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In this Supplemental Material, we present the technical details of the effective Hamiltonian and multiquanta
resonances discussed in the main text. In Sec.I, we derive the system’s effective Hamiltonian using the standard
linearization procedure. In Sec.Il, we provide a detailed derivation of multiquanta resonance conditions within the
Mollow regime. In Sec.III, we discuss the entanglement witness based on quantum Fisher information and covariance.
In Sec. IV, we discuss the experimental feasibility of our theoretical model in detail.

I. DERIVATION OF THE EFFECTIVE HAMILTONIAN VIA THE QUANTUM MASTER EQUATION

The Hamiltonian of the system we consider is
Hy =(wq + Ap)a’a 4+ wpb'd + wpmim + weolo + N yala(d' +b) + X, aTa(m' +m) + N, (a'o + ac')
+ fd(afefiw“"t + ae™dt) + @(cﬂeiiwdt + oewit), (S1)

where a (b, m) is the annihilation operator of the optical (mechanical, magnon) mode with corresponding frequency
/

wqe (W, wm), 0 = |g)(e| is the lowering operator of the atom with frequency w,, Ap is the Fizeau shift, AL, (\,,
M) s the coupling strength between the optical mode and atom (mechanical mode, magnon mode), £ (§,) and wy
are the amplitude and frequency of the driving at the optical mode (atom), respectively. In the frame rotating with

frequency wq, Eq. (S1) becomes
Hy =(wq — wq + Ap)aTa+ wpb’d + wpmim + (we — wa)ofo + Nyala(d™ +b) + X, ata(m’ +m) + X, (a'o + acT)
+é(a" +a)+ &0 +0). (S2)

Taking dissipations into consideration, the dissipative dynamics of the system can be described by the quantum master
equation

d a
P i[Hy, p) + %(2apaT —a'ap — pa'a) + %(%pr —bTbp — pb'b)

+ %(QWPWLT —mimp — pmim) + g(QopaT —olop—polo). (S3)



We shift the optical, phonon, and mechanical modes with their mean values «, 5, and p, i.e., a = a4 da, b = 5+ b,
and m = p + ém, Eq. (S3) becomes
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Hy, p] + %(a*éap — a*pda — ada’p + apdal)

> (B*0bp — B pdb — BbTp + Bpobt) + %m(u*&np — w*pdm — pom'p + ppém?)
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%(25&,0(5QT —da'dap — pdatéa) + %(261)/)51;[ — 8bT5bp — pdbTob)

- - -

%n(QfﬂnpémT — omTomp — pdmTom) + %(20/)0T —olop—polo)
= —i[Hy + Ha,p] + %(25ap6aT —da'dap — pdatéa) + %(2%/)51;r — 8bT5bp — pobTob)
+ %n(%mpémT — dm'dmp — pdmTom) + %(20,0ch —olop—poto), (S4)
where the Hamiltonians H; and H; are, respectively,
Hy =(wa = wa + Ap)[af® + w81 +wmlpl® + Aplal* (8" + B) + Nymlal* (0" + 1) + &aa” + @)

+ [(wa = wa + Ap)a” + Xy (B 4+ B) + Ny (0" + 1) + Ea + 30" Rolda

+ [(wa = wa + Ar)a + Npa(B° + 8) + Nma(is” + 1) + & — 5ra]dal
- (@o" + Nilaf? + Z87)0b + (@ + Nyylal® = 5 Bra)3b"

+ (W pt* + A, o) + %u*nm)dm + (Wit + N ] — gpnm)émf, (S5)
and
Hy =[wa — wa + Ap + Ny (B* + B) + Mo (1" + p)]da’da + wpdbTob + wpdmom + (wy — wag)olo
+ M (adal + a*da)(6bt + 6b) + X (adal + a*da)(0m' + om) + X, (dac’ + da'o) + X, (acT + a*0)
+ Npdalsa(sbt + 6b) + N, 6asa(dm' + om) + &,(a7 + o). (S6)
Setting Aoy = ALpll, Aam = Aonl], Aao = Ay,
Hy =[wa —wa + Ap + Ny (B + B) + N (0" + p)]6atda + wpdb b + wpdm'ém + (wy — wa)o'o
+ Aap(6a’ + 5a) (50T + 6b) + Aam (6a’ + 5a)(dmT + 6m) + Nuo (bact + 6a’o) + (0T + o)
+ Npdatda(sbt + b) + N, 6a’da(dm' + om). (S7)

The steady-state mean values «, 3, and pu satisfy

and £ = X |a| + &, the above equation Eq. (S6) becomes

(wa = wa+ Ar)a+ Npa(B* + 8) + Nyapt® + ) + & — 5ok =0,

wpB + A;b|a|2 — %ﬂfib =0,
l 2 i
Wit + ALl — SHkm = 0, (S8)

the system dynamics is then decided by

d

P i[Ha, p] + %(Z&Lp&ﬂ —da'dap — pdatéa) + %(256,055[ — 8bT5bp — pdbTob)

+ %H(ZJmpémT — dmTomp — pomTom) + g(2o',ochr —otop—poto). (S9)



Under the condition of strong driving at the optical mode, the higher-order terms )\;béaTéa(ébT + 6b) and
N ndatda(dmt 4+ ém) can be neglected safely because of |a| > 1 and X, N, < Aab, Aam. Then the system
Hamiltonian Hy can be further simplified as
Her =[wa — wa + Ap + Ny (B* + 8) + X, (1" + p)]datda 4 wydb'6b + wydmtom + (wy, — wy)o'o
+ Aap(0at + 6a) (61 + 6b) + Ao (9at + 6a)(6mt + 6m) + Noo (dac’ + da’o) 4+ £(0T + o). (S10)
Assuming da — a, 6b — b, and dm — m, the above equation becomes
H =[wq —waq + Ap + Ny (B + B) + N, (0" + w)]ata + wpbTb + wpmm + (we — wa)oto
+ Aap(a’ +a) (0T 4+ b) + Aam(al + a)(m' +m) + Ao (a0’ + a'o) + E(0T + o)
=lwe —wag+Ap + N (B+B) + N, (1 + w)]aTa + wpb'd + wmm
+ [Wo — wa +wa = wa + Xy (87 + B) + Ny (1" + 1) = X (B" + B) = Xy (" + o’
+ dap(a” +a) (0T +b) + Xam(a + a)(m' +m) + Moo (ac’ + alo) + (0T + 0)
=(Agq + Ar)ata + wpb'b + wnmim + (Agg + A[m)UTO'
+ Aap(a’ +a) (0" +b) + Xam (@’ + a)(m' +m) + Ao (ac’ +a'o) + £(of + o), (S11)

where Mg = wa — wa + Ny (B* + 8) + Ny (1 + 1) and Ay = wy — wa = Ny (8° + B) = Nop (1" + p):

II. DERIVATION OF MULTIQUANTA RESONANCES CONDITIONS

In the large pumping regime, the strong driving laser can dress the atom, and the system forms new eigenstates
that are a quantum superposition of the bare states {|e),|g)}. The subsystem Hamiltonian for the strongly driven
atom is

H, =(Ayq + Aad>0'T0' + §(UT + o), (S12)

with the eigenvalues

Ao’a + Aad + \/(Aaa + Au,d)2 + 4§2

By = > ; (S13)
and corresponding eigenstates
[+) =c4lg) +e—le), |=) =c—|g) —cyle), (S14)
where
9£2
h = § (S15)
(Aaa + Aad)2 + 452 + (Aoa + Aad)\/(AUa + Aad)2 + 452
and ci +c2 = 1. Together with the photon, phonon, and magnon modes, and ignoring the influences of the JC

interaction and the linear interactions in the optomagnetic system on the energy structure, the eigenvalues of the
system Hamiltonian become

Aaa + Aad + \/(Aaa + Aad)2 + 452
9 .

Epnongnm+) = Na(Bad + AF) + npwy + Nypwim + (S16)
In the following, we discuss the resonance conditions considered in the main text. For convenience, we always fix the
resonator spinning along the counterclockwise direction. The Fizeau shifts Ar > 0 and Apr < 0 correspond to the
situations of driving the resonator from the left and right, respectively.

First, when the spinning resonator is driven from the left, and the total energy of a single clockwise photon and a
single magnon matches the transition between the states [4) and |—), i.e., Ejgoo4) = E}101—), we have

(Aad + |AF|) + W — \/(Aaa + Aad)2 + 462 =0, (S]-?)



and

Aga + 452 — (wm + |AF|)2

Agg =
d 2(wm + |AF| — Aga)

(S18)

In other words, these two states |000+) and |101—) are degenerate when the atom is driven at the photon-magnon
resonance. When the spinning resonator is driven from the right, and the total energy of a single counterclockwise
photon and a single magnon matches with the transition between the states |+) and |—), the photon-magnon resonance
condition becomes

AZ, 48 — (wm — |Ar|)?

Agg =
d 2(wm — |AF| — Aga)

(S19)

The above results correspond to the excitation of the photon-magnon state [101—). The parameter conditions are
in agreement with the results shown in the blue area of Fig.1(c) and the orange area of Fig.1(c) in the main text,
respectively.

Second, when the spinning resonator is driven from the left, and the total energy of a single clockwise photon and
a single phonon matches the transition between the states [+) and |—), i.e., Ejgoo4) = Ej110-) (the states |000+) and
|110—) are degenerate), we have

(Aad + |AF|) + wp — \/(Aaa + Aad)Q + 452 = 07 (SZO)
and

A2, +48% — (wy + |AR|)?

Naa =
¢ 2((4]b+ |AF‘ 7A0a)

(s21)

When the spinning resonator is driven from the right, and the total energy of a single counterclockwise photon and
a single phonon matches with the transition between the states |+) and |—), the photon-phonon resonance condition
becomes

A2, 48— (w, — |AF])?

A,
d 2wy — |Ap| — Aga)

(S22)

The above results correspond to the excitation of the photon-phonon state |[110—). The parameter conditions are
in agreement with those displayed in the orange area of Fig.1(c) and the pink area of Fig.1(d) in the main text,
respectively.

Lastly, because of the system parameters chosen in the main text, the results from the right sides of Eq.(S19)
and Eq.(521) are the same, as shown in the orange areas of Figs.1(c) and 1(d). This demonstrates that, in this
parameter regime, the photon-phonon state is resonantly excited when the resonator is driven from the left, while the
photon-magnon state is also resonantly excited when the resonator is driven from the right.

III. THE OPTIMAL LOCAL OPERATORS IN QUANTUM FISHER INFORMATION

Multipartite entanglement can be characterized based on quantum Fisher information (QFI) and covariance. For
an arbitrary separable quantum states of N particles, the QFI and covariance must satisfy the inequality [1, 2]

N N
Fq [psepa Z Aj] <4 Z Var(Aj)Psep = By, (823)
j=1

Jj=1

where A; is a local observable for the jth particle, and Var(4;), = (A%), — (4;)2. The violation of Eq.(523)

for any choice of A; is a sufficient criterion for entanglement. However, certain choices of operators A; may be
better suited than others to detect the entanglement of a given state p. The optimal local operator can be given
by a combination of accessible operators A; = " c§m)A§77l) = ¢; - Aj, where A; = (Agl),Ag.Q), ..)T and ¢; =
(c§1), c§-2), -
Ac) = Z;\le c;-A; =c- A, with the combined vectors ¢ = (c1, c2,...,cy) and the operators A = [A4,...,Ay]. To
detect the multipartite entanglement in our model, we choose the family of accessible operators A; = (0;»”,0;’, ij)T

.) are the set of operators for jth particle and corresponding coefficients. The full operator is given by



for the atom and A; = (zj,p;,23,p3, (x;p; + pjz;)/2)" for the mode o (0 = {a,b,m}), where z = o + ol and
p = —i(o — o) [2]. Then the optimal local operators can be given by finding the optimal combined vectors c.
According to Eq. (S23), Fglp, A(c)] — 4 Zf;l Var(c; - A ;) must be nonpositive for arbitrary choices of ¢ whenever p is
separable. To find the optimal c, we expand the QFI and covariance in their matrix forms. The QFI can be written
as Fgp, A(c)] = cQ;'c” [3], where Q7' is the QFI matrix with elements

mm/’ (p —Pp ’)2 m m’
@7 2§M<wkm§ ey (wows | AS a0 (524)

on the basis of spectral decomposition p = >, pr|tk) (x| [4]. The covariance can be written as Zjil Var(c; - Aj) =
CFS‘CT, where the covariance matrix F;f has elements (Ff)%fﬂ = Cov(Ag.m),Agﬂn )) , and (F;“)?}m = 0. Combining

the quantum Fisher matrix Q;)“ with the covariance matrix I‘;)“, the separability criterion reads
c(@Q) - <. (S25)

The optimal ¢ can be given by finding the optimal eigenvalue and corresponding eigenstate of the matrix Q;)“ - 1";4.
Further, we obtain the optimal local operators A; for the entanglement witness.

A photon-phonon separable state can be described as pa, =), pept @ pk (p; is the reduced density operator). The
right-hand side of of Eq. (523) characterizes the bounds of a given state and local operator A;. In our case, we have

Bi(pav) = 4[Var(Aa)pa + Var(Ap),, |,
Ba(pas) = A[Var(Aq + Ay),, . (526)

If the quantity Wi = Fg|pa, A(c)] — 43 i—ap Var(4;),, = Fglpab, A(c)] — Bi(pap) > 0, the photon-phonon state is
not separable, i.e., there is entanglement between the photon mode and phonon mode. The inequality F[pas, A(c)] <
Bs(pap) is a bound valid for all physical states pgup.

A photon-phonon-atom fully separable state can be described as pape = Y,/ pk/p’;/ ® p,’f/ ® p’;/. In this case, the
bounds become

Bi(pave) = 4[Var(Aq)pa + Var(As),, + Var(As),, |,
By (pabe) = 4max{Var(A, + Ap),,, + Var(As),,, Var(A, + As)p,, + Var(Ay),,, Var(Ay + As)p,, + Var(4a),. b
Bs(pabs) = 4[Var(Ag + Ap + As) Pabo)- (S27)

If Wit = Fglpabe, Ac)] — 43 iapo Var(4;),, = Fglpabo, A(c)] — Bi(pabs) > 0, there is entanglement between
the atom, photon mode, and phonon mode. Furthermore, if W% = Fg[pabo, A(c)] — Ba(pabs) > 0, the state is
fully inseparable, i.e., there is a fully inseparable photon-magnon-atom tripartite entanglement [2]. The inequality
Folpabes A(e)] < Bs(pabe) is a bound valid for all physical states pupo. Here it is only necessary to replace mode b
with mode m to characterize the entanglement between the magnon mode and others.

IV.DISCUSSION OF EXPERIMENTAL FEASIBILITY

Regarding experimental implementations, our proposal could be implemented in a hybrid setup [5, 6], where a
coherently driven two-level atom is coupled to a spinning a spinning yttrium iron garnet (YIG) microsphere fixed on
a rotating platform [7]. The microsphere supports a mechanical breathing mode and two countercirculating optical
whispering gallery modes (WGMSs), with the WGM being strongly driven by the input light [5]. Access to the input and
output light fields of the microresonator is provided by a tapered optical fiber coupler interfaced with the resonator.
The WGMs are modulated by the mechanical breathing mode when the input light pumps at the WGM. Moreover,
because of the spin-orbit coupling of light, the WGMSs have a spin along the z direction. By applying a magnetic field
parallel to the equator to the microsphere and exciting the magnon mode with an antenna coupling to a microwave
field, the WGMs could also be modulated by the dynamic magnetic field via the Faraday effect [6]. Here, scaling down
the microsphere size to reduce the mode volumes of both magnon and optical fields, or engineering the microresonator
structure such as microrings to increase the overlap between optical and magnon fields, can enhance the coupling
between the optical mode and magnon mode. The effective linear coupling strength between the optical and magnon
(mechanical) mode that is proportional to the classical cavity amplitude can also be adjusting by the strong driving
on the optical mode.



Moreover, the selection of microresonator is not limited to a microsphere and can also be replaced with a toroidal or
bottle microresonator [8]. The two-level atom of choice can be a cesium atom (e.g., the 65,9, F =4 — 6P3/5, F' =5
transition in cesium atom) [9-11] or rubidium atom (e.g., the 551 /5, F' = 3 — 5P3/5, F' = 4 transition in rubidium
atom) [12-15]. The atom can be coupled with the microresonator by trapping the atom in the vicinity of the
microresonator. However, trapping a single atom in the vicinity of a microresonator is indeed a daunting task
due to several technical and physical complexities. First, precisely positioning and maintaining a single atom near
a microresonator requires extremely high stability and accuracy in spatial control, since the optical fields around
microresonators can vary significantly over nanometer scales. The use of optical tweezers or other trapping methods
to hold a single atom in place involves complex manipulations of light fields. The intensity, phase, and polarization of
these light fields must be precisely controlled to create stable trapping potentials without causing excessive heating or
ionization of the atom. Second, efficient coupling of the atom to the microresonator’s evanescent field requires the atom
to be placed within a fraction of the wavelength of the light used, further complicating the spatial control challenge.
Lastly, atoms must typically be cooled to very low temperatures to reduce thermal motion, which otherwise could lead
to loss of control over the atom’s position relative to the microsphere. Any perturbations from the environment (like
mechanical vibrations, electromagnetic noise, etc.) can displace the atom from its optimal position, making sustained
interaction with the microresonator difficult.

In recent years, several experiments have successfully achieved coupling between individual cesium atoms (or
rubidium atoms) and various types of microresonators, including microspheres, microtoroidal resonators, and bottle
microresonators [9-15]. Initially, these experiments utilize a magneto-optical trap to trap and cool atomic clouds
in a ‘magneto-optical trap chamber’. Subsequently, the trapping and cooling beams are switched off, allowing the
atoms to fall onto the microresonator, thus facilitating the coupling of the individual atoms with the evanescent field
of the microresonator’s WGMs. Furthermore, the addition of an optical dipole trap—created by the interference
of the incoming laser beam with its reflection from the microresonator surface—is more likely to trap the falling
atoms, thereby increasing the interaction time between the atom and the microresonator [15, 16]. Based on the
experimental groundwork, our model can also employ the techniques described in these studies to achieve the trapping
of a single atom and its coupling with a microresonator. In our approach, the atom is initially cooled and trapped
within a chamber using a magneto-optical trap, then transported to the vicinity of the microresonator. Here, the
microresonator’s WGM evanescent field, which decays exponentially outside the resonator’s surface, interacts with the
atom [9-16]. An optical dipole trap may be introduced to enhance the atom’s trapping and prolong its interaction time
with the microresonator [15, 16]. The decay rate of the cesium or rubidium atom used in trapping near a microresonator
has linewidth of tens of MHz. The coupling strength between the selected atom and the microresonator depends on
the properties of the microresonator and the distance between the atom and the microresonator’s surface. Placing the
atom closer to the surface of the microresonator [11, 15], or reducing the size of the microresonator to reduce the mode
volume [17, 18], can enhance this coupling strength. H.J. Kimble and his collaborators, using finite element models,
have given the atom-microresonator coupling rate can exceed 27 x 700 MHz in microresonator structure given suitable
experimental parameters [17, 18]. In addition to these microresonator-specific techniques, the atom-microresonator
coupling can also be enhanced by other physical methods. For instance, both theoretical and experimental evidence
suggests that a quantum squeezing method can enhance interactions between quantum systems, even without precise
knowledge of the system parameters[19-23]. Additionally, the counting of phonons (magnons) and other types of
statistical processing of photons and phonons (magnons) can be measured by applying an auxiliary system to convert
the mechanical (magnon) signals [24, 25]. The multipartite entanglement can be characterized by a class of nonlinear
squeezing parameters [2, 26]. For this special design, we theoretically predicts that the nonreciprocal entangled
photon-phonon pairs and photon-magnon pairs with corresponding antibunching gé?ib = 0.29 and géi)lm = 0.49 could
be achieved with the parameters wp, = 27 X 2 GHz, w,,, = 27 x 2.1 GHz, A,, = —27 x 6.2 GHz, |Af| = 27 x 50 MHz,
Aao = 27 x 600 MHz, A\op = Aam = 27 x 44 MHz, £ = 27 x 1.6 GHz, v = 27 x 2MHz, and k = 27 x 16 MHz [5, 6, 8-18].
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