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Introduction

In this Supplemental Material, we investigate in detail dispersive qubit readout (DQR) with injected
external squeezing (IES) in Sec. S1, and then the case with intracavity squeezing (ICS) in Sec. S2. We
demonstrate that these two cases cannot enable a significant and practically useful increase in the signal-to-
noise ratio (SNR). In Sec. S3, we show a detailed analysis of the qubit-cavity dispersive coupling enhanced
by squeezing. In Sec. S4, we present more details of the derivation of the SNR of DQR with both IES and
ICS. In this case, we find that, in sharp contrast to the case of using IES or ICS alone, their simultaneous
use can lead to an exponential improvement of the SNR. In particular, for a short time measurement,
the SNR is improved exponentially with twice the squeezing parameter. Finally, the effects of parameter
mismatches in realistic experiments on our readout proposal are discussed in Sec. S5.

S1. Dispersive qubit readout with injected external squeezing

In this section, we discuss dispersive qubit readout (DQR) with injected external squeezing (IES). Specifically, we
derive in detail the measurement signal, the measurement noise, and as a result, the signal-to-noise ratio (SNR).
We demonstrate that IES is able to exponentially improve the SNR only in the two impractical limits k7 — 0 and
00, corresponding to a strong measurement tone and a long measurement time, respectively. However, in the regime
kT ~ 1, which is of most interest in experiments, a qubit-state-dependent rotation of squeezing becomes dominant and
increases the overlap of the pointer states, thus largely limiting the SNR improvement. Thus, IES cannot significantly
improve the SNR at an experimentally feasible measurement time.

We begin with the readout Hamiltonian given by

H = ya'as., (S1)

where x = ¢g?/A, with g denoting the coupling of the qubit to the cavity and A denoting their detuning. Moreover,
6. is a Pauli operator of the qubit. Correspondingly, the Langevin equation of motion for the cavity mode a reads

= —(ox —ir/2)a — k1), (52)
where « is the photon loss rate of the cavity. Here, the qubit has been assumed to be in a definite state, such that the
operator 6, has been rewritten as a c-number ¢ = 41, corresponding to the excited and ground states of the qubit,
respectively. Moreover, a;, (t) represents the input field of the cavity. We assume that a squeezed vacuum reservoir,
acting as IES, is injected into the cavity. In this case, the correlations for the noise operator Ajy, (t) = Gin (t) — (@in (£))
are:

(AL (#) A () = sinh®(r)8(t — 1), (A () Al (#)) = cosh?(r)d(t — '), (S3)
(Ain (1) A () = %ei‘p sinh(2r)8(t — '), (Al (1) Al () = %e*w sinh(2r)0(t — t'), (S4)
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where r is the squeezing parameter of IES and ¢ is the reference phase. It follows, after formally integrating Eq. (S2),
that

(t) = expl—i(ox — ir/2)ta(0) — v/r / expl—i(ox — ir/2)(t — )i (s)ds, (35)

where the initial measurement time has been assumed to be zero for simplicity.
The dispersive coupling of the cavity mode and the qubit causes the qubit state information to be encoded in the
output quadrature,

Zout (t) = ous (t) exp (—icp) + al, (t) exp (idn) , (S6)

which can be recorded by homodyne detection. Here, ¢p, is the measurement angle and oyt (£) = @in (¢) + /ka (¢)
refers to the output field of the cavity. The essential parameter quantifying homodyne detection is the SNR. To
evaluate the SNR, we typically use the measurement operator,

N = R /0 "t 2o (1), (S7)

with 7 being the measurement time. Its average (M) corresponds to the qubit-state-dependent signal. The fluctuation

noise of the measurement operator M is described by My = M — (M). With these quantities, the SNR is defined as

a1y, — (1), |
A+ (0%,

where the arrows 1 (i.e., 0 = +1) and | (i.e., 0 = —1) refer to the excited and ground states of the qubit, respectively.
Consider a coherent measurement tone (i, (t)) = ai,e’®». The averaged cavity field can be expressed as

B Z.\/EOéinei¢‘"
fa()) = ox — ik/2

SNR =

(S8)

{1 —exp[—i(ox —ir/2)i]}, (59)

under the initial condition (4(0)) = 0, and the number of cavity photons is accordingly given by

402
n(t) = (af (t)a(t)) = sinh®(r) + “in cos? (1) [1 +e Rt — 2cos(xt)e_”t/2} , (510)
K
where tan(y) = 2x/k. Here, we have assumed that at the initial measurement time ¢ = 0, the cavity subject to IES
is already in a steady state. Then, we find

(M), — (M), = 45; sin(2¢) sin(ép, — bin) {m — 4cos(¢) {1 - We—“/ﬂ } . (S11)

Note that this expression of the signal separation is the same as that in the standard dispersive readout of no squeezing.

We now derive the measurement noise. The quantum fluctuation operator, Aou(t) = Gout(t) — {Gout(t)), of the
output field has the form

Aout(t) = Ain(t) + VEA(L). (S12)

Here, A(t) = a(t) — (a(t)) represents the quantum fluctuation of the cavity field, and from Eq. (S5), it is found to be

L)

(t) = exp[—i(ox — ir/2)t]A0) — Vi /O “explilo — in/2)(t — )} Ai(s)ds. (513)

Since, as assumed above, the cavity subject to IES is already in a steady state at ¢ = 0, we therefore have:

(AT(0)A(0)) = sinh*(r), (A(0)AT(0)) = 1+ (AT(0)A(0)), (S14)
(A(0)A(0)) = %ew sinh(2r),  (AT(0)A"(0)) = (A(0)A(0)) . (S15)



With these initial conditions, we find that the measurement noise, expressed as

(WI) = / ' / ' dtldtz{<Aout<t1>Aout<t2>>em’h (AL (1) Ao ()
T o () AL (1)) + (AL (1) Al (£2)) %" } (16)

is given by

(MJQV> = k7 cosh(2r) +

N =

[3 cos(p — 2¢p) — (3 — 2k7) cos(do) — o + 2¢p,)
+ 6sin(200) sin(4o) — ¢ + 2¢5) — 16e"7/2 cos(o1p) sin(209) sin(30¢) — ¢ + 2¢5 + xT)

+ 4e7"" cos(otp) sin(20)) sin(3oy) — ¢ + 2¢p, + 2x7) | sinh(2r), (817)

and therefore we obtain
(MJQ\,>i + <M12V>T = 2k7 [cosh(2r) + cos(p — 2¢y) sinh(2r)F(7)]. (S18)

Here,

F(r) = 2;_{3 + 3cos(2¢) — (3 — 2kT) cos(49)) — 3 cos(69))

+ 4 cos(¢) sin(2¢) |e ™" sin(3¢) + 2x7) — 4e "/ sin(3¢) + XT)] } (S19)

It is seen that for a given measurement time w7, the noise, (M3), + (M§),, can be optimized for ¢ — 2¢), =  if
F(1) >0, 0r ¢ —2¢p =0if F(r) <O0.

In Fig. S1(a), we compare the optimal SNR of DQR using IES to that of the standard case of no squeezing; and
the corresponding optimal angle 1) and squeezing parameter r are plotted in Figs. S1(b) and S1(c), respectively. It is
seen from Fig. S1(a) that there is almost no improvement in the SNR at a measurement time 7 ~ 1/k, which is the
most interesting experimentally. Note that in the limits of k7 — 0 and kK7 — oo, we can have

(MZQ\,>¢ + <MJ%’>T ~ 2kT exp(—27), (S20)

which indicates an exponential decrease in the measurement noise, and in turn an exponential increase in the SNR.
However, both of these limits are impractical in experiments. In the limit k7 — 0, the resulting SNR is extremely
small, although exponentially increased. As can be seen in Fig. S1(a), in order to have a significant increase of the
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FIG. S1. Comparison of DQR with IES (solid curve) and no squeezing (dashed curve). (a) Optimal SNR as a function of the
measurement time k7. (b), (c) Optimal angle ¥ and squeezing parameter r, corresponding to the optimal SNR in (a).
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FIG. S2. (a) Squeezing direction, (b) squeezing degree, and (c) phase-space representation of the measurement noise (M%),
corresponding to the optimal SNR in Fig. S1. Solid (dashed) curves in (a) and (b), and the Wigner functions on the left-
(right-) hand side of the vertical dashed line in (c) correspond to the excited (ground) state of the qubit. In (c), we chose three
different measurement times, i.e., kT = 1, 2, 5, as an example; Oy € [—7/2,7/2] refers to the angle between the squeezing
direction and the horizontal axis (i.e., the measurement direction).

SNR, the measurement time 7 needs to be ~ 1072 /k, at which the amplitude of the measurement tone, aj,, needs
to be ~ 10%,/k to make the SNR larger than 1. Such a measurement tone is too strong, and is often not feasible in
practice; because it can easily break down the dispersive approximation and, thus, destroy the measurement system.
At the same time, as shown in Fig. S1(b), the qubit-cavity dispersive coupling x reaches ~ 10%x, which is also
rather unfortunate due to the fact that how to achieve such a strong nonlinearity in experiments is still an extremely
challenging task. In the opposite limit k7 — o0, a significant increase in the SNR needs a measurement time much
larger than 102 /k, which, clearly, is not desired in experiments. Hence, using IES alone cannot improve the SNR in
a practical manner.

In order to further understand why IES is practically not useful for DQR. In Fig. S2, we plot the squeezing direction,
the squeezing degree, and the phase-space representation of the measurement noise (M%) for the ground and excited
states of the qubit for the optimal case of Fig. S1. Here, the squeezing direction is described by an angle 8y from the
horizontal axis, i.e., the measurement direction [see Fig. S2(c)], and the squeezing degree is defined as

g - M), (s21)

KT

Moreover, following Refs. [S1, S2], the Wigner function in phase space is defined as:

1

2m4/Det (D)

1
W (Xout, Yout) = exp (—QGTD‘1G> , (S22)



where
~ ~ T
G = (Xout = (Kout): Your = (Your)) (523)
~ ~ 2 ~ ~ ~ ~ ~ ~
D _ ( . A <)A(OM>A_ <X0ut> . . <X0utY0ut + }iouthut>A/2 _2<X0ut><Yout> > . (824)
<XoutY::>ut + Youthut>/2 - <Xout> <Y;)ut> <Yout> - <Yout>
Here,

Kout = (A + AT> , Vow = % (A - AT) , and A= % /T dt g o (2). (S25)
0

N =

It can be readily verified that {A, AT] =1 and [Xout, Yout} = 1.

Clearly, there is a direct correspondence between the results of Fig. S1 and Fig. S2. It is seen from Fig. S2(a) that
with increasing the measurement time, the squeezing directions of the measurement noises (Mﬁ,} , and <M12v>T are
rotated in opposite directions. In the two opposite limits k7 — 0 and k7 — oo, these two squeezing directions are
almost the same, thus giving an exponential but impractical increase in the SNR. However, in the experimentally
most interesting regime where 7 ~ 1/k, there is a large angle between them, as can be seen more clearly in Fig. S2(c).
The presence of such an angle increases the overlap between the two pointer states. In order to reduce this overlap
and achieve an optimal SNR, the squeezing degrees of the measurement noises (M%) , and <M12V>T have to decrease

(even to zero, corresponding to the perpendicular squeezing directions), as plotted in Fig. S2(b). These competing
processes lead to almost no improvement of the SNR.

S2. Dispersive qubit readout with intracavity squeezing

Having discussed the case using IES, we consider in this section DQR with intracavity squeezing (ICS) generated
by a two-photon driving. We demonstrate that in the case of using ICS, there also exists a rotation of squeezing
similar to the case of using IES; and even worse, the degree of squeezing needs to increase gradually from the zero
initial value by increasing the measurement time x7. Consequently, ICS leads to almost no improvement in the SNR
at any measurement time.

The Hamiltonian for DQR with a two-photon driven cavity reads

H=Q[a?exp (—if) + Hc.] + xa'as., (S26)

where 2 and 0 are the amplitude and phase of the two-photon driving, respectively. The Langevin equation of motion
for the cavity mode a is accordingly given by

a(t) = —i(ox —ik/2) @ — i2Qexp (i0) a' — /rau, (1) . (S27)
Moreover, the correlations for the noise operator Ai, (t) = ain (£) — (i (£)) are:
(A (8) AL, (1) = [Ain (1), Al ()] = 8¢ = 1), (528)
(AL (8) Ain (1)) = (A (8) Ain (1)) = 0 (529)
According to Eq. (S27), the cavity mode a is found to be
a(t) = A(t)a(0) — T'(t)a’(0)
- VK ts — 8)ain(s K ts — s)al (s),
Vi [ At = () +VE [ dsT(e = s)al (5 (530)
where
At) = % [Acos(At) — ioy sin(At)] exp(—kt/2), (S31)

I(t) = %iewﬂsin()\t) exp(—rt/2), (S32)

A= 1/x2 — 402, ($33)



As a direct result of Eq. (S30), the averaged cavity field is given, under the initial condition of (G (0)) = 0, by

. 2v/kain | . i(0—ob . b
(a(t)) = /<;2\C4/\2{Z496 (O=im) _ (5 — i207y)ePm

1 ) .
-3 {(2)\2 +ikox)en + iQQnel(07¢i“)} sin(At)e /2
+ [(H — i207y)e'n — i4Qei(9_¢i“)} cos()\t)e_“tm}. (S34)

It is seen that in order to stabilize the system, we need to restrict our discussions to the case either when A is a real
number (i.e., x > 2Q) or an imaginary number but with |A\| < x/2. It then follows, according to the input-output
relation oy (¢) = aGin (£) + /ka (), that

), = 1), = L o) in(, — ) {mr = acostu) [1 - LD ooz (s

Note that here, we have defined tan(y) = 2)\/k, instead of tan(i) = 2x/k as in Sec. S1.
Furthermore, the quantum fluctuation operator of the cavity field a(t) is given by

A(t) = A£)A(0) — T(t) A f/ dsA(t — s) A +f/ dsT(t — s)Al (s), (S36)

according to Eq. (S30). We further assume that the two-photon driven cavity is already in a steady state at the initial
measurement time ¢ = 0. Under this assumption, the correlations for the cavity-field noise operator A(0) read:

(A0 AO) = (AO)AN0) = 1+ (AT (0)A), (537)

K2 — 1602’

*

(A(0)A(0)) = —ie (AT(0).AT(0)) = (A(0).A(0)) . (S38)

Then after a straightforward but tedious calculation, we find the measurement noise to be

(M3} = Go(7) = sin(261, — )G, (7) + 2 cos(2¢r, — 0)Ge(7), (S39)
ICS - - - no squeezing
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FIG. S3. Comparison of DQR with ICS (solid curve) and no squeezing (dashed curve). (a) Optimal SNR as a function of the
measurement time 7. (b), (¢) Optimal angle ¥ and squeezing parameter r, corresponding to the optimal SNR in (a). In (b),
tan(y) = 2X\/k for the readout with ICS, but tan(+)) = 2x/x for the standard case of no squeezing.
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FIG. S4. (a) Squeezing direction, (b) squeezing degree, and (c) phase-space representation of the measurement noise (Mﬁ;),
corresponding to the optimal SNR in Fig. S3. Solid (dashed) curves in (a) and (b), and the Wigner functions on the left-
(right-) hand side of the vertical dashed line in (c¢) correspond to the excited (ground) state of the qubit. In (c), we chose three
different measurement times, i.e., k7 = 1, 2, 5, as an example; Oy € [—m/2,7/2] refers to the angle between the squeezing
direction and the horizontal axis (i.e., the measurement direction).

where

Go(1) = %m’ {1 + cosh(r) 4+ [5 + 8 cos(2¢) + 2 cos(4¢) — cosh(r)] tanhQ(g)}

—2cos?(¢) {5 4 3 cos(41h) + cos(21)) [9 — 2 cosh(r)] — 3cosh(r)} tanh2(g)

— € " [2 — cos(2¢) + 2AT) — cos(41p + 2A7)] [cos(2¢) — cosh(r)] cot? (1) tanh2(g)

— 8e™rT/2 cos?(¢)) tanhz(;){ [cos(AT) — cot(¢)) sin(4e) + AT)] COShQ(g)

+ 4 cos? (1) cot(¢)) sin(2¢) + A1) SinhQ(;)}7

(S40)

G.(17) = 2cos? () {—1 — 3 cos(41)) + cosh(r) + cos(2¢)) [~3 + 2kT + 2 cosh(r)]} tanh(%)

— 2e7 "7 cos(vp) cot () sin(3¢) + 2A7) [cos(2¢) — cosh(r)] tanh(g)

— e 12 cos(4h) cot (4h) [sin(:w + A7) sinh(r) — 2 cos(t)) sin(44 + Ar) tanh( g) :

(S41)



Ge(7) = 8cos™ (1) [3 — 267 + 6 cos(24)) — 2 cosh(r)] tanh(3)
— 16e7"7/2 cos* (1) cot(v)) sinhz(g) [COth(g) sec? (1) sin(49) + A1) — 4sin(2¢ + A7) tanh(g)}
+ 8¢ 7T cos? (1)) sinh(;){ cos(1)) cos(3¢ + 2AT) cosh(%)
— [1 — cos(t)) cos(3¢ + 2A7)] cot? (v) sinh(g) tanh(;)}. (S42)

Here, we have defined a squeezing parameter,

K+ 4Q
T n(n49>, (543)

which, in fact, determines the squeezing degree of the output field of the two-photon driven cavity in the absence of
the qubit. Consequently, we have

<M12\7>¢ + <M]2V>T = 2Go(7) — 2sin(2¢), — 0)Gs (7). (544)

It is seen that for a given measurement time x7, the noise, <M12V>i + <MJ%7>T’ can be optimized for 2¢;, — 6 = /2 if
Gs(1) > 0, or for 2¢, — 0 = —7/2 if G5(7) < 0. The number of cavity photons is accordingly given by

n(t) = (@1 (1) (1)) = § [4co() — e Qo] tank (1) + @E) o

where

Qo = [2 — cos(2At) — cos(21) 4 2Xt)] [cos(2¢)) — cosh(r)] csc? (1), (S45)

2
Q1 =4 <(\l/1%> cosQ(w){l + 7"t — 26772 cos(At)

+ [sin(?d;) — 2e7"/25in(20) + At) + e " sin(2¢) + 2)\t)] cot () tanh(g)
42 [cos(d;) — R cot (1) sin( + )\t)} ’ tanhQ(;)}. (S46)

In Fig. S3(a), we compare the optimal SNR of DQR using ICS (i.e., using a two-photon driven cavity) to that of
the standard case of no squeezing; and the corresponding optimal angle ¢ and squeezing parameter r are plotted in
Figs. S3(b) and S3(c), respectively. It is seen that there is almost no improvement in the SNR for any measurement
time.

We now discuss the physical reasons why the SNR can hardly be improved by ICS. In analogy to the analysis of the
case of using IES in Sec. S1, we plot in Fig. S4 the squeezing direction @y, the squeezing degree £%;, and the phase-
space representation of the measurement noise (M}i,) for the ground and excited states of the qubit for the optimal
case of Fig. S3. We find from Figs. S4(a) and S4(b) that, when k7 — 0, the squeezing directions of the measurement
noises (M%,) , and <M12V>T are almost the same, but at the same time, their squeezing degrees are extremely weak.
Moreover, as k7 increases, the squeezing degrees are increased and gradually converged to a value of ~ 1.27 dB in the
limit k7 — oo; but at the same time, the squeezing directions are rotated in opposite directions as can be seen more
clearly in Fig. S4(c), and they even become mutually perpendicular in the limit K7 — oo. These features prevent the
SNR improvement from using ICS.

S3. Qubit-cavity dispersive coupling enhanced by squeezing

The 6, term in Eq. (5) in the main article corresponds to an enhanced dispersive coupling between the qubit and
the Bogoliubov mode (3, which is of the form

‘A/sq = quBTéa'za (847)



where xsq is the dispersive coupling strength given by

2 12 -
Xsa = 97 Z;S}i f:sl le]j_ Z;)J =X [Cosh(r) + Cosh(S;?lj_ (2733(16/9 . (548)
Here, we have defined
X = ge (S49)
with
€= m (S50)

Note that a very recent experiment [S3] in superconducting circuits has demonstrated this enhanced dispersive coupling
and, particularly, the increase of xsq with the squeezing parameter 7.

In order to better understand the physical meaning of the dispersive coupling Vsq, we now present its detailed
derivation. We begin with the full Hamiltonian in Eq. (1) in the main article and, for convenience, we reproduce it
here,

H=Ad"a+ %Aq&z +g(alo_ +acy) +Q(e’al® + e ?a%) . (S51)
Upon introducing a Bogoliubov mode
B = cosh(re)a + e sinh(r.)a, (S52)
with tanh(2r.) = 2Q/A., the cavity Hamiltonian is diagonalized, yielding
Acata+Q (e?al? + e7%a?) = w58, (S53)

where wgq = /A2 — 402 is the resonance frequency of the mode B Expressed in terms of the mode B, the full
Hamiltonian H is then transformed to

H= wquTB + %Aqﬁz + g cosh(r) (BT&, + B&Jr) — gsinh(r) (e‘ieécﬁ, + ei93T6+) . (S54)

Here, we have made a replacement r. — 7, since r denotes a squeezing parameter of IES used in our proposal and, in
order to improve the SNR, we need to set r. = r [see Eq. (S72) below].
Furthermore, we work within the regime

e <1, (S55)

so that we can make a dispersive approximation [S4], and then obtain the dispersive coupling \7Sq in Eq. (547). Note
that here, to make the dispersive approximation, we also require to satisfy the condition

(A + wsq) > gsinh(r), (S56)

in addition to € < 1. But since the condition in Eq. (S56) is certainly satisfied once € < 1 holds, we can therefore
only consider the condition of € < 1 for the dispersive approximation.
Below, we compare the dispersive coupling Vi and the original dispersive coupling, with no squeezing, of the qubit
and the bare cavity mode a, and explain the reason why the resulting improvement in the dispersive coupling is real.
Let us first consider the original dispersive coupling in the absence of squeezing. For clarity, we begin with the
Jaynes-Cummings Hamiltonian of a qubit coupled to a cavity mode, i.e.,

. 1
Hy = weala + 5@z + 0 (afe_ +acy). (S57)
In the regime where

=—"— <1, (S58)

Wq — We
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we can make a dispersive approximation [S4], yielding a dispersive coupling of the qubit and the cavity mode,
Vo = xod'aé~, (S59)

where x( is the dispersive coupling strength given by

g2
X0 = — = g€p. (SGO)

Wq — We
The use of the Jaynes-Cummings interaction given in Eq. (S57) is the simplest and most common way to achieve the
dispersive coupling Vj.

Note that ¢ is a key parameter, which determines the validity or accuracy of the dispersive approximation applied

to Eq. (S57). Analogously, as described above, the parameter € in Eq. (S50) determines the validity or accuracy of
the dispersive approximation applied to Eq. (S54), and it plays a role similar to the parameter €.

Thus, in order to ensure a fair comparison between the dispersive couplings Vo and ‘A/'Sq, we need to assume
€ = €, (S61)

such that the dispersive approximations applied for Vo and Vsq, respectively, can have the same validity or accuracy.
In such a case, by comparing Egs. (549) and (S60), we see that

Xo = X- (S62)

That is, under the condition that the two dispersive couplings Vo and VSq have the same wvalidity or accuracy, the
parameter x can be regarded as the original dispersive coupling strength xo. Consequently, according to Eq. (548),
our dispersive coupling strength xsq can be regarded as being enhanced by a factor of

sinh?(r)

h , 563
cosh(r) + cosh(r) + 2wsq€/g (S63)

compared to the original dispersive coupling strength xo (i.e., x). Moreover, as long as ¢ < 1, we have

sinh?(r)
h ~ S64
cosh(r) + cosh(r) + 2wsq€/g exp(r) (864)
and as a result, an exponential enhancement,

Xsq = X0 eXp(T), i.e., Xsq = xexp(r). (365)

Hence, according to the above discussions, our proposal leads to a real improvement in the dispersive coupling and
as a result also in the SNR. R

Note that in order to obtain the enhanced dispersive coupling Viq from Eq. (S54), we assume that the coupling
strengths g cosh(r) and gsinh(r) are small, compared to the detunings A, —wgq and A, +wyq, respectively; i.e., e < 1
[note that, as mentioned above, € < 1 ensures (A, + wsq) > gsinh(r)]. However, in analogy, obtaining the original
dispersive coupling Vo from Eq. (S57) is also based on assuming the coupling strength g to be small compared to the
detuning w, — we; i.e., eg < 1. To have a fair comparison, as mentioned above, we need to set ¢y = €. Thus, in this
case, the assumption of ¢ < 1 does not affect the improvement of the dispersive coupling.

S4. Improved dispersive qubit readout with both injected external squeezing and intracavity squeezing

In this section, we consider the case when IES and ICS are used simultaneously for DQR, and demonstrate that for
any measurement time, squeezing in this case can enable an exponential increase of the readout SNR. In particular,
the short-time SNR can be increased exponentially with twice the squeezing parameter. This is in stark contrast to the
case of using IES or ICS alone.

To begin, we consider the Langevin equation of motion,

Bt) = —i(wy — ig)B — VR (), (S66)
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where wy = wsq + 0 Xsq, and Bin(t) denotes the input field of the Bogoliubov mode B It is seen that the information

aAbout theA qubit state is mapped onto the mpde [, rather than the bare mode a. The quantum fluctuation operator,
Bin(t) = Bin(t) — (Bin(t)), of the input field fin(t), is given by

Bin(t) = cosh(re)Ain (t) + € sinh(r.) Al (¢), (S67)
according to the Bogoliubov transformation,

Bin(t) = cosh(re)am(t) + € sinh(r.)ai (t). (S68)

The correlations for Aj, (t) are given in Eqs. (S3) and (S4) and thus, the correlations for the operator Biy (t) are found
to be:

<Bjn(t)8in(t’)> =Nt —t), <Bin<t)8;rn(t/)> = N+1)6(t—t), (S69)
(B (t)Bin(t) = MO(t —t),  (BL(®)BL(#)) = M*6(t 1), (S70)

where
1
N = cosh?(r.) sinh?(r) + sinh?(r.) cosh?(r) + 5 cos(f — ) sinh(2r.) sinh(2r),
1| . )
M= |e* cosh?(r.) sinh(2r) 4 €' sinh(2r..) sinh?(r)

+ €% sinh(2r.) cosh?(r) + !2?=%) sinh?(r,) sinh(2r)|. (ST1)

This indicates that the mode B suffers from thermal noise, characterized by N, and two-photon correlation noise,
characterized by M. These two types of noise are undesired in our proposal, but having
re=r, and 0—¢@=m (S72)
can eliminate them completely, i.e.,
N=M=0, (S73)
so that the mode B suffers only from a simple vacuum noise, i.e.,
(B (0B (1) = 8(t 1), (S74)
(BL(0)Bin(t) = (B (1) Bun(t")) = (B, (DB, (1)) = 0. (S75)

In this case, we show below that the measurement noise of the readout can be exponentially suppressed.
As usual, we formally integrate the equation of motion in Eq. (S66) to yield

B10) = O exol-i(o — n/2)] ~ V& [ dsexplite — in/D0 - ), (576)
and accordingly, the number of cavity photons in the mode 3 is found to be
n(t) = (B A®) = 4 (B (D) cos? (1) [1+ e = 27/ cos(w, )], (877)
where tan(iy) = 2w, /k. Then, according to the input-output relation Bous(t) = Bin(t) + v/KB(t), we have
Bout () = Bin(t) + VAB(0) expl—i(w, — i /2)t] — & / " ds expl-ifwo — in/2)(t — 9)]fin(s), (S78)
and thus,
Bout(t) = Bout (t) — (Bous (1)) (S79)

= Bin(t) + V&B(0) exp[—i(wy — ir/2)t] — K /0 ds exp|—i(wy — ir/2)(t — 5)|Bin(s), (S80)
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with B(t) = 3(t) — (B(t)) being the quantum fluctuation operator of the Bogoliubov mode 3. As can be verified by a
straightforward calculation, the correlations for By, (t) are:

(Bout (1)BLc (8) = 8(t — 1), (S81)
(Blat ()Bowt (1)) = (Bous () Bout (1)) = (Bl (1)BLy (1) = 0, (S82)
It then follows, by using the Bogoliubov transformation
Aout (t) = Gout (t) - <&0ut (t)> (883)
= cosh(r)Bou (t) — € sinh(r)B} . (1), (S84)

that the correlations for Agu; (t) are given by
(AL () Aous () = sinh®(r)o(t —t'),  (Aout () AT, (¢)) = cosh®(r)d(t — t'), (S85)
. N 1 . A A 1 _
(Aout (1) Aot (1)) = =5 ¢ sinh(2)3(t = 1), (AL ()AL (1)) = —5e™" sinh(2r)3(t — 1), (S86)

Here, we have assumed that at the initial measurement time ¢t = 0, the cavity field, subject to a two-photon driving
and a squeezed reservoir, is already in a steady state, i.e., the vacuum state of the mode /3, such that (B'(tq)B(to)) =
(B(to)B(to)) = 0. From Eq. (S16), the measurement noise (M%) takes the simple form

(M) = k7 [cosh(2r) — cos(2¢y, — 0) sinh(2r)] . (S87)
Clearly, for 2¢, — 8 = 0, we obtain
(M}) = kT exp(—2r) = (M3),q exp(—27), (S88)

indicating the measurement noise is exponentially suppressed at any measurement time. Here, (MJQV> stq = K7 is the
measurement noise of the standard readout with no squeezing. This result is in sharp contrast to the case of using
TES or ICS alone as discussed above.

Having achieved an exponentially suppressed measurement noise, let us now consider the measurement signal. We
find from Eq. (S68) that

<Bin(t)> = aiip exp(i¢in ) {cosh(r) + sinh(r) exp[—i(2¢in, — 0)]} . (S89)

Here, we have assumed that (d, (£)) = cune’®=. Since the signal separation is proportional to | (i (t))| (see below),
we thus choose 2¢;, — 6 = 0, so as to ensure an exponential increase of |[(fin(t))| with the squeezing parameter r,
yielding

<Bin(t)> = Qin exp(r) exp(igbin)' (890)
Then, according to Eq. (S78), we obtain
(Bows () = ain exp(r) exp(idin) {1 + %_Ziﬁm/z {1 — exp[—i(ws — i/{/2)t]}} ) (S91)

under the initial condition of (5(0)) = 0. Subsequently, the measurement signal, defined in Eq. (S7), is found by
taking the Bogoliubov transformation deut () = cosh(r)Bout (t) — € sinh(r) 51, (¢):

(M) = 20\41/%@’" { [2 — KT + 2 cos(21),)] [cos(F+) cosh(r) — cos(I_ + ) sinh(r)]
— 4e7"7/2 cos? (1)) [cos(94 + weT) cosh(r) — cos(Y— + 0 + weT) sinh(r)] }, (S92)

where 94+ = 29, £+ ¢ — ¢in- We now divide the signal separation, |<M>T — <J\;[>¢|7 into two components, one along

the measurement direction of homodyne detection (i.e., the squeezing direction), labelled |(M e — (M) ulys and the
other along the direction perpendicular to the measurement direction of homodyne detection (i.e., the antisqueezing
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FIG. S5. Phase-space representation of DQR simultaneously using IES and ICS. The Wigner functions on the left- and right-
hand sides of the vertical dashed line correspond to the ground and excited states of the qubit, respectively. Here, we assumed
x = 0.5k, r = 1 and chose three different measurement times, i.e., k7 = 1, 2, 5, as an example.

direction), labelled |(]\A4>T — (]\;[>¢|J_ It can be seen that \(M)T - <M>¢|H and |<M>T — <M>¢|L are found by setting
20 — 0 =0, ¢in — ¢p =0 and 0 — 2¢p, = 7, ¢in — ¢ = 5, respectively, yielding

(M), — (M)
o 2O‘in

G

i

[2 — KT +2co8(2¢)-1) + 2 cos(2¢41)] [cos(2¢p—1) — cos(2¢p41)]

— e NT/? [cos(w_1T) 4+ 2cos(2t)_1 + w_17) + cos(4p_1 +w_17) — dcos(th41) cos(2th41 4+ wiq )] |, (S93)
(M) — (M), |1
= 2a\i}lg2r [2 — KT 4+ 2cos(2¢)_1)]sin(2¢p_1) — [2 — KT + 2 co8(21)41)] sin(2¢41)

— e NT/? [sin(w_17) 4 2sin(2¢_1 + w_17) +sin(d¢_; +w_17) — dcos®(th41) sin(2h41 + wia7)] |, (S94)

respectively. A . A .

Intuitively, we can directly maximize [(M), — (M) || so as to maximize the SNR, but in this case, |(M), — (M) |1,
which is usually zero in the case of using IES or ICS, may be nonzero. For example, for a give measurement time
k7 = 1 and a given dispersive coupling x = 0.5k, the maximum value of [(M), — (M) | is ~ 0.47an/v/k with
tan(y41) ~ 6.5 and tan(y_1) =~ 4.5; but at the same time, the value of |<J\A4>T - <M>¢|J_ is found to be ~ 1.1ai,/+/k.
Thus for a fair comparison with the two cases of using IES and ICS separately, we require

(M), — (M),|1 =0. (S95)

In fact, for a given measurement time, we can exactly ensure this requirement with an appropriate effective cavity
frequency wsq. The dependence of wgq on k7 is plotted in the inset in Fig. 2(a) in the main article. Furthermore,
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in Fig. 2(b) in the main article, we demonstrate an exponential enhancement in the SNR under the condition in
Eq. (S95). This enhancement can be understood more deeply in the phase-space representation in Fig. S5, which is
in sharp contrast to the separate uses of IES and ICS shown in Figs. S2(c) and S4(c).

We consider below the SNR in the two limits of k7 — 0 and co. In the limit of k7 — 0, the effective cavity
frequency wyq can be found from the condition in Eq. (S95),

Weq = —, (S96)

which is inversely proportional to the measurement time 7 [see inset in Fig. 2(a) in the main article]. As a consequence,
we have

(V1) — (N1, | = (V1) — (NT), | ~ 02;;

where tan(vsq) = 2Xsq/k, such that the SNR in the limit of kK7 — 0 is given by

tan(tsq) (£7)° = 0.81 exp(r)[ (M), — (M) |sea, (S97)

SNR ~ 0.81 exp(27)SNRgtq. (S98)

Here, |(M >T — (M ) ¢|Std and SNRgq refer to the signal separation and the SNR, respectively, of the standard readout
with no squeezing. It can be surprisingly seen from Eq. (S98) that compared to the standard readout, the SNR can
be exponentially improved with 2r, rather than r as usually expected. Such a giant improvement arises from two
contributions. The first contribution comes from the exponentially suppressed measurement noise as in Eq. (S88),
and the second one is due to the exponentially amplified dispersive coupling xsq as in Eq. (7) in the main article and
thus the exponentially amplified signal separation as in Eq. (S97).

Furthermore, in the limit of k7 — oo, the condition in Eq. (S95) gives

K
Weq B sec(¥sq), (S99)

which is independent of the measurement time [see inset in Fig. 2(a) in the main article]. This yields

(8, = (B, | = (81, — (1) 1y = 2 snuahir == SN, = (1), (5100
and then
_ sin(tq)
SNR ~ W exp(r)SNRgtq- (S101)

Equation (S101) indicates that in the limit K7 — oo, the SNR can have an exponential improvement with the squeezing
parameter r. Note that the signal separation in Eq. (S100) is not significantly changed with increasing r, compared
to the standard readout. This is in contrast to the case of k7 — 0. Thus, along with an exponentially suppressed
measurement noise given in Eq. (S88), the SNR in the limit kK7 — 0o can be improved exponentially with r, instead
of 2r, as seen in Eq. (S101). For typical parameters e” = 10 and x = /2, we can obtain sin(t¢sq) =~ sin(2¢) and, thus,
SNR =~ exp(r)SNRs¢q in the limit k7 — oo.

Hence, according to the above discussions, we see that with increasing the measurement time from k7 — 0 to
KT — 00, the improvement of the SNR is gradually changed from ~ e?” to ~ e, as shown in Fig. 2(b) in the main
article. Furthermore, we see that the SNR improvement originates from two aspects, one of which is due to the
measurement noise exponentially suppressed at any measurement time. The other aspect is due to the exponentially
enhanced dispersive coupling, which can lead to an exponentially increased signal separation and thus SNR. for short-
time measurements, but which has almost no contribution to the improvement of the SNR for long-time measurements.

S5. Effects of parameter mismatches on the readout

Our present proposal relies on the simultaneous use of IES and ICS, and further requires to satisfy the parameter
conditions in Eq. (S72). However, in realistic experiments, there are always some parameter mismatches, such that
the conditions in Eq. (S72) are not satisfied perfectly. In such an imperfect case, we assume that

re=r+0., and 60— p=m+0d,, (S102)
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FIG. S6. SNR in the presence of parameter mismatches as a function of the measurement time 7 for §, = 0.1, 0.05, 0.01, and
for §, = 0.01. Other parameters and what the three dashed curves represent are the same as in Fig. 2(b) in the main article.

where §, and ¢, are the squeezing degree and direction mismatches, respectively. Below, we analyze the effects of
these parameter mismatches on our readout proposal.

The ideal conditions in Eq. (S72) lead to A/ = M = 0, as mentioned in Sec. S4; however, due to the parameter
mismatches given in Eq. (5S102), N’ and M are no longer zero. Under such parameter mismatches, the correlations

for the output noise operator Bout(t) = Bout(t) — (Bout (t)) are found to be

<l§0ut(t)5’£ut(t’)> = N +1)8(t—t') — kN exp [;(nat + n;t’)] : (S103)
(Bow (0Bonc (1)) = Mt 1) = ZMexp [—;(t + t’)ﬁg] {E: i gzi Z:Z)) i i i Z (S104)
where K, = Kk + i2w,. It then follows that the measurement noise is given by
<M,2V> = Ro+Ri + Ro, (S105)
where
Ro = K7 [cosh(2r) + cos(¢ — 0) sinh(2r)], (S106)

Ry = 8¢~ 2 *7/2 cos? (¢, [cosh(%) - cos(w,,r)} [1 — cosh(2r.) cosh(2r) — cosh(f — ¢) sinh(2r.) sinh(2r)], (S107)
Ry = e 2"~ ginh(2rg) cos(z/)g){e’”[(l —2k7) cos() — 2(1 — kT) cos(¥3) — 3cos(Vs)]
+ 8e"7/2 cos (14 ) cos(Vy + woT) — 4 cos? (1) cos(s + 2wa7‘)}. (S108)
Here, 9,, = nY, + 0 — ¢o9. Moreover, we have set 2¢, — 6 = 0, and for compact notation, defined
N =sinh®(rg), and M = %ew" sinh(27g). (S109)

Furthermore, the measurement signal (M) is the same as in the ideal case where &, = 8, = 0 [see Eq. (S92)], but with
a replacement r — 7.

Having obtained the measurement noise and signal, we perform numerical simulations and plot in Fig. S6 the SNR
in the presence of these parameter mismatches. It is seen that the exponential improvement in the SNR can still be
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achieved even for finite parameter mismatches, suggesting that our readout proposal is experimentally feasible.
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