM are defined in a Hilbert space where
the coordinates form another space. Hence, QM can only be described by a fiber bundle which corresponds
to, roughly speaking, a generalized Riemannian geometry. While the equation of motion in GR follows the
geodesic equation, i.e., a parallel transport along itself, the equation of motion in metricized QM is just the
parallel transport along the evolving direction. The curvature in GR is determined by the external source (energy
momentum), but the local curvature of the Hilbert space bundle of any closed quantum system is always zero.

For example, if an electron is placed in a magnetic field H = H(B, θ, ϕ), where B is the
magnitude and θ and ϕ represent the direction of the magnetic field, the Hilbert space metric G
should depend on these parameters, i.e., G = G(t, B, θ, ϕ) (strictly speaking, it can depend on
the order of tuning these parameters). With careful examinations, we show that these parameters
indeed carry the properties of coordinates in the evolution space.

Nevertheless, since the original Hilbert space bundle is not unique but subject to a gauge
transformation (a change of a basis) [37], the gauge freedom is inherited by the induced evolution
of the new dimensions. To better understand the geometry of the Hilbert space bundle, we calculate
the components of the local curvature two-form [41–43], an analog of the Riemann curvature tensor
in GR or, more accurately, the field strength in the Yang-Mills theory. Despite that the Hilbert
space bundle metrics are nontrivial in non-Hermitian quantum systems, we show that the curvature
of the Hilbert space bundle is zero for any closed quantum system.

Since the parallel transports found here are given for arbitrary quantum states, the Berry
connections [44, 45] can be obtained by “projecting” the evolution equations onto a specific sub-
space. We also show that the Berry curvatures [46, 47] are indeed gauge invariant under adiabatic
evolution.

The fidelity susceptibility [48–50] is closely related to the emergent dimension evolution gener-
ator. Here we show that the fidelity susceptibility of a given eigenstate is the standard deviation
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(b)H = H(t, q)
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t

q
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(t0, q0)
H(t1, q1)

(t1, q1)

H(t2, q2)

(t2, q2)

Figure 1: An illustration of an emergent dimension. (a) A Hilbert space bundle, where the t-dimension (time
dimension) forms a base space and a corresponding Hilbert space H(t) is equipped with a metric operator G(t)
at any time t. (b) If the Hamiltonian depends on a continuous parameter q; then a dimension emerges in the
base space. At any base space (t, q), the corresponding Hilbert space H(t, q) is equipped with G(t, q).

squared of the evolution generator of the state. Hence, the emergent parallel transport can be used
as an additional analytical tool to study the fidelity susceptibility.

2 Framework
2.1 A new evolution dimension
Here we show that if a Hamiltonian, playing a similar role of the Christoffel symbol in the fiber
bundle (i.e., a Christoffel-symbol-like operator), does not only depend on time t (can also be time-
independent) but also depends on a continuous parameter q, i.e., H = H(t, q), the parameter
becomes (or induces) an additional base-space dimension of the bundle (see Appendix B for more
detail). To show this, we first begin with the Schrödinger equation, i.e.,

∇t |ψ⟩ = (∂t + iH) |ψ⟩ = 0, (1)

where ∇t is a covariant derivative or a connection in a Hilbert space bundle (see Appendix B.1).
Although the original states only depend on time t, since the governing equation varies with q, the
dynamics of the states also varies with different choice of q; in other words, the states should also
depend on the parameter q, because the Hamiltonian depends on q.

Treating ∇t as a covariant derivative (or connection) along the t-direction [37] leads to a self-
consistent QM if the dual state of |ψ⟫ = |ψ⟩ becomes

⟪ψ| ≡ ⟨ψ|G, (2)

where G is the metric operator of the Hilbert space bundle that satisfies G = G† (so that
⟪ψA|ψB⟫ = ⟪ψB |ψA⟫); G is positive definite (i.e., ⟪ψ|ψ⟫ ≥ 0); and

0 = ∇tG = ∂tG− iGH + iH†G. (3)

Analogous to the states, because the Hamilontian H in Eq. (3) varies with q, the metric G also
varies with q.

Note that additional (not-yet-known) constraints on G are needed in infinite-dimensional fiber
cases to ensure the finiteness of the inner products. Nevertheless, it should not affect the discussion
in this work because the discussion of framework in this study is formal although based on the
normalization of physical states.

As mentioned before, G = G† by construction; therefore, we can always find an operator K̃
such that the q-derivative of G is

∂qG = iGK̃ − iK̃†G. (4)
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The state evolution in the q-direction can be constructed using Eq. (4) together with one additional
assumption, namely, physical states, which are normalized, remain physical when propagating from
point (ti, qi) to point (tf, qf) along path p(s) [p : s 7→ (t(s), q(s)), where s ∈ [0, 1], (t(0), q(0)) =
(ti, qi), and (t(1), q(1)) = (tf, qf)]; i.e.,

⟪ψ(p(s))|ψ(p(s))⟫ = 1, (5)

for any s. Hence, by choosing p(s) with a constant time (i.e., p : s 7→ (t, q(s))), we have

0 = d

ds
⟪ψ|ψ⟫ = dq

ds
∂q ⟪ψ|ψ⟫ (6)

⇒ 0 = ∂q ⟪ψ|ψ⟫ = ∂q ⟨ψ|G |ψ⟩ (7)

⇒ ∂q |ψ⟩ = −iK̃ |ψ⟩ + |ζ⟩ , (8)

where |ζ⟩ is a state satisfying

⟪ζ|ψ⟫+ ⟪ψ|ζ⟫ = 0. (9)

However, since |ψ⟩ is arbitrary, the state |ζ⟩ has to be

|ζ⟩ = −iÃ |ψ⟩ , (10)

where Ã is an operator that satisfies

GÃ = Ã†G. (11)

We can, therefore, define an operator

K = K̃ + Ã, (12)

so that Eqs. (4, 8) become

∂qG = iGK̃ − iK̃†G = iGK − iK†G. (13)

and

∂q |ψ⟩ = −iK̃ |ψ⟩ − iÃ |ψ⟩ = −iK |ψ⟩ . (14)

Our detailed derivations, from Eq. (3) to Eq. (13), can be found in Appendix C.
We can, therefore, naturally treat Eq. (14) as

0 = ∇q |ψ⟩ = (∂q + iK) |ψ⟩ , (15)

where ∇q is the induced covariant derivative (or connection) along the q-direction in the Hilbert
space bundle with the base space extended to ME = R ×Q, where Q is the parameter space of q
(see Appendix B.3), and K is the evolution generator, which also plays the role of the Christoffel
symbol. Therefore, the state evolution in the q-direction is also a parallel transport. Naturally, G
is the metric of the Hilbert space with the base space ME, and Eq. (13) suggests

0 = ∇qG = ∂qG− iGK + iK†G, (16)

which implies that ∇q is a metric-compatible connection and G is, indeed, covariantly constant.
From Eq. (15) and (16), it is clear that we can enlarge the base space of the Hilbert space

bundle from R (time dimension) to R×Q, where Q is the one-dimensional manifold describing the
space of parameter q.

Note that the metric operator in Eq. (3) is not uniquely determined. The non-uniqueness is,
in fact, a manifestation of its gauge freedom [37]. How the evolution generator inherits the gauge
freedom is shortly detailed below.

The governing equations of states and the metric in the t- and q-directions are summarized in
Table 3.
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2.2 Local curvature and evolution generator
Although the q-evolution generator K is still undetermined, the assumption in Eq. (5) already
determines the local curvature. To be more specific, the curvature two-form is

F = 1
2(Ftqdt ∧ dq + Fqtdq ∧ dt), (17)

where

iFtq |ψ⟩ ≡ [∇t,∇q] |ψ⟩ , (18)

and Ftq = −Fqt. Unlike the case when the base-space is one-dimensional, the curvature two-form
is not identically zero [46, 51]. Nevertheless, Eq. (18) directly leads to

iFtq |ψ⟩ = ∇t∇q |ψ⟩ − ∇q∇t |ψ⟩ = ∇t(∇q |ψ⟩) − ∇q(∇t |ψ⟩) = 0. (19)

The last equality in Eq. (19) comes from Eqs. (1) and (15). Therefore, the Schrödinger equation
and the assumption that physical states remain physical leads to a vanishing local curvature, i.e.,
F = 0, despite the choice of the base space Q. Here we want to emphasize that local flatness does
not mean that the Hilbert space bundle is necessarily physically uninteresting. Many interesting
fiber bundles (including the flat Mobius strip and the Klein bottle, for example) with nontrivial
topologies are locally flat.

Note that the q-evolution generator K can also be determined from Ftq = 0 up to a gauge
choice. To be more specific, since

iFtq = [∇t,∇q] = i∂tK − i∂qH + [K,H] , (20)

vanishing local curvature leads to

∂tK = i [K,H] + ∂qH. (21)

Evolution in t-direction Evolution in q-direction

State ∂t |ψ⟩ = −iH |ψ⟩
∂q |ψ⟩ = −iK |ψ⟩,

∂tK = i [K,H] + ∂qH

Metric ∂tG = i
(
GH −H†G

)
∂qG = i

(
GK −K†G

)
Table 3: Comparison of the equations of motion along the t- and q-directions. The operator K in the table can
be computed using Eq. (21).

2.3 Gauge degrees of freedom
It is obvious that K is not unique because Eq. (21) is a differential equation. Thus,

K ′ = K + ∆K, (22)

with ∆K being a homogeneous solution of Eq. (21), i.e.,

∂t∆K = i [∆K,H] (23)

also provides a valid connection.
As a matter of fact, this freedom of choosing K originates from the gauge symmetry of the

metric G [37], i.e., the non-uniqueness of the metric operator G. More specifically, G is transformed
to

G′ = T †GT (24)
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is a valid metric if the operator T is invertible and satisfies

∂tT + i[H,T ] = 0. (25)

To show that the freedom of choosing K results from the gauge choice of G, we start from G′,
for T ∈ GL(n,C), which satisfies Eq. (25). A direct calculation shows

∂qG
′ = iGK ′ − iK ′†G, (26)

where

K ′ = T−1KT − iT−1∂qT. (27)

Taking the q-derivative of K ′ gives

∂qK
′ = i[K ′, H] + ∂qH. (28)

Therefore, ∆K = K ′ −K is indeed a homogenous solution of Eq. (21), which has the same degrees
of freedom as that induced from the gauge degrees of freedom in G. Hence, different choices of K
merely represent different choices of the gauge of G.

It is worth mentioning that K can always be chosen Hermitian when H = H†, since K† also
satisfies Eq. (21). From Eq. (16), when G = 1 and K = K†, the metric is always the identity
because ∂qG = 0. In other words, this formalism is fully compatible with conventional QM for
Hermitian quantum systems.

2.4 Multiple dimensions
Although the previous discussion focuses on Hamiltonians with only one parameter, besides time t,
the method can also be applied to Hamiltonians with multiple parameters,H = H(t, q1, q2, · · · , qn) =
H(t, {q}), where {q} is short for q1, q2, · · · , qn. That is, every parameter of the Hamiltonian repre-
sents a dimension in the base space. Analogous to the discussion for the single parameter case, the
base space R (i.e., the time dimension) is now extended to R × Qn, where Qn is a n-dimensional
manifold of the parameter space (see Appendix B.3 for more details). Applying the same procedure
on every qi, we obtain

∇i |ψ⟩ = (∂i + iKi) |ψ⟩ = 0, (29)

and

0 = ∇iG = ∂iG− iGKi + iK†
iG, (30)

where ∇i is the covariant derivative along the qi-direction and ∂i is short for ∂/∂qi. Note that Ki

is governed by

0 = Fti = ∂tKi − ∂iH − i [Ki, H] . (31)

Moreover, Eq. (29) implies

iFij |ψ⟩ = [∇i,∇j ] |ψ⟩ = 0 (32)
⇒ 0 = Fij = ∂iKj − ∂jKi − i [Kj ,Ki] . (33)

Therefore, the Hilbert space bundle curvature remains vanishing even if more dimensions are added
to the generalized evolution space, because all the components of the curvature two-form,

F = 1
2

( ∑
i

Ftidt ∧ dqi +
∑

i

Fitdqi ∧ dt+
∑

ij

Fijdqi ∧ dqj

)
, (34)

are zero.
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2.5 Brief summary
In conventional QM, quantum states are defined in a Hilbert space H. To include the dynamics of
the states, the space can be generalized to a Hilbert space bundle, where the fiber is the Hilbert
space H and the base space is the time-dimension, t. That is, M = R, where the time evolution
of the states can be described as a parallel transport along M , as described by the Schrödinger
equation [Eq. (1)].

However, if the system Hamiltonian depends on n continuous parameters (the qi’s), then the
base space is extended toME = R×Qn, where R is the time dimension and Qn is an n-dimensional
manifold that describes the parameter space. Like in the evolution in the time dimension, the
evolutions in the parameter space (the sub-manifold Qn) can also be interpreted as the parallel
transports according to Eq. (29).

Despite the fact that the extended manifold can be nontrivial, every components of the curva-
ture two-form vanishes [Eq. (31) and (33)]; hence the Hilbert space bundle is locally flat. Never-
theless, we should emphasize that a locally flat space does not imply that the global behavior is
trivial.

Note that even though we have assumed G ≥ 0 so that the fiber space is a Hilbert space
(i.e., ⟪ψ|ψ⟫ = ⟨ψ|G |ψ⟩ > 0 if |ψ⟩ ≠ 0), this constraint can be relaxed to potentially extend the
discussion from Hilbert space to other spaces (e.g., the spaces having spurious states or other
non-physical states ⟪ψ|ψ⟫ = ⟨ψ|G |ψ⟩ ≤ 0) [52, 53].

3 Applications
3.1 Gauge fixing for time-independent Hamiltonians
Although all Ks can be derived from Eq. (21) or Eqs. (31) and (33), finding the most general
solution and then fix the gauge is not the most desirable procedure. There are many examples where
good choices of gauge-fixing conditions lead to significant results [54–58]. Here we provide a gauge-
fixing condition for time-independent systems that could reduce the complexity of calculations.

We first discuss the single-parameter case, which can be easily transferred to the multiparameter
case. For a time-independent Hamiltonian, i.e., H = H(q), we apply

[∂tK,H] = 0, (35)

as a gauge-fixing condition. This gauge-fixing condition guarantees that the state evolution is
adiabatic, namely,

H |ψ⟩ = h |ψ⟩ . (36)

Moreover, the eigenvalues of ∂tK are the q-derivative of the eigenvalues of H. Detailed derivations
can be found in Appendix D.

A direct consequence of this gauge-fixing condition is that it turns Eq. (21), which is a differ-
ential equation, into an algebraic equation.

Using ∂tH = 0, by taking a time derivative on both sides of Eq. (21) together with the gauge
fixing condition in Eq. (35), we arrive at

∂2
tK = 0 ⇒ K = tK(1) +K(0), (37)

where K(1) and K(0) are both time-independent operators.
Substituting the K in Eqs. (21) and (35) with Eq. (37), we find

K(1) = i
[
K(0), H

]
+ ∂qH, (38)

[K(1), H] = 0, (39)

where the last equation comes from the fact that K(1) and H share the same eigenstates. Detailed
derivations and an example can be found in Appendices E and G.
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The K(1) can be determined algebraically from the equations above, while the K(0) is almost
fixed up to a time-independent gauge freedom, ∆K, which satisfies [∆K,H] = 0. That is, there are
some residual gauge degrees of freedom using the adiabatic gauge fixing condition. These degrees
of freedom are the manifestations of two well-known properties, namely, the freedom of multiplying
an eigenstate with a non-zero constant and that of the “rotation” between the eigenstates of the
same eigenvalue.

The above discussion can also be generalized to multiparameter systems. The adiabatic gauge-
fixing conditions are

[∂tKi, H] = 0,
[∂tKi, ∂tKj ] = 0,

(40)

where the second vanishing commutation relation comes from that H and ∂tKi share the same
eigenstates. A direct calculation shows that these equations render

Ki = tK
(1)
i +K

(0)
i , (41)

where

K
(1)
i = i

[
K

(0)
i , H

]
+ ∂iH, (42)

[K(1)
i , H] = 0, (43)

[K(1)
i ,K

(1)
j ] = 0. (44)

Moreover, K(0) and K(1) are further related to each other through Eq. (33), which leads to

∂iK
(1)
j − ∂jK

(1)
i = i

[
K

(0)
j ,K

(1)
i

]
− i

[
K

(0)
i ,K

(1)
j

]
, (45)

∂iK
(0)
j − ∂jK

(0)
i = i

[
K

(0)
j ,K

(0)
i

]
. (46)

Equation (45) comes from the t term in Eq. (44) and Eq. (46) comes from the constant term, where
t2 vanishes automatically due to Eq. (44), except when H({q}) is at an excpetional point (EP),
where the operators K are already singular as discussed in Appendix G. A multiple parameter
system example can be found in Appendix F.

Some physical quantities are demonstrated below showing their relations to the adiabatic gauge
and its advantage.

3.2 Berry connections and curvature
As an example, we show that the above-mentioned geometric understanding can also be applied
to Hermitian systems. Here, we focus on H({q}) = H†({q}) and G = 1, so that |ψ⟫ = |ψ⟩ and
⟪ψ| = ⟨ψ|.

It is known that the Berry connections are the connections of a specific eigenstate of the
Hamiltonian, and different eigenstates generally have different connections. However, the Hilbert
space bundle connections discussed in this paper are not limited to any states, but are general
properties of the whole Hilbert space bundle. Therefore, we can reduce Ki to the Berry potentials,
An

i , through simple projections to the eigenstates, i.e.,

An
i = i ⟨ψn| ∂i |ψn⟩ = ⟨ψn|Ki |ψn⟩ , (47)

where ⟨ψm|ψn⟩ = δmn, and An
i is the Berry potential of the nth eigenstate along the qi-direction in

an adiabatic process [59]. That is to say, Ki contain all the information about the Berry potentials
applying within an adiabatic gauge in Eq (40).

It is well known that the Berry potentials are not gauge invariant (and neither are Ki). Nev-
ertheless, for a nondegenerate Hamiltonian, the Berry curvature,

Ωn
ij = ∂iAn

j − ∂jAn
i , (48)
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turns out to be time-independent and gauge invariant under the residual gauge transformation.
This is indeed consistent with the standard Berry curvature property, which has been used to find
some topological invariants [60, 61]. Nevertheless, this was not expected in the sense that the
gauge transformation of the potentials was restricted to the eigenstate that the Berry potentials
are defined on, but the Berry curvature also turned out to be gauge invariant under the whole
Hilbert space gauge transformations. Moreover, the curvature of the full Hilbert space bundle is
always zero, but Berry curvatures do not need to be zero.

To show that the Berry curvature is invariant under the residual gauge transformation of K,
we first show the relation of Ωn

ij to K:

Ωn
ij = ∂i ⟨ψn|Kj |ψn⟩ − ∂j ⟨ψn|Ki |ψn⟩

= i ⟨ψn| [Ki,Kj ] |ψn⟩

= i ⟨ψn|
[
K

(0)
i ,K

(0)
j

]
|ψn⟩ ,

(49)

where Eq. (33) was used in the derivation and the last equality is due to |ψn⟩ being simultaneously

an eigenstate of K
(1)
i , K

(1)
j , and H. Recall that

|ψn(t, {q})⟩ = exp[−ithn({q})] |ψn(0, {q})⟩ , (50)

where hn({q}) is the corresponding eigenvalue of the eigenstate |ψn(t, {q})⟩. Thus, the Ωn
ij is, in

fact, time-independent; i.e., ∂tΩn
ij = 0.

We next discuss the Berry curvature under the residual gauge transformation of K. Let

K ′
i = Ki + ∆Ki, (51)

where ∆Ki is the residual gauge transformation (the time-independence of the residual gauge
transformation is explained previously). The Berry curvature after applying the residual gauge
transformation becomes

Ω′n
ij = i ⟨ψn|

[
K ′

i,K
′
j

]
|ψn⟩

= i ⟨ψn| ([Ki + ∆Ki,Kj + ∆Kj ]) |ψn⟩
= i ⟨ψn| [Ki,Kj ] |ψn⟩ = Ωn

ij ,

(52)

where the third equality comes from the fact that [∆Ki, H] = 0 and |ψn⟩ being an eigenstate of
H. Hence, the Berry curvature is indeed invariant under the residual gauge transformation of K.
An example of acquiring Berry curvature using the generator Ks can be found in Appendix F.

3.3 Fidelity susceptibility
It is well established that the fidelity between the eigenstates of similar Hamiltonians, H(q) and
H(q + ϵ), can be used to detect phase transitions [62]. To be more specific, the divergence of the
fidelity susceptibility, to be defined shortly, is a sign of a phase transition. Here, we provide a way
to look at the fidelity susceptibility from a different aspect.

For states |ψ⟩ and |ϕ⟩ in Hermitian systems, the fidelity between them is defined to be

FH (|ψ⟩ , |φ⟩) = |⟨ψ|φ⟩|2 . (53)

That is, the fidelity between |ψn(t, q)⟩ and |ψn(t, q + ϵ)⟩ for small ϵ, the nth normalized eigenstates
of Hamiltonians H(q) and H(q + ϵ), can be expanded as

FH (|ψn(t, q)⟩ , |ψn(t, q + ϵ)⟩) = 1 − ϵ2χn(q) + O
(
ϵ3

)
, (54)

where χn(q) is called the fidelity susceptibility. Its time-independence is shown below.
When the ground state fidelity susceptibility diverges at some system parameters,

lim
q→qPT

χ0(q) → ∞, (55)
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the system exhibits a phase transition at the parameter (q = qPT).
Taking the geometries of the Hilbert spaces into account, the fidelity has been generalized [49]

to

FG (|ψn(t, q)⟩ , |ψn(t, q + ϵ)⟩) = ⟪ψn(t, q)|ψn(t, q + ϵ)⟫ ⟪ψn(t, q + ϵ)|ψn(t, q)⟫ , (56)

where

⟪ψn(t, q)| = ⟨ψn(t, q)|G(t, q) (57)

and ⟪ψn(t, q + ϵ)| = ⟨ψn(t, q + ϵ)|G(t, q+ ϵ), with G(t, q) and G(t, q+ ϵ) being the metric for H(q)
and H(q + ϵ), respectively. Moreover, we set ⟪ψm(t, q)|ψn(t, q)⟫ = δmn.

Note that the adiabatic gauge fixing condition in Eq. (35) is applied here so that every |ψn(t, q)⟫
is an eigenstate of H(q) for all q.

Expanding Eq. (56) in ϵ, we find

FG =1 − ϵ2
[
⟪ψn(t, q)|K2(t, q) |ψn(t, q)⟫− ⟪ψn(t, q)|K(t, q) |ψn(t, q)⟫2

]
+ O

(
ϵ3

)
. (58)

Therefore, the generalized fidelity susceptibility becomes

χn(q) = ⟪ψn(t, q)|K2(t, q) |ψn(t, q)⟫− ⟪ψn(t, q)|K(t, q) |ψn(t, q)⟫2
. (59)

Since H(q) is time-independent, according to Eq. (37),

K(t, q) = tK(1)(q) +K(0)(q), (60)

then Eq. (59) becomes

χn(q) = ⟪ψn(t, q)|
(
K(0)(q)

)2
|ψn(t, q)⟫− ⟪ψn(t, q)|K(0)(q) |ψn(t, q)⟫2 (61)

= ⟪ψn(0, q)|
(
K(0)(q)

)2
|ψn(0, q)⟫− ⟪ψn(0, q)|K(0)(q) |ψn(0, q)⟫2

, (62)

where K(1)(q) does not contribute because [K(1)(q), H(q)] = 0 and, hence, is time-independent.
Moreover, χi(q) is time-independent and invariant under the residual gauge freedom since the
difference between gauges also commutes with the Hamiltonian, i.e., [∆K(q), H(q)] = 0.

Note that if H (q) is non-diagonalizable at q = qEP, i.e., at an EP [63–65], then Eqs. (38) and
(39) do not have a solution in general. Hence, K(t, q), in general, becomes singular at q = qEP and
explains why the fidelity susceptibility tends to diverge at the EPs. An example can be found in
Appendix G.

Moreover, it is well-known that the fidelity susceptibility generally diverges at the critical points
of quantum phase transitions [62]. From Eq. (59), we can deduce that the evolution generator
can also be singular at the critical point because a divergent fidelity susceptibility is a necessary
condition for the evolution generator to be singular. Hence, besides the conventional techniques,
we provide an additional method, namely, the compatibility condition of Eqs. (21) and (35), to
study the fidelity susceptibility.

4 Conclusions
This study shows that not only closed non-Hermitian quantum systems can benefit from the
geometrical treatment of QM. By treating quantum mechanics geometrically, we derived some
additional Schrödinger-like equations that govern the evolution of states and the Hilbert space
bundle metric in parameter space manifold. These equations, inspired by non-Hermitian QM, can
also be applied to Hermitian quantum systems and provide some useful physical quantities, such
as the Berry connection, Berry curvature, and fidelity susceptibility. Note that a similar study,
using emergent geometrical properties of the adiabatic process, can be found in [66].

Despite that the Berry curvature (i.e., the “curvature” of a certain subspace) can be non-zero,
we find that the full Hilbert space bundle curvature of any closed quantum system always vanishes.
Here we emphasize that flat Hilbert space bundles can still be interesting.
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Moreover, this geometric treatment of QM does not only provide an additional tool to ana-
lyze phase transitions (via the relation between the emergent dimension evolution generator and
the fidelity susceptibility), but it can also potentially lead to some deeper understanding of unre-
solved physics problems, the discovery of new physical phenomena, or new topological classification
methods of quantum systems, e.g., providing a new analytical method for calculating a topological
entanglement entropy, understanding the behavior of quantum systems crossing a non-Hermitian
exceptional point, finding an event-horizon-like quantum behavior, or defining new topological
phases.
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Appendices

A Comparison between metricized quantum mechanics and general rel-
ativity

In metricized quantum mechanics, the Hilbert space is equipped with a metric so that the relation
between a vector (state) and its dual vector (dual state) is not merely a complex conjugation but
can also be subject to a linear transformation, just like the relation between a vector and the
corresponding dual vector in GR. In other words, the dual state (⟪ψ|) of a state (|ψ⟫ = |ψ⟩) is
not the standard bra vector (⟨ψ|) but needs to be linearly transformed by the metric operator
(⟪ψ| = ⟨ψ|G, where G is the metric operator).

Nevertheless, the vectors in GR live in the tangent space of the manifold, while the vectors in
QM live in a Hilbert space that is not related to the manifold in QM. Although they seem different,
they both fall into the category of fiber bundles. The base space of the bundle is a manifold, while
the fiber of the bundle is the tangent space of the manifold in GR and a Hilbert space in QM.

In order to determine the geometry of the bundle, it is important to know how a vector propa-
gates from one point to another on the fiber. It is well-established that the Christoffel symbol Γα

µβ

in GR [or the connection coefficients in (pseudo-)Riemannian geometry] relates the two overlapping
charts in the µ-direction (also in the tangent space). We can, therefore, single out the µ (of course,
we can choose a gauge such that the coefficient is symmetric in µ and β numerically if no fermions
are involved [67, 68]) and define a matrix as

Γµ =

Γ1
µ1 Γ1

µ2 · · ·
Γ2

µ1 Γ2
µ2 · · ·

...
...

. . .

 , (63)

In metricized QM, the Hamiltonian plays the role of Christoffel symbol in the t-direction (or Γt,
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to be more precise) up to an imaginary number i. Therefore, the Schrödinger equation becomes a
parallel transport of a vector in the t-direction.

This paper shows that if the Hamiltonian is a function of physical parameters {q}, the base
space manifold can be extended to a larger one (see Appendix B) that includes the parameters
manifold so that the vectors in the Hilbert space bundle can propagate in the q-directions (see
Table II in the main text).

Since the dimension of the base space manifold can be larger than 1, it is natural to find the
curvature two-form of the Hilbert space bundle. Nevertheless, as discussed in the main text, the
local curvature two-forms are always zero. This means that the Hilbert space bundle is locally flat,
even if the parameter manifold is non-trivial.

It is worth mentioning that local flatness is the part that is different from GR, where many
interesting phenomena come from the non-trivial local curvature. Nevertheless, vanishing local
curvature does not imply the geometry is uninteresting. For example, when the base space has
a puncture or is of nonzero genus, additional information will be included in the system (e.g.,
winding numbers). A more physical example is also given in the main text, where the connection
coefficients are used to determine quantum phase transitions.

B Hilbert space bundles
This note describes the basic concepts of the Hilbert space bundles and some terminology used in
this paper.

B.1 Hilbert space bundle for conventional quantum mechanics
We start with the standard Hilbert space H of quantum states. It is know that the quantum states
are represented by vectors in the Hilbert space, and the scalar product between vectors |ϕ⟩ and
|ψ⟩ in H is defined by

⟨ϕ|ψ⟩ = ⟨ψ|ϕ⟩, (64)

where |ϕ⟩ and |ψ⟩ are vectors in the Hilbert space and ⟨ϕ| = |ϕ⟩†
and ⟨ψ| = |ψ⟩†

are the dual
vectors of |ϕ⟩ and |ψ⟩, respectively.

To include the time evolution of quantum states, it is natural to define the scalar product
becomes

⟨ϕ(t)|ψ(t)⟩ = ⟨ψ(t)|ϕ(t)⟩, (65)

at a certain time slice t; where |ϕ(t)⟩ and |ψ(t)⟩) are vectors at time t and ⟨ϕ(t)| = |ϕ(t)⟩†
and

⟨ψ(t)| = |ψ(t)⟩†
are the dual vectors of |ϕ(t)⟩ and |ψ(t)⟩ at time t.

There are now two different spaces or manifolds to describe a state, one being the temporal
space (M = R) and the Hilbert space at t ∈ M , namely, H(t). In order to describe a state, we
now turn to the concept of fiber bundles.

We start with the space of timeM , which is called a base space. At each time slice t, a quantum
state is a vector (or a local section) |ψ(t)⟩ that is spanned in the Hilbert space H(t), which is called
the fiber, at time t endowed with the scalar product in Eq. (65). The space that includes both

base space and fiber is called a total space E =
⋃

t∈M

H(t), with a projection π that extracts the

time information of the elements in E [e.g., π(|ψ(t)⟩) = t], i.e.,

π : E → M. (66)

The fiber bundle E
π→ M is called a Hilbert space bundle.

For a quantum system described by the Hamiltonian H(t) (the time dependence is to make the
discussion more general), the time evolution of the quantum states is governed by the Schrödinger
equation, namely,

i∂t |ψ(t)⟩ = H(t) |ψ(t)⟩ . (67)
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By defining a covariant derivative (or connection) ∇t on the vector |ψ(t)⟩ as

∇t |ψ(t)⟩ = [∂t + iH(t)] |ψ(t)⟩ , (68)

the Schrödinger equation in Eq. (67) becomes Eq. (1), namely, a parallel transport in the Hilbert

space bundle E
π→ M .

B.2 Hilbert space bundle with a metric operator
The bundle discussed above is a trivial bundle, i.e., the total space is just a direct product of the
base space and the fiber. In a (non-)Hermitian quantum system, the inner product of states at
each time slice can be different (see [37] for more detail), namely,

⟪ϕ(t)|ψ(t)⟫ = ⟨ψ(t)|G(t) |ψ(t)⟩ = ⟪ψ(t)|ϕ(t)⟫, (69)

where |ψ(t)⟫ = |ψ(t)⟩ and |ϕ(t)⟫ = |ϕ(t)⟩ are vectors in a Hilbert space and ⟪ϕ(t)| = ⟨ϕ(t)|G(t)
and ⟪ψ(t)| = ⟨ψ(t)|G(t) are the dual vectors of |ϕ(t)⟫ and |ψ(t)⟫, also at time t.

Thus, at different time slices, the Hilbert space can be different. We, therefore, define H(t) to
be the Hilbert space equipped with the scalar inner product defined in Eq. (69). In this case, the
total space of the bundle is, roughly speaking, a collection of all the Hilbert spaces, i.e.,

E =
⋃

t∈M

H(t), (70)

with a projection that picks out the time slice of the Hilbert space, i.e.,

π :
⋃

t∈M

H(t) → M, (71)

whereM = R is, again, the temporal space. That is, the Hilbert space bundle in a (non-)Hermitian

system is E
π→ M , where E is defined in Eq. (70); while the time evolution of vectors (local section)

is described as a parallel transport in Eq. (1) and the metric operator G(t) is governed by Eq. (1)
with G(t) = G†(t) and G(t) > 0 (positive-definite) at any time slice t [37].

B.3 Hilbert space bundle with extended base space
In the main text, we found that if the Hamiltonian depends on additional continuous parameters,
i.e., H = H (t, {q}), other than the parallel transport or, equivalently, the Schrödinger equation in
the time dimension [Eq. (1)], the evolution of the vectors and metric operator on the parameter qi

should also obey Eqs. (29) and (30), respectively, with the scalar product of the Hilbert space at
(t, {q}) being

⟪ϕ(t, {q})|ψ(t, {q})⟫ = ⟨ψ(t, {q})|G(t, {q}) |ψ(t, {q})⟩ . (72)

The evolution equations for both vectors [Eq. (29)] and the metric operator [Eq. (30)] in qi’s
are formally the same as the parallel transport equation for the local section and the connection-
compatible condition for the fiber metric in a Hilbert space bundle. Thus,⋃

(t,{q})∈ME

H(t, {q}) → ME, (73)

where H(t, {q}) is a Hilbert space endowed with the scalar inner product defined in Eq. (72) and
ME = R × Qn, where R is the original time dimension and Qn is an n-dimensional manifold
describing the parameter space. (Note that Qn can be nontrivial, depending on the system setup.)

Hence, it is natural to extend the systems with continuous parameters {q} from M = R to
ME = R ×Qn, because they are formally indistinguishable.
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C Detailed derivation of the metric induced generator
Given H = H(t, q), where q is a parameter of the system, the metric G also varies with the
parameter q because G is related to H via

∂tG = i(GH −H†G). (74)

Therefore, taking the q-derivative of G, together with the Hermiticity of G (i.e., G = G†), gives

∂qG = X +X†, (75)

where X is an operator to be determined. Since G is a positive-definite operator by construction
(hence invertible), we can always let X = iGK̃ (we show its usefulness below) so that the q-
derivative of G becomes

∂qG = iGK̃ − iK̃†G. (76)

Assuming physical states remain physical under a change of q, then ⟪ψ(p(s))|ψ(p(s))⟫ = 1 for any
s with a continuous function p : s 7→ (t, q(s)). Hence, the s-derivative of ⟪ψ(p(s))|ψ(p(s))⟫ should
be zero, i.e.,

0 = d

ds
⟪ψ|ψ⟫ = dq

ds
∂q ⟪ψ|ψ⟫ . (77)

For a path that satisfies
dq

ds
̸= 0 for all s, we obtain

0 = ∂q ⟪ψ|ψ⟫ = ∂q ⟨ψ|G |ψ⟩ (78)

⇒ ∂q |ψ⟩ = −iK̃ |ψ⟩ + |ζ⟩ , (79)

where |ζ⟩ is a state satisfying

0 = ⟪ζ|ψ⟫+ ⟪ψ|ζ⟫ . (80)

We can, therefore, decompose |ζ⟩ into two parts, i.e.,

|ζ⟩ = |ξ⟩ − iÃ |ψ⟩ , (81)

where |ξ⟩ is independent of the input state |ψ⟩, Ã is an operator, and −i is for later convenience.
Substituting Eq. (80) with Eq. (81) we find

0 =
(

⟨ξ| + i ⟨ψ| Ã†
)
G |ψ⟩ + ⟨ψ|G

(
|ξ⟩ − iÃ |ψ⟩

)
= 2 Re ⟨ξ|G |ψ⟩ + i ⟨ψ|

(
Ã†G−GÃ

)
|ψ⟩ .

(82)

Since |ψ⟩ is an arbitrary state, we can replace |ψ⟩ with |ψ′⟩ = exp(iθ) |ψ⟩, where θ ∈ (0, 2π) which
leads to

0 = 2 Re ⟨ξ|G |ψ′⟩ + i ⟨ψ′|
(
Ã†G−GÃ

)
|ψ′⟩

= 2 Re
(
eiθ ⟨ξ|G |ψ⟩

)
+ i ⟨ψ|

(
Ã†G−GÃ

)
|ψ⟩ .

(83)

Since θ is arbitrary, comparing Eqs. (82) and (83), we conclude that

⟨ξ|G |ψ⟩ = 0 (84)

for any |ψ⟩. Moreover, since G is positive definite, the only option left for |ζ⟩ is |ξ⟩ = 0 and

Ã†G = GÃ.
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Therefore, the q-derivative of state |ψ⟩ is

∂q |ψ⟩ = −iK̃ |ψ⟩ − iÃ |ψ⟩ , (85)

where GÃ = Ã†G. Combine K̃ and Ã into a single operator K = K̃ + Ã, so that

∂q |ψ⟩ = −iK |ψ⟩ , (86)

and

∂qG = iGK̃ − iK̃†G

= iGK̃ − iK̃†G+ iGÃ− iGÃ

= iGK̃ − iK̃†G+ iGÃ− iÃ†G

= iGK − iK†G.

(87)

Hence, K becomes the generator of both state and Hilbert space metric in the q-dimension.
The constraints on K can be found after the Hilbert space curvature is determined.

D The adiabatic gauge
In this note, we show that the adiabatic gauge automatically leads to Eq. (35).

Since H(q) is time-independent, the eigenvalues remain the same while the eigenstates are
evolving in time. Therefore, for an adiabatic process of any eigenstate, we have

H |ψi⟩ = hi |ψi⟩ (88)
⇒ ∂q

(
H |ψi⟩

)
= ∂q

(
hi |ψi⟩

)
⇒

(
∂qH − iHK

)
|ψi(t, q)⟩ =

(
∂qhi − ihiK

)
|ψi⟩

⇒
(
∂qH − iHK

)
|ψi⟩ =

(
∂qhi − iKH

)
|ψi⟩

⇒
(
∂qH + i [K,H]

)
|ψi⟩ =

(
∂qhi

)
|ψi⟩

⇒
(
∂tK

)
|ψi⟩ =

(
∂qhi

)
|ψi⟩ (89)

⇒ [∂tK,H] = 0. (90)

Equation (90) results from the fact that ∂tK and H share the same set of eigenstates. Note that
Eq. (89) shows that ∂tK acting on the eigenstates of H gives the q-derivative of the corresponding
eigenvalue.

E Algebraic equations for K in the adiabatic gauge
Here we show that for a time-independent Hamiltonian [H = H(q)], in the adiabatic gauge Eq. (21),
which is a differential equation, can be changed into algebraic equations. Algebraizations not only
simplify the calculations, but very often, they make the underlying concept clearer [69]. We start
with Eq. (21) and the adiabatic gauge-fixing condition in Eq. (35)

∂tK = i [K,H] + ∂qH, (91)
[∂tK,H] = 0. (92)

The first simplification comes from taking the time derivative of Eq. (91), we arrive at

∂2
tK = i [∂tK,H] + i [K, ∂tH] + ∂t∂qH = i [∂tK,H] = 0, (93)

where Eq. (92) have been applied in the last equality.
Hence, Eqs. (91)–(93) imply

K = tK(1) +K(0), (94)
[K(1), H] = 0, (95)

K(1) = i
[
K(0), H

]
+ ∂qH, (96)
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where K(1) and K(0) are time-independent matrices. Therefore, the differential equations in
Eqs. (91) and (92) have now become the algebraic equations in Eqs. (94)–(96).

Further substituting Eq. (94) into Eq. (92) gives Eq. (95). That is to say, K(1) is composed of
the zero modes of the operator [·, H].

Note that the residual gauge freedoms are always time independent. To verify this claim, we
decompose K(0) into the zero modes and other modes, i.e.,

K(0) = K(0)
z +K(0)

r , (97)

where K
(0)
z is the collection of the zero modes and K

(0)
r is the rest. Then Eq. (96) becomes

K(1) = i
[
K(0)

z +K(0)
r , H

]
+ ∂qH = i

[
K(0)

r , H
]

+ ∂qH. (98)

Since K(1) is composed of the zero modes and [K(0), H] is composed of the rest of the modes,
where these two sets of modes are linearly independent, ∂qH can be fully and uniquely expressed
by

∂qH = K(1) − i[K(0)
r , H], (99)

where the undetermined choices of K
(0)
z are the gauge freedoms.

F An example of the Berry curvature
To show the procedure of acquiring the Berry curvature from the generator Ks, we demonstrate an
example when a charged spin-1/2 particle is placed in a magnetic field with a constant magnitude,
where the Hamiltonian of the particle takes the following form:

H(θ, ϕ) = µB⃗ · σ⃗ = µB

(
cos θ e−iϕ sin θ

eiϕ sin θ − cos θ

)
, (100)

where µ is the magnetic moment of the particle, B⃗ is the magnetic field, σ⃗ is the Pauli matrix
vector, while θ and ϕ represent the direction of the magnetic field.

Therefore, there are two parameters in the Hamiltonian, θ and ϕ, which lead to the emergence
of two additional dimensions in the evolution space. Using the adiabatic gauge, we find that the
generators in the θ and ϕ directions are

Kθ =

 α1 + α2 cos θ e−iϕ

(
− i

2 + α2 sin θ
)

eiϕ

(
i

2 + α2 sin θ
)

α1 − α2 cos θ

 , (101)

Kϕ =

 β1 + β2 cos θ e−iϕ

(
− 1

2 tan θ + β2e
iϕ sin θ

)
eiϕ

(
− 1

2 tan θ + β2e
−iϕ sin θ

)
β1 − β2 cos θ

 , (102)

where the generators are time-independent and the undetermined functions of (θ, ϕ), α1/2 and
β1/2, also correspond to gauge freedom. Although it seems that there are four gauge degrees of
freedom, these functions are related through Eq. (33), namely,

∂ϕα1 = ∂θβ1, (103)
2 cos2 θ

(
∂θβ2 − ∂ϕα2

)
= sin θ, (104)

so that there are only two degrees of freedom left.
Nevertheless, as stated in the main article, the residual gauge transformation does not affect the

Berry curvature. Therefore, we insert Eqs. (101) and (102) without the need of solving Eqs. (103)
and (104) into

Ω±
θϕ = i ⟨ψ±| [Kθ,Kϕ] |ψ±⟩ = ∓ sin θ

2 , (105)
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where

|ψ−⟩ =
(

sin (θ/2) exp(−iϕ)
− cos (θ/2)

)
, (106)

|ψ+⟩ =
(

cos (θ/2) exp(−iϕ)
sin (θ/2)

)
, (107)

are the eigenstates of the Hamiltonian H.
Note that the result in Eq. (105) is indeed independent of α1/2 and β1/2 (i.e., the gauge choices)

and is consistent with the well-known example in Ref. [47].

G An example of fidelity susceptibility
In this note we demonstrate how the fidelity susceptibility works using the example provided in
the main article, namely,

H(γ) =
(
iγ 1
1 −iγ

)
, (108)

with γ being the parameter to be investigated. Note that the Hamiltonian is at an exceptional
point when γ = ±1.

The γ-direction generator K has been found to be

K = 1
2 (γ2 − 1)

(
2iγ2t 2γt+ 1

2γt− 1 −2iγ2t

)
+ C, (109)

where

C =
(
c1 + iγc2 c2

c2 c1 − iγc2

)
, (110)

with c1 and c2 being the undetermined functions corresponding to two gauge degrees of freedom.
The generalized fidelity susceptibility [49],

χn = ⟪ψn|K2 |ψn⟫− ⟪ψn|K |ψn⟫2
, (111)

can be found, where |ψn⟫ = |ψn⟩ is an eigenstate of the Hamiltonian, namely,

|ψ±⟩ = e∓iϵ

(
(ϵ± iγ)1/2

(±ϵ− iγ)1/2

)
, (112)

where ϵ =
√

1 − γ2.
Combining all the information together, we find that the fidelity susceptibilities of both eigen-

states, |ψ±⟩, are

χ± = −1
4(1 − γ2)2 , (113)

which are indeed independent of time and gauge choices, and are singular at the Hamiltonian
exceptional points. Furthermore, this result is the same as the one found in the literature [49].
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