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S1. POSSIBLE IMPLEMENTATION WITH SUPERCONDUCTING CIRCUITS

Kerr-cat qubits have been experimentally realized in superconducting circuits [S1, S2]. Using the same physical
setup with that in Ref. [S1], a circuit diagram for implementing our protocol is shown in Fig. S1(a). We consider that
a transmission-line resonator (i.e., LC resonator) is coupled to an array of N Josephson junctions with Josephson
energy EJ [Φ(t)] = EJ − δEJ cosωpt, which depends on a harmonically modulable external flux Φ(t) with modulation
frequency ωp. Following the standard quantization procedure for circuits [S3, S4], the Hamiltonian for the system is
(hereafter ℏ = 1):

Htot =HLC +H
(0)
KNR +Hint,

HLC =ωa†a,

H
(0)
KNR =4EC n̂

2 −NEJ [Φ(t)] cos
ϕ̂

N
,

Hint =n0λ(a
† + a)n̂. (S1)

Here, ω = 1/
√
LrCr and a (a†) are the frequency and the annihilation (creation) operator of the LC resonator,

respectively; n̂ and ϕ̂ are the number of the Cooper pairs and the overall phase across the junction array, respectively;
EC is the charging energy and λ = 2Cge

√
ω/2Cr/(Cg + CB) is the coupling strength. Then, by introducing the

definitions n̂ = −in0(b− b†) and ϕ̂ = ϕ0(b+ b†), the quadratic time-independent part of the Hamiltonian HKNR can
be diagonalized, where n0 and ϕ0 are zero-point fluctuations [S1].
Focusing on the Hamiltonian HKNR, we have
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cos(ωpt) (S2)

Here, we have dropped the constant terms and set ωb =
√
8ECEJ/N0 for simplicity. When the conditions

ωp ≫ EC

12N2
, and ωp ≫ δEJωb

4EJ
, (S3)

TABLE S1: Experimental device parameters for the parametrically pumped nonlinear oscillator in Ref. [S1].

Parameter N EJ EC ωp K/2π P/2π

Value 10 1.053 GHz 82.79 GHz ∼ 16 GHz 17.3 MHz ∼ 60 MHz
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FIG. S1: (a) Circuit diagram of an array of Josephson junctions coupled to an LC resonator. The Josephson energy EJ is
tunable by controlling the external magnetic flux Φ(t). The array of Josephson junctions with capacitance and Josephson
energy CJ and EJ are shunted by an additional large capacitance CB , matched by a comparably large gate capacitance Cg.
The yellow-shaded area highlights the parametrically-driven Kerr-nonlinear resonator, which constructs the cat-state qubit.
(b) Time evolution of the initial state |Cβ

+⟩ governed by the effective Hamiltonian HKNR (green-dashed curve) and the actual

Hamiltonian H
(0)
KNR (red-solid curve). (c) Time evolution of the initial state |Cβ

−⟩ governed by the effective Hamiltonian HKNR

(purple-dashed curve) and the actual Hamiltonian H
(0)
KNR (blue-solid curve). Parameters are listed in Table S1 and the numerical

simulations are taken with the same rotating frame.

are satisfied, the counter-rotating terms in Eq. (S2) can be neglected under the rotating-wave approximation. The
effective Hamiltonian reads

Heff
KNR = ωcb

†b−Kb†2b2 + Pb†2 exp (−iωpt) + P ∗b2 exp (iωpt), (S4)

where the parameters are

K =
EC

2N2
, ωc = ωb − 2K, and P =

ωbδEJ

8EJ
. (S5)

In the interaction picture, the Hamiltonian Heff
KNR becomes

Heff
KNR = ∆b†b−Kb†2b2 + Pb†2 + P ∗b2, (S6)

which is the Hamiltonian describing a parametrically-driven Kerr-nonlinear resonator (KNR). Here ∆ = ωc − ωp/2 is
the detuning.

Using the experimental parameters (see Table S1) reported in Ref. [S1], we give comparisons between the actual

dynamics governed by H
(0)
KNR and the effective dynamics governed by Heff

KNR in Figs. S1(b) and S1(c). The actual
dynamics coincides very well with the effective one (differences are less than 1%), indicating that the circuits in
Fig. S1(a) can be well simplified to the KNR described by the Hamiltonian Heff

KNR in Eq. (S6). Moreover, Figs. S1(b)
and S1(c) show that the system mostly remains in the initial state after a long-time evolution. This means that

the initial states |Cβ
±⟩ are eigenstates of the Hamiltonian H

(0)
KNR in a suitable rotating frame. Therefore, the

superconducting circuits in Fig. S1(a) can be well described by the effective Hamiltonian under the rotating-wave
approximation:

H =H0 +HKNR +Hint,

H0 =∆a†a+ δb†b,

HKNR =−Kb†2b2 + Pb†2 + P ∗b2,

Hint =λab
† + λ∗a†b, (S7)

which corresponds to the Hamiltonian in Eq. (1) of the main text.
Note that the Kerr-cat qubit in Fig. S1(a) is a flux-tunable device, which could be sensitive to 1/f noise. However,

the Kerr-cat experiment [S2] showed a strong suppression of frequency fluctuations due to 1/f noise for the pumped
cat, compared to when operating the Josephson-junctions array as a conventional transmon qubit without pumping.
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FIG. S2: (a) Time evolution of the initial state |0, C+⟩ in the presence of single-photon loss in the KNR with κb = 0.1∆. (b)

Populations of the state |0, Cβ
+⟩ at time tf = 2π/g calculated for different β. The populations P0+(t) = ⟨0, Cβ

+|ρ(t)|0, C
β
+⟩ and

P eff
0+(t) = ⟨0, Cβ

+|ρeff(t)|0, C
β
+⟩ are calculated using the master equations in Eq. (S10) and Eq. (S13), respectively. To focus on

the influence of single-photon loss in the KNR, we assume κa = κϕ
a = κϕ

b = 0. Other parameters are λ = ∆ = 0.1K and

δ̃ = 0.01∆.

S2. SINGLE-PHOTON LOSS AND PURE DEPHASING

We consider two kinds of major noise: single-photon loss and pure dephasing. The system dynamics is described
by the Lindblad master equation

ρ̇ = −i[H, ρ] +
∑
j=a,b

κbD[j]ρ+ κϕjD[j†j]ρ. (S8)

In the Hamiltonian H, when the coupling strength λ is far small than the energy gap Egap ≃ 4K|β|2, the dynamics
of the KNR is well confined to the cat subspace C. We can project the system onto the eigenstates of HKNR with the
projection operator:

PKNR =
∑
m

|m⟩⟨m| ⊗
∑
n

|ψn⟩⟨ψn|, (S9)

where |m⟩ are the Fock states of the cavity mode a and |ψn⟩ are the eigenstates ofHKNR satisfyingHKNR|ψn⟩ = ξn|ψn⟩.
Note that |ψ0⟩ = |Cβ

+⟩ and |ψ1⟩ = |Cβ
−⟩ are two degenerate eigenstates with ξ0 = ξ1. In the following, we independently

analyze the influence of single-photon loss and pure dephasing on the system.

A. Single-photon loss

The influence of the single-photon loss in the KNR can described by:

κbD[PKNRbPKNR]ρ ≈κb|β|2D
[√

tanh |β|2|Cβ
+⟩⟨C

β
−|+

√
coth |β|2|Cβ

−⟩⟨C
β
+|
]
ρ

+κbD

[√
N+

N e
+

|Cβ
+⟩⟨ψ2|+

√
N−

N e
−
|Cβ

−⟩⟨ψ3|

]
ρ

+κb|β|2D

[√
N e

−
N e

+

|ψ3⟩⟨ψ2|+

√
N e

+

N e
−
|ψ2⟩⟨ψ3|

]
ρ, (S10)

where N e
+ and N e

+ are normalization coefficients for the eigenstates |ψ2⟩ and |ψ3⟩, respectively. We have omitted
highly excited eigenstates of the KNR because they are never excited in the presence of the single-photon loss.

According to the terms in red font in Eq. (S10), the single-photon loss can only lead to transition from the excited

eigenstates |ψ2,(3)⟩ to the ground eigenstates |Cβ
±⟩. If a KPO is initially in the cat-subspace C, it always remains in

this cat-subspace in the presence of single-photon loss. Figure S2(a) shows that the no-leakage probability (see the
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purple-dashed curve)

PC = ⟨Cβ
+|ρ(t)|C

β
+⟩+ ⟨Cβ

−|ρ(t)|C
β
−⟩, (S11)

mostly remains in 1 in the presence of single photon loss in the KNR. Therefore, we can neglect the terms in the last
two lines in Eq. (S10) and obtain

D[PKNRbPKNR]ρ ≃ |β|2√
1− e−4|β|2

D[σx + ie−2|β|2σy]ρ. (S12)

For large |β|, it can be simplified to D[PKNRbPKNR]ρ ≃ |β|2D[σx]. The master equation in Eq. (S10) is simplified to

ρ̇eff = −i[HR, ρ] + κD[a]ρ++κa|β|2D [σx] ρ+ κϕaD[a†a]ρ+ κϕbD[b†b]ρ. (S13)

Assuming that the initial state is |0, Cβ
+⟩, we show in Fig. S2(a) the actual dynamics with Eq. (S10) coincides very

well with the effective dynamics with Eq. (S13). Figure S2(b) confirms that the effective master equation in Eq. (S13)
is valid for large β, indicating the validity of the approximations.

B. Pure dephasing

The influence of pure dephasing can be described as:

κϕbD
[
PKPOb

†bPKPO

]
ρ =κϕb |β|

4D
[
N−

N+
|Cβ

+⟩⟨C
β
+|+

N+

N−
|Cβ

−⟩⟨C
β
−|
]
ρ

+κϕb |β|
2D

[
N+√
N−N e

+

|ψ2⟩⟨Cβ
−|+

N−√
N+N e

−
|ψ3⟩⟨Cβ

+|

]
ρ

+κϕb |β|
4D
[
N e

−
N e

+

|ψ2⟩⟨ψ2|+
N e

+

N e
−
|ψ3⟩⟨ψ3|

]
ρ. (S14)

As in the above analysis, we have ignored the highly excited eigenstates of the KNR because they are mostly unexcited
in the evolution. For large |β|, we have

N−

N+
|Cβ

+⟩⟨C
β
+|+

N+

N−
|Cβ

−⟩⟨C
β
−| ≃ |Cβ

+⟩⟨C
β
+|+ |Cβ

−⟩⟨C
β
−| = 1β . (S15)

That is, in the cat-state subspace, pure dephasing in KNR cannot cause significant infidelities. However, according to
the terms in red font in Eq. (S14), pure dephasing can cause transitions from the cat states to the first-excited states

|ψ2,(3)⟩ with a rate κϕb |β|2.
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FIG. S3: (a) Time evolution of the initial state |0, C+⟩ in the presence of pure dephasing in the KNR with κϕ
b = 0.005∆. (b)

Populations of the initial state |0, Cβ
+⟩ at time tf = 2π/g calculated for different β. To focus on the influence of pure dephasing

in the KNR, we assume κa = κϕ
a = κb = 0. Other parameters are the same as those in Fig. S2.
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Therefore, the master equation can be further simplified as

ρ̇eff = −i[HR, ρ] + κD[a]ρ++κa|β|2D [σx] ρ+ κϕaD[a†a]ρ+ Lρ, (S16)

where Lρ denotes the leakage term in Eq. (S14). We numerically demonstrate this approximation in Fig. S3. In the
presence of pure dephasing, the populations (red-solid curves in Fig. S3), calculated using the master equation in Eq.
(S8), are almost the same as those calculated using the effective one in Eq. (S16). Moreover, Fig. S3(b) shows that
the leakage possibility increases when β increases, which is in agreement with the theoretical prediction in Eq. (S14).

C. Pair-cat qubit

Following the calculations from Eq. (S8) to Eq. (S16), we can analyze the influence of single-photon loss and pure
dephasing for the pair-cat qubit. We first calculate the influence of single-photon losses. Note that it is difficult to
obtain the exact eigenstates of the Hamiltonian H to construct a projection operator like PKNR in the full Hilbert
subspace. To calculate the influence of single-photon losses, we need to use the action of a on different states:

a|0±,±x⟩ = ±α|0±,±x⟩,

a|1±,±x⟩ = [D(±α)|0⟩ ± αD(±α)|1⟩]⊗ 1√
2

(
|Cβ

+⟩ ± |Cβ
−⟩
)
= |0±,±x⟩ ± α|1±,±x⟩, (S17)

where |n,±x⟩ are defined in Eq. (8) of the main text as

|n±,±x⟩ ≃ D(±α)|n⟩ ⊗ 1√
2

(
|Cβ

+⟩ ± |Cβ
−⟩
)
, (S18)

Note that we have assumed α = α∗ and β = β∗ for simplicity. Equation (S17) implies that the single-photon loss
in the cavity a can only cause transition from the excited eigenstates |1±,±x⟩ to the ground eigenstate |0±,±x⟩.
Therefore, considering together the result of Eq. (S10), when the system is initially in the computational subspace
spanned by |0±,±x⟩, it always remains in this subspace in the presence of single-photon losses. Thus, we can obtain
the effective Lindblad superoperator for single-photon losses in the pair-cat subspace Cµ = {|µ±⟩} as

Pµ (D[a]ρ+D[b]ρ)Pµ ≈
(
α2 + β2

)
D [|µ+⟩⟨µ−|+ |µ−⟩⟨µ+|] ρ, (S19)

which only describes bit-flip errors in the pair-cat qubit.
When analyzing the influence of pure dephasing, we first consider the dynamics in the pair-cat subspace Cµ using

the projection

Pµ

(
D[a†a]ρ+D[b†b]ρ

)
Pµ ≈

(
α4 + β4

)
D [|µ+⟩⟨µ+|+ |µ−⟩⟨µ−|] ρ. (S20)

This indicates that the pair-cat qubit is robust against phase-flip error. However, similar to the calculation in Eq. (S14),
the actions of a†a and b†b on the states |µ±⟩:

a†a|0±,±x⟩ =α2|0±,±x⟩ ± α|1±,±x⟩,
b†b|0±,±x⟩ ≈β2|0±,±x⟩ ± β|0±⟩ ⊗ D[±β]|1⟩, (S21)

can cause leakage out of the pair-cat subspace Cµ. To sum up, for our simulation protocol, pure dephasing should be
as small as possible.
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