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I. QUANTUM MANY-BODY SCARS
A. Proof of Hy ¥, ;) =0

In the main text, we show that the wave function

W) = Naa Y Pisy, o,y {Sk; 05 o) (S1)

is an exact eigenstate of H. Here we present details for proving this result. It is not difficult to find that Hg |T,.) = h(20 -

L) |¥,,), so we only need to prove Hx |¥,, ;) = 0. Since the action of H is increasing or reducing the total string length by
one, while keeping n invariant, we have

Hi [V ) = Zc{sk;,29}2f1 HS’“;% bu ) > C{Sk;l; i HS’“}Q W) (52)
Here, the factors have forms

Spr o ¥t = M”’l Z[(l - 5k,1+£l1+1’kl2)(Psk’l,ﬁ’1+1’$k’2,€’2"' + Psk’l,zfl 7Sk’2—1,€’2+1“')
J 7
+(1- 5k§+£;+1,kg)(P...,S%Jéﬂ,skglé... + P...,ské%,skgflyléﬂ...) +o

(
C{Sk;,zg_ P = No.i Z (1- 6£’1’1)(P'Sk’l—l,l'l—l’sk’z,l’z"' + Psk’l,z’l—v'sk’z,e’z-")
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(=0, 1) (P iy 0Sig g T PoSug i 1Sig )+ (S3)
Since the parity satisfies Psk’ll’l St et ensSig = OXP (im¥; k;), we have
J n’'’n
P"Sk371,237178k;,£3+118k3.+1,23.+1 . _P"Sk371,23.71 Swt oSkt e
P =-P . S4
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Therefore, ¢(s,, , yi-1 = ¢(s,, , 1 =0, ie, Hie |U,,.) =0.
J o J J 7
7
B. Proof of ‘\Iln,n+'m> = Dn,erLm |\I]n,n+7n—1)
Next we show the detail of proving Eq. (8) in the main text, i.e,
|\Ijn,n+m> = Dn,mL;n |\I}n,n+m—1> 5 (SS)
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where D,, ,,, is a normalization factor, and

T N— A= M A4
Ly, =3 ( Pri1-0)07 751070 (S6)
It is not difficult to demonstrate

(;I}P )65 T 16701 1 Ske) = {

00} 1o+t |Skes1) £<m

(87)
MOj st |Ske1) £ >m.

Thus, the action of ﬁIn is increasing the total string length of a basis without changing the parity and string number. Therefore,
LW nsm1) = Y as,, o ypem { Sk 3n™). (S8)

For the wave function |\I/n7n+m_1> = Nn n+m—1 ZP{Sk g Jr4m-1 |{3k37 J}n+m 1)

Hence, the factor has the form

a{sk’jl; ynem = Nn,nerflP{Sk;l; }n+m|:(]. - (5[1’1)(6,1 - ].) + (]. - 64/2’1)(5,2 - 1) + ...+ (1 - 53%71)(€;L - 1)] (S89)

the length of each string satisfies £; < m.

If £; =1, then (1 - 54’1)(62- -1)=(¢;-1)=0,and if £; # 1, then (1 - 54’1)(63- - 1) =(¢; - 1). Thus
s, g ymm = Nunm-1Ps,, ypem 20 =1) = Nanam-1P(s,, ypem (m=1). (S10)
id 3 j=1 i

Therefore, we have

(m - 1)Nn,n+m—1

f/:n |\I]n,n+m—1> = (m - 1)Nn,n+m—1 Z P{Sk,/ or yEm {Sk’ Z’ n+m> “Ijn’n*_m) . (Sll)
At A -/\/n,n+m
That is, Eq. (8) is proved, and the normalization factor satisfies
N’I’L n+m

Dy = : . (S12)

i (m - 1)Nn7n+m—1

II. INITIAL STATE
Here we discuss the initial state |¢)2) in Eq. (10b) of the main text, where it reads
[2) = 2L/2 Z;{kz }P{Sk o3 Skt ) Z;ﬁmz [U0) (S13)
n n,

The amplitude §,,; satisfies 3,,; = 1 /NMQL/ 2. where N, is the normalization factor defined in Eq. (6) of the main text. In
addition, N/ ,ﬁ is the number of string bases for the scar state |\Iln,l ), and it can be obtained as

-1\|(L-1-1 L-1-1 L-1-1\(l-1
wit= ()| O G0 514
n-1 n n-1 n-1 n
where () is the combinatorial number. In Fig. S1, we show the result of N/, _z versus [ for L = 32 and n = 8 (half filling). We can

find that A% nearly satisfies a Gaussian distribution with the symmetric point at [ = L/2. Therefore, for the initial state [1/2) the
nonmesonic scar states dominate.
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FIG. S1. Distribution ong?l for L = 32 and n = 8 (half filling). The orange dashed curve is a Gaussian fit.
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