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We show that an atom can be coupled to a mechanical oscillator via quantum vacuum fluctuations of a
cavity field enabling energy transfer processes between them. In a hybrid quantum system consisting of a cavity
resonator with a movable mirror and an atom, these processes are dominated by two pair-creation mechanisms:
the counterrotating (atom-cavity system) and dynamical Casimir interaction terms (optomechanical system).
Because of these two pair-creation mechanisms, the resonant atom-mirror coupling is the result of high-order
virtual processes with different transition paths well described in our theoretical framework. We perform a
unitary transformation to the atom-mirror system Hamiltonian, exhibiting two kinds of multiple-order transitions
of the pair creation. By tuning the frequency of the atom, we show that photon frequency conversion can
be realized within a cavity of multiple modes. Furthermore, when involving two atoms coupled to the same
mechanical mode, a single vibrating excitation of the mechanical oscillator can be simultaneously absorbed by
the two atoms. Considering recent advances in strong and ultrastrong coupling for cavity optomechanics and
other systems, we believe our proposals can be implemented using available technology.
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I. INTRODUCTION

Hybrid quantum systems consisting of a mechanical oscil-
lator and two-level systems [1,2] are increasingly attracting
attention because of their growing potential for quantum
technologies, including the storage and retrieval of quantum
states [3-5]. One of the key challenges is how to realize
and control the coupling of a mechanical oscillator and an
atom at the quantum level, despite the considerable mass
imbalance between them [6]. By reaching the strong-coupling
regime, a quantum interface between the mechanical oscil-
lator and atoms can be achieved, allowing coherent energy
transfers [1,2]. Moreover, measurement and preparation of
micromechanical objects via state-of-the-art atomic control
can be realized [1,2]. So far, the ongoing studies of the
interaction mechanisms between them mainly include the
electric coupling [7], magnetic coupling [8—10], dipole-dipole
interaction [11], and the coupling to the potential of optical
lattices [12-16].

Vacuum fluctuations, which is one of the most striking
quantum effects predicted by quantum field theory, have po-
tential value for exploring quantum technologies [17-19].
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Recently, the heat transfer induced by quantum fluctuations
between two nanomechanical membranes separated by a vac-
uum gap has been observed in experiments [20]. It can
be attributed to pairs of virtual photons, acting as messen-
gers to deliver the energy or force between objects [21-29].
When electromagnetic quantum fluctuations interact with a
very fast-oscillating boundary condition, e.g., the harmon-
ically oscillating mirror, pairwise real excitations can be
created from the vacuum of the electromagnetic field. Such
a purely quantum phenomenon is known as the dynamical
Casimir effect (DCE) [30-32], which has been experimen-
tally realized in superconducting circuits [19] and Josephson
metamaterials [33].

The so-called counterrotating terms (CRT) in the Rabi
Hamiltonian allow the simultaneous creation or annihilation
of an excitation in both atom and cavity mode. When the sys-
tem reaches the ultrastrong-coupling regime [34—44], where
the coupling rate is comparable to the bare transition fre-
quencies of the system components, the counterrotating terms
can be responsible for some interesting physical phenomena
[45-51]. Generally, both the DCE and counterrotating terms
are responsible for the amplification mechanisms of vac-
uum fluctuations, respectively, in cavity-optomechanics [52]
and cavity QED systems [49]. Thus, one may use a cavity
resonator as a bridge to connect these two systems into a
hybrid quantum system, where the interaction between atoms
and oscillators through two fluctuation mechanisms may be
investigated.

In this work, we show how a single or multiple cavity-
optomechanics modes can be coupled to an atom by virtual
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photon pairs, and how mechanical energy can be coherently
converted into a two-level excitation by the amplification
mechanisms of the cavity-vacuum fluctuations (the DCE
and the counterrotating terms). We also develop an analyt-
ical method for studying the atom-mirror coupling, which
is in good agreement with the numerical results within a
simple model consisting of a single atom and a single-
cavity mode. When the model involves multiple-cavity
modes, it can realize frequency conversion between dif-
ferent cavity modes. In addition, the single-atom model
can be extended to the two-atom case. By sending a me-
chanical drive to the movable mirror, two atoms can be
excited even though the mirror and atoms are spatially
separated. These results provide an intriguing platform for
exploring the manipulation of quantum states by quantum
fluctuations.

This paper is organized as follows. In Sec. II, we describe
a simple model consisting of a single atom and a single-cavity
mode. Then, we derive the effective system Hamiltonian
comparing numerical and analytical results. Last, we study
the system dynamics in this case. In Sec. III, we extend
the simple model in Sec. II from a single-cavity mode to a
multiple-cavity mode, to study photon frequency conversion
between the two cavity modes. In Sec. IV, we extend the
single-atom model to a two-atom case. In this case, we show
that a single vibrating excitation of the mechanical oscillator
can be absorbed simultaneously by two atoms. In Sec. V, we
provide details on potential experimental implementations of
proposed effects. Finally, a brief discussion and conclusion
are given in Sec. VL.

II. SINGLE ATOM INTERACTING WITH A
CAVITY-OPTOMECHANICAL MODE

In this section we consider a hybrid quantum system con-
sisting of a cavity resonator with a movable mirror and a single
two-level atom [see Fig. 1(a)]. Here, both the cavity field
and the displacement of the mirror are treated as dynamical
variables, and a canonical quantization procedure is adopted
[52,53].

A. Model

We first study the case where only one mechanical mode
(cavity mode) [with resonance frequency w,, (w.) and phonon
(photon) operators b (a) and b* (a")] is considered. The transi-
tion frequency of the atom is w,, with the raising and lowering
operators 64 and 6_, respectively. The system Hamiltonian
can be written as H = Hy + H;, where

Hy = hiwd'a + honb'b + hw,64.6_ (1)

is the unperturbed Hamiltonian and H = ﬁl( AF) + ﬁl(pM) de-
scribes the interaction. Here,

Hyar) = ir@+a")(6- +64) )

is the atom-field interaction, while the field-mirror interaction
can be described as Hyemy = Vom + Vbce, where

~

Vom = hga'a(b + b") (3)
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FIG. 1. (a) Schematic of an hybrid quantum system consisting
of a single atom and a cavity resonator with a movable mirror.
(b) Relevant energy levels of the system Hamiltonian versus the
ratio between the resonance frequency w. of the cavity mode and
the one w,, of the mirror; the inset displays the enlarged view of the
boxed region showing the avoided-level crossing between |g, 1, 0)
and |e,0,1), where |¥34) ~ (1/+/2)(lg, 1,0) F|e, 0, 1)) are the
symmetric and antisymmetric superposition states at the minimum
splitting.

is the standard optomechanical interaction and

LIV IR P
Vbce = 28(a +a'"")b+b") 4)

describes the creation and annihilation of photon pairs [53].
The parameter X is the coupling rate between the two-level
atom and the cavity mode, and g is the optomechanical cou-
pling rate.

In most cavity-optomechanical experiments, the DCE term
is always neglected because the frequency of the oscillat-
ing mirror is much smaller than that of the cavity mode
[6,54-57], where the standard Hamiltonian of the field-mirror
coupling system [53] is good enough to describe them.
However, when the mechanical frequency is close to the
frequency of the cavity mode, the effect of the DCE terms
becomes more important. Such conditions can be realized in a
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superconducting circuit consisting of a coplanar transmis-
sion line with a tunable electrical length [19], or using
microwave resonators and ultrahigh-frequency mechanical
nanoresonators [58,59].

B. Analytical method

From Eq. (3), we know that the transitions between
different phonon states |k) in each n-photon subspace can oc-

cur, such as |k) Yom, |k + 1) Yom, |k + 2). Thus, V,n involves
multiple-order transitions, namely, the transition processes
between the different phonon states in a mechanical oscillator.
Such transitions can occur in a high-order process with a
coupling between the cavity and mechanical modes. If another
component, such as an atom, is introduced, then a high-order
energy exchange for multiple mixed modes can occur.

Here we can eliminate the standard optomechanical cou-
pling term V,,, by performing a unitary transformation with
the unitary operator U = exp[—pBa‘a(b’ — b)], obtaining the
effective system Hamiltonian (details in Appendix A)

AY = 0TAD = BY + Al + AY,. )
where

AY = hod'a + ho,b'b + hw,é,.6_ — hw—a* ad'a,
m

AaY, ~ hg(a” + )b+ b

g

+ h2—[@"7 = a®)(b" — b)(b+ b"H— a7+ a*a'al,
Wpy
Aoy = hr@ +a)(6_ +64)

+ h<ﬁ>(a* —a)6_+6.)(b" — b). (6)
W

The Hamiltonian 1-70U is now the unperturbed one in the new

frame. The last term in I-?OU , originating from the optomechan-

ical interaction V,,, is related to the energy shift (~7ig?n>/w,,)

of the cavity mode.

In Egs. (6), the term ﬁé’M, which is related to the DCE,
describes the creation and annihilation of photon pairs under
the resonance condition 2w, = kw,,, where k is an integer.
Moreover, HY, involves multiple-order transitions, which are
related to the creation and annihilation of multiple vibrating
excitations of the mechanical oscillator. For instance, the term
a2b? in HY, shows the production of a photon pair by the
annihilation of two excitations of the mechanical oscillator,
indicating a high-order energy exchange between the cavity
mode and the mechanical mode.

The last term ﬁXFM in Egs. (6) describes multiple couplings
involving the atom, the cavity mode, and the mechanical
mode. Importantly, I-?XFM can be used to investigate the
counterrotating terms, which takes into account the coupling
between the atom and the mechanical oscillator for the reso-
nance condition

q, >~ 0 + w,, @)

where ¢ is an integer. Indeed, the term a'6. b in HY, is
responsible for the production of an excitation pair by the
annihilation of an excitation of the mechanical oscillator. It is

analogous to the DCE, where a photon pair can be created by
annihilating an excitation of the mechanical oscillator. More-
over, H Uim involves multiple-order transitions, indicating the
high-order energy exchange, such as the term 211'6+132 (see
Appendix A).

The Hamiltonians of the DCE and the counterrotating
terms describe the pair-creation phenomena, involving the
annihilation of vibrating excitations of the mechanical oscilla-
tor. However, the intrinsic pair-creation mechanisms of these
two Hamiltonians are different and involve different transition
paths for a coupling between the atom and the mirror.

For the unperturbed Hamiltonian ﬁOU , the eigenstates are
described by |j, k, n) = |j) ® |k) ® |n), where |k) (|n)) de-
notes the Fock state of the mechanical mode (cavity mode)
and |j) (j = g, e) denotes the atom state, with eigenvalues

Ejin = hwen + hwyk + hoy(jle) — hg*n® jo,.  (8)

C. Numerics and analysis

We begin our study by numerically diagonalizing the
Hamiltonian H in a truncated finite-dimensional Hilbert
space. In Fig. 1(b), the blue curves display the energy dif-
ferences E; — Ey (Ey is the ground-state energy) of the total
system Hamiltonian versus w./w,,, with the atom resonance
frequency w, = 0.4w,,, optomechanical coupling rate g =
0.03w,,, and atom-cavity coupling rate A = 0.005w,,. Com-
pared to the dashed gray curves, which denote the lowest
energy-level E;;, of the unperturbed AV, small energy
shifts and an avoided-level crossing can be observed around
we/wm ~ 0.6 (blue curve).

This avoided-level crossing, induced by the coupling be-
tween states |g, 1,0) and |e, O, 1), shows that the vibrating
mirror with one phonon can directly excite one atom and
radiate one photon, simultaneously, as shown by the inset
of Fig. 1(b). At the minimum energy-level splitting 29‘2'(1)? =
1.83 x 103 w,,, the resulting states are well approximated by

¥3.4) = (1/¥2)(1g, 1,0) F |e, 0, 1)). C))

In this coupling region, the resonance condition for the DCE
is 2w, = w,,;, which means the creation of photon pairs. Since
one of these photon pairs is converted into one atomic exci-
tation, the resonance condition of the whole system can be
written as

we + W, = wy. (10)

Note that the result of this process is the same as the resonance
condition of the multiple-couplings, gw,, ~ w. + @, with
qg=1.

Using perturbation theory, the coupling between states
lg, 1,0) and |e, 0, 1) can be described by the DCE and coun-
terrotating terms, as shown in Fig. 2(a). This indicates that
the coupling between the atom and the mirror is induced by
quantum fluctuations of a cavity field. In particular, one of
the processes is dominated by the DCE, as shown in the red
inclined double-arrow. If |g, 1, 0) is the initial state, then it can
reach the final state |e, 0, 1) through the virtual transition in-
volving the out-of-resonance intermediate state |g, 0, 2). Such
transition processes are dominated by the first terms of both
H{\, and HY, in Egs. (6). The other path originates from the
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FIG. 2. (a) Sketch of the processes giving the main contribution
to the effective coupling between the bare states |g, 1, 0) and |e, 0, 1),
via the DCE (red arrows) and the counterrotating terms (blue arrows).
(b) Comparison between the numerical calculated normalized level
splitting (red dots) and the corresponding analytical calculations
(blue solid curve), obtained using perturbation theory.

counterrotating terms, as shown by the blue horizontal double-
arrow. In the interaction picture, when the counterrotating
terms (e.g., &Vnr expli(w, + w,)t]) are on resonance with the
vibrating mirror (e.g., Bexp[—iwmt]), the coupling between
states |g, 1,0) and |e, 0, 1) can be effectively triggered. Such
a phenomenon of multiple-couplings can be justified by the
term (gh/w,,)(@"6. b+ aé_b") in AY,,. Note that the influ-
ence from the counterrotating terms grows while the detuning
between the frequencies of the atom and the cavity mode
increases. This can be indicated by the ratio

Wy — W, 1
= , (11)
w, + w, 14+ Qw./A)

with the detuning A = w, — w.. When the ratio increases, the
influence from the counterrotating terms grows.

Therefore, the effective coupling rate between the states
|g, 1,0) and |e, O, 1) becomes,

oo _ (€0, 11A{']g,0,2)(g, 0, 2|A|g, 1, 0)
e0l —

Eg10—Ego2
+ (e, 0, 1|H\lg, 1, 0)

(VI EO)(2 L) g ag

2
wl"rl

12)

2 30
Wy — 2a)c + 4:;— Wy 26!)m
m

where AU = HYp\ + Hi, is the effective perturbative Hamil-
tonian. In calculating the effective coupling rate, we keep the
terms of the expansion of the effective Hamiltonian (Hg; and
H e in Appendix A) up to the third order. The effective cou-
pling rate in Eq. (12) versus g/w,, is in good agreement with
the numerical results when the normalized optomechanical
coupling is not too strong, as shown in Fig. 2(b).

Note that, while the optomechanical coupling is increas-
ing to the ultrastrong-coupling regime, the term Vpcg can
no longer be regarded as a perturbation because this term
will cause a nonnegligible energy-shift. For avoided-level
crossings at higher energy with the resonance condition
Wy + o, = 2w,,, a ladder of increasing level splittings and
its corresponding analytical solution are presented in Ap-
pendix A. When this condition is met, the higher-order
DCE and counterrotating terms in the Hamiltonians I-?FUM
and A Uim Tespectively, are necessary for studying energy
splittings.

D. System dynamics

To investigate the system dynamics, a master equation in
the Lindblad form is used (details in Appendix A). For tem-
perature 7 = 0, by numerically solving the master equation,
we can obtain the time evolution of the mean photon number
(ATA), the mean phonon number (B'B), and the mean atom-
excitation number (X¥X). The dressed photon, phonon and
atom lowering operators O = A, B, X are defined in terms of
their bare counterparts & = a, b, 6 (details in Appendix A).

1. Weak-coupling regime

Here, we first study the dynamical evolution when the
effective coupling rate (between states |g, 1, 0) and |e, 0, 1))
is smaller than the loss rates of the system, defined as the
weak-coupling regime following the terminology of cavity
QED. Here we assume the transition frequency of the atom
w, = 0.5w,, and set the atom, photonic, and mechanical loss
rate as n = k = y = C, where C is a constant. To properly
describe the system dynamics, a single-tone mechanical drive
F(t) = Acos(wgyt), with wy; = w,,, and a weak excitation A =
0.8y is used. Initially, we consider the system in its ground
state.

Figure 3(a) is obtained using g=0.01w,,, A=0.01w,,, and
C = w,,/200 (with a minimum energy splitting ZSZ%? =
8.37 x 1073 w,,). Figure 3(b) using g=0.03w,,, A=0.01w,,,
and C =3w,/200 (with 2Q%) =2.46 x 10~2w,,). Fig-
ure 3(c) using g=0.03w,,, A=0.005w,,, and C = 3w,,/200
(with 295(1)? = 2.34 x 10~2w,,). The three plots show that the
mechanical and atom excitations almost reach a same inten-
sity, which implies that the excitations transfer between them.
In Fig. 3, all the results show that the atom and the photon
mean excitation number are different. This is because if the
state |g, 0, 2), which is the out-of-resonance intermediate state
between states |g, 1,0) and |e, 0, 1) [see Fig. 2(a)], decays
to the state |g, 0, 1), the remaining photon will not reach the
state |e, 0, 1) and come back to the state |g, 1, 0). Thus, the
excitation number of photon is larger than that of the atom, as
shown in Fig. 3(a).

Furthermore, the greater the coupling rate g, the more
important is the proportion of the transition path induced
by the DCE [Fig. 2(a)], resulting in a greater difference of
excitation number between the atom and the photon, as shown
in Figs. 3(a) and 3(b).

Moreover, the greater the coupling rate A, the less im-
portant is the proportion of the transition path induced by
the DCE, resulting in a smaller difference of the excitation
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FIG. 3. System dynamics for o, = 0.5w,, with different normal-
ized optomechanical coupling rates and cavity-atom coupling rates,
under a sinusoidal drive of the vibrating mirror. The blue and red
solid curves denote the mean phonon numbers (B'B) and mean
atom-excitation numbers (X X)), respectively, while the black dashed
curve describes the mean photon numbers (ATA).

number between the atom and the photon, as shown in
Figs. 3(b) and 3(c).

2. Strong-coupling regime

Now, we study the system dynamics in the strong-coupling
regime, where the effective coupling rate 2525(1)(1) is larger
than the loss rate of the system. We consider an ultrafast
resonant pulse [60] F(t) = AG(t — ty) cos(wyt), where G(t)
is the Gaussian function and w; = w,, is the central driving
frequency, directly impinging on the mirror. Here, we set
the transition frequency of the atom w, = 0.4w,,, while the
resonance frequency of the cavity mode is fixed at the value
providing the minimum level splitting. With the coupling rates
g =0.03w,, and A = 0.0lw,,, we obtain a minimum energy
splitting 2Qf(1)(1) =3.64 x 10 3w,,. In this case, we assume
the loss rate n = k = y = w,,/1000 and a standard deviation
o= 155N

After the pulse arrival, Fig. 4 shows the system dynamics
in the strong-coupling regime and the Fourier transform of
the mean atom-excitation number, obtained with pulse ampli-
tudes, A = 0.25x7 for Fig. 4(a) and A = 0.40x for Fig. 4(c).
In particular, Fig. 4(a) shows sinusoidal-like oscillations, ex-
hibiting that the excitations can be reversibly transferred
between the mirror and the atom (or photon), at a rate w3 4 =
Ey — Ey =2Q5%).

Note that, at a weak excitation level, the only desired states
[¥3.4) = (l/ﬁ)(lg, 1,0) F |e, 0, 1)) are excited, as shown
in Fig. 4(b). When the amplitude of the pulse increases to
A = 0.407, the system dynamics is no longer a sinusoidal-like
oscillation [Fig. 4(c)]. This is because the higher-energy state
(originating from the coupling between states |g, 2, 1) and
le, 1, 2)) is excited, indicated by a peak at w617 = E17 — Es
in Fig. 4(d). This process contributes to the system dynam-
ics. The other states indicated by w7, ®i0,11, and wj313 in
Fig. 4(d), do not significantly contribute to the dynamics,
since the minimum splitting of these states is not provided
at the resonance frequency of the cavity mode, such that they
have not been effectively excited.

II1. SINGLE ATOM INTERACTING WITH MULTIPLE
CAVITY-OPTOMECHANICAL MODES

In this section, we extend the previous model from
a single cavity-optomechanical mode to multiple cavity-
optomechanical modes. In this case, we will show how to
realize frequency conversion of cavity modes.

A. Model

In the single-atom model with a single cavity-
optomechanical mode, the resonance condition w, + @, =
w,, implies that the photons in the cavity resonator can
be affected and even mediated by an atom with adjustable
resonance frequency. By introducing more cavity modes into
the system, one can transfer the excitations between two or
more of them. Here, we study such a case where two cavity
modes (w.; and w.,) interact with the atom and mechanical
mode, fulfilling the condition of frequency conversion:
2w = w, + we. The acquisition of this condition will be
discussed in the next subsection. The atom is assumed to
mainly interact with the mode w,;. Considering the DCE and
counterrotating terms, the total Hamiltonian can be described
as [53] H= 1170 + HI, where

2
Hy =" houala; + honb'b + hwb.6_,

i=1

[OF 2PN N
(@3 +al?

. B
b= 75” [(af +al? +2ala)) + + 2400,

Wel

we At At L A oA
-2 2 (ayan + aIa2 + aIaz + a;al):| b+ b

@cl
+ hA(ar +a})(6- + 64). (13)

The second and third lines of Egs. (13) originate from the
DCE and imply that the mechanical oscillator can create
photon pairs in different cavity modes. By defining the quan-
tized boson operators for hybridized cavity modes, H can be
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FIG. 4. System dynamics for w, » 0.6w,, after the pulse arrival. The blue and red solid curves denote the mean phonon number (87 B) and
the mean atom-excitation number (XX), respectively, while the black dashed curve describes the mean photon number (ATA). (a) The pulse
amplitude is A = 0.257. (b) The Fourier transform of the mean atom-excitation number of panel (a). (¢c) The pulse amplitude is A = 0.40x.
(d) The Fourier transform of the mean atom-excitation number of panel (c).

transformed into a similar form as that in the scenario of the
single-atom interacting with a single cavity-optomechanical
mode (details in Appendix B). Consequently, one can analyti-
cally study the coupling mechanism of this system (details in
Appendix B).

B. Frequency conversion

The mechanism of the frequency conversion in the model
of the multiple cavity-optomechanical modes can be intro-
duced by following two processes. In the first process, the
energy transfer between the cavity mode ., and the mechani-
cal mode w,, can occur with resonance condition 2w., = kw,y,.
The second process is based on the atom-mirror coupling
system. In this process, the energy transfer between the cavity
mode w.; and the mechanical mode w,, can be mediated by
an atom at the resonance condition w, + w.; = qw,,. Since
these two processes utilize the same mechanical mode, we can
obtain the relation 2w, = w, + ®.1.

For instance, we consider the case where two cavity
modes are w.; = 0.65w,, and w, = 0.5w,,, with coupling
rates g = 0.02w,, and X = 0.0lw,,. The lowest-energy lev-
els of the system Hamiltonian versus w,/w,, are plotted in
Fig. 5(a). The eigenstates are |j, k, ny, np), where the |n;) is
the Fock state of the cavity mode w,; (i = 1, 2)(details in Ap-
pendix B). Note that there are two states (1/«/5)(|g, 0,0,2) £
lg, 1, 0,0)), which originate from the minimum splitting be-
tween |g, 1,0,0) and |g, 0, 0, 2). These superposition states
indicate the energy exchange between the cavity mode w.,

and mechanical mode w,,. If the atom is present and satisfies
the relation 2w, = w, + w1, then the energy of the cavity
mode w., will be first transferred to the mechanical oscillator
and then to the cavity mode w.; and the atom. Specifically,
when the avoided-level crossing between states |e, 0, 1, 0)
and (1/4/2)(lg, 1,0,0) £ |g, 0, 0, 2)) appears, the frequency
conversion of two cavity modes can occur. The corresponding
effective coupling rate 2 can be calculated by using perturba-
tion theory (details in Appendix B).

Now, we use the master equation in the Lindblad form to
study the dynamical evolution of this hybrid system in the
presence of dissipation (details in Appendix A). The initial
state is (1/\/5)(|g, 1,0,0) —|g, 0,0, 2)), which can be pre-
pared by utilizing the DCE [52], with w, sufficiently detuned
from the frequency-conversion resonance 2w. = w, + ®,|.
After preparation, the atom is quickly tuned into resonance
for half a Rabi oscillation period and then tuned off im-
mediately. This scheme is commonly used for state transfer
between resonators (or qubits) in circuit QED [61-65]. With
k1 =k, = y = n = /60 for photonic (cavity modes w.; and
w¢2), mechanical, and atomic loss rates, Fig. 5(b) displays the
energy exchange between cavity modes w.; and w,;.

IV. TWO-ATOM INTERACTING WITH SINGLE
CAVITY-OPTOMECHANICAL MODE

In this section, we extend the single-atom model to the two-
atom case. We will show that a single vibrating excitation of
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FIG. 5. Frequency conversion. (a) Lowest-energy levels of the
system Hamiltonian H versus the ratio between the transition fre-
quency w, of the atom and the mechanical frequency a)m of the
mirror. (b) Time evolution of the mean photon numbers (A A ) and
(A tA2) Here, the dressed photon lowering operators O=A4A,, A, are
defined in terms of their bare counterparts 0 = a,, a, (details in
Appendix A). The detuning o, = ©, — ©? = 0.18?, where the ©?
is the value at the minimum splitting, is displayed by a gray dashed
curve. Such detuning can be realized by using a superconducting
quantum interference device if the two-level system is an LC super-
conducting qubit [61].

the mechanical oscillator can be absorbed simultaneously by
two atoms.

A. Model

A hybrid quantum system consisting of a cavity resonator
with a movable mirror and the two atoms is considered. The
system Hamiltonian can be written as

= liwd & + liw,b'b + 10,66 + hips Pe®

+ ngatab+b") + Eg(&z +a™) b+ b

+ha@+ahe +60)
+haaa+a)e? +62). (14)

The two-atom model can be analytically solved by per-
forming a unitary transformation (details in Appendix C),
which is similar to the case of single-atom with single
cavity-optomechanical mode. For the unperturbed Hamilto-
nian I?é] shown in Appendix C, the eigenstate is described as
|j1, j2, k, n), where | j;) and | j») (j = g, e) denote the states of
the atoms w,; and w,;, respectively. For the coupling between

the ground state |g, g, 1, 0) and the excited state |e, e, 0, 0),
the effective coupling rate fo(l)g can be calculated by using
perturbation theory (details in Appendix C). By study this
coupling, we show that the cavity-vacuum field couples the
vibrating mirror via the complete exchange of virtual photons
to the two atoms.

B. System dynamics: One phonon being absorbed
simultaneously by two atoms

By using a master equation approach, we study the exci-
tation transfer between the mirror and the two atoms (details
in Appendix A). For this purpose, a coherent external drive
is applied to the movable mirror. The driving Hamiltonian is
written as Hy(t) = F (t)(13 + BT), where F(t) is proportional
to the external force on the mirror. Moreover, 1y, 12, k, and y
are the loss rates of the atom w,;, atom w,, cavity mode, and
mechanical mode respectively.

First, we study the coherent energy transfer between the
two atoms and the mirror in the weak-coupling regime, show-
ing how the excitations of the mirror can be absorbed by the
two atoms. A single-tone mechanical drive F () = A cos(w,t)
with a weak (A = 2y) resonance excitation of the vibrating
mirror (wy = wy,) is adopted. The system is initially in its
ground state and the evolution can be obtained, as shown in
Fig. 6(a), with the transition frequency of two atoms w,; =
oz = 0.5w,,, the normalized optomechanical coupling rate
g = 0.007w,,, the normalized atom-cavity coupling rate A; =
Ar = 0.007w,, loss rates n = =k =y =1 x 1074w,
and w, = 0.55w,,.

Figure 6(a) shows a remarkable energy transfer from the
vibrating mirror to the two atoms via quantum vacuum fluctu-
ations. Note that, at the beginning of the energy transfer, the
energy of the two atoms rises simultaneously. At the steady
state, the mean atom-excitation number are detectable, even
though the optomechanical coupling is not very strong. Fur-
thermore, the photon population [black curve in Fig. 6(a)], is
negligible throughout time, implying that the energy transfer
is mediated by virtual photons pairs.

Then, we study the strong-coupling regime. An ultrafast
resonant pulse F (1) = AG(t — ty) cos(wgyt) is applied on the
movable mirror to produce a coherent mechanical state. We
consider a pulse with standard deviation o = (309‘:‘%8)’1,
amplitude A = 0.25m, and central driving frequency w,; =
wp,. The system is initially prepared in its ground state with
parameters k =y =1 =1 =1 X 105 w,,, g/wy, = 0.03,
A1 = Ay = 0.005w,,, and w. =~ 0.55w,,. Figure 6(b) displays a
coherent energy exchange between the mechanical oscillator
and the two atoms after the pulse arrival. The result shows
that the energy can be reversibly transferred via quantum
fluctuations at a rate ws ¢ = Eg — Es = 2&2‘5%8, as indicated
by the peak in the inset of Fig. 6(b).

V. EXPERIMENTAL PLATFORM FOR THE OBSERVATION
OF PROPOSED EFFECTS

To demonstrate these results, circuit optomechanics using
ultrahigh-frequency mechanical resonators [58,59] provide a
promising platform [21,52]. An optomechanical system with a
radiation-pressure interaction Hamiltonian and a cavity-atom
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FIG. 6. The dynamical evolution of the hybrid quantum system
(a) in the weak-coupling regime with a sinusoidal drive of the vi-
brating mirror and (b) in the strong-coupling regime with an ultrafast
resonant pulse for the mirror, where the inset displays the Fourier
transform (FT) of the mean excitation number of atom 1. The black
and blue solid curves describe the mean intracavity photon number
(AA) and mean phonon number (B'B), respectively, while the red
and green dotted curves describe the mean atom-excitation number
()?f X,) and ()?; X,), respectively. Here, the dressed photon, phonon
and atom lowering operators O =A, B, X, X, are defined in terms of
their bare counterparts & = &, b, ', 6@ (details in Appendix A).

system with Rabi Hamiltonian must be introduced into such a
platform.

The radiation-pressure interaction with a reasonable cou-
pling strength can be obtained by considering a tripar-
tite system consisting of an electromagnetic resonator, an
ultrahigh-frequency mechanical resonator, and a supercon-
ducting charge qubit. In this system, the interaction between
the former two parts is mediated by the qubit, which
can strongly enhance the optomechanical coupling [66,67].
Specifically, considering one coupling between a generic me-
chanical oscillator and a charge qubit through a capacitor, the
interaction Hamiltonian can be written as [21,67]

Hym = gu(b+ 515, (15)

where g, is the coupling strength. Note that this coupling
induces a qubit energy shift depending on the mechanical dis-
placement so that w, — w, + 2gm(l3 + 13*), where w,, is the
mechanical frequency and w, is the transition frequency of the
qubit. On the other hand, following Refs. [66,67], we consider
the additional interaction of the qubit with an electromagnetic
resonator, described by Hy = g.(a@ + a")6”. In the disper-
sive regime, the qubit-cavity interaction can be approximately

described by [68]
g

Hy, = A
where A = w, — w, is the detuning frequency. By consider-
ing the energy shift of the qubit, the detuning can be rewritten
as A =w,; + ng(13 + lB*) — w,, depending on the mechanical
displacement. If we assume a small displacement and consider
the qubit in its ground state, then we can obtain the following
optomechanical interaction from Eq. (16),

@+a"?s, (16)

Hym = §<a +a b+ b, a7
with
2 m
2 (18)
(wg — wc)

Assuming that the optomechanical system depicted above
can be coupled through a capacitor to a superconducting
qubit, the effects discussed in this work could be effectively
observed. The interaction Hamiltonian can be described by

A = g(a +a b+ +a@+ahe. (19

The optomechanical coupling rate g and the cavity-qubit cou-
pling rate A can reach the ultrastrong coupling limit [35,36],
which should allow us to observe the phenomena predicted in
this work.

If the above electromagnetic resonator consists of a copla-
nar waveguide resonator, which can be designed to trap atomic
ensembles [69,70], then it is possible to realize the integration
of ultracold atoms (or molecules) with circuit optomechanics.
This integration could achieve the atom-mirror coupling via
quantum fluctuations. To obtain a moderate scale of the cou-
pling rate A, a rather effective way is to employ an ensemble
of N atoms instead of a single atom [69,71-75] to enhance the
atom-cavity coupling by a factor of +/N.

In addition, to observe the dynamical evolution of the sys-
tem, we can apply a coherent driving field to the mechanical
resonator through the piezoelectric material, which converts
the electrical signal into mechanical vibrations [58,76]. In
the weak-coupling regime, as in the previous discussion, one
can employ the continuous-wave electric field as the coherent
drive [77-79]. For the system dynamics in the strong-coupling
regime, the required ultrafast resonant pulse, like the Gaussian
pulse, can be achieved by mixing the fields from the arbitrary
waveform generator and a continuous-wave coherent drive
[77].

VI. DISCUSSION AND CONCLUSION

We have demonstrated that the coupling between the atoms
and a mechanical oscillator can be induced by vacuum fluctu-
ations of a cavity field, which are amplified by the DCE and
counterrotating terms. The novel coupling mechanism has the
potential to couple the atom and the mechanical oscillator with
a considerable mass imbalance.

Table I lists the three models described in this work. By
comparing the zero-atom case [52] with the single-atom and
the two-atoms ones, we demonstrate that the DCE photons
can be transformed to the atomic excitations from one atom to
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TABLE I. The coupling between the atoms and the mirror via cavity-vacuum fluctuations with three models described in this work.

Model* N,=1,N.=1,N, =1

N,=1,N.=2,N, =1 N,=2,N.=1,N, =1

Main feature The creation of an excitation
in both 1 atom and 1 photon
Resonant condition Nw,, = o. + w,

Dominant effect” DCE and CRT

Frequency conversion

between two cavity modes

2w = wa + W

DCE, CRT, and scattering effect

The creation of an excitation
in both atoms

Nw, = wa1 + wa

DCE and CRT

4N, N,, and N,, refer to the number of atoms, optomechanical-cavity modes, and mechanical modes, respectively.
"DCE and CRT refer to the dynamical Casimir effect and the counterrotating terms, respectively.

two atoms. It is possible to detect the DCE effect by collecting
the readout signal of the quantum state of the atomic system.
This approach can be immune to some spurious ambient emis-
sion processes for the measured photons and, therefore, can
be used as an auxiliary means to estimate the DCE effect.
Compared to the two-atom case, the single-atom one may be
more suitable for this task because the former (single-atom)
requires more high-order processes than the latter.

For the two-atom case, the conditional quantum-state trans-
fer is a possible application. One atom could be encoded
with information as a superposition of the ground and excited
states. The second atom can be used as a switch to control
whether the information is transmitted to the membrane. If
the second atom’s transition frequency satisfies the resonant
condition of the system (e.g., Nw,, = @, + w,2), then a sin-
gle phonon will be created in a membrane that contains the
encoded information.

For the two cavity-optomechanical modes model, from the
resonant condition of the photon frequency conversion 2w, =
w, + .1, this model can realize frequency up-conversion and
down-conversion of optical signals by mediating the atom’s
transition frequency. In addition, it is also possible to realize
wideband wavelength conversion at the expense of requiring
a high optomechanical coupling rate and a cavity-qubit cou-
pling rate.

One model with two mechanical modes can also be ex-
plored. In this case, we can consider a hybrid quantum system
consisting of a cavity resonator with two movable mirrors and
two atoms. When one of the two mirrors is driven and encoded
with quantum information, the atoms can absorb the excita-
tions. Before reaching the other mirror, we can store these
excitations by controlling the atom’s transition frequency to
get away from the resonant condition of the system. Thus,
controlling the arrival time of the excitations between two
mirrors is possible. Such a model can also be analytically
studied by using the method of Sec. II.
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APPENDIX A: SINGLE ATOM INTERACTING WITH
SINGLE CAVITY-OPTOMECHANICAL MODE

1. Effective system Hamiltonian

By performing a unitary transformation with the unitary
operator U = exp[—pBa’a(b" — b)] for H in Sec. I of the main
text, we can obtain an effective system Hamiltonian

A

AY =U'HO = Hé’ +ﬁl~yM +HXFM’ (A1)
where
WU — OB+ V-0 = A & ot
o =U"(Hy+ Vom)U = o—hw—a aa'a, (A2)
Aé’M = U"VoceU
x n
1
=2 —,ﬁg<i> 2™ + (—1)"a’]
n! [
n=0
x (b" = by' (6" + b) — n[a"™ + (—1)"'a’]
x a‘a(b' — by, (A3)
and
ﬁ/l\]FM = leHI(AF)O
o0 1 g n
=h iy AR Y AT+ —1)Ya
X_gn,<wm) [a" + (—1)"a]
x (6_ +6,)(b" = b)". (A4)

2. Analytical approach to the high-order resonance
condition w, + 0, = 2w,

In a ladder of increasing level splitting, the corresponding
effective coupling rate can also be calculated by using per-
turbation theory. For the coupling between states |g, 2, 0) and
le, 0, 1) in Fig. 7, with parameters g=0.06w,,, A=0.01w,,, and
w,=0.8w,,, the transition paths are shown in Fig. 8(a). The
top two transition paths involve the creation (or annihilation)
of excitation pairs with the high-order processes of the DCE
and the counterrotating terms, while the last path shows the
standard resonant condition of the DCE. With these transition
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FIG. 7. (a) Relevant energy levels of the system Hamiltonian
H versus the ratio between the resonance frequencies of the cav-
ity mode . and the vibrating mirror w,,. (b) The enlarged view
of the boxed region in panel (a) shows the avoided-level crossing
between |g, 2, 0) and |e, 0, 1), which is induced by the DCE and the
counterrotating terms. The resulting coupling involves the high-order
resonance condition w, + w, = 2w,,.

paths, the effective coupling rate can be obtained,

o0 _ (€0, 1A |, 0,2)(2, 0, 21 |g, 2, 0)

e0l — Eg,Z,O — Eg,O,z
L e, 1A g, 1,2)(g, 1,2|H |g, 2, 0)
Eg20—Eg12

+ <ev Ov 1|ﬁ/§]FM|g7 27 O)
A

W 202,
a a)m—a)c—i—% wm—Za)C—i—%
V22
202,

where AU = HY.\, + HY, is the effective perturbative Hamil-
tonian after the unitary transformation. For calculating the
effective coupling rate, we keep the terms of the expansion
of the effective Hamiltonian (HY, and HY,,) up to the third
order. In Fig. 8(b), the numerical and the analytical results of

the normalized splitting (2953(1) /) are in good agreement.

(a)
g,0,2>\
|g>2,0> > |670>1>
— DCE
, 1,2
— CRT s ?
(b) x107
2 [}
g [ )
S
[a)]
0
0 002 004 006 008 0.10
g/Wn,

FIG. 8. (a) Sketch of the processes giving the main contribution
to the effective coupling between the states |g, 2, 0) and |e, 0, 1), via
the DCE (red arrows) and the counterrotating terms (blue arrows).
(b) Comparison between the numerical (red dots) and analytical (blue
solid curve) results of the normalized level splitting.

This shows that a perturbative approach is still applicable if
the normalized optomechanical coupling is not too strong.

3. Master equation approach

To study the system dynamics, a master equation in the
Lindblad form is used. Here, the Born-Markov approxi-
mation without the post-trace rotating-wave approximation
[52,80] is considered and the resulting master equation for the
density-matrix operator p(¢) at temperature T = 0 [42] can be
described by

b(t) = %m(n, A+ A1)

+ kD[A1p(t) + yDIB1p(t) + nDIX1p(t),  (A6)

where the «, y, and n are photonic, mechanical, and atom
loss rates, respectively. The driving Hamiltonian is written
as Hy(t) = F(1)(b+ b"), where F(t) is proportional to the
external force on the mirror. The dressed photon, phonon and
atom lowering operators O = A, B, X are defined in terms of
their bare counterparts 0 = a, l;, 6_ as

O= " (Ynlo+ 0" 1¥u) W) (Wl (A7)
E,>E,
and the superoperator D is defined as
D[O]p = 3(20p0" — 0'0p — p0O'0).  (A8)
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Moreover, we label the |v,) eigenvectors of A and the E,
corresponding eigenvalues, such that E, > E,, for n > m.

APPENDIX B: SINGLE ATOM INTERACTING WITH
MULTIPLE CAVITY-OPTOMECHANICAL MODES

1. Effective system Hamiltonian

In this case, the system Hamiltonian is described as [53]
H = H, + Hj, where
2
T — Z w4 + hw,b'b + ho,6,.6_ (B1)
i=1

is the unperturbed Hamiltonian and

N h - + W . .
= ;[(af +af* +2ala;) - 2 (@3 +a* + 2aay)
cl
W2 oo | atat | ata | ata PRt
) - (a1a2+a1a2+ala2+a2a1)](b+b)
cl
+ BA(@) +a])(6- + 64) (B2)

describes the interaction.

To conveniently analyze this quantum system, we need to
perform a transformation for the system Hamiltonian. Here,
we define the quantized boson operators for the hybridized
cavity modes

. ca+a d o a, — cap (B3)
p=—F— an = ——,
V1 +¢? 1 1+ c?

where ¢ = /o /a)Ll They satisfy these relations [p, 4] = 0,
[p.4"1=0,[p, p'1=1, and [4, A1] = 1. The system Hamil-

tonian can be rewritten as H Ho + HI, where
Ho = hiioa p'p + hdoead' G + hopb'b + hw.b.6- (B4

is the unperturbed Hamiltonian and H; = Vpcg + Vom +
Hiar) + Hiry describes the interaction. Here,

. hG
Vbce = (q +¢)b" + b), (B5)
Vom = KGG'G(b" + b), (B6)

. fid o
Hyar) = ﬁ(cp +cp+q +§6-+64), (BT

and
7 - Ach PG+ 4" p) (B8)
IR = 772 P4tar)

where G = (1 + ¢?)g s the effective optomechanical coupling
rate for the hybridized cavity modes and A = w.; — w,; is the
detuning between the cavity mode 1 and mode 2.

Ac? 4z N A
—— and oo = o, P —
1+ C2 c2 c2 1+ 6‘2

are the effective frequency of the hybridized cavity mode

1 and mode 2, respectively. Hygr) describes the scattering
interaction between the hybridized cavity modes. Note that

W] = w2 +

the system Hamiltonian H is analogous to the scenario of a

single-atom with a single cavity-optomechanical mode, so we
can utilize the analytical method of Sec. II to this case.
Applying a unitary transformation with the unitary opera-

tor U = exp[—(G/wn)§t§(b* — b)] for H, we obtain
G? o
0—h—4'gq'q,  (BY)

m

o0 1 G n
= —hG(—) 2" 1[G + (—=1)'¢%]
! [
n=0
x (b" — by"(b" + b) — n[g™ + (—=1)"'§*]
x §'g(b" — by, (B10)
QXFM =U' :AFU
N M X1 /G\"
= AF+——1+C §;<w_m>
x [+ (=1)"q1(6- +64)(b" —b)",  (Bl1)

and
FilYy = U Fies0

o0

_ Ach 1 RS
=172 o”'< )[ P+ (=1)"gp']
x (b' = bY'. (B12)

Here, ﬁgFM describes the scattering interaction between the
hybridized cavity modes @, and &.,, involving the multiple-
order transition processes induced by Vop,.

Now, by substituting the Eqgs. (B3) to the Egs. (B9) (B12),

we can obtain the effective system Hamiltonian HY = HY +
H M T HAFM + HFFM. Here,
1-75] = (a“ &Tal +2¢%a alazaz
+c azazazaz + 2al alazaz + 2 azazala ) (B13)
is the unperturbed Hamiltonian.
oo n
N 1 G 1 PN
U n—1 i n
= —hG 2 Li(b"—b
FM ,,X:(;"! <wm> [1+c2 1( )
(b +b) = ————LLGB - by, (Bl4)
(14 c2)?
where
= [a]> + (=1)"aj] + *[a)® + (= 1)"a3]
—2c[alal + (=D)"ayaa), (B15)

Ly = [a7? + (=1 "a{] + [y + (= 1)"'&3]
— 2cfaldl + (1) 1aa0], (B16)
and

Ly =ala) — calay — caba, + cPabay (B17)
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describes the creation (or annihilation) of photon pairs with
different cavity modes, involving the multiple-order transi-
tions. This

H sem = fiA(a) + aT)(a +61)

G n ) -
T ;;(w—m) {laj + (=1)'a]
—cld + (= 1)"a]}(6- + 60" — by  (BIS)

describes the photon-atom-phonon coupling with different
cavity modes, involving multiple-order transitions.

N Ach

(1 (1+ 2y Z n! (wm)

<AL+ (=1)"le@]r = 2320) + [1+ (=1)""'¢?]

AU
HFFM -

x [alay + (= 1)'a,a01)(b" — b, (B19)

where

e =~

alay)@lay + dlay)
()

T a + ca
— (ajay + ajay )(cajay + SPalar)

+c(aas + af’ar)] (B20)
describes the scattering interaction between the cavity modes.
The scattering effect involves the multiple-order transitions
between different phonon states in a mechanical oscillator.

For the unperturbed Hamiltonian HY, the eigenstates can
be written as |j, k, ny, ny) = |j) ® k) ® |n1) @ |np) with the
eigenvalue

Ejn = hon + hoqon + hogk + hiog(jle)

h
— ﬁ[nl +2¢*niny + ¢*nd
W

+ni(m + 1)+ Fna(ng + 1)]. (B21)
2. Analytical approach to the resonance
condition 2w, = w, + @1
For the coupling between states |e,0,1,0) and

(1/«/5)(|g, 1,0,0) — |g,0,0,2)) shown in Fig. 5(a) in
the main text, the transition paths are shown in Fig. 9(a).
If the state (1/+/2)(|g,1,0,0) —|g, 0,0,2)) is the initial
state and prepared, then it reaches the final state |e, O, 1, 0)
through virtual transition involving the intermediate states
lg, 0,2,0) by the DCE, or it directly reaches the final state
by the counterrotating terms. Besides the two effects, the
scattering effect can also contribute to the coupling, as shown
in Fig. 9(a). Thus, the effective coupling rate can be obtained
by using perturbation theory.

_ (e.0.1,0A{|g. 0.2, 0)(g. 0.2, O|A |y
Ei — Ego20

VL)

+(e,0,1,0/H

(a) — DCE 12,0,2,0)
— CRT
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FIG. 9. (a) Sketch of the processes giving the main contribution
to the effective coupling between the states (1/+/2)(|g, 1,0, 0) —
|g,0,0,2)) and |e, 0, 1, 0), via DCE (red arrows), counterrotating
terms (blue arrows), and scattering effect (green arrows). (b) Com-
parison between the numerical (red dots) and analytical (blue solid
curve) results of the normalized level splitting.

(1 - %)(2% fg + (l-s-Lz)2 f)

2((1)02 - wcl) -

4g @=1
Wm

1 gh (1+c2)°ag
2\ o 203, '

where A/ = Al + HY, + HY, is the effective perturba-
tive Hamiltonian after the unitary transformation and |y;) =
(1/\/5)(|g, 1,0,0) —|g,0,0,2)) is the initial state. In this
case, the transition path of the scattering effect is dominated
by the last line of Eq. (B20). Specifically,

FM|g,0 0,2)

(B22)

(g, 0,2,0|H,

—2g%c?

W

= (g,0,2,0|Hgrlg 0,0,2) =

This means that the scattering effect is a second-order process
in the coupling. Compared to the DCE and counterrotating
terms, the contribution of the scattering effect in the effective
coupling rate is relatively small. Figure 9(b) shows a compar-
ison between the numerical and the analytical results of the
normalized splitting (22/w,,). The agreement is good if the
normalized optomechanical coupling is not too strong.

Note that, in the above case, the interaction between the
cavity mode w, and the atom has not been considered, as
shown by Fig. 10(a). If this interaction is included [indicated
by green arrow in Fig. 10(b)], then the unfavorable energy
exchange will occur in the photon frequency conversion and
then the conversion efficiency will be decreased. To avoid
this condition, one can make the dipole moment vector of the
atom perpendicular to the field vector of cavity mode w., or
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(@) Atom Wq
. DCE Mechanical DCE
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2wes Nw, CRT

Cavity mode we1

2(*)(:2 = Wq + We1

(b)
o . Atom Wq
. DCE " Mechanical PCE
Cavity mode P oscillator
2o Nuwm KT

Cavity mode Wc1

FIG. 10. Sketch of the processes of the photon frequency con-
version. (a) The path of the energy flow. (b) The paths with the
interaction (indicated as the green arrow) between the cavity mode
¢ and the atom.

keep the atom away from the field distribution of the cavity
mode w..

APPENDIX C: TWO-ATOM INTERACTING WITH SINGLE
CAVITY-OPTOMECHANICAL MODE

1. Analytical approach to the resonance condition
@g1 + @2 = Op

As the description of the two-atom model in Sec. IV of the
main text, the system Hamiltonian can be written as

A

A = hwoa'a + houb'b + ho, 66" + hignsPe?

A s h PN
+hgata(b+b") + 5g(zﬂ +a)b+ b
+fir@+ahHelV +6)

+ irg(a +a"H 6P +69). (C1)
To derive the effective system Hamiltonian to analyze
this model, we can use the method, which is presented in

the model of single-atom with single cavity-optomechanical
mode. Then, we have

Héj :hwcATA—f—hwmbTb—i—ha) A(l) (1)

+ hwpsP6 — hia*aa*a, (C2)
Wy
8 naA
H (])FM—th'<wm) )\'l[ +( 1) a]
x G + 6B - by, (C3)
mFM—hZ ( ) &'+ (-1y'al
x (ai” + 62" - by, (C4)

and
Hiy = Z hg( )2" "(a" + (—1)'a*)

by (b" + b) — n[a™ + (—1)"'a%]
by11. (C5)

X (bT
x atab’ —

In this model, the resonant condition is w,; + W, = kw,,,
where k is an integer. This formula implies the exchange of
virtual excitations between the atoms and a mirror. For the
unperturbed Hamiltonian AY, the eigenstate is described as
lj1, j2, k, n), where |j;) and |jo) (j = g, ) denote the states
of the atom w,; and w,, respectively, with eigenvalue

Ej| Jakon = howen + hw,k + hwa(jl le) + hwa<j2|e)
— hg*n® Jwp. (Co)

Here, we assume that the two atoms are nonidentical, the
mode frequency of the cavity mode is w, = 0.7w,,, and that
the normalized atom-cavity coupling rates are A; = 0.014w,,
and A, = 0.022w,,.

Figure 11 displays the lowest energy levels (E; — Ej) of
the system Hamiltonian versus the ratio between the transition
frequency of the atom w,, and the mechanical frequency of
the mirror w,,. The avoided-level crossing in Fig. 11(b) origi-
nates from the coherent coupling between the states |g, g, 1, 0)
and |e, e, 0, 0). At the minimum energy splitting, the result-
ing states are well approximated by ¢4 5) =~ f(|g, g 1,0)F

le, e, 0, 0)). Obviously, this splitting occurs in a resonant con-
dition w,| + W = w,,.

In Fig. 12(a), the transition paths for a coupling between
states |g, g, 1,0) and |e, e, 0, 0) are dominated by the DCE
and the counterrotating terms. If |g, g, 1,0) is the initial
state of the system, then it reaches the final state |e, e, 0, 0)
through the virtual transition involving the out-of-resonance
intermediate states |g, g, 0, 2) or |e, g, 0, 1) (|g, e, 0, 1)). Such
a transition process is a detuned resonance transition. This
means that when one system satisfies the resonance condition
wa1 + 0 = ko, even if w,; # wy, a single vibrating exci-
tation of the mechanical oscillator can be absorbed by the two
atoms. Based on the above effective system Hamiltonian, the
effective coupling rate can be obtained by using perturbation
theory,

Qeel0 _ gﬁ)ﬂ (1- %)( -1+ %)

0 (wm — W¢ — Wq1 + %)

(1 - ) (— 1+ )

Dm 2wy, m

(wm — W — W2 + _)
Zg)\.l)uz(l —

G+5)

— 2w, + & )

Dm

)

(@n = @c = 0a + £) (on
-5 (3+%)

£ (wm — 20 + %)

In Fig. 12(b), it is in good agreement between the nu-
merical and the analytical results of the normalized splitting

2gh1x2(1

€N

(a)m — W — Wx2 +
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FIG. 11. (a) Relevant energy levels of the system Hamiltonian
versus ratio between the transition frequency of the atom w,, and
the frequency of the vibrating mirror w,,. (b) The enlarged view of
the boxed region in panel (a) showing the avoided-level crossing
between |g, g, 1,0) and |e, e, 0, 0), induced by the DCE and the
CRE. The resonance condition in this case is w,; + w,» = w,,. Here,
the transition frequency of the first atom is w,; = 0.45w,,, and the
normalized optomechanical coupling rate is g = 0.01w,,.

(Zfo(l)?wm) versus the normalized optomechanical coupling
(g/wwm). This demonstrates that two atoms can couple to the

mirror via a complete exchange of virtual excitations.

2. System dynamics for two nonidentical atoms
with different coupling rates

As in the previous discussion, from the resonance condi-
tion w,; + ws = kw,,, we know that the two atoms do not
need to be identical. In this subsection, we study the system
dynamics in a more general case, where the two atoms are
nonidentical with different coupling rates A;.

Figure 13 displays the system dynamics [corresponding to
the minimum level splitting shown in Fig. 11(b)] of the mean
photon number (ATA), the mean phonon number (BB), the
mean atom-excitation number (Xf X1), and (Y; X,). These are
done in the weak-coupling regime with the continuous-wave
mechanical drive and the strong-coupling regime with the
ultrafast resonant mechanical pulse. Figure 13 shows that, at
the beginning of the dynamics, the energy of two atoms rises
simultaneously after the mechanical oscillator is driven. This

(a) le,g,0,1>
18,8,1,00~—|g,80,2) le,e, 0,0
— DCE
— CRT |g,e,0,1>

(b) o
4210

3

3

%32

G

[\l
|
0
0 002 004 006 008 0.10

8/Wn

FIG. 12. (a) Sketch of the processes giving the main contribution
to the effective coupling between the states |g, g, 1, 0) and |e, ¢, 0, 0),
via the DCE (red arrows) and the counterrotating terms (blue arrows).
(b) Comparison between the numerical (red dots) and the analytical
(blue solid curve) results of the normalized level splitting.

phenomenon is similar to the case shown in Fig. 6, where
the two atoms and corresponding coupling rates A are all
identical. The difference is that, after a short time, the exci-
tations of the two atoms have not coincided with each other in
Fig. 13. This can be attributed to the differences of proportion
of the transition paths [Fig. 12(a)], which are induced by the
differences between the coupling rates of the cavity-atom.

In addition, we observe that the single-atom excita-
tion (X'X;) is close to the two-atom correlation G =
(XlT XzT X>X1). By excluding the effect of system decay, we
have also calculated G® and found that (X/X;) and G® =

(XIT X; X,>X;) almost coincide over time. This result is a clear
signature of joint excitation: if one atom becomes excited, the
probability of the other atom being excited is very close to
one.

APPENDIX D: ADDITIONAL DISCUSSIONS

Very recently, we noticed a work considering the case
when the mechanical oscillator can excite an atom through
a cavity-vacuum field [81]. The cavity-atom part of this work
is based on the single-photon Rabi model and the two-photon
Rabi model. Reference [81] gives the analytical solution of
the two-photon Rabi model by using the method of Ref [52].
However, it neglects the transition processes between the dif-
ferent phonon states of one mechanical oscillator, which is
essential in this method. In the single-photon Rabi model,
Ref. [81] only presents the numerical results. Actually, the
method of Ref. [52] is not suitable for the single-photon Rabi
model because the energy transfer between an atom and a
mechanical oscillator is at the single-photon level. In this
section, we will compare the analytical methods used in our
works and in Ref. [52] for studying the coupling between an
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FIG. 13. The dynamical evolution of the hybrid quantum system
(a) in the weak-coupling regime (lossrate n; = g, =k =y = 1.3 X
10*w,,) with a single-tone mechanical drive F(t) = A cos(wgt)
(a weak resonance excitation A =2y and w; = w,) and (b) in
the strong-coupling regime(k =y =1, = 7, = 1 x 107%w,,) with
an ultrafast resonant pulse F(t) = AG(t — ty) cos(w,t) applied on
the movable mirror (standard deviation o = (302%0)~!, amplitude
A = 0.25m, and central driving frequency w,; = w,,). The system is
initially prepared at the ground state.

atom and a mechanical oscillator, with the single-photon Rabi
model or two-photon Rabi model.

1. Single-photon Rabi model

Using the method presented in Ref. [52] for the case of
single atom interacting with a single cavity-optomechanical
mode, Hy + V. (details in Sec. II) is considered as an unper-
turbed Hamiltonian and can be analytically diagonalized by
defining the displacement operator D(nf) = exp[nf(b — b")]
with 8 = g/w,,. Therefore, for the unperturbed Hamiltonian
Hy + Vo, the system eigenstates can be written as

1J) ® D(np)lk) ® |n),

where |k) (|n)) denotes the Fock state of the mechanical (cav-
ity) mode and |j) (j = g, e) denotes the atom states, with the
eigenvalue

js kn, ) = (DD

Ejin = hon + hoyk + hoy(jle) — hg*n*/w,.  (D2)

The perturbed Hamiltonian is described by
a h A A
A = Eg(az + )b+ b7 + hn@+a)6_ +64). (D3)

According to this analytical model, the coupling between
states |g, 19, 0) and |e, 0;, 1) can only be analyzed by one

\g, 02,2

>N

|g71070> |e»01»1>

FIG. 14. Sketch of the processes giving the main contribution to
the effective coupling between the states |g, 1o, 0) and |e, 0y, 1), via
the DCE (red arrows), using the method of Ref. [52].

transition path, as shown in Fig. 14, which is dominated by
the DCE. The effective coupling rate can be written as

(e, 01, 1|H,lg, 02, 2)(g, 02, 2|H,|g, 1o, 0)

Q, =
! Eg10—Ego2
_ V20D00(B)[ 2 8D00(=28) + 8Do.2(~28)]

, (D4
W, — 2w + %

where the matrix elements of the displacement operators can
be expressed in terms of associated Laguerre polynomials:

N e S (P10

Actually, the counterrotating terms in the cavity-atom sys-
tem Hamiltonian can also contribute to the coupling if it can
combine with the annihilation of one vibrating excitation of
the mechanical oscillator, which is involved in V,,,. However,
Vom 18 not in the perturbed Hamiltonian.

Performing a unitary transformation to eliminate V,, can
better deal with this problem, because the influence of this
term Vo, on both Hy and H, can then be revealed (de-
tails in Appendix A). By defining a unitary operator U =
exp[—Ba’a(b’ — b)], the eigenvalue equation can be de-
scribed as

Ejin = {j,kn, flUUT(Hy + Vor)UU"| j, ky, )
= (j, k, n|U" (Hy + Vom)U1j, k, n).

Dy (o) = (D5)

(D6)

Then, for the unperturbed Hamiltonian U (Hy 4 Vo )U, the
eigenstate is described by |j, k, n). In this method, the cou-
pling between states |g, 1, 0) and |e, 0, 1) can be analyzed by
two transition paths, which is dominated by the DCE and the
counterrotating terms independently, as shown in Fig. 2(a).

Figure 15 shows the comparison between the numerical
calculated normalized level splitting and the three kinds of
analytical calculations, where Qfé? and €2, are, respectively,
described by Eq. (12) and Eq. (D4). We have also presented
the effective coupling rate,

(e,0,11H|g,0,2)(g,0,2|A g, 1,0)
Eg10— Ego0.2
N
re(v2 - E) (4 + 28
m—2a)c+45m

QgIO

) D7)

using the method of Sec. II, without calculating the transition
path of the counterrotating term [Fig. 2(a)]. The results show
that the effect of the counterrotating term has an important
contribution to the coupling between the atom and the vibrat-
ing mirror by comparing Q‘j(])? with €, (lel) In addition,
the two curves €2, and Qf(l)? almost coincide at the range
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FIG. 15. Comparison between the numerical calculated normal-
ized level splitting (red dots) and the corresponding analytical
calculations [225)] /@,, (blue curve), 22, /w,, (black dotted curve),
252%? /w,, (green dotted curve)], obtained using perturbation theory.

These results are obtained by using the parameters of Fig. 2(b).

g/wy < 0.1, illustrating that the method used in Sec. II can
also exactly describe the DCE effect.

2. Two-photon Rabi model

Reference [81] utilizes the method of Ref. [52] to analyze
its model. Specifically, the unperturbed Hamiltonian is Hy +
Vom, While the perturbed one is written as

A h A s .
Ay ="8@ a4 B+ @ a6+,
(D8)

The system eigenstates are described by |j, k,n) = |j) ®
D(npB)lk) @ |n), where |k) (|n)) denotes the Fock state of
the mechanical (cavity) mode and |j) (j = g, ) denotes the
atom states. With the two-photon Rabi model, the energy
transfer between an atom and a mechanical oscillator occurs
in the form of a two-photon process, as shown in Fig. 16.
This is a special case where the form of the energy transfer
matches the creation of photon pairs induced by the DCE
[or the effect of counterrotating terms of cavity-atom system
Hamiltonian in Eq. (D8)]. Thus, the method of Ref. [52] can
analyze this case. However, in Ref. [81], all these states shown
in Fig. 16 are treated as the bare states |j, k, n). It means
that Ref. [81] neglects the transition processes between the
phonon states within a n-photon subspace, which are indi-
cated by the matrix elements of the displacement operator,
(ky|D(nB)|ko) = Dy 1 (nB). Thus, the analytical solution for
the effective coupling rate in Ref. [81] is obtained by incor-

|e7 127 2>
P N
, \
. N
, N
, \
\

7 A
|g7 1070> . ”|g7 0272>’ -=> |€,00,0>

FIG. 16. Sketch of the processes giving the main contribution to
the effective coupling between the states |g, 19, 0) and |e, Og, 0) [81],
using the method of Ref. [52].

rectly using the method in Ref. [52]. Actually, the effective
coupling rate should be written as

[gADo,0(2B) — 2gABDy,1(28)1D1,1(—=28)
—Wq — 2(1)0 + 4g2/a)m

A8Do.0(2B)Do.o(—25)
Wy — ch + 4g2/wm ’

Qeff =

D9)

Note that Ref. [81] utilizes the two photons produced by
the counterrotating term of the two-photon Rabi Hamiltonian
in Eq. (D8) to transfer energy between the mirror and the
atom, as indicated by the transition path (blue arrows) in
Fig. 16. In our works, the atom and photon are treated as a
whole, which interacts with the mirror. This is a significant
difference between this work and Ref. [81]. Moreover, be-
cause the transition path (blue arrows) in Fig. 16 also utilizes
such a counterrotating term a*b in Eq. (D8), the contribution
of this path to the effective coupling rate Q¢ is too small.

Importantly, the two-photon Rabi model can also be an-
alyzed in our method. We can eliminate the term V,, by
performing a unitary transformation with the unitary operator
U = exp[—Ba‘a(b" — b)]. Then, we can obtain the effective
system Hamiltonian:

in?ﬂ
Wy

Aggom = U 0@ +a)(6- + 610

o] n
1 8 nrat2 na2

Al =H, - aa‘a, (D10)

m

x (6_ +6,)(b" — by, (D11)

and

o0 n
o 1 g aelin na
Hilw =D a”g(cﬂ 2" + (1)

n=0 m
x (b — bY"(b" + b) — n[a™ + (—1)"'a?]

ata’ — by}, (D12)
For the unperturbed Hamiltonian AY, the eigenstates are de-
scribed by |j, k, n) = |j) ® |k) ® |n), with the eigenvalue

E;jn = hon + hoyk + hw,(jle) — hg*n? /o,.  (D13)
In this analytical method, the transition processes indicated
by Dy x(np) can be directly exhibited in Hg, \y and Hg, ;.
Then, the effective coupling rate in our method can be written
as

3 3
rg — 62—2 rg+ 22—2
Qe = P = (D14

wn — 2w + =

—w, — 2w, + - o

In summary, the analytical method used in this work is
more suitable for studying the coupling between the atoms
and a mechanical oscillator induced by quantum vacuum
fluctuations.
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