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This supplemental materials contain eight parts: I. A detailed derivation of the second-order equal-time correlation
function; II. Analytical calculations of the probability of photon antibunching (PA) and perfect photon blockade
(PPB) for few-qubit systems; ITI. The physical mechanism of nearly perfect photon blockade (NPPB); IV. Correlation
functions in weak- and strong-disorder limit; V. Effects of losses on non-waveguide modes; VI. Effects of chirality in
coupling to waveguide modes; VII. Effects of finite bandwidth of input state; VIII. The details of numerical method
used in this work.

II.

III.

IV.

VL
VII

VIIL

CONTENTS

Derivation of second-order correlation function

Analytical Calculations of P(s < 1) and P(0) for few-qubit systems.
A. Transmission
B. Reflection

Physical mechanism of NPPB

Correlation function in the weak- and strong-disorder limits
A. Weak-disorder limit (W < 1)

B. Strong-disorder limit (W > 1)

Effects of losses on non-waveguide modes
A. Transmission output
B. Reflection

Effects of chirality in coupling to waveguide modes

Effects of finite bandwidth of input state

Numerical calculations of P(s < 1) and P(s < 1) for many-qubit system
A. Calculation about P(s < 1)

B. Calculation about P(s < 1)

References

S Ot

11
11
12

14
15
15

16
17
19
19
21

21



I. DERIVATION OF SECOND-ORDER CORRELATION FUNCTION

In this section, we present the Gorini-Kossakowski-Sudarshan-Lindblad master equation for our setup and, by
incorporating the input-output formalism, derive the formal expressions for the correlation functions in the trans-
mission and reflection outputs. To this end, we consider a one-dimensional array of N qubits coupled to a single
optical waveguide bath. Under the rotating-wave approximation, the time evolution of the system is governed by the
Hamiltonian

N oo 9]
H= Z WO om + Z / dw waL(oJ)aM(w) + Z/_ dw (mmw(w)al(w)am + h.c.). (S1)

p=R, T

Here, wy, = wo+ A, denotes the transition frequency of the mth qubit, and ¢,,, = |gm)(em] is its corresponding lower-
ing operator. The operator a,(w) is the boson annihilation operator for a bath mode with frequency w, where the sub-
script g = T (transmission) or R (reflection) distinguishes the mode. We assume weak inhomogeneity, namely, |A,,| <
wo. In this regime, the coupling strengths satisfy ,, /g (w) = gm, 7/ XP((—/+)iwsy /c) = gr/r exp((—/+)iwLy /c),
so that the interaction strength for each qubit is approximately homogeneous, i.e., |k, 1/r(w)| & gr/r. The qubits
are assumed to be equally spaced with separation d, so that x,, = md. For simplicity, we set v, = 1.

We first derive the master equation describing the time evolution of the system, which further supports the calcu-
lation of the field correlation function. The derivations mainly follow those in[1-3]. Following standard derivations,
the Heisenberg equation for the field operator are obtained as

ar(w,t) = —iwar(w,t) — igre” “rmg, (t), ar(w,t) =—iwar(w,t)— igrem om(t), (S2)

which can be formally integrated as

t t
at (w, t) _ e—iw(t—to)aT(w7 tO) —igr Z/ e~ W (t—T)—iwzm O (7_) dr, aR(w, t) = —igR Z / e~ W (t—T)Fiwzy O'm(T) dr,
m Yto m Yto

(S3)
where we have assumed that photons are injected from the left side of the waveguide, such that ag(w,tp) = 0.
Consequently, the Heisenberg equations for the atomic operator are given by
Om(t) = —iwmom (t) —io?, (1) </ grar(w,t)e ™ dw —|—/ grar (w, t)e”wrm dw). (S4)
— 00 — 00
Substituting the solutions of the field operators into the equations for the atomic operator, we have
0 . .
Om(t) = —iwo, (t) — o, (t) gT/ e w(t=to)iwTm g (4 o) dw
—0o0
—ig22m Z O(xm — ) o (t — |Tm — Tn|) — igk2m Z O(zn — Tpm)on(t — |Tm — :vn))
n n
o . .
R —iwo, (t) — o, (t) gT/ e~ tto)FiwTm g () 1) dw
—0o0
—ighor Z Oy — ap)op (t)erwolem=anl _ o2 or Z O(x, — xm)ei“’olz’"mnan(t)> .
n n
In the last line, we have used the Markovian approximation
Oull = [t — 2al/0) & oa(t)enlmn—mnl/e = g (1)l An/olmnlde (5)
and, for our purposes, we neglect the dependence of A,, in the phase factor, i.e.,
O,n(t)eiwﬂmmfzn\/c ~ o, (t)eiwo\mfmd/c' (86)

This approximation is valid when the condition |A,|/wy < N~! holds. Equivalently, this condition is satisfied if
CW <« wo/N, where C ~ O(1) is a dimensionless constant. Specifically, for a detuning A,, drawn from a normal
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distribution with standard deviation W, the inequality |A,| < CW is met with probability erf(C/+/2). For instance,
taking C = 2 yields erf(C/v/2) ~ 0.95, implying that the condition |A, | < CW is satisfies with near-unit probability.
Thus, the approximation |A,|/wy << N~! holds with probability near unit (0.95), provided that CW < wq/N is met.

Integrating the bath degrees of freedom, we have

Om(t) = —iwmom (t) — i/ Y10z, () f(t — to, Tm)
- ’YTU:n(t) Z Un(t)e)(xm - xn)eiwo\xm—xn 'YRO' Z Un Tp — xm)eiwolxm_xn 5
n

where yr/g = 27rg?wR and f(7, z) is defined by

f(r2) = ¢TI T [pp (to)ar (w, to)] dw (S7)

e

Eq. (I) coincides with the equation of motion governed by the master equation

p=—i((Her + Ha)p — p(Hlz + Ha)) + Y 2(700(m —n) cos(|m — nlp) +1O(n — m) cos(|m — n|p))ompol, (S8)

mn
with
N N
-y ( i(Yaw + 71 + ’m))(ﬁﬂgm ~iy <7Teilmfnlwg;rngn I yReilm*n\%jlam), (S9)
m=1 2 l m>n l
and
Hy =" At(f(t —to,md)o}, + h.c.), (S10)

where ¢ = wod/vy.
The zero-time second-order photon correlations of the emitted field are defined as

<a;r4,out (t)aL,out (t)au,out (t)amout (t))
(af out (D) tys,00 (1))

Ju = ) (Sll)

where (o) denotes the expectation value over the emitted field. The input-output relations are given by
arout(t) = arin(t) = iyAT D €™ om(t),  arou(t) = —iyAR Y € om(t), (S12)
m m
with

ar in(t) e_i“’(t—tO)aT(w, to) dw. (S13)

vl

Let us now consider a right-propagating coherent pulse as an input (drive), given by pg(tg) eXp(aaTT(win) —
aar(win))|0), where the input pulse is assumed to be resonant with the transition frequency for the ordered system,
i.e., wip = wp. In the long-time limit, the properties of the emitted field are fully determined by the steady state pgs
of the qubits (in the rotating frame with respect to Hy = wo y_,, ofo,,). By substituting the input-output relations
into the definition of g, one obtains

Tr(pSSC’ILC’ZCHC’M)
2
Tr(pSSC’ZC'u)

9u = ; (814)

where Cr = —i,/7R Zm e¥mg,, and Ct = o — I\/T Zm e Mg, pss denotes the steady state corresponding to
the master equation Eq.(S8) with f(t — tg,z,,) = e o(t=t)eim®  In the weak-input limit (o < 1), one can
solve for ps by neglecting quantum jumps, which yields the expansion ps ~ |G) + ') + o?|?) + O(a®) [4].
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FIG. S1. (a) Probability of PA versus ¢ and W, where ¢ ranges from 0.0017 to 0.057. (b) Probability of PA versus ¢ and W,
where ¢ ranges from 2.0017 to 2.057

Here, |G) = ®7]X=1 |gm), [1) = —(Héé))_1H+|G> and [¢?) = —(He(?f))_lH+|1/J1> are the single- and two-excitation
components of the truncated steady-state, respectively, with H, = /1>, e™?al . The operators Héflf) and H é?f)
denote the single- and two-excitation subspace of the effective Hamiltonian H.g, respectively. After some calculations,

one obtains for the transmitted field

1= 20{GIC 1) — (GICxCrly)

- O(laf?), S
[N o

and for the reflected field

o
UG CP) | o100y

= - (S16)
(PHCRCRY)?
where C’T =.\/7T Zm e~ ¥"g, and C’R = /7R Zm €™ g,,. These expressions can be further simplified as
1—92 1 1\ 2 2\ |2
11— il [vh)]
and
(@2 [92)]?
= S18
9= L (519

where [¢p}) = /AT Y, exp(Fime)ol,|G) and [¢1) = 291>, -, exp(Ei(m + n)g)of,ol|G). When the coupling
strengths to left- and right-going modes are homogeneous, i.e., yv = yg = /2, these equations, Egs. (S17,518),
recover Eq. (2) of the main text.

We also emphasize the periodic nature of all the above derivations, including the master equation and the input-
output relations, in the phase ¢. Consequently, photon correlation should also be periodic in ¢, with a period of
2m. Likewise, all the statistic quantities studied in the main text, such as the probability of PA and the probability
density function, are also periodic in ¢ with period of 2w. For example, the probability of PA in the transmission
for N = 10 (the inset of Fig.2(a) in the main text) with ¢/m € (0.001,0.05), and that with ¢/ € (2.001,2.05), are
shown in Fig. S1. The results show good agreements with each other.

II. ANALYTICAL CALCULATIONS OF P(s < 1) AND P(0) FOR FEW-QUBIT SYSTEMS.

In this section, we present detailed calculations for the probabilities of PA and PPB for few-qubit systems, which
further substantiate the results reported in the main text. The calculations for the transmission output and for the



reflection output with ¢ = 0 are carried out analytically, whereas those for the reflection output with ¢ # 0 are
performed numerically.

A. Transmission

We first consider the single-qubit case. In this system, all two-photon scattering processes vanish, meaning that

any terms involving [4?) (or (¢2|) drop out. Since Hé{? is a 1 x 1 matrix in this case, the evaluation of |!) is
straightforward. After some algebraic manipulations, the second-order correlation function is given by

(1+4A2)2

1

Moreover, an analytical expression for the probability density function (PDF) corresponding to Eq. (S19) can be

obtained. Specifically, the PDF is calculated as

1 > (1+4A%)2 _A2? 2
P(s) = —— O V—F— — 1/2W5 qA,. 2
(s) S /_Oo ( 1647 sle 1 (S20)

Here, the Dirac delta function is handled using the standard identity 5(f(z)) = >, 6(x — z;)/[f'(z;)|. After some
calculations, one finds that P(s) =0 for s < 1. Thus, we have

P(s < 1) = P(0) = 0. (S21)

For s > 1, the PDF is given by

1 1 )
P _ 1/(1—1\/5)8W . 822
)= Vo (Vs 1R (522)

The asymptotic behaviors for P(s > 1) are

1
(s — 1)73/2e~V/EW (=1 P(s 4 1o0) ~ mg*f’/‘l_ (S23)

Furthermore, the mode of the PDF, corresponding to the most probable value of the correlation function, is located
at

P(s%1+)~4 W
s

1+ 562 + 464W* + /WS(1 + 28W2)2(1 + 562 + 464W4)
Smax — 800W4 B

(S24)

This result shows that the mode scales as smax ~ W™ for W — 07 and spmax ~ 1 for W — 4o00. In other words,
when W < 1 the most probable output is strongly bunched, while for W > 1 it is nearly coherent.

For a two-qubit system, although the analytical expression become more involved, the calculation remains tractable.
In this case, the correlation function is given by

~ (BATAZ + f1 —cos(2¢)) (BATAS(1 + (A1 + Ag)?) + (A1 + Ag)?(f- — cos(p)) + 441 A9 (A1 + Ag) sin(2¢))
gr = GAATAL(T + (A1 + Ay)?) ’
($25)

with fr =14 2A% +2A2 £ 4A ;A5 cos(2p) — 2(A1 + Ag)sin(2¢). It is practically infeasible to derive a closed-form
expression for the corresponding PDF in this case. Nonetheless, since the correlation function gr > 1, we have
P(s < 1) =0 and P(0) = 0.

B. Reflection

For the single-qubit system, the absence of two-photon scattering processes implies that (¢? [)?) = 0, so that
gr = 0. For the two-qubit system, we first consider the case ¢ = 0. In this situation, the correlation function reduces



to

(A1 + Ag)? + 4ATA3

98 = A+ Ao (B + A (526)
The probability of PA is then calculated from
1 0o 00 2 2
1 AT+ A
P(s<1)= /0 P(s)ds = 5772 / dAl/ dAsy exp (M)@(QR -1, (S27)

where O(z) denotes the Heaviside step function. Changing the variables as 22 = A; + Ay and 2A = Ay — Ay, one
obtains gr = (22 + (22 — A%)2) /(92 + 4Q*). PA occurs when

1

Q| > Al. S28
1€ \/3\ | (528)
It follows that the probability of PA is given by
1 0% + A2 2
12>

which recovers the equality stated in Eq.(4) of the main text. To demonstrate the result P(0) = 0 presented in the
main text, we now analyze the asymptotic behavior of P(s) for s < 1. Starting from

4 0o 00 Q2 +A2 Q2 + (QQ _ A2)2
P(s) = 72 /0 dQ/O dA exp (— 2 >5( 2 1 108 - s) (S30)
a change of variables 92 — Q and A? — A yields
1 > * 1 Q+A Q+(Q—-A)?
P(s) = W/o dQ/O dA VT exp( 2 >6( OETeE 5. (S31)

Carrying out the integral over A leads to

1 [ (1+49) exp(—va’;) exp(;;’;)

dQ —Q/W?
xp (W) g, T ua |

where Oy = Q + /Q(4sQ2+ s —1). In the limit s < 1, the lower limit of the Q integral can be approximated

as (1 — s)/4s ~ 1/4s. In this regime, one can approximate Qi ~ Q and v/4sQ + s — 1 ~ /4sQ — 1. With these
approximations, the expression simplifies to

P(s) (S32)

W2 Sz g as

2 e 2 1
P(s)  ——— dQ e 2¥W S33
(s) TW2/s /1/45 ¢ V4sQ —1 (533)

This asymptotic form reveals that strong photon antibunching (gr < 1) is associated with large detuning, as dictated
by the lower integration bound Q = A; + Ay > 1/4s ~ s~1. Performing the integral over  yields

1 _ 1

From this expression it is evident that as s — 0, P(s) — 0; hence, P(0) = 0, in agreement with the result stated in

the main text. Finally, we compare this analytical approximation to numerical integration of the starting expression
(Eq. (S30)) [see Figs. S2(a-c)].
For the system with ¢ # 0, the correlation function is given by
(=i 4 7€ 4 200 + 200) (€€ + (241 —i)(2A5 — 1)) |?
IR = (Ay + Ay — i) (285 — i+ €29(20, +1))?

(S35)
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FIG. S2. (a-c) The asymptotic behaviors of P(s). The chosen disorder strengths are W = 0.1 (a), W =1 (b), and W = 10
(c). In all plots, red dots are obtained from the numerical integration of Eq.(S30), and black lines represent the analytical
solutions from Eq. (S34). (d-f) The asymptotic behaviors of P(s). The chosen disorder strengths are W = 0.1 (d), W =1
(e), and W = 10 (f). The different symbols correspond to systems with different values of ¢. In all plots, the symbols are
obtained from the numerical integration with the correlation expression replaced by Eq.(S35), and black lines represent the

analytical solutions from Eq. (S34). (g) P(s < 1) = P(s < 1) — 2/3 versus phase and disorder strength. The result is obtained
from numerical integration of Eq. (S27), while the expression of correlation is replaced by Eq. (S35)

gt Ay Agy A3
10—8 0.149124450372206 —0.053903424589490 0.144085703957167
1010 0.148134188883455 —0.055253952848190 0.144762975264912
1012 0.149005562567387 —0.054129160721382 0.144182673551411

TABLE S1. Partial solutions {A1, Az, As} of equation gr = so with sgp = 10787 10710, 10712, Here ¢ = 0.047, which is the
same with the parameters in Fig. 1(c) of main text.

In this case, the analytical forms for both P(s < 1) and P(0) are practically infeasible to obtain. Fig.S2(g) displays
the numerical results for P(s < 1), which now depend on both the phase and the disorder strength. Notably, the
numerical data imply that P(s < 1) is bounded from below by 2/3, the value obtained in the Dicke limit for a two-
qubit system. As the disorder strength increases, P(s < 1) attains a maximum at ¢ ~ 0.257, and then saturates to
the lower bound of 2/3 when ¢ ~ 0 or 0.57.

Regarding P(0), Figs. S2(d-f) illustrate the asymptotic behavior of P(s) for s < 1. It is evident that P(s < 1)
displays essentially the same asymptotic form as in the case of o = 0. This similarity arises because strong PA is
primarily associated with samples {A1, Ay} in which one detuning |A;| < 1 (i.e., nearly resonant), while the other
|Ajz;] > 1 (ie., far off-resonant). Physically, this scenario corresponds to one qubit interacting strongly with the
input while the other is nearly transparent to it, effectively reducing the system to a single-photon absorber/emitter.
However, since the detunings are sampled from a Gaussian distribution, the probability of obtaining |Aj4;| > 1
decreases exponentially with |Aj;|, which ultimately leads to an exponential decay of P(s) as s — 0. Consequently,
P(0) = 0 is recovered in this regime.

These findings demonstrate that, even when ¢ # 0, the essential asymptotic behavior of the correlation function
remains consistent with the ¢ = 0 case, while the overall probability P(s < 1) exhibits a nontrivial dependence on
both the phase and the disorder strength.
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FIG. S4. (a-c) Top: PDFs; Bottom: Solutions of gr = 107'° for the transmission output. The chosen parameters are ¢ = 0.017
and W = 0.15; the chain sizes are indicated above the plots. (d-f) Top: PDFs; Bottom: Solutions of gr = 107*° for the reflection
output. The chosen system parameters are ¢ = 0.57 and W = 1; the chain sizes are indicated above the plots. In the top of
(a-f), the results are obtained from 10° disorder realizations. (g-h) PDFs for the transmission (g) and reflection (h) outputs
under different numbers of disorder realizations. The chosen parameters are N = 3, ¢ = 0.01lw, W = 0.15 in (g) and N = 3,
@ =05m, W=11in (h).

III. PHYSICAL MECHANISM OF NPPB

Although the solutions presented in the main text correspond to gr = 107!, one can also obtain solutions for
gr = €, where € can be made arbitrarily close to 0 as computational precision increases. To achieve an NPPB event,
ie., gr/r = € — 0, the detunings of the qubits must be very finely tuned (see Table.S1 for an example). This
requirement for fine-tuning of parameters for an NPPB event suggests that the underlying physical mechanism is the
destructive interference of quantum paths [5, 6].

To manifest the interference effect, note that the photon correlations depend solely on the single- and two-photon
scattering processes. Consequently, the overall quantum path comprises three contributions: (i) a single-photon
scattering path with probability amplitude (¢! [1)!); (ii) a two-photon scattering path with probability amplitude
(#2|1?); (iii) a free propagation path with probability amplitude 1. From Egs. (S17-S18), NPPB in the transmission
output involves nearly completely destructive interference among the single-photon scattering path, the two-photon
scattering path, and the free propagation path, whereas NPPB in the reflection output involves nearly completely
destructive interference solely of the two-photon scattering path. Furthermore, the single- and two-photon scattering
paths are determined by transition paths, which are governed by the non-Hermitian effective Hamiltonian H.g. These
transition paths dictate how the qubits are excited by the input and how the emitted photons interfere with each
other.

More specifically, in the single-photon scattering path the fully inverted chain of qubits is first excited by the input
to the state, |G) + aH4|G). Then, the single-excitation component, aH,|G) o Y, exp(imep)o}, |G), transitions to
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the steady state through an infinite number of transition paths. To see this, we can rewrite

1y _ gDyt 1 — lim (W (1)
)=~ HA16) = iy — oy H41G) = Iiy( G0 + GG C), (836)
with
1 1 1 1 1 1 e
() = ——5. GV §jcﬁ> G2 () = (6P TM) G (). (S37)
z—H;
Here Hy = > (A, — iv/2)0},00 and T = —iry > mn XP(ip|m — n|)ol o,/2 represent the free and interaction
terms of the non-Hermitian Hamiltonian, respectively; the superscript (1) denotes the single-excitation sector. Now,
assuming that the single-excitation component of the steady state can be written as [¢p1) = > Umol |G), the

unnormalized probability amplitude is given by t,, = ¥Z + ¢<,, with

etme
%Z%M%@WWMF—ngWT1%:v;%22wwmag)ﬁn (s38)
n=1j
The first term, ¥Z | represents the steady-state probability amplitude of qubits individually interacting with the
waveguide, whlle the second term, 9,, represents the probability amplitude for qubits collectively interacting with the
waveguide. This collective term involves transitions between different qubits mediated by the long-range interaction
of photons. Such transitions can be viewed as an emission-reabsorption process, whereby photons emitted by one
qubit are reabsorbed by another. Specifically, for the n-th qubit initially excited by the input, the excitation transfers
to the m-th qubit through an infinite sequence of transitions, with the unnormalized probability amplitudes for the

j-th path given by e”“”\/7/2<G|0mG((:1,3‘(Z)UJL|G>~

After excitation, each excited qubit in the state 1,07 |G) can emit a single photon into the waveguide with an
(unnormalized) probability amplitude ,,. The propagation of this emitted photon acquires a phase factor exp(+imyp),
where the minus (plus) sign corresponds to the transmission (reflection) output. Consequently, the final probability
amplitude for the single-photon path is given by

<SUP§[|¢1> = PTI/R + P”LC“/R7 (S39)
with
~ N ex [(0/2 imep]
P%/R = —5 A, 2 P%/R = \/7211_{% Z Zexp —/4+)imel{(G|om cg( VH|G). (S40)
=1 Am m=1j=1

The first term, PT /R involves only a sum over the qubit index. It represents the superposition of N paths in which
the m-th path corresponds to a photon emitted from the m-th qubit propagating along the waveguide without being
reabsorbed by other qubits; we refer to this term as the probability amplitude of the “non-interacting transition
path”. Consequently, the second term, Pq_q /R Tepresents the probability amplitude for the case in which the emitted
photon can be reabsorbed by other qubits, and we refer to it as “interacting transition path”. Thus, the final
probability amplitude for the single-photon scattering path, (¢l [4)!), is the combination of the non-interacting path
and interacting paths. In Fig.S3, we present the single-photon scattering processes for an array with N = 3 as an
example.

As for the two-photon scattering path, the conclusion is similar. In addition to the single-photon events, the two-
photon scattering path, (¢2 [1)?), further involves the two-excitation steady state of the qubit ensemble. After similar
derivations, the probability amplitude for the two-photon scattering path can be expressed as

(sup%|¢?) = T/ P%/CR + P”E/IR + PT/R7 (541)
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with
2 0/2)i(m + n)y)]
piz _ 1 exp[(' )
TR Z (B —i7/2) (B0 = 7/2)
Pffn = v1im 3 > expl(=/+)i(m + n)e)(Glomon Gy (2) Hi e () Hi|G)
m>n j=1

- (S42)
P = v1im 3 > expl(—/+)i(m + n)e)(GlomonGEy () Hi G (2) Hi|G)

m>n j=1

PEip=lim Y 37 expl(—/4)ilm + n)¢l(GlomonGE) () Hi G (2) Hi |G)

m>n j=1,k=1

Similarly, the first term PXZ, denotes the probability amplitude of the non-interacting path, while the remainin
T/R g g

terms correspond to the probability amplitudes of the interacting path. As a consequence, NPPB in the transmission
output involves nearly completely destructive interference among the single-photon scattering path with a probability
amplitude (¢} [1!), the two-photon scattering path with a probability amplitude (¢2[)?), and the free propagation
path with a probability amplitude 1; whereas NPPB in the reflection output involves nearly completely destructive
interference solely of the two-photon scattering path with a probability amplitude (¢? [1)?).

In addition to the physical mechanism of NPPB, the mathematical structure of solutions satisfying gr/r = 0 is
somewhat subtle. For an array of N qubits, the solutions for gp/g = 0 form a (N —2)-dimensional submanifold. This
is because, these solutions are essentially constrained by two conditions

gr/r =0, Vgrr =0. (543)

The second condition arises from the fact that the correlation function is analytical and attains its minimum value at
0; hence, its gradient must vanish at 0. Consequently, solutions of gp/gr = € with € # 0 form a (N —1)-dimensional
submanifold, since only the condition gr/r = € is imposed. However, as the value of € decreases toward 0, one can
expect that this (N—1)-dimensional submanifold nearly collapses into a (N—2)-dimensional submanifold, corresponding
to the solutions of gy g = 0. As a result, solutions of gy = 10710 for an array with N = 3 form near a curve embedded
in the 3D parameters space, as shown in the main text. In Fig.S4, we present solutions of the correlation functions
for chains with N > 3. The solutions are obtained as follows: (i) For N = 3, we first use a nonlinear programming
solver to find the maximum value of > A2 | the set {A1 min, A2min, A3 min}, under the constraint g1/R = 10—10.
That is,

m

_ 1n-10 2 — i 2
gT/R|Al:Al,min7A2:A2,nﬁn7A3:A3,min =10 ’ Z Am|Al:Al,min-,A2:A2,min7A3:A3,min - {Z Am} (844)

m m

Based on this solution, we then apply the Gauss-Newton algorithm to automatically find solutions to the equation
gr/r = 10719 until a maximum number of solutions, K, is reached. Here, we set Ko = 10°. (ii) For N > 3, we
similarly find the minimum of ) A2 under the constraints g JR = 10719; while in the Gauss-Newton algorithm, we
fix the first (N — 3) detunings and solve the equation gy /g = 10710 for the last three detunings. Due to the existence
of NPPB, the PDF tends to be constant at s < 1, with fluctuations near that constant, as shown in Figs. S4(a-f).
These fluctuations arise from the standard deviation inherent in the numerical method used to estimate the PDF,
and they can be effectively suppressed by increasing the number of disorder realizations [see Figs. S4(g-h)]. Details
regarding the numerical method are discussed in the last section.

IV. CORRELATION FUNCTION IN THE WEAK- AND STRONG-DISORDER LIMITS
A. Weak-disorder limit (W < 1)

In the weak-disorder limit, one can expect that the photon correlations do not deviate significantly from their clean
counterparts. This means that for the reflection output, the correlation functions are expected to be distributed
around the value of gr for W = 0 [see Fig.S5(a)]; while for the transmission output, the correlation functions are
expected to be distributed around gt ~ +00. To confirm this statement, we present the PDFs in Figs. S5(b-1). For the
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FIG. S5. (a) Correlation functions for the reflection output in the absence of disorder. (b-e) PDFs for the reflection output
versus disorder strength. Parameters are indicated above the plots. (f-i) PDFs for the reflection output versus disorder strength.
Parameters are the same as (b-e). In all plots, the results are obtained from 107 disorder realizations.

reflection output [see Figs. S5(f-1)], the shapes of P(s) become increasingly sharper around {1,0.444, 1, 1}, as disorder
strength decreases. The peaks of the PDFs correspond to the values of the correlation function in the clean limit
(W = 0). For the transmission output, as the disorder strength decreases, when ¢ = 0.57 the region where P(s) # 0
shifts further towards infinity; and when ¢ = 0, the value of P(s) decreases for smaller s while it increases for larger
s [see Figs. S5(b-e)]. Both of these results indicate that g in the weak-disorder limit is distributed around infinity.

B. Strong-disorder limit (W > 1)

In the strong-disorder limit, one can expect that the photon-mediated interaction between qubits is significantly
quenched [see Fig. S6(a)]. This indicates that the probability amplitudes of interacting paths are extremely suppressed,
so that one can consider only the probability amplitudes of non-interacting paths. In this situation, the correlation
functions can be solved exactly, as derived in the previous section. After some calculations, the truncated steady
states are given by

N . 9 ,
" Y exp(imep) 72 " " Y exp(i(m + n)yp) tot
’1/11 = 2L 7'0'”'( G s 1/) = ’1/}1 [29] wl = — - " O'mO'n G . 845
W)=y XK k@ )=o) = 5 mZM(Am_W)(An_w/Q) G). (s45)
Thus,
e |1 - 2P — PEP 140 %, (A - i/2)7 =3 e (B —i/2) 7 (A, —i/2)71 /2] s16)
T L—iPZ[? T4 02 (A —1/2)1/2]
and
e2i(m+n);p
PEZ? R wsn Gy
grR = PIf4 = e2ime 4 (847)
| R| |Zm Am—i/2|

From Eq. (S46), the correlation function in the transmission output is independent of the distance between qubits,
i.e., independent of . In addition, solutions of gt = 0 exist when ¢ = 0, provided that N > 3. For instance, one can
easily verify that gr = 0if A; =1/2and A; = —1/2 for ¢ # j. However, these results do not contradict those obtained
from Eq. (S15), where the correlation functions are distance-dependent and have no solutions satisfying gr = 0 when
© = 0. This discrepancy arises because Eqs. (546,547) are valid only in the sense of disorder averaging.
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FIG. S6. (a) Schematics of the systems in the weak- and intermediate-disorder regimes (left panel); and in the strong-disorder
regime (right panel). Here T, = —iexp(ilm —n|@)ol,0n/2 with m # n. (b,c) Fidelity between the truncated steady
state {|'¢1>, |1/12)} obtained from the non-Hermitian Hamiltonian with long-range interactions and the truncated steady state

{|1/~)1>, |1/~12)} obtained from Eq.(S45). (d,e) Hellinger distance between the PDFs obtained from Egs. (S15-S16) and those

obtained from Eqs. (546,547). Here we plot H(P, P) =1 — H(P, P). N = 10 in plots (b-e). The results are obtained from 10*
disorder realizations. (f,g) Probability of PA and P(107%) for the transmission output versus disorder strength for different
system sizes. The dashed lines indicate slopes of W 2. These results are obtained from Eq. (S46) using 10*° disorder realizations.
(h,i) Probability of PA and P(10™?) for the reflection output versus disorder strength for different system sizes and phases.
These results are obtained from Eq. (S47) using 10'° disorder realizations. Different colored lines correspond to different chain
sizes (the same as those in (f,g)). In the top panel of (i), the parameters are the same as in (h) (labeled within the plot), and

in the bottom panel of (i), we plot P(s < 1) — 2/3 for N = 10.

To examine the validity of Egs. (S46,547), we numerically calculate the normalized fidelity

L ] S (( U] N (548)
VIGHEH b VI8 1 (0212

Since photon correlations are fully encoded in the truncated steady states, the closer the normalized fidelity is to unity,
the closer the values of the two types of correlation functions (obtained from Egs. (515,516) and Egs. (546,547)) will
be. We also investigate the Hellinger distance between the PDFs P(s) obtained from Egs. (S15-S16) and the PDFs

P(s) obtained from Egs. (546,547). The Hellinger distance between two probability density functions, ¢(z) and p(z),

F =
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FIG. S7. Correlation statistics of the transmission output. (a) Probability of PA versus ynw and W. Here N = 1.
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{N =3,0=0.047, W = 0.14} (top) and {N =3, =0,W =1} (bottom), which are the same as Figs.2(a,b) of the main
text. These results are obtained from 10'° disorder realizations.

is defined as
Hig(o).pla)) = 5 [ (Vo) — Va@) de (549)

The Hellinger distance measures the similarity between p(x) and ¢(x); its values range from 0 to 1, with values closer
to 0 indicating that the two distributions are more similar. From Figs. S6(b-¢), one can see that (i) the fidelity is
close to 1 for both the single- and two-excitation steady states as the disorder strength increases, and (ii) the value of
H(P(s), P(s)) approaches 0 both for both the transmission and reflection outputs as the disorder strength increases.
This implies that Eqgs. (S46,547) are indeed good approximations in the strong-disorder limit. Note that, although we
only calculated the case of N = 10 here, similar results can be obtained for other chain sizes.

In Figs. S6(f-1), we present P(1073) and P(s < 1) versus different disorder strengths. For the transmission output,
our results indicate that both P(1073) and P(s < 1) decrease as the disorder strength increases. This decrease follows
a scaling of the form W3, regardless of the chain size. For the reflection output, the probability of NPPB increases
with increasing disorder strength, while the probability of PA saturates to a constant in the limit W > 1. This
constant is close to 2/3, i.e., the value of P(s < 1) for a system with N = 2 and ¢ = 0. This result is also consistent
with Fig. 4(c) of the main text, where P(s < 1) is calculated based on Eq. (S18).

V. EFFECTS OF LOSSES ON NON-WAVEGUIDE MODES

In this section, we consider losses to modes external to the waveguide. With such losses, the non-Hermitian
Hamiltonian becomes

N

Ha= Y (Amém,n - W;W S — Z;eilm—"lw) ol o, (S50)

m,n=1

where 7,y denotes the decay rate to non-waveguide modes. Again, we set v = 1 in the remainder of this section and
use the symbol 3 to represent the coupling efficiency. The definition of 3 is 8 = v/(7 + Yaw) = (1 + Yuw) . In the
main text, we set ynw = 0, corresponding to a unit value of the coupling efficiency.
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A. Transmission output

We first consider the single-qubit system, for which P(s < 1) and P(0) can be analytically calculated. In this case,
the correlation function is given by

(AT + (yow = D)?)(EAT + (g + 1))

e (487 +72,)? (50

Before proceeding to disordered systems, let us first focus on clean systems. For a resonant qubit, i.e., A; = 0, the
correlation function is gp = (v2, — 1)2/~2,,, which satisfies g1 < 1 for vy > 1/v/2 (8 < 0.58) and g = 0 for Yy, = 1
(8 =1/2). Unlike lossless system, here the transmission output can produce either antibunched or perfectly blockaded
photons by appropriately adjusting the coupling efficiency.

Considering the effects of disorder, the probability of PA is calculated as

1 0 a2 AA? + (vow — D2 (AA2 + (o + 1)2
P(s < 1) = %W/_memwgc 2+ (4A>%>+<%211)2< ?)

- 1) dA,

2
Onw

L1 e L)aa (S52)
- mW/o VA <”“W B «é) :

= erf <V7‘2“\V//;‘;1/8)@<%w : )

where erf(x) is the error function. This result shows that when a single qubit is strongly coupled to the waveguide,
PA in the transmission output is impossible. By reducing the coupling efficiency until reaching a critical value
Bei = 1/(141/1/2) =~ 0.58, PA events can be observed. For 3 < ., the probability of PA increases as the coupling
efficiency decreases, as shown in Fig. S7(a).

As for P(0), we first calculate the PDF. After performing the integral (similar to Eq. (S20)), the PDF for s < 1 is
given by

1 (=14 +/s+4(1 - 5)72,)3
VIIW 4 [21 4 (5 — 12, + /5 F A0 = 58 (5 — D25 — Doy — 5+ /5 T A0 =920 ) (1 — 5)3/2

(1 + (s =12, +/s+4(1 - s)’yﬁw>
exp

P(s) =

X

)

(8s — 8)W?2
(S53)
where Yy > 1/v/2 and 1+ y54 — 2952 < s < 1. From this result, P(0) = 0 for 8 # 1/2 (yaw # 1/2); only when the
coupling efficiency is exactly 1/2, P(s) diverges as P(s) ~ (W+/s)~!, whereby PPB events become possible.

In Figs. S8(a,b), we present the numerical results for the probability of PA for N = 5 and N = 10. These results
show that the probability of PA can be efficiently enhanced by decreasing the coupling efficiency (by increasing vy )-
In particular, the probability of PA can reach unit provided that the chain is highly dense, i.e., ¢ < 1. We then
calculate the PDFs for the system with N = 3 [see Fig. S7](b). When ¢ # 0, the results show that as the coupling
efficiency decreases, the PDFs still exhibit a constant behavior at s < 1 as long as 8 2 0.45; this behavior disappears
for 8 < 0.45. For 8 2 0.45, the value of P(s) at s < 1 can even be larger than that for lossless systems (vnw = 0).
This is observed, for instance, when 7, = 1.2 (8 = 0.45). Therefore, we still use P(1072) as a measure for the
probability of NPPB and present the results for different system parameters in Figs. S8(c,d). The results show that
the probability of NPPB attains a larger value when the coupling efficiency is not too high (5 < 0.5). Moreover, when
© = 0, the generation of strongly antibunched photon is impossible [see Fig. S7], similar to the system with 5 = 1.

B. Reflection

In Figs. S9(a,b), we present the results of the probability of PA for N =5 and N = 10. As the coupling efficiency
decreases, a high probability of PA can only be achieved when the chain is highly dense, which is similar to the
transmission output. Besides, it maintains a finite value even for strong disorder strength. This is because the effects
of losses will be suppressed by strong disorder. We also investigate the behavior of P(sg) at sg < 1 when W > 1. In
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FIG. S8. Correlation statistics of the transmission output. (a,b) Probability of PA versus ¢ and W for different N and ynw-.
(c,d) P(10™3) versus ¢ and W for different N and 7nw. These results for P(s < 1) (P(10™%)) are obtained from 5* (5 x 10°)

disorder realizations.

this limit, the correlation function is given by

Q2i(mtn)e 9
_ \PI%IF _ 12> sn (Am—i/2—i'ynw/2)(An—i/Q—i'ynw/Q)|
IR = PI|4 - c2ime 1 . (854)
| R‘ |Zm Amfi/in'ynw/2|

The numerical results in Figs. S9(c,d) show clearly that the probability of NPPB increases with increasing disorder
strength, which is similar to systems where § = 1.

VI. EFFECTS OF CHIRALITY IN COUPLING TO WAVEGUIDE MODES

In this section, we consider chirality in coupling to waveguide modes, i.e., yv # Yr. We define the chirality as
a = YR /7T, and we set yr = 1 as the energy unit. FiguresS10(al) show the photon correaltions for transmission
output, for system with chain size N = 10. The chirality together with the losses on non-waveguide modes significantly
affect photon correlations. For transmission output, when qubits weakly coupled to waveguide (8 < 1), photons
maintain the coherence for all values of chirality; while when qubits strongly coupled to waveguide (8 = 1), photons
exhibit strong bunching for o 2 0.5, and antibunched even strongly antibunched photon emerge by further increasing
chirality (decreasing «). When the qubits are weakly coupled to the waveguide in a perfectly chiral fashion, the
transmitted photon exhibit Poisson statistics for small system size, N = 10. As the chain size increases, the output



17

@ o5

0.4
2L 0.3
[~
Z 9-0.2

0.1

2
(b) 05

0.4
) 503

= 9-0.2
0.1

o
—

0
log,o W

(c) 10;

0
=1
=

ZQ"

10°

logy W logy W

log,o W log,, W log,, W log;, W log;, W
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numerical fits of ~ T. These results for P(s < 1) (P(so0)) are obtained from 5* (5 x 10'%) disorder realizations.

becomes antibunched and approaches near-perfect antibunching at the optimal chain size N ~ 183; beyond this
optimal chain size the output light becomes bunched as N increases further [see Fig.S10(a2)]. Note that these
behaviors are quantitatively consistent with Fig. 3a in [10].

In the presence of disorder, Figs. S10(b1-c2) show P(s < 1) and P(1072) for the case of complete transimission-
chirality (o« = 0). On the one hand, the probability of photon antibunching approach unit when qubits weakly coupled
to waveguide, and rapidly decrease with increasing coupling strength. On the other hand, the probability of strong
photon antibunching exhibits non-negligible value only for 0.1 < 8 < 0.4. Notably, for the chain size investigated
here N = 10, 20, these behaviors of P(s < 1) and P(10~3) do not change significantly with changing N. Considering
that when N ~ 102, the qubit number significantly affects the correlations even without the presence of disorder, we
expect that P(s < 1) and P(1073) may show quite distinctive behaviors with further increasing N, in comparison
with the results provided here.

VII. EFFECTS OF FINITE BANDWIDTH OF INPUT STATE

In this section, we consider the effects of finite bandwidth of the input state, which should be compared with the
single-mode (zero bandwidth) coherent input state considered in the main text. We assume that the input state has
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FIG. S10. (al) Photon correlations in the transmission output versus chirality and coupling strength for N = 10 and ¢ = 0.
(a2) Photon correlations in the transmission output versus chain size. Here the chosen parameters are o = 0 and 8 = 0.0083.
(bl,cl) Probability of photon antibunching in the transmission output versus disorder and coupling strength. N = 10 in (b1)
and N = 20 in (c1). (b2,c2) P(107®) in the transmission output versus disorder and coupling strength. N = 10 in (b2) and
N =20 in (c2). a =0 in (bl-c2). Results are obtained from 10° disorder realizations.

the form

pitto) xexp (1 [ awiare) - atlafw)de ). (555)

—o0
Here, a(w) controls the profile of the input state and is required to be normalized, i.e., [(a(w))?dw = 1, such that
n?= [7 Tr {pEa%(w)aT(w) dw represents the total number of photons in the input state, and we still consider the
weak-input limit 72 < 1. To be able to compare with the case of zero bandwidth, we require a(w) to exhibit two
following generic features: (i) a(w) approaches its maximum at wgy and rapidly decreases to zero for w away from wp;
(ii) a characteristic bandwidth denoted by o, is able to characterize the width of a(w), such that o, — 0 (o, — 00)

corresponds to a ideal zero-bandwidth input (§-pulse input in the time domain). Hereafter, we consider a(w) to be
Lorentz profile, i.e., (we assume v = 1)

1 Ow
- _ 556
a(w) N (w—wp)?+ 02’ (S56)
where N = (7/20,,)/? denotes the normalization factor. The total number of photons in the time domain is given
by

1 , e~ owlt=tol(1 4 g, |t — tol)

=204\ _ i _ —iw(t—tg) T _ =2 w 0
n-(t) /Tr{aT(w,t)aT(w,t)pE(to)}dw \/%/Tr{e aT(w)aT(w)pE(to)}dw n N .

(S57)
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This expression demonstrates that the input is also a wave package in the time domain, where 712(t) approaches its
maximum at ¢ =ty and rapidly decreases for t away from .

In this case, the master equation is still given by Eq. (S8), with
f(t — to, md) =7 /Fwefaw|t7tofmd/vy|67iw0(t7tgfmd/vg) ~ 7 ﬁawe*0w|t*t0|e*iwo(t*to)7 (858)

where we assume that photons are injected far from the atomic ensemble, such that ¢y +md/v, = to. Consequently,
the correlation function can be obtained as

T [ ()6, 0t (1) 2 ot (7)o (70 (7)]
gu(T,7) = 2 ’ (859)
T [o(7)a oue (7). e (7)]

where p(7) denotes the density matrix of atomic ensemble governed by the master equation. The input-output
relations read as

aT,out(T) = aT,in(T) - Z\/Z; e_imdo'm(T)a aR,out(T) = _Z\/Z%: eiMdUm(T)7 (860)

with

1 . .
ar in(7) = \/—Q?/Tr [pE(to)e_“’(T_tO)aT(w,to) dw = ny/age 7T tol gmiwo(r—to) (S61)

Before proceeding to present the results for the correlation functions, we stress that, in addition to the bandwidth
0w, the evolution time 7 will also significantly affect the photon correlation. For a ideal zero-bandwidth input, the
correlation functions g,, are time-independent for ¢ >> 1, and thus their values can be obtained from the steady state
of the atomic ensemble. This actually arises from the fact that the drive strength o< | f(t — ¢g, md)| remains a constant
in the time domain. However, for a finite-bandwidth input, the drive strength is now time-dependent, therefore, one
should expect that g, (7, 7) is also dependent on the evolution time 7.

In Fig.S11(a), we present the photon correlation in the transmission output for N = 1 with A; = 0. For a ideal
zero-bandwidth input, gr = co. Our result reveals that gp(7,7) generally recovers its zero-bandwidth counterpart
when ¢, < 1. This is because, when the bandwidth is much smaller than the individual decay rate v, the input can
be approximately considered as a zero-bandwidth coherent state, resulting in gr(7,7) > 1. Increasing o, gr(7,7)
becomes sensitive to the evolution time 7: its value still approximately recovers the zero-bandwidth counterpart for
T ~ to; while for |7 — tg| > 1, gr(7,7) significantly deviates from infinity, which can even approaches near zero.
In Figs.S11(b,c), we present the probability of PA for system with N = 2 and ¢ = 0, and the probability density
functions for system with N = 3 and ¢ = 0.57 in the reflection output. The obtained results show good agreement
with their zero-bandwidth counterpart as long as o,,/y S 0.1, i.e.,, P(s < 1) =2/3 and P(s < 1) # 0.

In summary, when one considers the effect of finite band width of input state, the obtained results show good agree-
ment with their zero-bandwidth counterpart, as long as the bandwidth o, is much smaller than the individual decay
rate 7, and the detection time 7 is appropriately chosen. In typical waveguide QED platforms, v ~ MHz, therefore,
the required band width should be o,, < KHz, which can be achieved in the state-of-art waveguide platforms [7-9].

VIII. NUMERICAL CALCULATIONS OF P(s < 1) AND P(s < 1) FOR MANY-QUBIT SYSTEM
A. Calculation about P(s < 1)
The definition of P(s < 1) is
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FIG. S11. (a) Photon correlation in the transmission versus bandwidth and evolution time for system with N = 1 and A; = 0.
(b) Probability of photon antibunching in the reflection output versus band width for system with N = 2 and ¢ = 0. Results
are obtained from 10000 disorder realizations. (c) Probability density function in the reflection output for different values of
band width for system with N = 3 and ¢ = 0.57. Results are obtained from 10° disorder realizations. 7 = to in (b) and (c).
7=0.11in (a-c).
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FIG. S12. (a) Probability of PA for the reflection output from the Monte Carlo integration. The result is obtained from 102
estimations. Red dots and the shaded area denote the mean value and the standard deviation of the estimations, respectively.
Here the chosen parameter are N = 2 and ¢ = 0, so that the solid line represents the exact value of P(s < 1), which is
equal to 2/3. (b-c) PDFs for the transmission (b) and reflection (c) outputs from the Monte Carlo integration. The result
is obtained from 10? estimations. Red dots and the shaded area denote the mean value and the standard deviation from
Eq. (S64), respectively. The number of disorder realizations is K = 50000. The solid blue lines represent the results from
K = 10" disorder realizations. Here the chosen parameters are N = 3, ¢ = 0.04x, and W = 0.15 in (b); N =3, ¢ = 0.57,
W =11in (c).

According to the Monte Carlo method, this integral can be approximately evaluated by

K
1
P(s < 1) = E[6(g, — 1)] » K;@(gﬂuj -1), (S63)
=
where A; = {A1,---, Ay} denotes the j-th sample drawn from the i.i.d Gaussian distribution. The sample size K

should be large enough to reduce the variance of the estimation in Eq. (S63), which is given by V[©(g, — 1)] ~ K~ 1.
In Fig.S12(a), we present E[O(g, — 1)] for the reflection output versus the sample size K, with N = 2 and ¢ = 0.
The mean and standard deviation are obtained from 102 estimations of Eq. (S63). As shown, K ~ 10* is sufficient
to reduce V[O(g, — 1)], so that the mean value deviate only slightly from the exact value of 2/3, even for a single
estimation. Therefore, in the main text, we set K = 50000 and perform a single estimation for all plots concerning
P(s < 1).



21
B. Calculation about P(s < 1)

Similarly, P(s) can be approximately estimated by the Monte Carlo method according to

m 0. (gu‘ﬁj — s), (S64)

K
1 .
P(s) = E[0(gy — 5)] = 1 ;g;o
j:
where 4, (x) represents a function that weakly converges to the Dirac-delta function in the limit ¢ — 0. Compare to the
estimation in Eq. (S63), the estimation of P(s), especially at s < 1, requires a larger number of disorder realizations
to achieve an acceptable error. This is because the number of events s — € < g, < s + € with € < s decreases with
decreasing s. To see this, note that the probability of the event so — € < g, < 59 + €, with € < s¢, is given by

so+e€
P(sp—e<s<sg+e) = / P(s)ds ~ P(so)e. (S65)

Sp—E€

Since we have shown that P(sg) ~ constant for sg < 1, this probability decreases as sg decreases, due to the condition
€ < so. In fact, the constant form of P(s) implies that this probability scales as s; i.e., P(sp —e < s < sp+¢€) ~ s
if we let e = nsg with n <« 1. The decrease of P(sg — € < s < sp + €) ~ s means that the number of events with
s—€ < g, < s+ealso decreases as s decreases. As a result, many estimations from Eq. (S64) for s <« 1 will yield zero
if K is not sufficiently large, because the value of Se(cc) is proportional to the number of such events. Meanwhile, the
computational cost increases rapidly with K, especially for large chain size. To balance the accuracy of the Monte
Carlo integration results with the computational cost, an appropriate value of K must be chosen.

In Figs.S12(b,c), we compare the PDFs obtained from K = 50000 with those obtained from K = 10'!. For
K = 50000, we perform 102 estimations so that the total sample size is 5. For K = 10!!, the variation in the
estimation is negligible, and it can be regarded as the exact PDF. Compared to the estimation of Eq.(S63), the
variation increases as s decreases s and becomes non-negligible for s < 1. However, despite the increased variation,
the mean values from 102 are very close to the exact value. Therefore, unless otherwise noted, we set K = 50000 and
perform 102 estimations using Eq. (S64) to obtain all plots related to P(10~2) in the main text.
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