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Efficient optomechanical refrigeration of two vibrations via an auxiliary feedback loop: Giant
enhancement in mechanical susceptibilities and net cooling rates
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We propose a method to realize the simultaneous ground-state refrigeration of two vibrational modes beyond
the resolved-sideband regime via an auxiliary feedback loop (AFL). This is realized by introducing the AFL to
break the dark mode, which is formed by two vibrational modes coupled to a common cavity-field mode. We
obtain analytical results of the effective mechanical susceptibilities and net-refrigeration rates, and find that in
the presence of the AFL a giant enhancement can be achieved for these susceptibilities and refrigeration rates.
Remarkably, the net-cooling rates under the AFL mechanism can be up to four orders of magnitude larger than
those in cases without the AFL. Moreover, we show that the simultaneous ground-state refrigeration arises from
the AFL mechanism, without which it vanishes. This is because in the absence of the AFL, the dark mode
prevents energy extraction through the cooling channels. However, by introducing the AFL, dark-mode breaking
rebuilds the refrigeration channels, and, as a result, leads to the simultaneous cooling of these vibrations. Our
approach has remarkable flexibility and scalability and can be extended to the simultaneous refrigeration of a
large number of vibrations beyond the resolved-sideband regime.
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I. INTRODUCTION

Quantum manipulation of multiple-vibrational-mode sys-
tems has become an important research topic in cavity op-
tomechanics [1-3]. These systems not only provide a unique
platform to study macroscopic mechanical coherence [4—15],
topological energy transfer [16], and quantum many-body
phenomena [17-24], but also can be widely applied in
quantum mechanical computers [25,26], high-performance
sensors [27-29], and nonreciprocal devices [30-37]. To
observe significant quantum mechanical effects of multiple-
vibration systems, a prerequisite is to simultaneously cool
these systems to their quantum ground states by effectively
suppressing their thermal noises.

So far, two effective cooling mechanisms using cav-
ity optomechanics have been proposed to cool a single
mechanical mode to its quantum ground state, i.e., (i) cavity-
resolved sideband cooling [38,39], which is more efficient
in the good-cavity regime, and (ii) feedback-aided cool-
ing [40-54], which is preferable in the bad-cavity regime. To
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further improve the refrigeration efficiency of a mechanical
mode, various new cooling schemes have been proposed,
such as those based on strong couplings [55,56], quantum
interference effect [57-59], modulated pulses [60,61], nonre-
ciprocity [34,62], and domino effect [63,64]. In particular, the
refrigeration of a mechanical resonator has been widely stud-
ied in both optical [65-69] and microwave [70-76] domains.
Despite such achievements, the simultaneous refrigeration of
multiple vibrations remains a major challenge in cavity op-
tomechanics. This is due to cooling suppression originating
from dark modes [77,78], which are induced by coupling mul-
tiple vibrational modes to a common optical mode [6,49,79—
82]. Recently, based on the resolved-sideband-cooling mecha-
nism, a dark-mode-breaking method using an auxiliary-cavity
mode has been developed for cooling multiple mechanical
resonators in the good-cavity regime [83,84]. However, the
answer to the question of whether one can skillfully combine
this method and the feedback-cooling technique to simulta-
neously cool these mechanical resonators in the bad-cavity
regime is yet unclear.

Here, based on the feedback-cooling mechanism [40-51],
we propose to simultaneously cool two vibrational modes
to their quantum ground states by breaking the dark mode
via an auxiliary feedback loop (AFL). We obtain the exact
analytical solutions of effective mechanical susceptibilities,
net-cooling rates, and mechanical frequency shifts. Then,
we find that when switching the AFL-off to AFL-on cases,
the net-refrigeration rates can be increased from y,, up to
10*y,,, where y,, is a mechanical decay rate. In particular,
the net-refrigeration rates under the AFL mechanism can be
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FIG. 1. (a) Schematics of a multimode optomechanical system. Two mechanical modes g;—;, (both with resonance frequency w,, and
mechanical decay rate y;) are coupled to a common cooling-cavity mode d, (with resonance frequency w. and cavity-field decay rate «.)
via the radiation-pressure couplings of strengths G;. An auxiliary cavity d, (with resonance frequency w, and cavity-field decay rate «,) is
coupled to the second mechanical mode via an optomechanical coupling strength G,. The output fields of the two driven cavities are measured
via homodyne detection, and then the feedback loops (with optomechanical couplings Gi—; ., and feedback gains g.q—12.,) are utilized to
design direct forces exerted on the two mechanical modes, which can lead to the freezing of their thermal fluctuations (i.e., the cold-damping
effect) [40-51]. (b) Effective mechanical damping T'; .+(w) [see Eq. (22a)] and (c) effective mechanical frequency 2; (w) [see Egs. (22b)
and (22c¢)] vs the Fourier frequency w in the AFL-off (G, = 0 and g4, = 0, solid curves) and AFL-on (G,/w,, = 0.2 and g.q4., = 0.5, dashed
curves) cases. The parameters used here are A, =A,=0, Wj=12 = Wy Ke = Kg = 3Wp, Vj=12 = 10w, Gi—ip=02w,, ged,j=12 =0.5,

Ce =8, = 0.8, and wpp, j—12 = W0 = 4wy

tremendously amplified by appropriately designing the AFL.
These tremendously amplified net-cooling rates lead to a giant
enhancement in the cooling performance of the vibrational
modes.

Remarkably, we find that for the AFL-off case, the simul-
taneous refrigeration of two vibrational modes fails due to
the cooling suppression from the dark mode, while for the
AFL-on case, a high efficient ground-state cooling of these
vibrations is achieved, beyond the resolved-sideband regime,
by breaking the dark mode. Physically, the AFL mechanism
provides a useful strategy to break the dark mode and, in turn,
to rebuild cooling channels for extracting thermal phonons
stored in the dark mode. Moreover, we find that due to the
use of the AFL, the cooling efficiency is higher for the me-
chanical mode connected to the AFL. Our model is generic
and can provide a way to simultaneously cool a large number
of vibrational modes in the unresolved-sideband regime via
dark-mode breaking.

The rest of this paper is organized as follows. In Sec. II,
we present a multiple-mode optomechanical model with
the AFL and its Hamiltonian. In Sec. III, we derive the
Langevin equations, show the cold-damping feedback, obtain
the steady-state average phonon numbers, and analyze the
dark-mode control. In Sec. IV, we analyze the multiple-mode
optomechanical refrigeration via the AFL. In Sec. V, we ana-
lyze the optical dark mode, seek optimal feedback parameters,
and give some discussions. In Sec. VI, we generalize our
method to the loop-coupled system and give possible exper-
imental realizations. Finally, we conclude in Sec. VII. The
Appendix includes the detailed parameter expressions of the
effective mechanical susceptibilities.

II. MODEL AND HAMILTONIAN

We focus on a multimode optomechanical system, where a
cooling-cavity-field mode is optomechanically coupled to two

vibrational modes. To control the dark mode in the system, we
introduce an auxiliary-cavity-field mode, which is coupled to
the second mechanical mode via a radiation-pressure interac-
tion, as illustrated in Fig. 1(a). For the sake of manipulating
the mechanical and optical degrees of freedom, a monochro-
matic laser, with field amplitude 2, (2g) and frequency w,
(wg), s used to drive the cooling (auxiliary) cavity. The output
fields of the two driven cavities are measured via homodyne
detection, and then the feedback loops are utilized to design
direct forces applied upon the two mechanical modes, which
can lead to the freezing of their thermal fluctuations (i.e.,
the cold-damping effect) [40,41,43-51]. In a rotating frame
defined by exp(—ithdcT d. — intdaTda), the Hamiltonian of
the system reads (& = 1)

2
Hy = Acdlde + Adjd, + )
j=1

— haddugy + (Qd] + Qpd] + H.c)),

[wj (v +4))
2

— Ajd] dcqj]

ey

where A, = o, — wy and A, = w, — wg are, respectively, the
driving detunings of the cooling-cavity and auxiliary-cavity
fields of resonance frequencies w,. and w,. The operators dj
and dl (d. and d,) are the creation (annihilation) operators of
the cooling-cavity and auxiliary-cavity modes, respectively.
The jth mechanical mode is described by the dimensionless
momentum (p;) and coordinate (g;) operators with resonance
frequency w;. The A; term in Eq. (1) describes the optome-
chanical interaction between the cooling-cavity field and the
jth mechanical mode, where A; = w./L,/1/(m;w;) is the
strength of a single-photon optomechanical coupling, with L
and m; being the rest length of the cooling cavity and the
mass of the jth mechanical mode, respectively. The interac-
tion (with strength 1,) between the auxiliary cavity and the
second mechanical mode is described by the A, term. The
last term in Eq. (1) describes, respectively, the laser driving
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of the cooling and auxiliary cavities, whose amplitudes are
Qp = /2P k. /o and Qp = /2Prk,/wg, With k. (k,) and P,
(Pg) denoting the cavity-field decay rate and the driving power
for the cooling (auxiliary) cavity, respectively. Our physical
model could be implemented using a Fabry-Prot-cavity op-
tomechanical configuration, where a double-movable-mirror
optomechanical cavity is coupled to another cavity field, as
shown in Sec. VL.

III. LANGEVIN EQUATIONS, DARK-MODE CONTROL,
COLD-DAMPING FEEDBACK, AND FINAL MEAN
PHONON NUMBERS

In this section, we derive the Langevin equations of the
system, analyze cold-damping feedback, and obtain the final
steady-state mean phonon numbers of the two mechanical
modes.

A. Langevin equations

To include the damping and noise effects, we consider the
case where the two cavity-field modes are coupled to their
vacuum baths, and the two mechanical modes are subjected to
quantum Brownian forces. Then, the evolution of this system
can be described by the quantum Langevin equations:

2
de = —iAed, + Y idjdeq; — i — Ked. + v/ 2Kcden . (2)

j=1

dy = —(iDg + k)dy + ihadeqy — iR + v/ 2Kedyin,  (2b)
p1 = —wiqi + hid)de — yip1 + &1, (20)
P2 = —2q2 + dad] de + hod dy — yap2 + E2, (2d)
qj = w;pj, (Ze)

where y; denotes the decay rate of the jth vibrational mode.
The operators d.in (dain) and &; are, respectively, the noise
operators of the cooling (auxiliary) cavity mode and the Brow-
nian force acting on the jth vibrational mode. These noise
operators have zero mean values and satisfy the following
correlation functions:

(dein()d] (1)) =8¢t — 1), (d] , ()dein(t)) =0, (3a)

<da,in(t)dlin(t/)) =48(t — t/)’ (d;-,in(t)da,in(t/» =0, (3b)
(Ej(DE;(t)) = ﬁ/e—iw(t—t’)w
@j
X [co <2kBTj) + i|§, (3c)

where T is the thermal-reservoir temperature associated with
the jth vibrational mode, and kg is the Boltzmann constant.
To cool these vibrational modes, we consider the strong-
driving regime of the two cavities. In this case, the mean
photon number in the two cavities is sufficiently large, and
then a linearization procedure can be used to simplify our
physical model. To this end, the operators in Eq. (2) can be
written as the sums of averages and fluctuations, i.e., 0 =
(0)ss + b0, for d., dj, d,, d;, qj, and p;. We separate the

quantum fluctuations and classical motions, and then write the
linearized quantum Langevin equations as

8X. = —k8Xe + ASY, + /21X, (4a)

2
8Y, = —A8X, — k. 8Y, + Z G;8q; + 2k Y™, (4b)
j=1

85X, = —Ka8Xy + A8Y, + /26, X0, (4¢)
8Y, = —Au8X, — kadY, 4+ Gudgn + V26c,Y" . (4d)
8p1 = —w18q; + G16X. — yi8p1 + &1, (4e)
8pr = —28qy + G28X, + Gu8X, — y2bpr + &, (4f)
8q; = w;dpj, (4g)

where 8X; = (8d +8d;)//2 and 8Y; = i(8d] — 8d;)/N2
(for [ = c, a) are the quadratures of the cooling and aux-
iliary cavity fields, and Xlin = (le, i T diin)/ V2 and YIin =
i(d; o — diin)/ V/2 denote the corresponding Hermitian input
noise quadratures. In addition, we have defined the normalized
driving detunings A, = A, — Zi:l Milgi)s (Aa= Ay —
Aa{q2)ss) and the effective optomechanical couplings G; =
V20j(do)ss (Ga = V2ha{da)ss) with (de)ss = =i/ (ke +
iA;) and (dy)ss = —iQr/ (kg + 1A,).

B. Cold-damping feedback

For the sake of achieving the cold-damping feedback, we
consider the case of A. =0 and A, = 0, corresponding to
the highest sensitivity for the position measurements of the
mechanical modes [40,49]. Note that this is essentially differ-
ent from the sideband cooling mechanism, which requires the
red-sideband resonance, i.e., A, = w; and A, = w; [38,39].
By using a negative derivative feedback, the effective decay
rate of the mechanical mode can be largely developed by the
cold-damping feedback technique [40-51].

Physically, the position of the two mechanical modes is
measured through the phase-sensitive detection of the cav-
ity output field, and then the readout of the cavity output
field is fed back onto the two mechanical modes by apply-
ing feedback forces. The intensity of the feedback forces is
proportional to the time derivative of the output signal, and,
therefore, to the velocity of the mechanical modes [40,41,43—
51]. Then, the linearized quantum Langevin equations under
the feedback scheme read

8X. = —k8Xe + /26 X", (5a)
2

8Y, = —k8Y. + Y G8q; + /26 Y, (5b)
j=1

8X, = —ka6X, + /26X, (5¢)

8Yy = —ka8Yy + Gudqn + /2, Y, (5d)

8p1 = —wi18q1 + G18X. — yidp1 + &
t
- f g1(t — 5)8Y(s)ds, (5e)
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8pr = —widqr + G2dXe + GudX, — v2bpr + &

—/ g2(t — $)8Y M (s)d's

o0
t
—1/ 8ot — $)8Y (s)ds, (56
—00
8q; = w;ép;. g

The applied quantum Langevin equations are equivalent to the
standard quantum master equation describing the stationary
behavior of the system. It would also be interesting to analyze
a generalized method based on, e.g., a feedback quantum
master equation like in Ref. [85], which can give another
clear insight for the feedback cooling. In Eqs. (5e) and (5f),
the convolution term fioo gj(t — )Y (s)ds (for j=1,2)
is the cooling-cavity feedback force acting on the jth me-
chanical mode. In Eq. (5f), the convolution term fi 0 8alt —
$)8Y S (s)ds is the auxiliary-cavity feedback force acting on
the second mechanical mode. These feedback forces depend
on the past dynamics of the detected quadratures §Y; (for
i = ¢, a), which are driven by the weighted sum of the fluctu-
ations of the mechanical modes. The causal kernel is defined
by [40,49,51]
d ot .
81(1) = geaj 7 10 (om e, for j=1.2.a, (6)
where wp, ; and g4, ; are, respectively, the feedback bandwidth
and the dimensionless feedback gain. Equation (6) shows the
causal kernel, which was applied in a number of works related
to cooling (see Refs. [40,49,51]). The estimated intracavity
phase quadratures SYfSt(s) (for I = ¢, a) can be obtained from
the homodyne measurement of the output quadrature Yl":“f,,a(t ).
We generalize the usual input-output relation

Y2 (1) = 26,8Y (1) — Y (1) )

to the case of a nonunit detection efficiency by modeling a
detector with quantum efficiency ¢; with an ideal detector
preceded by a beam splitter (with transmissivity /Z;), which
mixes the incident field with an uncorrelated vacuum field
Y”(¢). Then, we obtain the generalized input-output relation,
which is given by [40,49,51]

Y1) = Valy268Yi(0) — Y (0] — 1 = aY (). (8)

The estimated phase quadratures 8Y,*'(r) are obtained
as [40,49,51]

s o B0 o+ o - e
Y2, @)= \/ﬁ =68Y,(t) — NeTT .

®

Here we highlight that, in principle, the advantage of
cold-damping feedback is that it does not require optical cav-
ities because detection via homodyning of the back-scattered
light is sufficient to reach the ground state. However, in our
work, we focus on the cold-damping feedback cooling based
on cavity optomechanical systems, and the optical cavity is
necessary for the feedback cooling based on cavity optome-
chanics. In cavity optomechanical systems, a high sensitivity
provided by the cavity readout of mechanical motion can also
be used for directly cooling the mechanical motion via active

feedback. The main idea is to obtain the oscillator position by
a phase-sensitive detection of the cavity output and to use it
to generate a negative feedback on the oscillator, i.e., a force
proportional to the time derivative of the output signal. This
increases the damping rate of the system without increasing
thermal noise (which corresponds to cold damping). Because
the scheme relies on the precise readout of the instantaneous
oscillator position, the ideal configuration comprises both
weak coupling and a fast cavity decay. The maximum amount
of cooling is limited by the imprecision of the readout. An
important aspect here is the phenomenon of noise squashing
where the noise on the detector and the noise-driven motion
of the mechanical oscillator become correlated.

Below, we seek the steady-state solution of Eq. (5) by
solving it in the frequency domain with a Fourier transforma-
tion. We define the Fourier transform for an operator r(¢) =
(1/27‘[)1/2 /-_oooo e_i“”?(w)da) (for r = (SXL,(C), SYa(C), (qu':lyz,
Spj=1,2,§j=1,2, XJ?C), and Yai?c)), and consequently the quantum
Langevin equations (5), with the cold-damping feedback, can
be solved in the frequency domain. Based on the steady-state
solution, we can calculate the spectra of the position and
momentum operators for two mechanical modes, and, then,
the final mean phonon numbers in these resonators can be
obtained by integrating the corresponding fluctuation spectra.

C. Final mean phonon numbers

Mathematically, we can obtain the final steady-state av-
erage phonon number in the jth vibrational mode using the
following relation [40,63,86]

njc:l,z = %[(8q3) + <8p§) - 1]’ 10)

where (8p3) and (8¢7) are, respectively, the variances of
the momentum and position operators of the jth vibrational
mode. By solving Eq. (5) in the frequency domain and inte-
grating the corresponding fluctuation spectra, the variances of
the momentum and position operators are

(8q7) = L / s (®)dw (11a)
J 21 ) 4i ’
1 oo
00) = 57z [ @Sy @ud0. by

J
For the corresponding vibrational modes, the fluctuation spec-

tra of the momentum and coordinate operators can be defined
by

(0=gqj,pj)s

(12)
where (- is the steady-state mean. In the frequency domain,
the fluctuation spectra can be expressed as

(o=gqj.p)). (13)

Thus, this system can be solved in the frequency domain. We
note that the exact analytical results of the final mean phonon
numbers are obtained based on Egs. (10), (11), and (20).

The task of this work is to solve the cooling-suppression
obstacle caused by the dark mode by our AFL method. So,

So(w) = / ” e T (So(t + 1)80(1))sd T,

o0

(80()80())ss = So(@)8(@ + @),
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we just need to derive the cooling rates and the mean steady-
state phonon numbers, which can be used for studying the
cooling performance. Note that the simulations of the cooling
dynamics starting with a high-temperature mechanical state is
very important too. This is because a simulation of the cooling
dynamics could also yield the total cooling time, which could
be important information for future experiments.

D. Dark-mode control

Here, we introduce the annihilation (creation) operators
for the two mechanical modes b; = (g; +ip;)/~/2 [b; =

(gj —ipj)/ V2], and then study the dark-mode effect in
the system. We assume red-detuned cavity fields. Thus, the
Hamiltonian in Eq. (5) contains the term describing frequency
conversion (i.e., beam-splitter-type interaction), while the
two-mode squeezing interaction term can be safely ignored.
After performing the linearization, we obtain the linearized
Hamiltonian in the rotating-wave approximation (RWA) as

Hewa = Y _ [0;8b58b; + G;(8d b’ + 8d]8b;)]
j=1.2

+ > A8d[8dy + Go(8da8b} + 8d]by).  (14)

k=c,a

where A/ and A/ are the normalized driving detunings of the
cooling and auxiliary cavities, respectively.

Below, in detail, we discuss the physical system when
the auxiliary cavity is absent (G, = 0) and present (G, # 0),
respectively.

(i) In the absence of the auxiliary device, i.e., G, = 0, the
system possesses the dark mode, which leads to inefficient
cooling for all the mechanical modes. In this case, the two
mechanical modes coupled to a common cavity can form a
bright mode B and a dark mode B_, which are, respectively,
defined as

G18by + G128b,
B, = LT 2T

Go
G8b) — G6b,

Go

where Gy = ,/G?} + G3. Then, the Hamiltonian in Eq. (14)
becomes

Hrwa = N8d[8d. + Y wB]B + G (5d B} +8d]B.)
I=+,—

+G_(BIB_ +B'B,), (16)

where w4 = (01G? + 02G3)/G}, w_ = (0G5 + 0,G?)/G3,
and the accordingly redefined coupling strengths are given by

— GG
G, = Go, G—:w'
G

0

In Fig. 2(a), we plot the redefined coupling strengths
G4 versus the coupling-strength ratio G,/G;. We find from
Fig. 2(a) and Eqgs. (16) and (17) that, when w, = w;, the
redefined coupling strength G_ is equal to zero (i.e., G_ = 0;
see the red lines), which indicates that the mode B_ is de-
coupled from the system and it becomes a dark mode; while
the redefined coupling strength G is always positive G > 0

Bright, (15a)

B_ = Dark, (15b)

a7

0.4 ‘
" (a) AFL-off
k=]
g
éo G+>0: Bright mode B,
£ 02f 1
g
=
g
s
3 G_=0 : Dark mode B_
0

041 (b) AFL-on '
G+ >0
Bright mode B;

0.21F Ga+>0

Redefined coupling strengths

i o~
P O~O~0 i
I Ga_>0~ \,HJ—O—QH—I\_( i
G.=0 IDark—»brlght B_
0 L L
0.5 1 1.5 2

Optomechanical coupling ratio G,/ Gy

FIG. 2. (a) In the absence of the auxiliary device (G, = 0), the
redefined coupling strengths G (blue curve) and G_ (red line) vs
the optomechanical coupling ratio G, /G;. (b) The redefined coupling
strengths G, and G, + vs the optomechanical coupling ratio G,/G;
in the presence of the auxiliary device (G, # 0). Here w, = w, and
other parameters are the same as those used in Fig. 1.

(see the blue curves), which means that B, is a bright mode.
Owing to the presence of the dark mode [6,49,79-82], the
cooling of the two mechanical modes is strongly suppressed.

Physically, the two mechanical modes coupled to a com-
mon cavity-field mode can be hybridized into a bright mode
and a dark mode decoupled from the system. As a result,
the dark mode prevents extracting energy through the cool-
ing channels, and then the thermal noise, associated with
the dark mode, is kept in the system. This means that the
dark mode is a major obstacle for multiple-mode cooling in
cavity optomechanical systems. Thus, it is naturally to ask the
question whether we can control the dark mode to cool these
mechanical modes.

(ii) To control this dark mode, an auxiliary device is intro-
duced into the system, i.e., G, # 0. By substituting operators
B, and B_ into the Hamiltonian in Eq. (14), we obtain

Hewa = Y Ajd]sd,

k=c.a
+ > BB + G (4B} +8d]B,)
I=+,—
+G_(BIB_ +B'B,)+ G, (8d,B" +38diB,)
~G,_(8d,B" +38d/B_), (18)
where we have introduced rescaled coupling strengths G,4:
Gaxr = X Gy, (19)

where x = G,/Gy. It can be seen from Egs. (18) and (19) that,
in the presence of the auxiliary device (i.e., G, # 0), the two
hybrid modes B} and B_ are coupled to the system, which
means that both B, and B_ are bright modes. Physically, the
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auxiliary device provides a useful strategy to couple the dark
mode to the system and, in turn, to rebuild the cooling channel
for extracting the thermal phonons stored in the dark mode.

In Figs. 2(b), we plot G4 and G, + versus the coupling-
strength ratio G,/G; when w; = w,. We can see that, even
though G_ is always equal to zero (see the red lines), the ap-
plication of the auxiliary device can lead to a strong coupling
of the dark mode to the system (i.e., G, > 0, see the red
symbols), which indicates that the dark mode B_ becomes
a bright mode. This provides a simple method of switching
between the dark-mode and bright-mode regimes by using the
auxiliary devices.

Here we should highlight that the AFL consists of an auxil-
iary cavity (G, # 0) and an auxiliary cold-damping feedback
(CDF) [gcd.« # 05 see Fig. 1(a)], which are, respectively, used
for controlling the dark mode and generating an auxiliary
feedback force acting on the second mechanical resonator. To
realize the feedback cooling of the two mechanical resonators,
the system needs the joint effect of the auxiliary cavity and the
auxiliary CDF. Note that the auxiliary CDF is indispensable
to the feedback cooling, and without the auxiliary CDF (i.e.,
8cd.a = 0), the use of the auxiliary cavity (i.e., G, # 0) only
destroys the dark mode but cannot realize the feedback cool-
ing. Physically, the combination of the auxiliary cavity and
the auxiliary CDF does not only break the dark mode but also
make the feedback cooling possible.

The main idea behind the proposed method is quite simple.
Specifically, if addressing either one of the mechanical modes
is made possible, the symmetry of the system is broken and
one can control both dark and bright mechanical modes. We
believe that the simplicity of this main idea is the advantage
of the proposed method rather than its drawback because
this indicates a solid physical ground for the predicted giant
improvement in cooling efficiency and other related quanti-
ties. In particular, our method could solve the outstanding
challenge concerning the cooling suppression caused by the
mechanical dark mode and pave a way toward dark-mode
breaking in multimode optomechanics. Analogously, a well-
known method of side-band cooling is also quite simple, as
it corresponds to anti-Stokes Raman scattering discovered
almost a century ago. That simple and old idea has led to
developing and implementing highly nontrivial methods for
quantum technologies in recent years.

IV. DOUBLE-MODE OPTOMECHANICAL
REFRIGERATION VIA THE AFL

In this section, we study in detail the cooling of the two
vibrational modes by analyzing their effective mechanical
susceptibilities, laser-cooling rates, and noise spectra.

A. Analytical results of the effective susceptibilities, cooling
rates, and noise spectra

In the AFL-on case, the coordinate fluctuation spectra of
the two vibrational modes can be obtained as

Sp (@) = | x1,(@)*[S, 1(®) + Sep,1(@) + Sin1(@)],  (202)
S, (@) = | X2,1(@)*[Sio2(@) + Sip 2 (@) + S 2 ()

+ Stv.a(@) + Srp.a(@)]. (20b)

Here, we have introduced the effective susceptibility of the jth
vibrational mode as
-1

Xjett(@) = 0;[Q5 (@) — 0 — ioTjep(w)] @1

where T'j .i(w) is the effective mechanical decay rate and
Qjii(w) is the effective mechanical resonance frequency of
the jth vibrational mode, which are given by

(22a)
(22b)

[jetr(w) = y; + vjclw),
Qjoff(@) = wj + dwj(w).

In Eq. (22a), the net cooling rates of the first and second
mechanical resonators are

Gr8cd 2w 2 Ers0

Yic= Glgcd,lwlwfb,l[—

Efy + E)
Kewpp | — @ 230)
, a
(ke + o, 1)*0* + (Keop 1 — w?)?

kaRw? +Ey)  (kKsAr — wA3)w
(2 + o?)? A+ A3
_ Gagea 2w 2A14
Afy + A%,

V.c = Gagcd,awZi

: (23b)

and the mechanical frequency shifts, induced by the optical
spring effect, are given by

LIGIRES \/wf + Gi8ed 10101, 107 A1 — o1, (242)
dwy = \/w% + (Guged,a? A2 — Ga8ea 20,2 A3)w
—wy, (24b)
where
Ke + o1
A=
(ke + o1 ) 0? + (Kewp,) — w?)?
G E
i chd,22w2wﬂ;2 14, (252)
Ejy+Efy
KAz + wAy 1
Ay = , 25b
g Al + A2 K2 + w? (23)
A15w
Ay = ———F7+, 25¢
T E A 29

and other parameters are presented in the Appendix.

We see from Egs. (23a) and (24a) that when the feedback
loop acting on the first mechanical mode is broken (i.e., G| =
0 or geq.1 = 0), the cooling of the first mechanical mode be-
comes inefficient (i.e., y; ¢ = 0), and, at the same time, there
is no mechanical frequency shift for this resonator (i.e., dw; =
0). This indicates that, in the absence of the feedback loop for
the first mechanical resonator, the mechanical resonator be-
comes a dissipative harmonic resonator, i.e., 2 .ff = w; and
I'jeff = y1- Similarly, for the second mechanical resonator
[see Egs. (23b) and (24b)], due to the breaking of its feedback
loops (i.e., G =0 or geq.q =0, and G, =0 or geg2 = 0),
a dissipative harmonic resonator emerges, i.e., 2 ¢ = @)
and I'; et = 5.
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In Eq. (20), the thermal noise spectrum Sy, j(w) of the jth
mechanical mode is given by

S (@) = 22 coth( fie ) (26)
w;j 2KBTj
S, j(w) is the cooling-cavity feedback-induced noise spec-
trum, and Sy, j(w) denotes the cooling-cavity radiation-
pressure noise spectrum for the jth mechanical mode.
Moreover, Sp q(w) and Sy, 4(w) denote the auxiliary-cavity
feedback-induced noise spectrum and the auxiliary-cavity
radiation-pressure noise spectrum for the second mechanical
mode, respectively. The analytical expressions of these noise
spectra are so complicated that we do not show them here.

B. Giant enhancement of mechanical susceptibilities
and net-cooling rates via the AFL

Now, let us study how the AFL largely tunes the effective
susceptibilities of the two mechanical modes by analyzing
their effective mechanical decay rates Ief;, ; and effective me-
chanical resonance frequencies Qg ;.

In both AFL-off [see solid curves in Figs. 1(b) and 1(c)]
and AFL-on (see dashed curves) cases, we plot the effective
mechanical decay rates I'er; and the effective mechanical
resonance frequencies Qs ; versus the frequency w, as shown
in Figs. 1(b) and 1(c). We find that owing to the AFL, both
[jeir and ;5 are significantly increased at resonance w =
Fw,,. For example, when the system operates in the AFL-
off case, the effective mechanical decay rates Iy, ; at @ =
+w,, are equal to 2y;, which indicates the two mechanical
modes cannot be cooled [see the solid curves in Fig. 1(b)].
In contrast to this, when switching to the AFL-on case, [efy, ;
at w = *w,, can be increased from ~2y; to > 103y, [see
the dashed curves in Fig. 1(b)]. This giant enhancement in
the effective mechanical decay rates I'esr, j not only makes the
simultaneous cooling of the two mechanical modes feasible
but also could potentially be used for mechanical devices with
a large frequency bandwidth.

In addition, we find from Fig. 1(c) that the slight modu-
lation of the mechanical frequencies can be realized by the
“optical spring effect,” which may lead to the mechanical
frequency shifts in the case of low-frequency mechanical
resonators. However, for our higher resonance frequencies
(wj/2m = 10 MHz), the optical spring effect does not signifi-
cantly alter the mechanical frequencies, i.e., Qefr ; ~ w,, when
w/wy, = 1, as shown in Fig. 1(c)].

To further understand the underlying physics of the op-
tomechanical refrigeration under the AFL mechanism, we
here study the net-refrigeration rates y;,c and the mechanical
resonance frequency shifts dw; of the two mechanical modes
for the resonance case, i.e., ® = w,,. Specifically, we first plot
the net-cooling rates y; c as a function of the coupling strength
G, and the feedback gain g.q , of the AFL, as shown in Fig. 3.
We see that when the AFL is broken (G, = 0 or g¢q., = 0), the
net-cooling rates of the two mechanical modes are extremely
small (i.e., ¥jc ~ y;). This results in an inefficient cooling of
these mechanical modes, owing to the breaking of the AFL.

When we increase the values of G, or g4 4, the net-cooling
rates yj,c are tremendously amplified, for example, y;c can
be increased from y; c/y; ~ 1 to ~10°-10*. In particular, we

4 T
107 E'(a) OO0
o 000000C
S OO
\U L
= 8cda=0.5
a8
s 2
% 10 . . 4 3 4. Y /N ]
"é Amplification 10°~10" times o)1y
(%] 4
50
2
Q
[~4 1 gcd,a=0
0 0.25 0.5
4 AFL coupling G, /®,,
| 10 (b) N
2 L q
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s . . 3 nd 2 Nhe/N
) i Amplification 10°~10" times e /p |
fi=}
o}
~ . G./®, =0
0 0.5 1
AFL gain 8cd o

FIG. 3. (a) Net-refrigeration rate y;c [see Eq. (23)] of the jth
vibrational mode versus the AFL-coupling strength G,, when the
AFL-feedback gain g4, = 0.5. The horizontal solid lines denote
an inefficient net-refrigeration rate, when the AFL is broken, i.e.,
8cd,a = 0. (b) Net-refrigeration rate y;c vs the AFL-feedback gain
8cd.a» When G, = 0.2w,,. The horizontal solid lines denote an inef-
ficient net-refrigeration rate when the AFL is broken, i.e., G, = 0.
Here we set the parameter w = w,,, and other parameters are the
same as those used in Fig. 1.

find that with increasing either G, or g.q 4, the net-cooling rate
of the second mechanical mode is larger than that of the first
one, i.e., ¥i.c > ya.c. Physically, the AFL does not only break
the dark mode of the system but also offer another cooling
channel for the second mechanical mode.

Moreover, we show that by using the AFL mechanism,
a slight modulation of the mechanical frequencies emerges.
In Fig. 4, the mechanical-frequency shift dw; is plotted as a
function of the coupling strength G, or the feedback gain g4 4
of the AFL. We find that in the absence of the AFL mech-
anism (g.q4,, = 0 or G, = 0), the mechanical-frequency shift
is not induced for the two mechanical modes (i.e., dwj—1» =
0), while by utilizing the AFL mechanism, a mechanical-
frequency shift emerges. However, the resonance frequencies
of the two mechanical modes are changed slightly, which is
due to a small “optical spring effect” for our high resonance
frequencies of the mechanical modes.

C. Dependence of the refrigeration on the cooling-cavity
and AFL parameters

The feedback refrigeration of a single mechanical mode
in cavity optomechanics is due to the cold-damping effect
by a designed feedback force applied to this mechanical
mode [40,41,43-51]. Correspondingly, for multiple mechan-
ical modes, in principle, the feedback-assisted refrigeration
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FIG. 4. (a) Mechanical frequency shift Sw; [see Eq. (24)] of the
jth vibrational mode vs the AFL-coupling strength G, when the
AFL-feedback gain g., = 0.5. The horizontal solid lines denote
the unshifted mechanical frequency when the AFL is broken, i.e.,
8cd,a = 0. (b) dw; vs the AFL-feedback gain g.q , when G, = 0.2w,,.
The horizontal solid lines denote the unshifted mechanical frequency
when the AFL is broken, i.e., G, = 0. Here we take w = w,,, and
other parameters are the same as those used in Fig. 1.

mechanism can also lead to their simultaneous refrigeration.
However, we find a lack of cooling phenomenon that the
multiple mechanical modes coupled to a common cavity-field
mode are lack of cooling via the feedback-based refrigeration
mechanism. This is because the dark-mode effect, induced by
the coupling of the multiple mechanical modes to a common
cavity, prevents the extraction of the thermal occupations from
the dark mode. Since this counterintuitive refrigeration results
from the dark-mode effect, it is natural to ask whether one can
break the dark-mode effect to further cool these mechanical
modes to their ground states. To solve this problem, we use
the AFL not only to destroy the dark-mode effect but also
to manipulate the cooling performance of these mechanical
modes.

In Figs. 5(a) and 5(b), we plot the final steady-state av-
erage phonon numbers n’; of the jth mechanical mode as a
function of the optomechanical coupling strength G; and the
feedback gain gcq,;, when the system is in both AFL-off and
AFL-on cases. We find that, in the absence of the AFL, the
two mechanical modes are uncooled with increasing either G;
or gq4,; (see the upper horizontal lines). The physical origin
behind this lack of cooling is that the dark mode decouples
from the system and prevents extracting thermal phonons.
In contrast, by using the AFL, the ground-state cooling of
the two mechanical modes become possible (n; < 1; see the
dashed curves). Physically, the application of the AFL pro-
vides the physical origin for destroying the dark mode and

rebuilding the cooling channels, so that thermal excitations
can be extracted.

In particular, it is shown that in the AFL-on case, the
cooling performance of the second mechanical mode is much
better than that of the first one, with increasing either G;
or g.q,; [see the dashed curves in Figs. 5(a) and 5(b)]. The
optimal cooling performances of the two mechanical modes
can be achieved for the parameters 0.2 < G;/w; < 0.4 and
0.25 < gea,j < 1. However, when G; — 0 or geq ; — 0, the
first mechanical modes cannot be cooled because of the break-
ing of its feedback loop, while the second one still can be
cooled. This is because the AFL is always applied on the
second resonator and provides another cooling channel to
extract its thermal phonons.

When the system operates in the AFL-off [see the upper
horizontal lines in Fig. 5(c)] and AFL-on (see the dashed
curves) cases, the steady-state average phonon number n! is
plotted as a function of the cooling-cavity feedback bandwidth
wpy, j, as shown in Fig. 5(c). We see that, for the AFL-off case,
the cooling of the two mechanical modes is totally inefficient,
while for the AFL-on case, the ground-sate cooling is possible
(n{ , ng < 1). Furthermore, we find that the optimal cooling of
the two mechanical modes is achieved when wg, j/w, ~ 4.
When we decrease the cooling-cavity feedback bandwidth,
i.e., wp, j — 0, the cooling efficiency of the two mechanical
modes becomes much lower. Physically, a lower feedback
bandwidth, corresponding to a longer time delay of the feed-
back loop, leads to a lower cooling efficiency of the mechanical
modes.

Since the AFL mechanism plays a crucial role in destroy-
ing the dark mode and rebuilding the cooling channels of the
system, the dependence of the cooling performance of these
mechanical modes on the parameters of the AFL mechanism
should be studied in detail.

In the AFL-on case, we plot the thermal phonon number
n; as a function of the AFL coupling strength G, and the
AFL feedback gain g.q4, as shown in Figs. 5(d) and 5(e),
respectively. It can be seen that when we turn on the AFL
(G, #0 and gcq, # 0), the two mechanical modes can be
cooled to their quantum ground states efficiently (nf < 1) due
to the breaking of the dark mode; while when turning off the
AFL (G, =0 or g, = 0), they cannot be cooled because
of the emergence of the dark mode. In addition, we find that
the cooling efficiency of the second mechanical mode is much
better than that of the first one under proper parameter condi-
tions and that the optimal refrigeration performances can be
observed for 0.2 < G,/w, < 0.6 and 0.4 < geq,q < 1.5. The
resulting asymmetrical ground-state cooling is due to the fact
that the AFL exerted on the second mechanical mode provides
another cooling channel for extracting the thermal phonons of
the second mechanical mode.

Surprisingly, there exists one cooling switch point (i.e.,
n{ = ng) in Fig. 5(e). This phenomenon indicates that by
appropriately engineering the AFL, a flexible asymmetric-to-
symmetric or symmetric-to-asymmetric cooling switch can
be achieved. Moreover, we show that when G,/w,, < 0.2
and geq, < 0.5, the refrigeration performance becomes less
efficient by decreasing G, and g.,. These findings mean
that the AFL plays a crucial role of the dark-mode breaking

033102-8



EFFICIENT OPTOMECHANICAL REFRIGERATION OF TWO ...

PHYSICAL REVIEW RESEARCH 4, 033102 (2022)

Cooling-cavity parameters

103 EI. T ; i T T T " \' T T
o 1 (a) AFL-off 11" (b) AFL-off v (c) AFL-off
9] K T [}
£ 1070 - H - iy / ]
E 1 —n! il —n] i\ —n]
g [t ; I | N .
o Vme U N
% \ ‘| Il “~~
2 .. AFL-on Y AFL-on \ -..AFL-on
e e o i
0‘1 " 1 n n 1 1 n 1 n n n n PR | n n n n
0 0.2 040 1 2 0.2 1 2 3456
Cooling-cavity coupling G;/w,, Cooling-cavity feedback gain gcq,; Feedback bandwidth Wy, ; /@),
Auxiliary feedback loop (AFL) parameters
3 T T T T T T T T T T T M M T
10 :
(d) | () ()
E 2 ' I/lf . .
g 107 F Asymmetric cooling Cooling switch ; E3 Asymmetric cooling
: nh<n T
S
g 10 3
s
1) » N
o e
< S
0,1 I 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0 1 20.2 1 2 3456
AFL coupling G, /), AFL feedback gain g¢q,,  AFL feedback bandwidth @y, /@),

FIG. 5. [(a)—(c)] Final steady-state mean phonon numbers, n‘lf and ng , of the two mechanical modes vs (a) the cooling-cavity optomechan-
ical coupling strength G, (b) the cooling-cavity feedback gain g4 ;, and (c) the cooling-cavity feedback bandwidth g, ;, when the system
is in the AFL-off (G,/w,, = 0 and g4, = 0, upper horizontal sold lines) and AFL-on (G,/w,, = 0.4 and g.4, = 0.5, dashed curves) cases.
[(d)—(f)] In the AFL-on case, n{ (blue solid curves) and n£ (red dashed curves) are plotted vs (d) the AFL optomechanical coupling strength
G,, (e) the AFL feedback gain g4 ,, and (f) the AFL feedback bandwidth wy, ,. Other parameters are the same as in Fig. 1.

and the cooling impetus and that all the mechanical modes
are uncooled when the AFL is broken (i.e., G,/w,, — 0 or
8cd.a — 0). This is because the reappearance of the dark-mode
effect breaks the cooling channels.

In addition, the cooling performance of the two mechanical
modes is plotted as a function of the feedback bandwidth wg, 4
of the AFL, as shown in Fig. 5(f). It is shown that (i) the op-
timal cooling performance of the two mechanical modes can
be observed for wg, 4/w,, = 3 and that (ii) the cooling of the
two mechanical modes becomes inefficient when wyg, , — 0.
This is because a lower feedback bandwidth indicates a longer
time delay of the feedback loop, resulting in a lower cooling
efficiency for the two mechanical modes.

In Fig. 6, we plot the final mean steady-state phonon num-
bers nf (see blue symbols) and ng (see red symbols) versus
the cooling-cavity decay rate k. and the AFL-cavity decay
rate k,, when the system operates in the AFL-on case. We
find that with decreasing either «. or «,, the cooling efficien-
cies of the two mechanical modes become much lower in
the resolved-sideband regimes and that the ground-state cool-
ing can be achieved (nlf , ng < 1) in the unresolved-sideband
regimes: k./wy > 1 and k,/w, > 1. On the other hand, the

optimal cooling of the two mechanical modes is achieved for
Ke/wy > 2 and k,/w,, > 2. Our unresolved-sideband cooling
results are fundamentally different from those in the sideband
cooling, for which the optimal cooling is reached only in the
resolved-sideband regime [38,39,66].

Moreover, it is worth comparing the cooling rates of the
two mechanical modes (with the AFL on) with the cooling
rate of the second mechanical mode when the first mechanical
mode is decoupled from the main optical cavity, i.e., with
G1 = 0and ch.l =0.

To illustrate this point, we plot the net-cooling rates y; c
of the jth mechanical mode versus the AFL-coupling strength
G,, when the first mechanical mode is present (G; # 0 and
Gea1 # 0, see the solid curves) and absent (G; =0 and
Geq,1 = 0, see the dashed curves), as shown in Fig. 7. In the
absence of the first mechanical mode, the net cooling rates of
the two mechanical modes are much larger than their mechan-
ical damping rates (i.e., y;c > y;), which means that both
mechanical modes can be efficiently cooled to their quantum
ground states. In particular, we see that when we increase the
value of G,, the net-cooling rate of the second mechanical
mode is larger than that of the first one, i.e., y1.c > y2.c-
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decay rate k., when «, = 3w,, and (b) the AFL decay rate x, when
K. = 3w,,. Other parameters are the same as those used in Fig. 1.

Physically, the AFL plays a role not only in breaking the
dark mode of the system, but also in opening another cooling
channel for the second mechanical mode. In the absence of
the first mechanical mode, we find that the cooling rate of the
first mode is equal to zero due to the breaking of its cooling
channel, while the cooling rate of the second mechanical
mode is larger than that in the case where the first mechanical
mode is present. In conclusion, these results indicate that by
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FIG. 7. Net-refrigeration rates y; ¢ (blue curves) and y, ¢ (red
curves) vs the AFL-coupling strength G,, when the first mechanical
mode is present (G; # 0 and Geq; # 0, see the solid curves) and
absent (G; = 0 and G4 = 0, see the dashed curves). Here we set
the parameter w = w,,, and other parameters are the same as those
used in Fig. 1.
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FIG. 8. The final mean phonon numbers 7/ (blue curves) and 1
(red curves) as functions of the mechanical frequency ratio w, /w; for
the AFL-off (solid curves) and AFL-on (dashed curves) cases. Other
parameters are the same as those used in Fig. 1.

introducing the AFL to a typical optomechanical system, the
net-cooling rate of the resonator can be largely enhanced, and
this is crucial for developing the cooling performance of the
system.

We note that although the dark mode exists theoretically
only in the degenerate-resonator case, i.e., ®; = w;, the dark-
mode effect, induced by this dark mode, actually works within
a finite mechanical detuning range in the near-degenerate-
resonator case. To know the width of the frequency-detuning
window associated with this dark-mode effect, in Fig. 8 we
show the final average phonon numbers n( and ng as functions
of the mechanical frequency ratio w,/w; in both AFL-off
(see the solid curves) and AFL-on (see the dashed curves)
cases. For the AFL-off case, the ground-state cooling of the
two mechanical modes is unfeasible in both degenerate and
near-degenerate-resonator cases, as marked by the shadow
area. The width of the shadow area can be characterized by
the effective mechanical linewidth, |wy — wi| < I'j . This
is because the cooling of the two mechanical resonators is
strongly suppressed in this region, and thus the two mechani-
cal resonators have a significant spectral overlap and become
effectively degenerate.

However, when the AFL is introduced to the system
(see the dashed curves in Fig. 8), the dark-mode effect is
completely broken, and the ground-state cooling of these me-
chanical modes can be realized irrespective of the value of
the ratio w,/w;. These results indicate that both degenerate
and near-degenerate vibrational modes can be cooled to their
quantum ground states and that our method can solve the
cooling suppression obstacle for both near-degenerate and
degenerate cases.

The dark modes in cavity optomechanics can be divided
into (i) mechanical and (ii) optical dark modes. Physically,
the mechanical (optical) dark modes are induced by the
coupling of multiple mechanical (optical) modes to a com-
mon optical (mechanical) mode. The mechanical dark modes
are governed by the mechanical-frequency detuning (i.e.,
wy — 1) between the resonators. They are formed when the
mechanical-frequency detuning is equal to zero (i.e., w; —
w; = 0) and are suppressed when the mechanical-frequency
detuning is nonzero (i.e., wy — w; # 0).
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Similarly, for the optical dark modes, their formations are
directly decided by the driving-detuning difference between
the optical modes. The zero value of the driving-detuning
difference leads to the creation of the optical dark modes, and
the suppression of the formation of the dark mode is caused
by a nonzero value of the driving-detuning difference between
the optical modes. In this work, we focus only on studying
the effect of the mechanical dark mode on the cooling perfor-
mance of the mechanical modes. In Fig. 8, we demonstrate
that although the mechanical dark mode exists theoretically
only for the zero-value mechanical detuning (i.e., w; = w»),
the dark-mode effect actually will be worked for a wide de-
tuning range (i.e., w; # wy; see the shadow region in Fig. 8).
In the following section, we will study the optical-dark-mode
effect of the system in detail.

V. OPTICAL DARK MODE, OPTIMAL FEEDBACK
PARAMETERS, AND DISCUSSION

A. Optical dark mode

In the system, there also exists an optical dark mode
formed by the two optical modes coupled to a common me-
chanical mode. For demonstrating the optical dark mode, we
here consider the case where the main and auxiliary optical
modes couple to a mechanical mode; i.e., we set G; = 0 and
8ca.1 = 01in Eq. (5). Then, the two optical modes can form the
optical bright mode D and the optical dark mode D_, which
are given by
Gyéd. + G,éd,

Go
G,8d. — Géd,
Go

where Gy = ,/ G% + G2. Then, the Hamiltonian in Eq. (5)

can be rewritten as
Hrwa = Y _ A;DiD;j + 8b58by + G, (8b,D}, + D,.5b})
j=%

+G_(DiD_+D'Dy),

D, = , Optical bright mode, (27a)

D_ = , Optical dark mode, (27b)

(28)
where A )= [G%(a)&C + Gﬁ(z)ﬁg]/ég and the coupling

strengths are

- G,G,(A. — A - -
G—:w’ G, = Go.
Gy

We can see from Egs. (28) and (29) that when A’C = A;, the
mode D_ is decoupled from the system due to G_ = 0, and it
becomes an optical dark mode. Similar to the mechanical dark
mode, the formation of the optical dark mode is decided by the
driving-detuning difference (i.e., A, — A!) between the two
optical modes. We find that when the detuning difference is
equal to zero (A/. — A! = 0), the optical dark mode emerges
and that the suppression of the formation of the dark mode
occurs when this difference is nonzero (A, — A/ # 0).

(29)

B. Optimal feedback parameters

How to practically choose the feedback bandwidths and
gains is very crucial for achieving the fastest cooling and
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FIG. 9. Net-refrigeration rate y; c of the jth vibrational mode vs
(a) the feedback gain g.q and (b) the feedback sideband wg,. The
final mean phonon numbers n{ of the jth vibrational mode vs (c) the
feedback gain g.q4 and (d) the feedback sideband wy,. Here we set the
parameter w = w,,, and other parameters are the same as those used
in Fig. 1.

lowest stationary occupation. To know the optimal feedback
parameters, we considered the case of geq,j = ged,a = &ed and
Wed,j = Wed,a = Wcd, and then plotted the net-cooling rates

v;.c and the final mean phonon numbers n’ of the Jjth mechan-
ical mode (for j = 1, 2) as functions of the feedback gain g.q
and the feedback bandwidth wy,, as shown in Fig. 9.

One can see from Figs. 9(a) and 9(b) that the net-cooling
rates can be significantly improved by increasing either g., or
sy, and that the optimal feedback bandwidth can be observed
for wp, /w,, > 3. In addition, we can see that the net-cooling
rate of the second mechanical mode is always much larger
than that of the first one. Moreover, the optimal cooling
performance (i.e., the lowest stationary occupation) of the
two vibrational modes is located in the areas g.; ~ 0.5 and
o/, > 3, as shown in Figs. 9(c) and 9(d). In particular,
we find that under proper parameter conditions, the cooling
performance of the second resonator is better than that of the
first one, and this can be explained by the fact that the AFL
offers another cooling channel for the second resonator.

C. Discussion

Here we discuss the cooling case, where the auxiliary-
cavity driving detuning is not equal to zero, i.e., A, # 0. In
Fig. 10, we plot the net cooling rate y; c of the jth mechanical
mode as a function of the auxiliary-cavity driving detuning
A,, when the AFL is turned on. Here we choose the mechani-
cal frequency w,, as the frequency scale, so that we can clearly
see the relationship between the optimal driving detunings.
We see that by introducing the AFL, the net-cooling rates
yj.c of the two mechanical modes are much larger than their
mechanical decays (i.e., ¥j,c > y»), which means that the si-
multaneous ground-state cooling is achievable in this system.
In particular, we find that the peak values of the net-cooling
rates emerge when A, =0, and net-cooling rates become
smaller with the increase of the auxiliary-cavity detuning
A,. This is because the highest sensitivity for the position
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FIG. 10. Net-refrigeration rates y; ¢ (blue solid curves) and y, ¢
(red dashed curves) vs the auxiliary-cavity driving detuning A,,
when the AFL is present. Here we set the parameters w = w,, and
8cd,j = 8cd,a = 4, and other parameters are the same as those used in
Fig. 1.

measurements can be achieved for a resonant cavity (i.e.,
A, = 0) and in the large-cavity bandwidth limit x > w,,.

VI. GENERALIZATION TO THE LOOP-COUPLED
SYSTEM AND POSSIBLE EXPERIMENTAL
REALIZATIONS

Here, we extend our method to a loop-coupled system,
where the auxiliary cavity is coupled to both mechanical
modes. When the system is driven by the red-detuned lasers,
the linearization scheme can be performed to simplify the
system, and thus the linearized Hamiltonian in the RWA reads

Hrwa = Y _ [0;0b58b; + G;(8d b’ + 8d]8b;)]

j=1.2
+ AL8d]8d. + AL8d]8d, + G,(5d,8b} + 8d8by)
+ G (8d,8b] + 8 8by), (30)

where G, (G,) is the effective optomechanical coupling
strength between the first (second) mechanical mode and the
auxiliary cavity-field mode. By considering the degenerate-
resonator case (i.e., ; = w,) and by substituting the opera-
tors By [see Eq. (15)] into the Hamiltonian in Eq. (30), we
obtain

Hrwa = AL8d]8d, + A,5d}5d, + Y wB]B
I=+,—
+ G, (8d.B +8dBy)
+ (Gary + Gay )(8d,BY +8d)B.)
+(Ga1— — Gy )(8d,B" +8d/B_), @31

where G, is introduced rescaled coupling strength, defined
as

Guir—) = x1G12)» (32)

with x; = G,1/Go. In Fig. 11, we plot the redefined effec-
tive optomechanical coupling strength G (the black dashed
line), (Gu1+ + G,y) (the red dotted line), and |G- — G|
(the red solid line) as functions of the auxiliary-cavity op-
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FIG. 11. Redefined effective coupling strengths G, (black
dashed line), (G, + G, ) (red dotted line), and |G, - — G,_| (red
solid line) vs the auxiliary-cavity optomechanical coupling ratio
G,1/G,. Here we assume G,/w,, = 0.2, and other parameters are the
same as those used in Fig. 1.

tomechanical coupling ratio G,;/G,. It can be seen that by
tuning the coupling ratio G,;/G,, the coupling strengths G
and (G,14+ + G, ) are always nonzero, which indicates that
the mode B, is a bright mode. In contrast to this, when
G, = G,, we obtain the coupling strength G,;— — G, =0,
and this means that the mode B_ is decoupled from the
system and becomes a dark mode. Thus, the excitation en-
ergy stored in the dark mode cannot be extracted through
the optomechanical-cooling channel. For the general case
of G,1 # G,, the dark-mode effect is broken, and thus the
ground-state cooling of the two mechanical resonators be-
comes feasible under proper parameter conditions.

Now, let us discuss possible experimental realizations of
this loop-coupled optomechanical system. In the microwave
domain, this system can be realized using a superconduct-
ing circuit [87], which consists of two microwave cavities
and two vibrational modes, as shown in Fig. 12(a). Specifi-
cally, two microwave cavities can be defined by combining
a vacuum-gap capacitor with an inductive network. The
vacuum-gap capacitor has a mechanically compliant top plate
that vibrates with several spectrally distinct mode frequencies,
corresponding to different vibrational modes. Furthermore,
one can experimentally realize the system using another su-
perconducting circuit optomechanical system [88], where the
mechanical motions are capacitively coupled to a multimode
microwave circuit, as shown in Fig. 12(b). The circuit sup-
ports two optical modes, both of them coupled to the same
vacuum-gap capacitor, and the two microwave cavities are
symmetrically coupled to the mechanical modes. In the opti-
cal domain, this system can be realized by using a multimode
optomechanical cavity [30], where two optical modes are
coupled to two mechanical modes. To prevent cross-mode
interactions, the two optical modes are chosen to be well
separated.

When we turn off the coupling channel between the
auxiliary-cavity mode and the first mechanical mode, the
loop-coupled system (see Fig. 12) reduces the system shown
in Fig. 1. Here, we present some discussions on the exper-
imental realization of our model, when the auxiliary cavity
couples only to the second mechanical mode. In the op-
tical domain, this system can be realized based on the
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FIG. 12. (a) Schematic of the optomechanical circuit consisting
of two microwave cavities and two vibrational modes. Two mi-
crowave cavities are defined by combining a vacuum-gap capacitor
with an inductive network, and the vacuum-gap capacitor has a
mechanically compliant top plate that vibrates with several spectrally
distinct mode frequencies, i.e., the vibrational modes. (b) Imple-
mentation of a superconducting microwave circuit optomechanical
device. A superconducting circuit featuring two electromagnetic
modes in the microwave domain is capacitively coupled to a mechan-
ical element (a vacuum-gap capacitor denoted by dashed rectangle)
and inductively coupled to a microstrip feedline. The end of the
feedline is grounded and the circuit is measured via black-scattered
light.

Fabry-Prot-cavity optomechanical configurations, which con-
sist of a double-movable-mirror optomechanical cavity cou-
pled to another cavity field, as shown Fig. 13. In this system,
the two mechanical resonators g;—;» are coupled to a com-
mon cooling cavity d, via the radiation-pressure couplings of
strengths G;. An auxiliary cavity d, is coupled to the second
mechanical resonator g, via an optomechanical coupling of

9 ) K, 4 ) K,
H,Jj - ,_94 §/ Fixed
o
QL §G dc GZ 'Gq da ﬁ
[y

Tgcd,l &dp TTgcd,a

Feedback

Feedback

FIG. 13. Implementation of a multimode optomechanical system
using the Fabry-Prot-cavity optomechanical configuration consisting
of a double-movable-mirror optomechanical cavity (d.) coupled to
another cavity field (d,). The cooling-cavity mode d, (with resonance
frequency w,. and cavity-field decay rate «.) is coupled to the two
mechanical resonators g;—; » (both with resonance frequency w,, and
mechanical decay rate y;) through the radiation-pressure couplings
of strengths G;. The second mechanical resonator ¢, is also coupled
to the auxiliary cavity d, (with resonance frequency w, and cavity-
field decay rate «,) via an optomechanical coupling G,. The output
fields of the two driven cavities are measured via homodyne detection
and then the feedback loops (with optomechanical couplings Gy 2.4
and feedback gains geq—1.2.4) are utilized to design direct forces
exerted on the two mechanical resonators. This leads to the freezing
of their thermal fluctuations (i.e., the cold-damping effect) [40-51].

the strength G,. The homodyne detection is used for mea-
suring the output fields of the two driven cavities and then
the direct forces exerted on the two mechanical resonators are
designed by utilizing the feedback loops, which can lead to the
freezing of their thermal fluctuations (i.e., the cold-damping
effect) [40-51].

The proposed physical model is general, and hence, it
can be implemented using cavity optomechanical platforms
in which the involved interactions can be realized. To im-
plement the dark-mode-breaking multimode cooling by the
auxiliary feedback loop, three important ingredients are re-
quired: (a) The first and second mechanical modes can be
coupled to the first optical mode; (b) the second mechanical
mode can be coupled to the second optical mode; and (c) the
distinct homogeneous feedback forces can be applied to both
mechanical modes. Therefore, these three elements should
be implementable in our candidate experimental systems. It
should be pointed out that although these three ingredients
have been realized in separate experiments, the implemen-
tation of the combination of these three requirements in the
same experimental setup has not been experimentally reported
yet. This is a potential experimental challenge in realistic
experimental setups. However, we believe that this challenge
can be overcome in the near future.

VII. CONCLUSION

In conclusion, we have solved the outstanding challenge of
cooling suppression from mechanical dark modes in cavity
optomechanics and shown how to simultaneously cool two
vibrational modes to their quantum ground states beyond the
resolved-sideband regime by breaking the dark mode via an
AFL. We have found that using our AFL method can lead
to a flexible switch between the dark-mode-breaking and
dark-mode-unbreaking regimes. Our method can lead to a
giant amplification in the net-cooling rates and the effective
mechanical susceptibilities of the two vibrational modes, and
this can be used for significantly developing the cooling per-
formance of these vibrational modes. Remarkably, we find
that in the absence of the AFL, all the mechanical modes are
uncooled due to the dark mode, while by introducing the AFL,
the simultaneous ground-state refrigeration becomes feasible
because of the dark-mode breaking.

In addition, we have shown that the refrigeration per-
formance of the two mechanical modes can be flexibly
switched between the symmetric-cooling and asymmetric-
cooling regimes, by appropriately engineering the feedback
gain of the AFL. Our work could potentially be used for
expanding the frequency bandwidth of mechanical devices,
observing quantum mechanical effects, and manipulating
macroscopic mechanical coherence.
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APPENDIX: ANALYTICAL EXPRESSIONS OF THE STEADY-STATE MEAN PHONON NUMBER

In this Appendix, we show the expressions of other parameters used in Egs. (23)—(25). These expressions are given by

2 2
Al = (0" — O 20,0k + (O,q + O 2)0°,

A3 = E4a)ﬂ,’a — 2Ka(1)2,

Ay = Kc(a)2 — a)f) + )/1602,

A2 = [E4 + 2Kawfb,a]wv

As = [ch/l — (a)2 — a)f)]a),

Ag = ke — @, A7 = (K. +y)o, Ag= (Ae + o + G1gcd.1w1)wfb,1w,

Ag = (Kca)% — A7a))a)fb,1,
An = (0A4 — Ag)op 2 + (wAs — Ag)w,
Az = [riop1 — (0° — o) ],

A5 = ApzAro — ApAn,

—_

Cl = [_E4 - 2Kawtb,a]wa
E) = (0% — Kok ) — (Kq + K¢ )wpp 20,

and

2
Fs = 0 — ko, 1,

Ajp = (wA4 — Ag)w — (wAs5 — Ag)wpp,2,

2

Ap = no® + (0 — o] )op, 1.
Ay = ApA +A3A1,

Bi = (0. + @ 2)ke — (0° — 020 )],

D = 2k,0° — E4wpp.q,

(AD)

F = (0% — kak)oma + (kg + k)0, B = Ejwy, Fy = 2k,000, Fy = —(ke + op 1),

Fs = Guged.awm aE1, Fr = FiGuged a®as Fs = —(Eq + 2K,0m 0)w, Fy = 2K,0* — E4wpp. g,

2 2

Ey = 0,Gogcarwm b3 + w2 Fs, Ez = 0yGagearwp by + wrF;, E4 =k, —w”, Es =2k,
Es = (E4w + Esy2)A; — (Eqy2 — Esw)By, E7 = (B4 + Esy2)B1 + (Esy2 — Esw)Ay,

Eg = 02(lRA| + F3B1) — w(Ee + E2), Eyg = wn(F2B) — F3A1) — w(E7 + E3),

E\g = FyEg — F5Ey, Ey| = FyEg + F5Eg, Ejp = Eyo + 2K, 4,

Ei3 = Eqwp g — 20°K4, Eis = EnEg + EEn, Eis = EEig — EnEy.
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