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Precise quantum control of molecular rotation toward a desired orientation
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The lack of a direct map between control fields and desired control objectives poses a significant challenge
in applying quantum control theory to quantum technologies. Here, we propose an analytical framework
to precisely control a limited set of quantum states and construct desired coherent superpositions using a
well-designed laser pulse sequence with optimal amplitudes, phases, and delays. This theoretical framework
that corresponds to a multilevel pulse-area theorem establishes a straightforward mapping between the control
parameters of the pulse sequence and the amplitudes and phases of rotational states within a specific subspace.
As an example, we utilize this approach to generate 15 distinct and desired rotational superpositions of ultracold
polar molecules, leading to 15 desired field-free molecular orientations. By optimizing the superposition of
the lowest 16 rotational states, we demonstrate that this approach can achieve a maximum orientation value
of |〈cos θ〉|max above 0.99, which is very close to the global optimal value of 1 that could be achieved in an
infinite-dimensional state space. This work marks a significant advancement in achieving precise control over
multilevel subsystems within molecules. It holds potential applications in molecular alignment and orientation,
as well as in various interdisciplinary fields related to the precise quantum control of ultracold polar molecules,
opening up considerable opportunities in molecular-based quantum techniques.
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Introduction. Owing to the inclusion of vibrational and
rotational degrees of freedom, molecular systems offer ex-
ceptional opportunities for encoding quantum information
beyond the capabilities of other platforms [1–4]. Advance-
ments in experimental techniques, theoretical models, and
computational methods have led to significant progress in
quantum control of molecular rotation in recent years [5–10].
One of the main goals in this field is to develop advanced
methods for achieving molecular orientation without the need
for external static fields [11–17]. The physical mechanism
for this phenomenon involves generating rotational wave
packets consisting of both even and odd angular momentum
quantum numbers. This capacity holds immense potential
across a diverse range of applications, including photochem-
istry [18,19], precision spectroscopy [20,21], ultrafast science
[22–25], molecular imaging [26–28], quantum information
processing [29], and material science [30,31].
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Quantum control techniques, particularly with the use of
shaped laser pulses, have made it possible to harness the rota-
tional states of molecules as the fundamental units, referred to
as qubits, for performing quantum computing and simulations
[32–37]. This approach allows for the encoding, manipulat-
ing, and measuring of qubits within a finite-dimensional space
of rotational states [38–41]. In light of this progress, an in-
triguing question arises: Is it feasible to exert precise control
over a specific subset of rotational states to achieve a desired
field-free orientation of molecules? It requires accurately de-
termining the amplitude and phase of the wave function for
each involved rotational state. Despite significant progress in
experimental techniques and theoretical methods for control-
ling quantum systems [42–46], establishing a straightforward
analytical approach to uncover the intricate relationship be-
tween control fields and rotational wave functions remains
a complex task in quantum control. This complexity can be
attributed to the involvement of multiple rotational states and
complex transitions.

In this Letter, our primary goal is to establish an
analytical framework that can effectively address the com-
plexities of achieving precise control over a given number of
rotational states and ultimately achieve any desired rota-
tional superposition. Through the analytical design of a pulse
sequence, we derive a general multilevel pulse-area theo-
rem that accurately maps characteristic parameters of each
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FIG. 1. Schematic illustration of generating a desired coherent superposition of rotational states of ultracold polar molecules initially in the
absolute ground state (ν = 0 and J = 0) of the ground electronic potential by a precisely designed pulse sequence. The subspace consists of a
finite number of rotational states, which is driven from the ground state |0〉 to the highest rotational state |Jmax〉 step by step by a time-domain
optimized pulse sequence, analytically designed in the frequency domain by control parameters {an, φn, ωn}.

subpulse, such as amplitude, phase, time delay, and center fre-
quency, onto the excited rotational wave packet of molecules.
To validate our theoretical method, we perform numerical
simulations to confirm that the analytically designed pulse
sequence can achieve precise control over a finite number
of rotational states of ultracold dipolar molecules in their
absolute ground state and work toward attaining a desired
field-free molecular orientation. This theoretical framework
holds promising implications for molecular-based quantum
techniques.

Precise control method. We now explain how to establish
a general precise control method based on pulse sequence
excitation. Figure 1 illustrates our control scheme for manipu-
lating rotational quantum states of ultracold dipolar molecules
using a linearly polarized pulse sequence

E (t ) ≡
N∑

n=1

En(t ) =
N∑

n=1

En fn(t ) cos[ωn(t − τn) + φn], (1)

where En denotes the electric field’s amplitude, fn(t ) the
envelope function, ωn the center frequency, τn the center
time, φn the phase of the nth subpulse En(t ), and N the total
number of subpulses. By carefully designing each subpulse
with specific parameters, the objective of this approach is to
transfer the molecules from the ground rotational state |J = 0〉
in the ground vibrational state of the ground electronic state at
the initial time t0 to a target subspace of rotational states at the
final time t f defined by (h̄ = 1)

|ψ (t f )〉 =
Jmax∑
J=0

cJ exp(iϕJ ) exp(−iωJt f )|J〉, (2)

where ωJ represents the eigenfrequency, cJ the real positive
amplitude, ϕJ the phase of the rotational state |J〉 with rota-
tional quantum number J , and Jmax the highest rotational state
in the subspace.

To establish a mapping between the control parameters
{En, ωn, τn, φn} and the quantum state parameters {cJ , ϕJ},
we elucidate our approach by investigating the impact of a
single pulse on a two-level system, commonly known as a
single qubit. This analysis led to the identification of Rabi
oscillations and the concept of the π -pulse [47–50]. Here,
the two-level system is composed of |0〉 and |1〉 with a tran-
sition dipole moment μ1,0 and a transition frequency ω1,0 =
ω1 − ω0. By employing the first-order Magnus expansion of
the unitary time-evolution operator, the time-dependent wave
function of the system in the interaction picture reads [51]

|ψ (t )〉1 = cos θ1(t )|0〉 + i sin θ1(t ) exp [−i(φ1 − ω1τ1)]|1〉,
(3)

where the pulse area θ1(t ) is given by θ1(t ) = μ1,0|
∫ t

t0
E1(t ′)

exp(−iω1,0t ′)dt ′|. By employing the frequency-domain anal-
ysis of the control pulse En(t ) = 1

π
Re[

∫ ∞
0 An(ω) exp[i(φn −

ωτn)] exp(iωt )dω], where An(ω) denotes the spectral ampli-
tude and φn(ω) represents the spectral phase, we can deduce
that the pulse area θ1(t f ) is solely determined by A1(ω) at ω1,0.
By considering resonant excitation with ω1 = ω1,0, we can
ensure that the value of θ1(t f ) is precisely controlled by the
control parameter E1. As a result, this has given rise to a well-
established two-level pulse-area theorem, which allows for
precise manipulation of the control parameters E1 and φ1. This
manipulation can be used to generate an arbitrary coherent
superposition of two states, serving as the fundamental unit of
quantum information and holding considerable significance in
quantum techniques.

While various quantum optimal control theory methods
have been successfully applied to finding optimal exter-
nal fields [52–56], deriving the analytical solution for the
time-dependent wave function of a multilevel system is gen-
erally more complex than that of a two-level system [57,58].
This complexity necessitates the advancement of a multilevel
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pulse-area theorem for precise control of high-dimensional
quantum systems. We have made strides toward this ulti-
mate goal by examining various three-level models [59–61].
Through the utilization of pure rotational ladder-climbing
excitations between states, we established the mapping of
control amplitudes E1 and E2, as well as control phases φ1

and φ2, onto the amplitudes and phases of three rotational
states [60]. Here, we analyze a pulse sequence that comprises
a series of subpulses distributed at specific time intervals. By
considering each subpulse that couples two adjacent rotational
states independently, as depicted in Fig. 1, we derive a gen-
eral solution of the time-dependent wave function comprising
multiple rotational states without invoking the rotating wave
approximation (RWA) [62]

|ψ (t )〉N = cos θ1(t )|0〉 +
N−1∑
J=1

cos θJ+1(t )
J∏

n=1

i sin θn(t )

× exp[−i(φn − ωn,n−1τn)]|J〉

+
N∏

n=1

i sin θn(t ) exp [−i(φn − ωn,n−1τn)]|Jmax〉,

(4)

where the subpulse area is defined as θn(t ) = μn,n−1|
∫ t

t0
En(t ′)

exp(−iωn,n−1t ′)dt ′|, with the dipole transition matrix element
μn,n−1 and the transition frequency ωn,n−1 = ωn − ωn−1 from
the nth rotational state to the (n − 1)th rotational state. The
values of the transition dipole matrix element between |J + 1〉
and |J〉 are given by μJ+1,J = μ0MJ+1,J , with the perma-
nent dipole moment μ0 and the transition matrix element
MJ+1,J = (J + 1)/

√
(2J + 3)(2J + 1).

Based on Eq. (4), we can analyze how the control parame-
ters are mapped onto the wave function of rotational states. As
an example, we consider the nth subpulse that has a Gaussian
frequency distribution given by An(ω) = an exp[−(ω − ωn)2/

2
ω2
n], where an represents the amplitude, ωn the center fre-

quency, and 
ωn the bandwidth. The time-dependent pulse
sequence E (t ), capable of generating the coherent superposi-
tion of rotational states as described in Eq. (4), can be obtained
by

E (t ) =
N∑

n=1

√
2

π

1

Tn

θn(t f )

μn,n−1
e
− (t−τn )2

2T 2
n cos[ωn,n−1(t − τn) + φn],

(5)

with the subpulse duration Tn = 1/
ωn and the electric field’s
amplitude En = √

2/πθn(t f )/(Tnμn,n−1) compared with its
definition in Eq. (1). Through precise modulation of the con-
trol parameters, it becomes possible to manipulate an arbitrary
high-dimensional superposition of rotational states described
by Eq. (4) to a desired target state defined in Eq. (2). This
approach can potentially manipulate rotational states, creating
a larger state space to store and process information for high-
dimensional quantum simulation.

Application to the generation of desired molecular orien-
tation. As an example, we now analytically design a pulse
sequence described by Eq. (5) to maximize the degree of
orientation within a subspace of rotational states with optimal
state parameters {cn, ϕn} by optimizing control parameters

{En, φn, τn}. By considering the rotational excitations, the de-
gree of orientation at the final time t f can be quantified by

〈cos θ〉(t f ) = 2
Jmax−1∑

J=0

cJ+1cJMJ+1,J cos (ωJ+1,Jt f − ϕJ+1,J ),

(6)

where θ represents the angle between the field polariza-
tion direction and the molecular axis, as depicted in Fig. 1,
and ϕJ+1,J = ϕJ+1 − ϕJ represents the relative phase differ-
ence between |J + 1〉 and |J〉. The values of 〈cos θ〉(t f ) =
±1 indicate perfect orientation and perfect antiorienta-
tion, respectively, while an isotropic distribution signifies
〈cos θ〉(t f ) = 0.

Due to the complexities involved in matrix diagonalization,
deriving the analytical eigenvalues and eigenvectors of the op-
erator cos θ becomes increasingly challenging for systems that
are more complex than simple two- and three-level systems.
By utilizing the method of Lagrange multipliers [63,64], the
maximum degree of orientation, i.e., λ ≡ |〈cos θ〉|max, at full
revivals for a given value of Jmax can be determined by solving
the following equation [62]:

λJmax+1

+
[ Jmax+1

2 ]∑
k=1

(−1)k

⎧⎨
⎩

k∏
n=1

Jmax−1−2k+2n∑
l1=0;ln=ln−1+2

M2
ln+1,ln

⎫⎬
⎭λJmax+1−2k = 0,

(7)

where [ Jmax+1
2 ] represents the greatest integer less than Jmax+1

2 .
The state amplitudes and phases in the target subspace by
Eq. (2) should satisfy the following relations:

cJ =
λJ + ∑[J/2]

k=1 (−1)k
{∏k

n=1

∑J−2k+2(n−1)
l1=0;ln=ln−1+2M2

ln+1,ln

}
λJ−2k

∏J−1
l=0 Ml+1,l

× c0 (8)

and

ϕJ+1 − ϕJ = (J+1)(ϕ1 − ϕ0)+2kπ, (k = 0,±1,±2 · · · ),

(9)

with the constraint
∑Jmax

J=0 c2
J = 1.

By combining the optimal amplitudes and phase conditions
with the analytical wave function in Eq. (4), we can design the
pulse sequence in Eq. (5) with optimal control parameters

θ1(t f ) = arccos c0,

θn(t f ) = arccos
cn−1∣∣∏n−1

k=1 i sin θk (t f ) exp [−i(φk − ωk,k−1τk )]
∣∣ ,

(1 < n � N ) (10)

and

φn = ωn,n−1τn − n(−φ1 + ω1,0τ1) − (n − 1)π

2
+ 2kπ,

(n > 1), (11)

for any initial phase φ1. We can use the optimal pulse area
θn(t f ) to calculate the control parameter En of the nth subpulse
in Eq. (1). This approach explicitly establishes a mathematical
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×

×

FIG. 2. The analytically designed pulse sequence (a and c) and the corresponding degree of orientation 〈cos θ〉 (b and d) within different
subspaces with odd and even numbers of subpulses N = Jmax. The time is measured in units of the full revival period Trot = π/B = 2.2 ps of the
LiH molecule. All pulse sequences used in our simulations are turned on at the initial time t0 = −15Trot and off at the final time t f = 222.5Trot

marked in (b) and (d).

mapping that allows for constructing a desired superposition
of multirotational states in the target subspace by controlling
three parameters {En, φn, τn}, which can maximize the degree
of orientation at full revivals for a given value of Jmax.

Numerical simulations for ultracold polar molecules. We
conduct numerical simulations for ultracold polar molecules
initially in the rovibrational ground state of the ground
electronic state, which can be obtained under the current
experimental conditions [65–67]. As an example, we con-
sider ultracold LiH molecules with a rotational constant B =
7.513 cm−1 and a permanent dipole moment μ0 = 5.88 D.
Since our method requires each subpulse with a sufficiently
long duration Tn for satisfying the resonance conditions,
we fix the duration of all subpulses at Tn = 3Trot with
Trot = π/B = 2.2 ps [62]. By fixing the center time of τn =
5(n − 1)Tn, we use Eqs. (10) and (11) to determine the control
parameters {En, φn} for a given value of N = Jmax, which are
then substituted into Eq. (5) to obtain the analytically de-
signed pulse sequence E (t ). To calculate the time-dependent
rotational wave function |ψ (θ, t )〉, we numerically solve
the corresponding time-dependent Schrödinger equation gov-
erned by the Hamiltonian Ĥ (t ) = BĴ2 − μ0E (t ) cos θ [68].
The degree of orientation 〈cos θ〉(t ) is then calculated by

〈cos θ〉(t ) = 〈ψ (θ, t )| cos θ |ψ (θ, t )〉, without making use of
the approximations employed in our analytical derivations.

Figure 2 shows the time-dependent degree of orientation
〈cos θ〉(t ) induced by the analytically designed pulse se-
quence, as described in Eq. (5), with N ranging from 1 to
15 in odd numbers for Figs. 2(a) and 2(b) and even numbers
for Figs. 2(c) and 2(d) to avoid the clutter of multiple lines.
As depicted in the plot, the analytically designed pulse se-
quence with a given number of subpulses N in Figs. 2(a) and
2(c) can achieve the desired maximum degree of orientation,
aligning with the theoretical values derived from Eq. (7). The
maximum degree of orientation for one pulse is 0.5774 by
including the lowest two rotational states, which has been ex-
perimentally demonstrated [69] by using a long nonresonant
laser pulse and a weak static electric field. By increasing the
number of subpulses in the pulse sequence and modulating
their amplitudes and phases, the maximum degree of orienta-
tion gradually increases. When we use such a pulse sequence
that consists of 15 subpulses to optimize the superposition
of the lowest 16 rotational states, the maximum degree of
orientation can reach 0.99, approaching perfect orientation.
The time-dependent orientation behavior induced by the de-
signed pulses exhibits quantum revivals at regular intervals of
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FIG. 3. The population distributions of |cJ |2 (a)–(h) and the corresponding angular distributions of the rovibrational wave packets (a’)–(h’)
after the nth subpulse excitation for pulse sequences containing an odd number of subpulses in the upper panels and an even number in the
lower panels.

Trot = π/B = 2.2 ps, as shown in Figs. 2(b) and 2(d). These
revivals highlight the periodic nature of rotational dynamics,
emphasizing the recurrent patterns in the quantum behavior of
the system.

Figure 3 illustrates the corresponding rotational population
and wave-packet distributions of molecules after interacting
with each subpulse under the different pulse sequences used
in Fig. 2. Initially, all molecules start in the same rotational
state |0〉 with 〈cos θ〉 = 0. The population transfer from the
initial state to higher excited states varies with the num-
ber of subpulses for a given pulse sequence. Each subpulse
modifies the populations of adjacent rotational states and ad-
justs their phases. By applying different pulse sequences to
molecules, distinct population distributions of rotational states
are achieved, resulting in the desired coherent superposition
(wave packet) of rotational states, which are in excellent
agreement with the theoretical values (listed in Ref. [62])
calculated by using Eq. (8). Since the phases of all rota-
tional states are modulated to the same values as the initial
state, i.e., ϕ1 − ϕ0 = 0 in Eq. (9), all analytically designed
pulse sequences in Figs. 2(a) and 2(c) drive the molecules
to the positive maximum degree of orientation at the same
target time, exhibiting revivals to their maximums at the same

delays, as depicted in Figs. 2(b) and 2(d). Consequently,
our simulations clearly demonstrate that these analytically
designed pulses can effectively manipulate the rotational mo-
tions of molecules, guiding the molecules toward the desired
orientation. Our numerical simulations that did not use ap-
proximations on the unitary time evolution show excellent
agreement with the theoretical predictions, confirming the
validity of the analytical pulses derived from the first-order
Magnus approximation.

We also examine how the analytically designed pulse se-
quences in Figs. 2(a) and 2(c) influence the time-dependent
degree of alignment 〈cos2 θ〉(t ), as illustrated in Fig. 4. In the
case of a single pulse, no even rotational states are excited,
so we observe that the alignment maintains a constant value
of 0.47, below the theoretical maximum of 0.6. As the num-
ber of pulses increases, the degree of alignment improves,
and periodic revivals occur. Interestingly, a high alignment
value over 0.98 can be obtained by exciting the lowest 16
rotational states. It is important to note that the optimized
phases between states used in our simulations to achieve the
theoretical maximum orientation are also ideal for attaining
the theoretical maximum alignment. To reach the maximum
alignment for different values of Jmax, we need to optimize

L012049-5



QIAN-QIAN HONG et al. PHYSICAL REVIEW RESEARCH 7, L012049 (2025)

FIG. 4. The degree of alignment 〈cos2 θ〉 for different odd (a) and even (b) numbers of N = Jmax. The time is measured in units of the full
revival period π/B of the molecule. The applied pulse sequences are the same as those used in Fig. 2.

the population distribution of the involved rotational states by
only adjusting the strength of each subpulse.

Discussion. Over the past three decades, considerable ef-
forts have been dedicated to generating postpulse orientations
[70–73]. These include the development of theoretical models
to effectively describe this phenomenon, as well as the de-
sign of coherent and optimal control schemes for achieving a
high degree of orientation in different molecules [74–79]. The
method being used here requires the involvement of resonant
interactions of tailored terahertz or microwave pulses with
the permanent dipole moment of the molecule, in contrast
to the nonresonant interactions of strong laser pulses with
the polarizability and hyperpolarizability [80–83]. Advanced
terahertz and microwave pulse-shaping techniques, such as
amplitude modulation, frequency modulation, and pulse width
modulation, can create desired pulse sequences [84–90]. It
is also necessary to prepare and measure molecules in spe-
cific rovibronic and hyperfine states. Several experimental
works have demonstrated the capability to prepare ultracold
molecules in their absolute ground state [91–93]. Therefore,
two necessary conditions required for the realization of this
theoretical proposal are technically available. Additionally,
the peak intensity of the applied pulse sequence (less than
2.65 × 105 W/cm2 for LiH molecules) is considerably lower
than that utilized in nonresonant optical excitation schemes.
This indicates that electronic excitation or ionization resulting
from nonlinear effects could be negligible.

The maximum degree of orientation achieved depends on
the involved number of rotational states, which in turn deter-
mines the required number of subpulses. Increasing subpulses
may lead to molecules susceptible to the negative effects
of quantum decoherence on the phases of rotational states.
Additionally, including high-lying rotational states may lead
to non-negligible coupling of molecular vibrations to the ro-
tational motions [94]. By taking into account the centrifugal
distortion term into the Hamiltonian, we find that the effect
of this term was less than 10−3 for Jmax = 15 and is therefore
not considered in our simulations. The optimal pulse sequence
consisting of 15 subpulses has led to a maximum degree of
orientation |〈cos θ〉|max > 0.99, which is adequate for practi-
cal applications [95]. For the desired target of Jmax > 15, we

can extend the theoretical method to incorporate the centrifu-
gal distortion term by adjusting the pulse center frequencies
while keeping the other variables unchanged.

The present method is universally applicable to differ-
ent diatomic, linear, and polyatomic molecules at ultracold
temperatures [62], whose values of the rotational constants
and the permanent dipole moments determine the amplitude
and central frequency of each subpulse. There are no added
complexities in the optimal pulse sequence for polyatomic
nonlinear molecules initially in the absolute ground state (ν =
0 and J = 0).

The successful application of this analytical method to
precise quantum control of molecular rotation not only show-
cases its ability to attain maximum molecular orientation
values but also underscores its versatility across 15 different
scenarios, resulting in the generation of 15 distinct and de-
sired superposition states. These results highlight the potential
of applying the proposed analytical approach to precisely
construct a desired coherent superposition within a defined
subspace of quantum states. In commonly used qubit schemes,
one of the main challenges is achieving scalability [96]. This
entails engineering a considerable number of individually
controllable qubits within a large Hilbert space that is pro-
tected from external perturbations and losses. To address this
scalability problem, higher-dimensional quantum systems,
known as qudits, have been explored as an alternative to qubits
[97–99]. Comparing the same size of the Hilbert space, the
number of N-level qudits needed is notably smaller than the
number of qubits, typically reduced by a factor of log2 N [29].
The optimized pulse sequence in Eq. (5) in principle can be
potentially applied to the production of qudit gates consisting
of multiple quantum states with high fidelity.

Conclusion. We established an analytical method called
the multilevel pulse-area theorem to effectively control a spe-
cific number of quantum states, enabling the construction of
desired superpositions of rotational states in molecules. Our
results demonstrated how the analytically designed laser pulse
sequences can be accurately mapped onto the rotational states
within a given subspace. To illustrate this method, we con-
ducted numerical simulations to precisely control ultracold
polar molecules. The analytically designed pulse sequences
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can optimize the distribution of rotational populations and
the relative phases between adjacent rotational states, leading
to the desired molecular orientation. The realization of this
theoretical proposal is promising by using current terahertz
and microwave pulse-shaping techniques.

The potential application of this analytical framework
extends beyond merely achieving maximum molecular orien-
tation. It offers an alternative method for precisely controlling
a specific number of rotational states, ultimately enabling
the creation of any desired rotational superposition. This ca-
pability is vital for utilizing molecular-based qubit, qutrit,
and qudit systems in quantum information techniques. This
work is essential for preparing high-fidelity coherent super-
positions of higher-dimensional quantum states, which has
important implications for precision spectroscopy, quantum
computing, and quantum information storage and processing
in molecules.
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