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We demonstrate the emergence of nonreciprocal superradiant phase transitions and novel multicriticality
in a cavity quantum electrodynamics system, where a two-level atom interacts with two counterpropagating
modes of a whispering-gallery-mode microcavity. The cavity rotates at a certain angular velocity and is
directionally squeezed by a unidirectional parametric pumping χð2Þ nonlinearity. The combination of cavity
rotation and directional squeezing leads to nonreciprocal first- and second-order superradiant phase
transitions. These transitions do not require ultrastrong atom-field couplings and can be easily controlled by
the external pump field. Through a full quantum description of the system Hamiltonian, we identify two
types of multicritical points in the phase diagram, both of which exhibit controllable nonreciprocity. These
results open a new door for all-optical manipulation of superradiant transitions and multicritical behaviors
in light-matter systems, with potential applications in engineering various integrated nonreciprocal
quantum devices.
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Phase transitions and critical phenomena are at the heart
of understanding the nature of the matter in condensed
matter physics and material science [1,2]. One of the most
intriguing topics in light-matter systems is the superradiant
phase transition [3–5], where increasing the atom-field
coupling through a critical value induces a transition from
the normal phase (NP) to the superradiant phase (SP)
[6–15]. This superradiant transition typically occurs in the
thermodynamic limit, where the number of atoms N
approaches infinity. In the quantum Rabi model [16–18]
with N ¼ 1, a similar transition can occur, but it requires
both ultrastrong light-matter coupling and an extremely
large atomic frequency [19–26]. The realization of the
phase transition in such single-atom models has been
successfully demonstrated in quantum simulation plat-
forms, including nuclear magnetic resonance (NMR)
quantum simulators [27,28], driven atoms in trapped ions
[29,30], and superconducting qubits [31].
In open systems, the presence of photon loss can have a

significant impact on the critical behavior of theHamiltonian
part of the system [32,33]. It can induce multicritical
phenomena [34–38] or even completely suppress its criti-
cality [39]. In addition, this class of driven-dissipative
systems allows for the demonstration of richer physics,
such as the breakdown of photon blockade [40–42], stable

superradiant lasers [43–46], time crystals [47–49], and
atomic synchronization [50,51]. However, thus far, the
realization of superradiant transitions has not simultaneously
combined the features necessary for exquisite controllability,
such as strong nonreciprocity, tunability, and compact
integration.
Optical nonreciprocity [52–63] is characterized by the

asymmetric behavior of optical signals as they travel through
an optical system in opposite directions. This phenomenon
plays a crucial role in optical information processing and
quantum networks [64–66]. Notably, a theory of nonrecip-
rocal phase transitions in nonequilibrium systems has been
proposed, suggesting that asymmetric couplings of multiple
species can give rise to time-dependent phases [67].
Recently, this concept has been applied to the Dicke model
with two spin species [68]. Yet, the technique used to achieve
nonreciprocal phase transition in these schemes is not readily
applicable to achieving controllable nonreciprocal transi-
tions in a light-matter system. In general, achieving the
superradiant transition requires tunability of the dipole
coupling of the radiation field to atoms. To this end, many
pioneering approaches have been proposed, including stimu-
lated Raman transitions [69–71] and quantum simulators
[28,31,72]. However, breaking the reciprocity of the system,
in these approaches, remains challenging. The exquisite
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control of superradiant transitions and multicriticality
through external fields is an intriguing topic and may inspire
newapplications, such as on-chipunidirectional superradiant
lasers [43–46] and integrated high-precision quantum sens-
ing [73–76].
In this Letter, inspired by recent experimental advances

[77–84] and related works [85,86], we propose an
experimentally feasible approach for all-optical control of
superradiant phase transitions in a cavity quantum electro-
dynamics (QED) system. Our method focuses on a rotating
dual-coupling Jaynes-Cummings (JC) model, where the
clockwise and counterclockwise resonator modes are simul-
taneously coupled to a two-level atom. Generally, the JC
model does not exhibit superradiant transitions in the
presence of cavity dissipation [39]. Here, we revive such
transitions by introducing a classical field to subtly para-
metrically pump one of the cavity modes. This driven-
dissipative setupenables steady-state superradiant transitions
to occur in the experimentally friendly cavity QED system,
which do not require ultrastrong coupling strengths, and the
extremely large atomic detuning can be easily achieved by
tuning the external pump field. This all-optical control has
some main advantages compared to its magnetic and
electronic counterparts, such as compactness, ease of inte-
gration, and lower power consumption (see Sec. S7. B in
Supplemental Material [87]).
Interestingly, the combination of cavity rotation

[84,110–112] and directional squeezing causes the critical
points of phase transitions to shift in opposite directions. As
a result, the system exhibits nonreciprocal first- and
second-order superradiant phase transitions. Moreover,
we observe a rich phase diagram featuring a controllable
tricritical point and multicritical points, all displaying
nonreciprocity. Our Letter fundamentally combines the
theories of phase transitions and multicriticality with
nonreciprocal physics and could provide valuable resources
for quantum metrology [113].
Model.—Here, we consider the model of a two-level

atom interacting with two counterpropagating modes of a
whispering-gallery-mode (WGM) resonator, as depicted in
Figs. 1(a) and 1(b). The resonator is made of materials with
second-order (χð2Þ) nonlinearity [114,115]. A classical field
at frequency ωp is input from either forward or backward to
drive the nonlinearity, which generates directional squeez-
ing cavity modes through an optical parametric amplifica-
tion (OPA) process [63,116–121] (see Sec. S9. B in [87]).
The resonator rotates counterclockwise with an angular
velocity, denoted as Ω. This rotation can be experimentally
achieved by mounting the resonator on a turbine [84] (see
Sec. S9. C in [87]). Therefore, the two cavity modes
undergo Sagnac-Fizeau shifts concerning their static res-
onance frequency, represented by ω0 [84,122], i.e.,
ω0 → ω0 � ΔF, with ΔF ≈ nRΩω0ð1 − n−2Þ=c. Here n
and R present the refractive index and radius of the
resonator, and c is the speed of light. Note that a positive

Sagnac-Fizeau shift (ΔF > 0) corresponds to the forward
pump case, while a negative shift (ΔF < 0) corresponds to
the backward pump.
In the frame rotating at ωp=2, the dual-coupling JC

Hamiltonian with the forward pump is given by (ℏ ¼ 1)

H¼H0þHint;

H0¼ðΔþΔFÞa†aþðΔ−ΔFÞb†bþ
Δq

2
σzþGða†2þa2Þ;

Hint¼½ðgaaþgbbÞσþþJa†bþH:c:�; ð1Þ

where a and b are the annihilation operators of the
counterclockwise and clockwise cavity modes, respec-
tively, and σ� ¼ ðσx � iσyÞ=2 are the atomic Pauli matri-
ces. The detunings are defined as Δ ¼ ω0 − ωp=2 and
Δq ¼ ωq − ωp=2. The cavity modes a and b are coupled to
the atom with strengths ga and gb, respectively, and
Gða†2 þ a2Þ is the two-photon drive term generated from
the OPA process, withG representing the pump strength. In
our analytical calculations, the focus is on the forward
pump case, and the backward Hamiltonian can be obtained
by replacing the two-photon term with Gðb†2 þ b2Þ. The
parameter J represents the hopping amplitude between two
cavity modes, and for simplicity, we assume J ¼ 0 in the
following analytical derivations, as it does not affect the
main results (see Sec. S8 in [87]).
Taking into account both the cavity and atomic dis-

sipation, the system evolution is described by the master
equation,

FIG. 1. Schematic illustration of the rotating dual-coupling JC
model in the forward (a) and backward (b) pumps. The WGM
resonator with χð2Þ nonlinearity embedded (not shown here),
supports counterclockwise and clockwise cavity modes labeled
as a and b respectively, and both modes interact with a two-level
atom. The resonator rotates counterclockwise at an angular
velocity Ω. (c),(d) Boundaries of the NP and SP for forward
and backward pumps, respectively. The parameters used here are
Δ ¼ 2, κ=Δ ¼ 0.05, G=κ ¼ 1.5, J ¼ 0, and ΔF=Δ ¼ 0.5 in (c)
and ΔF=Δ ¼ −0.5 in (d).

PHYSICAL REVIEW LETTERS 132, 193602 (2024)

193602-2



dρ
dt

¼ −i½H; ρ� þ κD½a� þ κD½b� þ γD½σ−�; ð2Þ

where ρ is the density matrix of the system, and D½o� ¼
2oρo† − ðo†oρþ ρo†oÞ is the Lindblad superoperator.
Here, we have assumed equal decay rates for the two
cavity modes (κa ¼ κb ¼ κ). To ensure the conservation of
the total pseudoangular momentum, we focus mainly on
the effect of cavity dissipation and set the atomic decay
rate γ ¼ 0.
The presence of dissipation, as discussed in [39], can

completely suppress the superradiant transition in the JC
model. Interestingly, in our model, the two-photon drive is
capable of resurrecting this transition. From a symmetry
perspective, the two-photon term changes the system from
a continuous U(1) symmetry to a discontinuous Z2 sym-
metry. This Z2 symmetry is defined by ½H;Π� ¼ 0 with the
parity operator Π ¼ expfiπNg, where N ¼ a†aþ b†bþ
ðσz þ 1Þ=2 is the total number of excitations in the system
[19]. We define the ratios between the atomic detuning and
cavity detuning as η� ¼ Δq=ðΔ� ΔFÞ, and μ ¼ Δq=G.
Note that the limit of η� → ∞ is physically similar to the
infinite-frequency limit in the standard Rabi model
(ωq=ω0 → ∞). Fortunately, in our model, this limit can
be easily achieved by tuning the pump frequency ωq. For
convenience, we introduce the dimensionless atom-field
couplings as λa;b ¼ 2ga;b=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ΔqðΔ� ΔFÞ
p

. These couplings
are determined by the detunings Δq and Δ, rather than the
atomic frequency ωq and resonator frequency ω0. Thus, our
approach relaxes the couplings required for the super-
radiant phase transitions from the ultrastrong coupling
regime to the strong coupling regime (see Sec. S7. A in
[87]). In the large atomic detuning limit, η� → ∞ and
μ → ∞, when the couplings λa, λb increase beyond their
critical values, the system undergoes a Rabi-like phase
transition from the NP to the SP, indicating the breaking of
Z2 symmetry.
Nonreciprocal superradiant phase transitions.—

According to Eq. (2), we obtain a set of Heisenberg
equations of motion for operators (see Sec. S1 in [87]).
We define the renormalized occupation of the cavity modes
as hai ¼ α

ffiffiffiffiffiffi

ηþ
p

and hbi ¼ β
ffiffiffiffiffi

η−
p

, with α ¼ αRe þ iαIm,
β ¼ βRe þ iβIm. In the long-time limit, the system reaches a
steady state and we can obtain the mean-field solutions for
cavity occupations αRe, αIm and βRe, βIm [87]. The validity of
themean-field approach is discussed inSec. S6 in [87].When
αRe; αIm; βRe; βIm ¼ 0, the system is in theNP,while nonzero
values of αRe, αIm, βRe, βIm indicate the SP. Figures 1(c)
and 1(d) display the phase diagrams of αRe, αIm and βRe, βIm,
for the forward and backward pumps, respectively.When the
pump strength is fixed atG=κ ¼ 1.5, the first- (and second-)
order transition boundary differs between the two pump
directions, leading to the nonreciprocity of the superradiant
transitions (see below). Here, the first- and second-order
transition boundaries are, respectively, characterized by

discontinuous jumps and continuous changes in the cavity
occupations (see Fig. S1 in [87]).
To enable all-optical manipulation of superradiant phase

transitions using an external field, we simplify the system
by adjusting λa ¼ λb ¼ λ. In this configuration, with a fixed
coupling λ, increasing the pump strength G beyond a
critical value can induce either a first- or second-order
phase transition. The respective critical pump strengths can
be analytically calculated as (see Sec. S3 in [87])

Gfirst
c ¼ 1

4κΔ−

h

−uþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðuþ 2Δ−κ
2Þ2 þ 4Δ2þΔ2

−κ
2

q

i

; ð3Þ

Gsecond
c ¼ ½Δ4p2 þ ð2κ2 − Δ2

FpÞ2 þ Δ2ðqp2 þ 4κ2Þ�1=2
½16κ2 þ Δ2

−ðp − 2Þ2�1=2 ;

ð4Þ

where Δ� ¼ Δ� ΔF, u ¼ ΔþðΔ2
− þ κ2Þ, q ¼ κ2 − 2Δ2

F,
and p ¼ λ2 − 2. Notably, the first-order critical pump
strength Gfirst

c is irrelevant to the coupling λ. By setting
Gfirst

c ¼ Gsecond
c , the tricritical point can be determined at

λtric ≈
ffiffiffi

2
p

[see Fig. S2(b) in [87] for details].
Figure 2 shows the cavity occupations α and β versus the

pump strength G. In the left panel, we consider the case of
λ ¼ 1.5. When the system is driven by a forward pump
[Fig. 2(a)], the cavity occupations exhibit a discontinuous
jump from zero to finite values, when G exceeds a critical
value Gfirst

c;f ¼ 1.96κ (located near the right edge of the
shaded region). This is evidence of a first-order phase
transition. However, when driven by a backward pump
[Fig. 2(b)], the critical value is shifted to Gfirst

c;b ¼ 0.66κ, the

FIG. 2. The cavity occupations α and β versus the pump
strength G=κ, for both the forward and backward pumps. The
solid (or dotted) curve denotes the real (or imaginary) part of
cavity occupations. In (a),(b), where λ ¼ 1.5, the shaded areas
indicate the nonreciprocal first-order phase transition (NR 1st
PT). In (c),(d), where λ ¼ 1.36, the shaded areas indicate the
nonreciprocal second-order phase transition (NR 2nd PT). Here,
ΔF=Δ ¼ �0.5 for the forward and backward pumps, respec-
tively, λa ¼ λb ¼ λ, and other parameters are the same as
in Fig. 1.
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left edge of the shaded region. Between these two critical
pump strengths (within the shaded areas), if driven forward,
the system is in the NP, while if driven backward, the
system is in the SP. This phenomenon is called “nonre-
ciprocal first-order superradiant phase transition”.
In the right panels of Fig. 2, we fix λ ¼ 1.36 and apply the

forward and backward pumps, respectively. In this case, the
cavity occupations exhibit continuous increase from zero to
finite values at the critical pump strengths Gsecond

c;f ¼ 2.78κ
and Gsecond

c;b ¼ 0.94κ, respectively, as shown in Figs. 2(c)
and 2(d). These results indicate a nonreciprocal second-order
superradiant phase transition. Physically, the nonreciprocity
originates from the opposite Sagnac shifts induced by the
rotation of the cavity. This leads to a shift of the critical point
for the forward (or backward) pump toward larger (or
smaller) values [see Fig. S2(a) in [87] ].
Nonreciprocal multicriticality.—To explore the steady-

state fluctuations of the system, we adopt a semiclassical
approach by displacing the cavity fields as a → hai þ c,
b → hbi þ d, where c and d are the annihilation operators
that describe cavity fluctuations. In the large atomic
detuning limit, we can obtain the effective low-energy
Hamiltonian (see Sec. S2 in [87]),

Heff ¼ Λ1c†cþ Λ2d†dþ ½Gc2 þ Λ3cd† þ Λ4e2iϕc2

þ Λ5e2iϕd2 þ Λ6e2iϕcdþ H:c:�; ð5Þ
where the parametersΛn (n ¼ 1; 2;…; 6), ϕ are determined
by the Sagnac shift ΔF and the mean-field solutions α and

β. In particular, the trivial solutions of α ¼ β ¼ 0 corre-
spond to the low-energy Hamiltonian in the normal phase.
To analyze the nature of the nonreciprocal transitions in the
open system, we combine Eq. (5) with the master equa-
tion (2) and obtain the steady-state solution of quantum
fluctuations (see Sec. S4 in [87]).
Figures 3(a)–3(c) present the steady-state phase dia-

grams of photon number fluctuations. For a static cavity
(i.e., ΔF ¼ 0) [Fig. 3(a)], we observe two types of multi-
critical behaviors. There is a “tricritical point” denoted by
the blue triangle where the first- and second-order critical
lines meet, which is of the same type as in Refs. [34–36].
The other is the “multicritical point” denoted by the blue
circle, where regimes I, II, and III coexist. Specially, these
two critical lines, exhibiting different asymptotic behaviors
[123], can morph into a divergent curve [see Fig. 3(e)].
Remarkably, this multicritical point shows nonreciprocal
characteristics: in the forward pump, the multicritical point
splits into two [see Fig. 3(b)], while in the backward pump
and with the same atom-field coupling, the multicritical
point disappears [see Fig. 3(c)]. Moreover, the cut plots of
the phase diagram also show the nonreciprocity of the
photon number fluctuations [see Figs. 3(f) and 3(g)].
To distinguish between regimes I, II, and III, in Fig. 3(d),

we numerically calculate the Wigner functions of the cavity
field using Hamiltonian in Eq. (1) [124,125], considering
the detuning Δq=Δ ¼ 103 and the nonzero atomic decay
γ ¼ κ. In the NP (regime I), the cavity field is almost in a
vacuum state. In regime II1, the Wigner function shows two

FIG. 3. (a)–(c) Phase diagram of the steady-state photon number fluctuations, with hc†ci for the forward (b), hd†di for the backward
(c), and hc†ci (or hd†di) for the static microcavity (a). The blue (red) bar represents fluctuations on top of the mean-field solutions in the
normal (superradiant) phase. Three regimes, denoted as I, II, and III, are identified based on the number of stable coexisting solutions.
Subscripts 1 and 2 are employed to distinguish regimes with different Wigner distributions. The tricritical points are shown by blue
triangles, and the multicritical points are marked by blue circles. The green curve in (b) indicates the unstable region (see details in
Sec. S5 of [87]). (d) The Wigner functions in different regimes. Here, we consider the coordinates of λ and G=κ as Ið1.0; 1.1Þ,
II1ð1.42; 2.6Þ, III1ð1.8; 1.98Þ, II2ð2.04; 2.24Þ, and III2ð2.2; 2.42Þ, Δq=Δ ¼ 1000, and atomic decay γ ¼ κ. (e) The critical lines at λ ¼ 2

[the black dotted line in (a)] as a function ofG. (f),(g) Cut plots of lnðhc†ci þ 1) [black dotted line in (b)] and lnðhd†di þ 1) [black dotted
line in (c)] as a function of λ. In (e)–(g), the blue solid and red dotted lines denote cavity fluctuations in the NP and SP, respectively. We
consider ΔF ¼ 0 in (a),(e), ΔF=Δ ¼ 0.5 in (b),(d),(f), and ΔF=Δ ¼ −0.5 in (c),(g).
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peaks, reflecting the Z2 symmetry breaking of the system.
In regimes III1 and III2, the cavity fields are both squeezed,
but with an orthogonal squeezing direction.
Possible implementations.—The proposed protocols

could be implemented using either cold cesium atoms falling
onto the surface of a WGM microdisk [77,78] or a single
trapped 85Rb atom interacts with a WGM microresonator
[83] (see more details in Sec. S9. A of [87]). We consider
the feasible parameters of the microresonator to be
Q ¼ 6.0 × 109, R ¼ 1.1 mm, n ¼ 1.4, λ0 ¼ 1550 nm,
andΩ ¼ 6.6 kHz [84], which yields a Sagnac shift ofΔF ¼
3.2 MHzand the intrinsic loss rate of κi ¼ 32 kHz. The large
atomic detuning required for the transition can be achieved
by tuning the pump frequency ωp ≈ 2ω0. We consider
ηþ ¼ 100, resulting in Δ ¼ 6.4 and Δq ¼ 960 MHz.
Previous studies have shown that a detuning value of
ωq=ω0 ¼ 50 is sufficient to observe the superradiant tran-
sitions in NMR simulator [28] and trapped ion systems
[29,30]. Based on the above parameters, the nonreciprocal
first- and second-order superradiant transitions are predicted
to occur at the atom-field couplings ga ≈ 68 and
gb ≈ 39 MHz, which are experimentally feasible by adjust-
ing the distance between the atom and the surface [83].
Additionally, the squeezed cavity mode can be generated
using a periodically poled thin film of lithium niobate media
[114,115]. Here, we consider the pump strength G=κ ¼ 2,
the external decay κpex ¼ 2κ ¼ 640 kHz, and the coupling
rate of the parametric nonlinear process (g=κ ¼ 0.001 [115]),
which yields the feasible critical pump power Pc ≈ 2.1 nW.
Conclusions.—In summary, we have proposed a method

for all-optical manipulating superradiant phase transitions
and multicritical phenomena in an open dual-coupling JC
model. The nonreciprocal first- and second-order super-
radiant transitions can be easily achieved by tuning the
external pump field. Furthermore, the model allows for
exquisite manipulation of the tricritical and multicritical
points, both exhibiting controllable nonreciprocity. This
general approach can be extended to the case of N particles
(N ≫ 1), specifically in the context of the dual-coupling
Tavis-Cummings model (see Sec. S10 in [87]). We antici-
pate that this Letter will stimulate further theoretical studies
and experimental explorations of a broader range of
physical phenomena, such as superradiant cooling [126]
and atomic synchronization [50,51], and could find appli-
cations in modern quantum technology [127].
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