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In this supplemental material, we first present some details about spin-wave quantization and
skyrmion quantization in Sec. I and Sec. II, respectively. Sec. III offers a detailed derivation of the
coupling strength of the magnon and the magnetic skyrmion qubit. In Sec. IV, the coupling between
skyrmion qubits is evaluated. In addition, we extend the derivation of the magnon Kerr effect and
introduce a two-magnon drive. Section V calculates the magnon-mediated non-reciprocal dissipative
coupling between skyrmion qubits. In Sec. VI and Sec. VII, a detailed analysis of the skyrmion-
magnon-NV and skyrmion-magnon-SQ hybrid quantum systems is presented. The micromagnetic
simulation of the hybrid system proposed here is elaborated in Sec. VIII. In Sec. IX, the coupling
model based on magnetic multilayer structures is discussed in detail.
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I. THE SPIN WAVE

In this section, we solve for the spin waves in spherical magnets and the quantization of the magnon. First, we
start from the nonlinear Landau-Lifschitz (LL) equation and obtain the linear LL magnetostatic dipolar spin wave
equations by some reasonable physical approximations. Then we calculate the eigenmode of the spin-wave equation.
Finally, we quantize the spin wave and evaluate the relevant parameters for the Kittel mode. In the subsequent
calculation, we establish the local coordinate xyz with the YIG spherical center as the coordinate origin.

A. The spin-wave equation

Here we focus on the spin waves supported by a micromagnetic sphere. They can be described by the continuous
magnetization fieldM(r, t) with related electromagnetic fieldsE(r, t) andH(r, t), which follow the Maxwell equations
and the phenomenological nonlinear LL equation [1, 2]

∂tM(r, t) = −|γe|µ0M(r, t)×Heff(M , r, t), (1)

where Heff = H(r, t) + ∆H(M , r, t) is the effective field. The external field ∆H includes the exchange field, the
magnetocrystalline anisotropy field, and the demagnetizing field due to the dipole-dipole interaction, which can be
written as [2]

∆H(M , r, t) = Hex(M , r, t) +Han(M , r, t) +Hdm(M , r, t). (2)

In general, the contribution of the external field ∆H is related to the magnetization M , which leads to the non-
linearity of the LL equation and makes the quantization of spin waves very difficult. In the following, we use three
approximations to linearize the nonlinear LL equation to obtain the spin-wave equation. (i) Spin-wave approximation.
Applying a sufficiently large magnetic field BK in the z direction to the magnetic sphere, which ensures saturation
magnetization of the magnetic sphere, we can then write the physical field as the saturation term plus its corresponding
fluctuation

H(r, t) = H0ez + h(r, t),

M(r, t) =Msez +m(r, t),
(3)

where the fluctuation terms satisfy h ≪ H0 and m ≪Ms. Then the LL equation (1) can be reduced to

1

|γe|µ0MsH0
∂tm(r, t)− ez ×

[
m(r, t)

Ms
− h(r, t)

H0

]
+

[
ez +

m(r, t)

Ms

]
× ∆H(M , r, t)

H0
=

m(r, t)

Ms
× h(r, t)

H0
. (4)

Retaining only the first order terms of the small quantities m(r, t)/Ms and h(r, t)/H0, the LL equation can be written
as

1

|γe|µ0MsH0
∂tm(r, t)− ez ×

[
m(r, t)

Ms
− h(r, t)

H0

]
+

[
m(r, t)

Ms

]
× ∆H(M , r, t)

H0
= 0. (5)

It is worth noting that for the first-order term m(r, t)/Ms, we can obtain m(r, t) · ez = 0. (ii) External field
∆H(M , r, t). When the size of the magnetic sphere is much larger than the length of the domain wall, the spin
wave is dominated by the dipole-dipole interaction, at which case the exchange interaction can be neglected, i.e.,
Hex ≈ 0 [1, 2]. For cubic materials, the magnetocrystalline anisotropy is given by Han = −(2Kan/M

2
s )Mzez, i.e., the

contribution of Han to the LL equation is a second-order small quantity (m/Ms)
2 [1, 2], indicating that the effect

of magnetocrystalline anisotropy can be neglected. The demagnetizing field of a uniformly magnetized ellipsoid can
be written as Hdm = −(NxM

x
s , NyM

y
s , NzM

z
s ) where Nx,y,z represents the static magnetic factor and it satisfies

Nx+Ny +Nz = 1. For different geometries, the static magnetic factor takes different values: for a thin film in the xz
plane, Nx = Nz = 0, Ny = 1, for a cylindrical line along the z direction, Nx = Ny = 1/2, Nz = 0, and for a spherical
magnet, Nx = Ny = Nz = 1/3. Here we can write the demagnetizing field as a simple form Hdm = −Msez/3 [1, 3].
With these external field approximations, the LL equations (5) for the different components are expressed as [2]

∂tmx(r, t) = −ω0my(r, t) + ωMhy(r, t),

∂tmy(r, t) = ω0mx(r, t)− ωMhx(r, t),
(6)

where two relevant system frequencies and the internal field are defined as ω0 ≡ |γe|µ0HI , ωM ≡ |γe|µ0Ms, and
HI ≡ H0 − 1/3Ms, respectively. (iii) Magnetostatic approximation ∇ × h(r, t) = 0. With this approximation, the
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electric field component and the magnetic field component h of the spin wave are decoupled, which results in the
electric field component being negligible. In addition, we can also introduce a static magnetic potential ψ(r, t), defined
as h(r, t) = −∇ψ(r, t). According to the zero-divergence condition ∇ · b(r, t) = 0 and b(r, t) = µ0[h(r, t) +m(r, t)],
we can obtain the equation of the static magnetic potential

∇2ψ(r, t) = ∂xmx(r, t) + ∂ymy(r, t). (7)

The equations (6) and (7) allow for the analysis of the interior of the magnetic sphere. For the exterior of the magnetic
sphere, the scalar field ψ(r, t) satisfies

∇2ψ(r, t) = 0. (8)

B. Solving the spin-wave equation: Walker modes

The Walker modes of the micromagnetic sphere will be calculated hereafter. The eigenmodes of the magnetization
intensity and magnetic field aremβ(r) and hβ(r) = −∇ψβ(r). Then, similar to the electromagnetic field quantization,
the corresponding field can be expressed as [4, 5]

m (r, t) =
∑
β

[
sβmβ (r) e

−iωβt + c.c
]
,

h (r, t) =
∑
β

[
sβhβ (r) e

−iωβt + c.c
]
,

(9)

where sβ is the complex amplitude, the mode index is β, and the eigenfrequency is ωβ . Substituting Eq. (9) into LL
equation (6) results in

iωmx(r) = ωM∂yψ(r) + ω0my(r),

iωmy(r) = −ωM∂xψ(r)− ω0mx(r).
(10)

Replacing the linear LL equation (10) into the scalar field equation (7) we can obtain the equation that contains only
the static magnetic potential. In summary, we can obtain the equations for the scalar field inside and outside the
magnetic sphere, given by

(1 + χp)
(
∂2x + ∂2y

)
ψin(r) + ∂2zψin(r) = 0, (11a)

∇2ψout(r) = 0. (11b)

ψin and ψout are the static magnetic potential inside and outside the magnetic sphere, respectively. The diagonal
element of the Polder susceptibility tensor is defined as χp(ω) = ωMω0/(ω

2
0−ω2) [2]. Hereafter we solve the equations

of static magnetic potential ψ(r) outside and inside the magnetic sphere. Outside the magnetic sphere, the static
magnetic potential follows Eq. (11b), using the spherical harmonic functions Y m

l (θ, ϕ) in spherical coordinates r =
(r, θ, ϕ), whose general solution can be written as

ψout(r) =
∑
l,m

[
Al,m

rl+1
+Bl,mr

l

]
Y m
l (θ, ϕ). (12)

The expansion coefficients Al,m and Bl,m can be determined by boundary conditions. According to the boundary
condition: the static magnetic potential is regular, i.e., it is convergent at infinity [ψout(r → ∞) → 0], then the
coefficient Bl,m = 0 can be obtained. Inside the magnetic sphere, the static magnetic potential satisfies Eq. (11a).

For convenience, a set of orthogonal coordinates {ξ, η, ϕ} is introduced, defined as x =
√
χpR

√
ξ2 − 1 sin η cosϕ,

y =
√
χpR

√
ξ2 − 1 sin η sinϕ, and z =

√
χp/(1 + χp)Rξ cos η. It is worth noting that the orthogonal coordinates

{ξ, η, ϕ} on the surface of the sphere can be simplified to ξ → ξ0 =
√
(1 + χp)/χp, η → θ, and ϕ → ϕ. In orthogonal

coordinates {ξ, η, ϕ}, the general solution of the static magnetic potential inside the sphere can be expressed by
associated Legendre polynomials and spherical harmonic functions [4, 5]

ψin(r) =
∑
l,m

Cl,mP
m
l (ξ)Y m

l (η, ϕ) (13)
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with expansion coefficient Cl,m. We subsequently use the continuity condition at the surface of the sphere to determine
the coefficients. (i) The continuity condition for the tangential component of h, i.e., the potential crosses the surface
continuously ψout|r=R = ψin|ξ=ξ0 . Then we can get Al,m = Cl,mP

m
l (ξ0)R

l+1. (ii) The continuity condition for the
normal component of the b field [4]

∂rψout|r=R =
ξ0
R
∂ξψin|r=R − i

κp
R
∂ϕψin|r=R (14)

with non-diagonal elements of Polder susceptibility tensor κp(ω) = ωMω/(ω
2
0 − ω2) [2]. Then we can obtain the

eigenfrequency equation of Walker modes [4, 5]

ξ0(ω)
P ′
l
m
[ξ0(ω)]

Pm
l [ξ0(ω)]

+mκp(ω) + l + 1 = 0. (15)

It is of interest that the equation does not depend on the radius RK of the micromagnetic sphere, i.e., the eigenfre-
quency is not associated with the radius of the magnetic sphere. Besides, there exist non-physical solutions of this
equation, e.g. l = 0. Given {l,m}, the eigenfrequency equation has a set of discrete solutions. And then we use
n to denote the nth mode, and n = 0 to denote the fundamental mode. Here we focus on the Kittel mode, which
corresponds to a mode index {110}.

C. Quantization of the spin-wave modes

Here we discuss the quantization of the spin-wave mode. The micromagnetic energy functional of the Walker modes
can be written phenomenologically as

Em ({m}, {h}) = µ0

2

∫
dVm(r, t) ·

[
HI

Ms
m(r, t)− h(r, t)

]
. (16)

And it can be demonstrated that by this energy functional, the LL equation can be reproduced. According to Eq. (6),
we can obtain

hx(r, t) = − 1

ωM
∂tmy(r, t) +

ω0

ωM
mx(r, t). (17a)

hy(r, t) =
1

ωM
∂tmx(r, t) +

ω0

ωM
my(r, t), (17b)

Substituting equations (17a) and (17b) into the energy functional (16) yields

Em ({m}) = 1

2|γe|Ms

∫
dV {mx(r, t)∂tmy(r, t)−my(r, t)∂tmx(r, t)}. (18)

Employing the eigenmode mβ of the magnetization intensity, we can derive

mx(r, t) =
∑
β

[
sβmβ,x(r)e

−iωβt + c.c.
]
, (19a)

my(r, t) =
∑
β

[
sβmβ,y(r)e

−iωβt + c.c.
]
, (19b)

∂tmx(r, t) =
∑
β

[
−iωβsβmβ,x(r)e

−iωβt + c.c.
]
, (19c)

∂tmy(r, t) =
∑
β

[
−iωβsβmβ,y(r)e

−iωβt + c.c.
]
. (19d)
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Then equation (18) can be simplified as

Em ({m}) = Λβ

2|γe|ℏMs

∑
β

ℏωβ

(
sβs

∗
β + c.c.

)
, (20)

where Λβ =
∫
dV 2Im[mβ,y(r)m

∗
β,x(r)] [6, 7]. As a result, a spin wave mode is formally identical to a one-dimensional

harmonic oscillator, so it is possible to quantize the spin wave mode following the quantization method of the one-

dimensional harmonic oscillator. First we quantize the amplitude as a magnon operator: sβ → ŝβ and s∗β → ŝ†β . Then
we choose the appropriate eigenfunction [

mβ(r)
hβ(r)

]
→Mzpf

[
m̃β(r)

h̃β(r)

]
(21)

to eliminate the constant factor, where the zero-point magnetization Mzpf =
√
|γe|ℏMs/Λβ . Finally, using the com-

mutation relations of bose operators [ŝβ , ŝ
†
β ] = 1, we can obtain the field operators and Hamiltonian after quantization

m̂(r) =
∑
β

Mzpf (m̃β(r)ŝβ + c.c.) , (22a)

ĥ(r) =
∑
β

Mzpf

(
h̃β(r)ŝβ + c.c.

)
, (22b)

Ĥ =
∑
β

ℏωβ

(
ŝ†β ŝβ +

1

2

)
. (22c)

D. The Kittel mode

For the Kittel mode, the mode function is

m̃K = ex + iey (23)

at which case the constant factor and the zero-point magnetization are given by Λβ = 2V andMzpf =
√
γeℏMs/(2V ),

respectively. Ms indicates saturation magnetization. The free Hamiltonian of the Kittel mode is

ĤK = ωK ŝ
†
K ŝK (24)

with ωK = γeBK . BK is the bias magnetic field.

II. THE SKYRMION

A. The classical skyrmion

Skyrmions are a non-collinear spin texture with a centrosymmetric spiral structure, as shown in FIG. S1(a). The
in-plane component sx (sy) and the out-of-plane sz are shown in FIGs. S1(a)[(b)] and (c), respectively. In contrast to
skyrmions in chiral materials, the skyrmion in inversion-symmetric (frustrated) magnets has a collective coordinate
helicity φ0 that can be quantized as qubits to implement quantum calculations. According to Ginzburg-Landau
theory, its Hamiltonian can be expressed as

H =

∫
dr̃

[
−J1

2
(∇r̃s)

2 +
J2a

2

2
(∇2

r̃s)
2 − H

a2
sz +

K

a2
s2z

]
, (25)

where r̃ = (ρ̃, ϕ) stands for the position vector, a denotes lattice spacing, and J1/2 is the strength of the com-
peting interactions. H and K represent the z-direction magnetic field and easy-axis anisotropy, respectively. For
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FIG. S1. (a) 3D structure of a skyrmion. (b, c) The in-plane component sx and sy of s. (d) The out-of-plane component sz of
s.
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FIG. S2. Approximated solution of the skyrmion.

a classical skyrmion, s = [sinΘ(ρ̃) cosΦ, sinΘ(ρ̃) sinΦ, cosΘ(ρ̃)], with Φ = ϕ + φ0. The stationary skyrmion so-
lution, denoted as Θ0 and Φ0, is obtained by minimizing the energy Eq. (25). The radius of the skyrmion is

given by R = 1/Re(Y) with Y =
√
−1 + Ỹ/

√
2, Ỹ =

√
1− 4(h+ κz), h = H/J1, and κz = K/J1. Here,

Θ0(ρ) = π/
√
ρ2 + 1 exp(−YReρ) cos(YImρ) with YRe = Re(Y)/2 and YIm = Im(Y)/2 is assumed to be the ap-

proximate solution of skyrmions. The approximate solution Θ0(ρ) is plotted as a function of ρ for K = 0, as depicted
in FIG. S2.

B. The skyrmion qubit

1. Sz qubit

The collective coordinate quantization (in the next section it is shown in detail) is used to derive the Hamiltonian
of Sz qubits. The real-time action of the skyrmion can be expressed as [8]

S =
S̄

a2

∫
dt̃dr̃Φ̇ (1−Π)−

∫
dt̃HSz

, (26)

where Φ̇ denotes the first-order derivative with regard to time and Π = cosΘ. The Hamiltonian is

HSz = S̄

∫
dr̃

[
−H
a2
sz +

K

a2
s2z − EPEaêz · P

]
. (27)

Here, we introduce an external electric field that is applied in the z-direction in order to modulate the skyrmion. The
electric polarization is represented by P = êx × (s × ∂x̃s) + êy × (s × ∂ỹs), and PE is assumed to be 0.2 C/m2. E

is the electric field gradient. With the dimensionless parameters JΛ = J1, ℓ =
√
J2/J1, r̃ = rℓa, and t̃ = t/JΛ, the

action Eq. (26) can be represented as

S = S̄

∫
dtdrΦ̇ (1−Π)−

∫
dtHSz , (28)

where

HSz
=

∫
dr

(
−h̄zsz + κ̄zs

2
z − ε̄zêz · P̄

)
(29)
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with h̄z = HS̄/JΛ, κ̄z = KS̄/JΛ, ε̄z = a3EPES̄/JΛ, and P̄ = êx× (s×∂xs)+ êy × (s×∂ys). Utilizing the collective
coordinate quantization method presented, we can obtain

Π̃(r, t) =
Sz −

∫
drη(r, t)∂ϕΦ(r, t)

Λ
Π̃0(r, t) + η(r, t),

Φ(r, t) = Φ0 [r, φ0(t)] + ξ(r, t),

(30)

where Π̃ = 1 − Π and Λ =
∫
dr(1 − cosΘ0). η and ξ represent the quantum fluctuations of the skyrmion’s classical

solution. The Hamiltonian of the skyrmion qubit can be expressed in terms of the collective coordinate φ0 and its
conjugate momentum Sz

HSz = ¯̄κzS
2
z − ¯̄hzSz − ¯̄εz cosφ0. (31)

The coefficients in Eq. (31) are defined as

¯̄κz = κ̄z

∫
dr

(1− cosΘ0)
2∫

dr (1− cosΘ0)
2 ,

¯̄hz = h̄z,

¯̄εz = ε̄z

∫
dr

[
∂ρΘ0 +

sin(2Θ0)

2ρ

]
.

(32)

Introducing the collective coordinate operator φ̂0 and its conjugate momentum operator Ŝz = −i∂φ0
, we can obtain

the relation shown below

Ŝz|s⟩ = s|s⟩, φ̂0|φ0⟩ = φ0|φ0⟩,

e±iφ̂0 |s⟩ = |s± 1⟩,
[
φ̂0, Ŝz

]
= i.

(33)

According to the preceding analysis, we can obtain the Hamiltonian of Sz qubits

ĤSz
= ¯̄κzŜ

2
z − ¯̄hzŜz − ¯̄εz cos φ̂0. (34)

The eigenenergy and eigenstate of the Sz qubit can be calculated by solving the Schrödinger equation as follows

ĤSz
Ψs(φ0) = EsΨs(φ0) (35)

with the state Ψs(φ0) = ⟨φ0|s⟩ and Ψs(φ0) = Ψs(φ0 +2π). Calculating Eq. (35), we can obtain the damped Mathieu
equation [9, 10] [

∂2φ0
− ih̃∂φ0

+
Es

¯̄κz
+

¯̄εz
¯̄κz

cosφ0

]
Ψs(φ0) = 0 (36)

with h̃ ≡ ¯̄hz/¯̄κz. Using the Liouville transformation Ψs(φ0) = ψs(φ0) exp(ih̃φ0/2) [10], the damping term can be
eliminated to obtain the standard Mathieu equation

∂2φ0
ψs(φ0) + [αx + qx cosφ0]ψs(φ0) = 0, (37)

where αx = h̃2/4 + Es/¯̄κz and qx = ¯̄εz/¯̄κz. Then the eigenvalues and eigenfunctions of Eq. (37) can be written as

αx =
MA(N,−2qx)

4
,

ψs(φ0) =
∑

j=C/S

CjMj (4αx,−2qx, φ0/2) ,
(38)

where MS and MC represent the odd and even solutions, respectively. N is the characteristic index. As illustrated
in manuscript, the energy level of the Sz qubit is inhomogeneous, so we truncate the Hilbert space to the subspace
{|0⟩, |1⟩}, in which case the Sz qubit Hamiltonian can be written as

ĤSky =
A0

2
σ̂sub
z − B0

2
σ̂sub
x , (39)
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FIG. S3. (a) The energy levels of the Sz qubit as a function of the applied magnetic field. Given the same conditions as (a),
(b) shows the variation of cos(2θ) and sin(2θ) and demonstrates that sin(2θ) ∼ 1 and cos(2θ) ∼ 0 can be obtained near the
degeneracy point.

where A0 ≡ ¯̄κz − ¯̄hz, B0 ≡ ¯̄εz, and the Pauli operators are defined as σ̂sub
z ≡ |1⟩⟨1| − |0⟩⟨0| and σ̂sub

x ≡ |1⟩⟨0|+ |0⟩⟨1|.
Diagonalizing ĤSky obtains the basis vectors |ψ+⟩ = cos θ|1⟩ − sin θ|0⟩ and |ψ−⟩ = sin θ|1⟩+ cos θ|0⟩, as well as their
corresponding eigenenergies E± = ±1/2

√
A2

0 + B2
0, where tan(2θ) = B0/A0. The energy levels of the skyrmion qubits

as a function of the applied magnetic field are depicted in FIG. S3(a). The dashed line depicts the case where the
applied electric field gradient E = 0, and it can be observed that the energy levels of the Sz qubit are degenerate.
The Sz qubit’s energy levels are nondegenerate when an external electric field gradient is introduced (blue solid line).
The energy level gap is modulated by the applied electric field around the degeneracy point.

2. Collective coordinate quantization

This part will show the primary process of the collective coordinate quantization method. The partition function
of the skyrmion model investigated here can be represented as

Z =

∫
Ds exp [iS (s, ṡ)] , (40)

where the action is given by S =
∫
dtL. The system’s Lagrangian is

L = S̄

∫
dr [A(s) · ṡ−F ] , (41)

whereA(s) = {[1−ẽΦ·(eΦ×s)]/(ẽΦ·s)}eΦ is the gauge potential with ẽΦ = (cosΦ, sinΦ, 0) and eΦ = (− sinΦ, cosΦ, 0).
F represents the energy density functional, defined as

F = −J1

2
(∇r̃s)

2 +
J2a

2

2
(∇2

r̃s)
2 − H

a2
sz +

K

a2
s2z. (42)

It is worth noting that A(s) · s = (1− cosΘ)Φ̇. As the global symmetry of the model F is unbroken, we can obtain
s → M(φ0)s with

M(φ0) =

cosφ0 − sinφ0 0
sinφ0 cosφ0 0
0 0 1

 . (43)

For convenience, we introduce n =
√
1− cosΘs/ sinΘ. The gauge potential is thus determined to be A(n) = ∂Φn.

To eliminate the zero mode, we introduce the δ constraint according to standard collective coordinate quantization,
and the δ constraint is defined as [8] ∫

Dφ0DSzJφ0
JSz

δ(F1)δ(F2) = 1, (44)

where

F1 =

∫
drA(n0) · (ñ− n0) ,

F2 =
1

Λ

∫
drA(n0) ·

[
Ã(n)−A(n0)

]
,

Jφ0
=
δF1

δφ0
, JSz

=
δF2

δSz
.

(45)
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The Jacobians of the transformation are Jφ0
and JSz

. Here, we assume that the skyrmion consists of its classical

part and quantum fluctuation components, i.e. n = ñ0 + γ̃ and A(n) = cÃ(n0) + ζ̃. The presence of parameter c
ensures that the aforementioned transformation is canonical, meaning that the transformed Wess-Zumino (WZ) term
maintains its original form. The momentum conservation constraint P −Sz = F2 allows us to derive

c =
Sz −

∫
drζ̃ · ∂ϕn∫

drÃ(n0) · ∂ϕn
. (46)

Thus
∫
dtdrA(n) · ṅ =

∫
dtSzφ̇0 +

∫
dtdrζ · γ̇ can be deduced, showing that the WZ term maintains the canonical

form under the transformation mentioned above.
In the following, the transformation of the energy functional F is analyzed. For convenience, we introduce the

transformation

Π̃(r, t) =
Sz −

∫
drη(r, t)∂ϕΦ(r, t)

Λ
Π̃0(r, t) + η(r, t),

Φ(r, t) = Φ0 [r, φ0(t)] + ξ(r, t).

(47)

The transformation preserves the canonical form of the WZ term, which is
∫
drΠ̃Φ̇ = Szφ̇0+

∫
drηξ̇. The Hamiltonian

of skyrmion qubits can therefore be simplified as

HSz = ¯̄κzS
2
z − ¯̄hzSz − ¯̄εz cosφ0. (48)

III. COHERENT COUPLING BETWEEN THE YIG SPHERE AND THE SKYRMION

A. The magnetic field of the YIG sphere

Here the cylindrical coordinate system is established with the center of the skyrmion as the coordinate origin,
and the skyrmion lies in the xy plane. Then the coordinates of any point on the skyrmion can be expressed as
(ρ̃ cosϕ, ρ̃ sinϕ, 0). The center of the YIG sphere lies on the z axis, directly above the skyrmion, and its coordinates
are (0, 0, hK). The position vector from the center of the YIG sphere to any location on the skyrmion plane is then
r = (ρ̃ cosϕ, ρ̃ sinϕ,−hK). In classical electrodynamics, the magnetic field generated by a magnetic sphere at position
r can be described by the magnetic dipole model, which is given by

B =
µ0

4π

[
3r(µ · r)

r5
− µ

r3

]
, (49)

where µ is the magnetic moment. The YIG sphere’s magnetic moment can be written as µ = M4πR3
K/3, and

Eq. (49) can therefore be simplified as

B =
µ0R

3
K

3

[
3r(M · r)

r5
− M

r3

]
, (50)

where M is the YIG sphere’s magnetization. The magnetization M can be quantized as M̂ =MK [m̃K ŝK + m̃∗
K ŝ

†
K ]

based on the analysis in Sec. I. Here, the Kittel mode, whose mode function is m̃K = êz + iêx, is the primary focus
of our discussion. Then the quantized magnetic field can be represented as

B̂r5 =
µ0R

3
K

3

{
3

r5
MK

[
ρ̃ cosϕi

(
ŝK − ŝ†K

)
− hK

(
ŝK + ŝ†K

)]
(ρ̃ cosϕ, ρ̃ sinϕ,−hK)

}
, (51a)

B̂r3 =
µ0R

3
K

3

{
− 1

r3
MK

[
i
(
ŝK − ŝ†K

)
, 0,

(
ŝK + ŝ†K

)]}
, (51b)

B̂ = B̂r5 + B̂r3 . (51c)

By writing the magnetic field components, one obtains

B̂x =
µ0R

3
K

3

{
3MK

r5

[
iρ̃ cosϕ

(
ŝK − ŝ†K

)
− hK

(
ŝK + ŝ†K

)]
ρ̃ cosϕ− iMK

r3

(
ŝK − ŝ†K

)}
, (52a)
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B̂y =
µ0R

3
K

3

{
3MK

r5

[
iρ̃ cosϕ

(
ŝK − ŝ†K

)
− hK

(
ŝK + ŝ†K

)]
ρ̃ sinϕ

}
, (52b)

B̂z =
µ0R

3
K

3

{
−3MKhK

r5

[
iρ̃ cosϕ

(
ŝK − ŝ†K

)
− hK

(
ŝK + ŝ†K

)]
− MK

r3

(
ŝK + ŝ†K

)}
. (52c)

B. The interaction Hamiltonian

The interaction between the magnetic field B̂ generated by the YIG sphere and the spin si at the position ri of
the skyrmion can be described by the Hamiltonian

ĤKS = −gµBS̄
∑
i

B̂ · si. (53)

Utilizing the continuity condition, the summation in the Hamiltonian Eq. (53) can be reduced to an integral, i.e., the
interaction Hamiltonian can be written as

ĤKS = −gµBS̄

a2

∫
dr̃B̂ · s, (54)

where a is the lattice spacing. Writing the interaction Hamiltonian in the component form yields

ĤKS = −gµBS̄

a2

∫
dx̃dỹ

(
B̂x · sx + B̂y · sy + B̂z · sz

)
. (55)

The coupling of the x-direction magnetic field and the skyrmion can be described by

Ĥx
KS = −gµBS̄

a2

×
∫
dx̃dỹ

µ0R
3
K

3

{
3MK

r5

[
iρ̃ cosϕ

(
ŝK − ŝ†K

)
− hK

(
ŝK + ŝ†K

)]
ρ̃ cosϕ− iMK

r3

(
ŝK − ŝ†K

)}
· sinΘ0 cosΦ,

(56)

where Φ = ϕ+ φ0. Making the integral in Eq. (56) dimensionless, we can obtain

Ĥx
KS = −gµBS̄

a3

×
∫
µ0R

3
K

3

{
3MK

r5

[
iρ cosϕ

(
ŝK − ŝ†K

)
− hK

(
ŝK + ŝ†K

)]
ρ cosϕ− iMK

r3

(
ŝK − ŝ†K

)}
· sinΘ0 cosΦdxdy,

(57)

Transforming the above integral Eq. (57) to polar coordinates

Ĥx
KS = −gµBS̄

a3

×
∫
µ0R

3
K

3

{
3MK

r5

[
iρ cosϕ

(
ŝK − ŝ†K

)
− hK

(
ŝK + ŝ†K

)]
ρ cosϕ− iMK

r3

(
ŝK − ŝ†K

)}
· sinΘ0 cos (ϕ+ φ0) ρdρdϕ,

(58)

we can find that the integral over ρ and ϕ are completely independent of one another. Considering first the integration
over ϕ and dropping the term whose integration is zero, Eq. (58) can be simplified to

Ĥx
KS = −gµBS̄

a3

∫
ρdρdϕ

µ0R
3
K

3

{
3MK

r5

[
−hK

(
ŝK + ŝ†K

)]}
ρ sinΘ0 cos

2 ϕ cosφ0, (59)

For the second term of Eq. (55), the Hamiltonian of the interaction between the y-direction magnetic field and the
skyrmion can be obtained by the same calculation

Ĥy
KS = −gµBS̄

a3

∫
ρdρdϕ

µ0R
3
K

3

{
3MK

r5

[
−hK

(
ŝK + ŝ†K

)]}
ρ sinΘ0 sin

2 ϕ cosφ0. (60)
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We define transverse coupling

Ĥxy
KS = Ĥx

KS + Ĥy
KS. (61)

Substituting Eq. (59) and Eq. (60) into Eq. (61) results in

Ĥxy
KS =

2πgµBS̄µ0R
3
KMK

a3

(
ŝK + ŝ†K

)
cosφ0

∫
ρdρ

ρhK sinΘ0

(ρ2 + h2K)
5/2

. (62)

Define the transverse coupling strength

λxyKS =
2πgµBS̄µ0R

3
KMK

a3

∫
ρdρ

ρhK sinΘ0

(ρ2 + h2K)
5/2

. (63)

Then Eq. (62) can be reduced to

Ĥxy
KS = λxyKS

(
ŝK + ŝ†K

)
cos φ̂0. (64)

Here the operator φ̂0 has been used. In the following we calculate the third term in Eq. (55)

Ĥz
KS = −gµBS̄

a2

∫
dx̃dỹ

(
B̂z · sz

)
. (65)

Substituting Eq. (52c) into Eq. (65), one can get

Ĥz
KS = −gµBS̄

a2
µ0R

3
K

3
MK

(
ŝK + ŝ†K

)∫
dx̃dỹ

{
3h2K

(x̃2 + ỹ2 + h2K)
5/2

− 1

(x̃2 + ỹ2 + h2K)
3/2

}
cosΘ, (66)

where the term with zero integration over ϕ has been ignored, as in the calculation of the transverse coupling Ĥxy
KS.

Dimensionlessizing the integral Eq. (66), one can get

Ĥz
KS = −gµBS̄

a3
µ0R

3
K

3
MK

(
ŝK + ŝ†K

)∫
dxdy

{
3h2K

(x2 + y2 + h2K)
5/2

− 1

(x2 + y2 + h2K)
3/2

}
Π, (67)

where Π = cosΘ. With Π = 1− Π̃ and Eq. (30), Eq. (67) can be reduced to

Ĥz
KS =

gµBS̄

a3
µ0R

3
K

3
MK

(
ŝK + ŝ†K

) Ŝz

Λ

∫
dxdy

{
3h2K

(x2 + y2 + h2K)
5/2

− 1

(x2 + y2 + h2K)
3/2

}
(1− cosΘ0) . (68)

Here we discount the term containing η, which describes the associated magnon fluctuations. Expressing the Eq. (68)
using polar coordinates yields

Ĥz
KS =

gµBS̄

a3
µ0R

3
K

3
MK

(
ŝK + ŝ†K

) Ŝz

Λ

∫
ρdρdϕ

{
3h2K

(ρ2 + h2K)
5/2

− 1

(ρ2 + h2K)
3/2

}
(1− cosΘ0) . (69)

Defining the longitudinal coupling strength

λKS =
πgµBS̄µ0

3a3Λ

√
3ℏγeMs

2π
R

3/2
K F(ρ) (70)

and the dimensionless integral

F(ρ) =

∫
dρ

2h2Kρ− ρ3

(ρ2 + h2K)
5/2

(1− cosΘ0) , (71)

with hK = RK + dK , the Hamiltonian of the longitudinal coupling is

Ĥz
KS = λKS

(
ŝK + ŝ†K

)
Ŝz. (72)
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FIG. S4. (a) Comparison of transverse Ĥxy
KS and longitudinal Ĥz

KS coupling. (b) Variation of transverse coupling strength

λxy
KS with radius RK and distance dK . (c) Dynamical evolution of systems with and without transverse coupling Ĥxy

KS. Black
and blue represent the skyrmion and magnon, respectively. The scattered dots and curves represent the dynamical evolution
in the presence and absence of transverse coupling Ĥxy

KS, respectively. The parameters are γSky = γK = 0, λ̄xy
KS = 4λ̄KS, and

ωq = ωK = 1000λ̄KS.

The total Hamiltonian for the interaction of the YIG sphere and skyrmion is

ĤKS = Ĥxy
KS + Ĥz

KS. (73)

The parameters involved in the coupling strength Eq. (63) and Eq. (70) are zero-point magnetization MK =√
ℏγeMs/(2VK), gyromagnetic ratio γe, saturation magnetization Ms, volume of the YIG sphere VK , and Λ =∫
dr(1 − cosΘ0). As shown in Fig. S4(a), it can be found that when the radius of the YIG sphere is small, the

transverse coupling is larger than the longitudinal coupling, but as the radius of the YIG sphere increases, the two
gradually tend to be the same. The variation of the transverse coupling strength and the longitudinal coupling
strength with dK and RK are shown in Fig. S4(b) and in Fig. 2(a) of the main text, respectively. Taking the
parameters dK = 10 nm and RK = 100 nm, we can get λKS/2π = 12.7 MHz and λxyKS/2π = 50.1 MHz.

C. Approximate analysis of the coupling strength λKS

In Eq. (70), the inclusion of the integral F(ρ) prohibits us from displaying the coupling strength’s dependency on
RK and dK . In this section, we will provide an approximation for the coupling strength λKS that is consistent with
the analytical results. For analytical purposes, we define

f(ρ) =
2h2Kρ− ρ3

(ρ2 + h2K)
5/2

(1− cosΘ0) . (74)

Directly solving for the original function of f(ρ) is extremely challenging. Furthermore, the presence of the trigono-
metric function cosΘ0 prohibits us from approximating its solution using a series expansion. However, by evaluating
the series expansion of the function f(ρ) near 0, we find that applying a constant correction factor yields a fairly good
approximation to the precise solution. Expanding the function at 0 to order 1 results in

f (1)(ρ) ≈ 4ρ

h3K
. (75)

Figure S5(a) shows that the approximation function f (1)(ρ) can only estimate f(ρ) up to the maximum, beyond which
it is not adequately approximated due to the existence of trigonometric functions. However, we find that in the range
of parameters we are interested in, the area of integration of f (1)(ρ) equals 1/Υ = 37.5 times the area of integration of
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f(ρ), and that Υ is nearly constant when the values are altered [Fig. S5(b)]. With the introduction of the correction
factor Υ, the integral F(ρ) can be approximated as

F(ρ) ≈
∫
dρΥ

4ρ

h3K
= Υ

2R2

h3K
. (76)

The coupling strength can then be reduced as follows:

λApp
KS = K0

2R2R
3/2
K

(dK +RK)3
(77)

with constant

K0 = Υ
πgµBS̄µ0

3a3Λ

√
3ℏγeMs

2π
. (78)

Figures S5(c) and (d) depict the variation of coupling strength with RK and dK using the precise solution (70) and
the approximate solution (77), respectively. The results of the computations with Eqs. (70) and (77) are in good

agreement. According to the approximate solution λApp
KS , the coupling strength decreases polynomially rather than

exponentially with RK and dK .

D. The Hamiltonian of the hybrid system

Firstly, in the subspace {|0⟩, |1⟩}, the interaction Hamiltonian can be expanded as

ĤKS =
λxyKS

2

(
ŝK + ŝ†K

)
σ̂sub
x +

λKS

2

(
ŝK + ŝ†K

)
σ̂sub
z , (79)

Exploiting the eigenstates |ψ+⟩ = cos θ|1⟩ − sin θ|0⟩ and |ψ−⟩ = sin θ|1⟩+ cos θ|0⟩ obtained by diagonalizing ĤSky in
the main text, the interaction Hamiltonian can be reduced to

ĤKS =
λxyKS

2
(ŝK + ŝ†K)[− sin(2θ)σ̂z + cos(2θ)σ̂x] +

λKS

2
(ŝK + ŝ†K)[cos(2θ)σ̂z + sin(2θ)σ̂x] (80)

with the Pauli operators σ̂z = |ψ+⟩⟨ψ+| − |ψ−⟩⟨ψ−|, σ̂+ = |ψ+⟩⟨ψ−|, σ̂− = |ψ−⟩⟨ψ+|, and σ̂x = σ̂+ + σ̂−. As shown
in Fig. S3(b), when the Sz qubit works near the degeneracy point, we can get cos(2θ) ∼ 0 and sin(2θ) ∼ 1. In this
case, Eq. (80) is denoted as

ĤKS = −λ̄xyKS(ŝK + ŝ†K)σ̂z + λ̄KS(ŝK + ŝ†K)σ̂x, (81)
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where λ̄xyKS = λxyKS sin(2θ)/2 and λ̄KS = λKS sin(2θ)/2. Then the hybrid quantum system’s Hamiltonian is given by

ĤTKS =
ωq

2
σ̂z + ωK ŝ

†
K ŝK + λ̄KS

(
ŝK + ŝ†K

)
σ̂x − λ̄xyKS(ŝK + ŝ†K)σ̂z. (82)

It is worth noting that the coupling λxyKS does not cause a transition between energy levels, but only a shift in the

qubit energy level. We can further write it as [ωq/2 − λ̄xyKS(ŝK + ŝ†K)]σ̂z, and we can find that the magnitude of the
energy level shift is only on the order of megahertz (λxyKS ≈ 50.1 MHz), which is much smaller than the hybrid system’s
gigahertz resonance frequency (ωq ≈ ωK ≈ 9.8 GHz), so its effect can be neglected. The dynamical evolution with

and without the coupling Ĥxy
KS is shown in Fig. S4(c). It demonstrates that it is reasonable to ignore the coupling

Ĥxy
KS. By transforming equation (82) into the interaction picture, we can obtain

ĤTKS = λ̄KS

(
ŝK σ̂+ + ŝ†K σ̂−

)
+ λ̄KS

(
ŝK σ̂−e

−i2ωqt + ŝ†K σ̂+e
i2ωqt

)
− λ̄xyKS(ŝKe

−iωqt + ŝ†Ke
iωqt)σ̂z. (83)

Here the resonance condition is ωq ≈ ωK ≈ 9.8 GHz, and then we have 2ωq, ωq ≫ λ̄KS, λ̄
xy
KS. According to the large

detuning condition, the terms λ̄KS

(
ŝK σ̂−e

−i2ωqt + ŝ†K σ̂+e
i2ωqt

)
and λ̄xyKS(ŝKe

−iωqt + ŝ†Ke
iωqt)σ̂z are high-frequency

oscillation terms and can be ignored, i.e., the hybrid quantum system can be described by the JC model

ĤTKS = λ̄KS

(
ŝK σ̂+ + ŝ†K σ̂−

)
. (84)

Figure S4(c) demonstrates that it is reasonable to discard the coupling λ̄xyKS. Figures S6(a, b) depict the dynamical
evolution of the hybrid system without and with dissipations, respectively. Rabi oscillations between the two sub-
systems can be observed in the dynamical evolution of the hybrid quantum system, where the initial states of the
magnon and the skyrmion are in the ground and excited states, respectively.

IV. THE SKYRMION-SKYRMION INTERACTION

A. The direct skyrmion-skyrmion interaction

In this section we estimate the direct interaction strength between two skyrmion qubits, as shown in FIG. S7(a).
The strength of the interaction between two spins in vacuum can be calculated by the dipole model

Jdir
2π

=
µ0µ

2
B

ℏ(2π)2(2ddip)3
, (85)

where ddip is the distance between two spins. The direct coupling between two skyrmion qubits is achieved through
dipole-dipole interactions between the layers, described by

Hdir = −JdirS̄2

∫
drs1 · s2. (86)
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the radius of YIG spheres.

The coupling of the skyrmion qubits between the two layers can be described by the

Hdir = −JdirS̄2

∫
dr

[
s(1)x s(2)x + s(1)y s(2)y ++s(1)z s(2)z

]
. (87)

Then we can get

Hdir = −JdirS̄2

∫
dr sin2 Θ0 cos

(
φ
(1)
0 − φ

(2)
0

)
− JdirS̄

2

Λ2

∫
dr (1− cosΘ0)

2
S(1)

z S(2)
z . (88)

After quantization, the Hamiltonian of the direct coupling of skyrmion qubits is given by

Ĥdir = −ΛDC cos
(
φ̂
(1)
0 − φ̂0

(2)
)
− Λz

DCŜ
(1)
z Ŝ(2)

z (89)

with coupling strength ΛDC = 2πJdirS̄
2
∫
ρdρ sin2 Θ0, Λ

z
DC = 2πJdirS̄

2/Λ2
∫
ρdρ(1 − cosΘ0)

2 and ddip = hdir. hdir
represents the distance between two skyrmion qubits. Here, we can easily verify that Λz

DC ≪ ΛDC via numerical
calculations, then in the later analysis, we mainly focus on the coupling strength ΛDC.

B. The indirect skyrmion-skyrmion interactions: magnon mediated

When two skyrmion qubits are coupled to the same YIG magnetic sphere [FIG. S7(b)], we can get effective skyrmion-
skyrmion interaction by adiabatically eliminating the magnon modes. The skyrmion-magnon-skyrmion hybrid system
is described by

ĤSKS =
ωq

2
(σ̂1

z + σ̂2
z) + ωK ŝ

†
K ŝK + λ̄KS(ŝK + ŝ†K)(σ̂1

x + σ̂2
x). (90)

Transforming to a rotating frame with frequency ωq, we can derive

ĤSKS = ∆ŝ†K ŝK + λ̄KS

[
ŝK(σ̂1

+ + σ̂2
+) + ŝ†K(σ̂1

− + σ̂2
−)

]
, (91)

where ∆ = ωK − ωq. In the following we derive the effective Hamiltonian after adiabatic elimination of the magnon

modes. With equation
˙̂
A = i[Ĥ, Â] and Eq. (91), the quantum Langevin equations for the system can be written as

˙̂sK = −
(
i∆+

γK
2

)
ŝK − iλ̄KS

(
σ̂1
− + σ̂2

−
)
, (92a)

˙̂σ1
− = −γSky

2
σ̂1
− + iλ̄KSŝK σ̂

1
z , (92b)

˙̂σ2
− = −γSky

2
σ̂2
− + iλ̄KSŝK σ̂

2
z , (92c)
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where γSky and γK represent the dissipation of skyrmion qubits and magnons, respectively. The formal integral of
the equations (92a), (92b), and (92c) can be expressed as

ŝK(t) = ŝK(0) exp
[
−
(
i∆+

γK
2

)
t
]
+ exp

[
−
(
i∆+

γK
2

)
t
] ∫ t

0

dτ
[
−iλ̄KS

(
σ̂1
−(τ) + σ̂2

−(τ)
)]

exp
[(
i∆+

γK
2

)
τ
]
,

(93a)

σ̂1
−(t) = σ̂1

−(0) exp
(
−γSky

2
t
)
+ exp

(
−γSky

2
t
)∫ t

0

dτ
[
iλ̄KSŝK σ̂

1
z(τ)

]
exp

(γSky
2
τ
)
, (93b)

σ̂2
−(t) = σ̂2

−(0) exp
(
−γSky

2
t
)
+ exp

(
−γSky

2
t
)∫ t

0

dτ
[
iλ̄KSŝK σ̂

2
z(τ)

]
exp

(γSky
2
τ
)
. (93c)

Here we consider the case ∆, γK ≫ λ̄KS, γSky, that is, the magnon mode and the skyrmion qubit are far from resonance,
and the dissipation of the magnon mode is large, indicating that the dynamics of the skyrmion qubits are little affected
by the magnon mode, then we can derive

σ̂1
−(t) ≃ σ̂1

−(0) exp
(
−γSky

2
t
)
, (94a)

σ̂2
−(t) ≃ σ̂2

−(0) exp
(
−γSky

2
t
)
. (94b)

Substituting equations (94a) and (94b) into the integral equation of the magnon mode (93a) yields

ŝK(t) ≃
−iλ̄KSσ̂

1
−(t)

i∆+ γK/2
+

−iλ̄KSσ̂
2
−(t)

i∆+ γK/2
. (95)

Inserting Eq. (95) into Eq. (92b) and Eq. (92c), we obtain the quantum Langevin equations after eliminating the
magnon mode

˙̂σ1
− =

[
iβ2∆− γSky + β2γK

2

]
σ̂1
− + iβλ̄KSσ̂

2
−σ̂

1
z , (96a)

˙̂σ2
− =

[
iβ2∆− γSky + β2γK

2

]
σ̂2
− + iβλ̄KSσ̂

1
−σ̂

2
z , (96b)

with β ≡ λ̄KS/
√
∆2 + γ2K/4. Here the case ∆ ≫ γK is considered, at which case β ≈ λ̄KS/∆ ≪ 1. Then we can get

˙̂σ1
− = −γSky

2
σ̂1
− + i

λ̄2KS

∆
σ̂2
−σ̂

1
z , (97a)

˙̂σ2
− = −γSky

2
σ̂2
− + i

λ̄2KS

∆
σ̂1
−σ̂

2
z . (97b)

After that the effective Hamiltonian containing only skyrmion qubits is

Ĥeff
SKS = ΛIC

(
σ̂1
+σ̂

2
− + h.c.

)
, (98)

where the indirect coupling strength is given by ΛIC ≡ λ̄2KS/∆.

C. The magnon-Kerr effect

Since the magnon-mediated skyrmion-skyrmion coupling strength is relatively small, we consider the anisotropy of
the YIG sphere resulting in the magnon-Kerr effect. The Kerr term is analyzed in detail in the following. Taking into
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account the Zeeman energy, demagnetization energy, and magnetocrystalline anisotropy energy, the Hamiltonian of
the YIG sphere with volume VK is

HK = −
∫
VK

dτM ·BK − µ0

2

∫
VK

dτM · (Hde +Han) . (99)

BK , Hde = −M/3, and Han = (2Kan/M
2
s )Mzêz represent bias magnetic field, demagnetization energy, and

anisotropy energy, respectively. Only the first-order anisotropy constant Kan is considered here.
The nanomagnetic sphere can be treated as a macroscopic spin, and the relationship between the magnetization

of the YIG sphere and the macroscopic spin can be expressed as Sz = MzVK/γe. With the constants ignored, the
Hamiltonian can be simplified to

HK = −γeBKSz −
µ0γ

2
eKan

M2
s VK

S2
z . (100)

Macroscopic spin operators can be bosonized by the Holstein-Primakoff transformation [11]

Ŝ+ =

√
2SK − ŝ†K ŝK ŝK ,

Ŝ− = ŝ†K

√
2SK − ŝ†K ŝK ,

Ŝ+ = SK − ŝ†K ŝK .

(101)

Then the Hamiltonian of the magnon can be denoted as

ĤK = ωK ŝ
†
K ŝK −Kŝ†K ŝK ŝ

†
K ŝK , (102)

where ωK ≈ γeBK and Kerr coefficient is given byK = µ0γ
2
eKan/(M

2
s VK). As seen in FIG. S7 (b), the Kerr coefficient

K is inversely proportional to the YIG sphere volume VK . The Kerr coefficient is K/2π = 0.89 Hz when the radius
of the YIG sphere is taken to be RK = 100 nm.

D. The two-magnon drive

Based on the previous study, we conclude that the Kerr effect caused by the anisotropy of YIG spheres alone is
extremely weak, thus we apply microwave drive to enhance the Kerr effect of YIG spheres. The linearization of the
Kerr term to generate the two-magnon drive is analyzed in detail in this section. The Hamiltonian of two skyrmions
interacting with the same YIG sphere is

ĤNSKS =
ωq

2
(σ̂1

z + σ̂2
z) + ωK ŝ

†
K ŝK + λ̄KS(ŝK + ŝ†K)(σ̂1

x + σ̂2
x)−Kŝ†K ŝK ŝ

†
K ŝK + Ĥd, (103)

where Ĥd = Ωd(ŝ
†
Ke

−iωdt + ŝKe
iωdt) with Ωd representing the drive strength describes the microwave drive. Trans-

forming to a rotating frame with drive frequency ωd, the Hamiltonian Eq. (103) can be simplified to

ĤNSKS =
∆q

2

(
σ̂1
z + σ̂2

z

)
+ ∆̃K ŝ

†
K ŝK + λ̄KS

(
ŝK σ̂

1
+ + ŝK σ̂

2
+ + h.c.

)
−Kŝ†K ŝK ŝ

†
K ŝK +Ωd

(
ŝK + ŝ†K

)
, (104)

where ∆q = ωq − ωd and ∆K = ωK −K − ωd. Next, utilizing equation
˙̂
A = i[Ĥ, Â], the dynamical equation for the

magnon can be represented by

˙̂sK = −i∆K ŝK − iλ̄KS

(
σ̂1
− + σ̂2

+

)
+ 2iKŝ†K ŝK ŝK − iΩd. (105)

By the strong microwave driving Ĥd, we can represent the operator as its expected value plus its associated fluctuation
Â → ⟨Â⟩ + Â. Omitting the higher-order fluctuation terms in the strong driving condition, the dynamical equation
of the magnon can then be simplified to

˙̂sK = −i∆K ŝK − iλ̄KS

(
σ̂1
− + σ̂2

+

)
+ 4iK⟨ŝK⟩2ŝK + 2iK⟨ŝK⟩2ŝ†K . (106)

Then the linearized Hamiltonian can be denoted by

ĤNSKS =
∆q

2
(σ̂1

z + σ̂2
z) + ∆̃K ŝ

†
K ŝK + λ̄KS(ŝK σ̂

1
+ + ŝK σ̂

2
+ + h.c.)− Kd

2
(ŝ†2K + ŝ2K), (107)

where detuning ∆q = ωq − ωd and ∆̃K = ∆K − 4K⟨ŝK⟩2 with ∆K = ωK −K − ωd, and enhanced Kerr coefficient is
determined by Kd = 2K⟨ŝK⟩2.
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E. Direct coupling vs. indirect coupling

Based on the preceding analysis, we compare the direct and indirect coupling of qubits in this section. The
interaction between two skyrmion qubits can be mediated via the exchange of virtual magnons (long range), with the
strength ΛIC = λ̄2KS/∆K . The direct coupling between skyrmion qubits is described by Hdir = −JdirS̄2

∫
drs1 · s2,

where Jdir/2π = µ0µ
2
BS̄

2/[ℏ4π2(2ddip)
3] is the strength of the interaction between two dipoles in vacuum. Here, ddip

denotes the vertical distance of two Sz qubits separated by a non-magnetized layer. After quantizing Hdir, the direct
coupling strength is given by ΛDC = 2πJdirS̄

2
∫
ρdρ sin2 Θ0. As illustrated in Fig. S8(a), the long range coupling

strength between skyrmion qubits is three orders of magnitude greater than the direct one.
To further enhance this magnon-mediated interaction, we take into account the YIG sphere’s anisotropic energy,

which results in the magnon-Kerr effect. A microwave drive is used to enhance the Kerr effect of the YIG sphere,

which is described by Ĥd = Ωd(ŝ
†
Ke

−iωdt + ŝKe
iωdt), with drive strength Ωd. Under the strong microwave driving

condition, the hybrid system can be described by the Hamiltonian

ĤNSKS = ∆q/2(σ̂
1
z + σ̂2

z) + ∆̃K ŝ
†
K ŝK + λ̄KS(ŝK σ̂

1
+ + ŝK σ̂

2
+ +H.c.)−Kd/2(ŝ

†2
K + ŝ2K), (108)

where ∆q = ωq−ωd, ∆̃K = ∆K −4K⟨ŝK⟩2, with ∆K = ωK −K−ωd, and the enhanced Kerr coefficient is determined

by Kd = 2K⟨ŝK⟩2. Utilizing the Bogoliubov transformation m̂ = ŝK cosh r− ŝ†K sinh r, with tanh(2r) = Kd/∆̃K , the

Hamiltonian ĤNSKS can be expressed as

ĤSq
NSKS = ∆q/2(σ̂

1
z + σ̂2

z) + ∆eff
K m̂†m̂+ λeffKS(m̂+ m̂†)(σ̂1

x + σ̂2
x), (109)

where ∆eff
K = ∆̃K/ cosh(2r) and λ

eff
KS = λ̄KS exp(r)/2. The coupling strength of the YIG sphere and the skyrmion qubit

is enhanced exponentially. For simplicity, we assume ∆q = 0. Applying the Schrieffer-Wolff transformation U = eϵẐ

to ĤSq
NSKS, with ϵ = −i and Ẑ = iλeffKS/∆

eff
K (m̂† − m̂)(σ̂1

x + σ̂2
x), the magnon modes can be adiabatically eliminated to

obtain the effective skyrmion-skyrmion interaction, i.e.

Ĥeff
NSKS = Λeff

KS(σ̂
1
x + σ̂2

x)
2. (110)

Figure S8(b) illustrates that the magnon-mediated effective skyrmion-skyrmion coupling strength Λeff
KS = λeffKS

2
/∆eff

K
is exponentially enhanced. And it can reach the strong-coupling regime as shown in the shaded area. Performing the

dynamical evolution with the Hamiltonian ĤSq
NSKS [Fig. S8(c)], without magnon squeezing (r = 0), the interaction

between the two skyrmions is weak and there is no direct state conversion between the two skyrmions. However,
when the parametric drive is added (r = 2), the skyrmion-skyrmion interaction is exponentially enhanced and the
direct state conversion appears. Since the large detuning condition ∆eff

K ≫ λeffKS for the magnon must be satisfied
for the Schrieffer-Wolff transformation, the magnon mode is then in virtual excitations and their occupations always
approximate zero [Fig. S8(c)]. As shown in Fig. S8(d), the state conversion between two qubits is robust against
magnon dissipation.

F. Feasibility analysis of parametric amplification

This section discusses the feasibility of parametric amplification. The relationship between the driving field B0 and
drive power is B0 = 1/RK

√
2Pµ0/(πc), where P is the driving power, µ0 the vacuum permeability and c the speed

of light. In the following, we calculate the conditions satisfied by the drive power P , and the equation of motion for
the magnon annihilation operator is

˙̂sK = −i
(
∆K − i

γK
2

)
ŝK + iKŝ†K ŝK ŝK − iλ̄KSσ̂− − iΩd +Min, (111)

where ∆K = ωK − ωd is the detuning of the magnon and the microwave drive, γK is the decay of the magnon, and
Min is the vacuum fluctuation noise satisfying ⟨Min⟩ = 0. The equation of motion for the expectation ⟨ŝK⟩ is then

∂t⟨ŝK⟩ = −i
(
∆K − i

γK
2

)
⟨ŝK⟩+ iK⟨ŝ†K ŝK ŝK⟩ − iλ̄KS⟨σ̂−⟩. (112)

Under strong driving conditions, the mean-field approximation results in ⟨ŝ†K ŝK ŝK⟩ = |⟨ŝK⟩|2⟨ŝK⟩. In the long-time
limit, ∂t⟨ŝK⟩ = 0, one obtains

−i
(
∆K − i

γK
2

)
⟨ŝK⟩+ iK⟨ŝ†K ŝK ŝK⟩ − iλ̄KS⟨σ̂−⟩ = 0. (113)
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FIG. S8. (a) Comparison of the coupling strength between the direct coupling (dipole-dipole interaction) and indirect coupling
(magnon-mediated interaction). (b) The effective skyrmion-skyrmion coupling strength Λeff

KS versus the squeezing parameter r.
Logarithmic coordinates are utilized in figures (a, b). (c) Dynamical evolution of the system without (r = 0) and with (r = 2)
magnon squeezing, with γK = 0.1λ̄KS. The S1, S2, andM correspond to the occupation of the first skyrmion, second skyrmion,
and magnon mode, respectively. The robustness of the evolution to the magnon dissipation is presented in (d) with r = 4. The
solid and dashed curves denote the first skyrmion and second skyrmion, respectively. The other parameters are γSky = 0.1λ̄KS

and ∆eff
K = 10λeff

KS.

Then we can get

⟨ŝK⟩ = −Ωd(
∆K − iγK

2

)
−K|⟨ŝK⟩|2

, (114)

where we have omitted λ̄KS⟨σ̂−⟩ due to the small λ̄KS. The average magnon number can then be defined as

NK = |⟨ŝK⟩|2 =
Ω2

d

(∆K −K|⟨ŝK⟩|2)2 + γ2K/4
. (115)

We can assume that ⟨ŝK⟩ is a real number by adjusting the phase of the microwave driving field. Consequently,

Ωd =
√
NK [(∆K −KNK)2 + γ2K/4] (116)

is obtained. According to Eq. (116), B0 = 1/RK

√
2Pµ0/(πc), Ωd =

√
5/4γe

√
NB0, and the definition of the squeezing

parameter r = 1/4 ln[(∆̃K +Kd)/(∆̃K −Kd)], we can obtain the relationship between the squeezing parameter r and

the drive power P , where ∆̃K = ∆K − 4KNK , Kd = 2KNK , and N is the number of spins in the YIG sphere.
When the detuning ∆K is given, as illustrated in Fig. S9(a), the correspondence between the driving power P and
the squeezing parameter r is given.

Next,, we examine the limits of drive power. It must satisfy the requirement ∆̃K > Kd according to the definition

of the squeezing parameter r = 1/4 ln[(∆̃K +Kd)/(∆̃K −Kd)]. Then,

|⟨ŝK⟩|2 =
Ω2

d

(∆K −K|⟨ŝK⟩|2)2 + γ2K/4
<

∆K

6K
⇒ 6Ω2

dK < ∆K

[(
∆K −K|⟨ŝK⟩|2

)2
+
γ2K
4

]
≡ f(∆K) (117)

can be obtained. It is only necessary to fulfill

6Ω2
dK < fmin(∆K) =

∆Kγ
2
K

4
⇒ Ωd <

γK
2

√
∆K

6K
(118)

to meet the preceding conditions. With Ωd = γe
√
10NPµ0/(4R

√
πc), we can determine an upper bound for the

driving power. Nmax
K is the average number of magnon excitations NK that correspond to the top drive power limit.

In addition to this upper limit, the number of magnon excitations must meet the requirements of NK ≪ 2Ns ≡ Ntot,
i.e., be low-excitation. Figure S9(b) depicts the variation ofNmax

K with detuning ∆K . The magnon’s average excitation
number should fall inside the low excitation area shown in Fig. S9(b).
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FIG. S9. (a) Relationship between driving power P and squeezing parameter r. (b) Nmax
K as a function of detuning ∆K . The

parameters used are RK = 100 nm, the spin density ρs = 4.22 × 1027 m−3, the spin number of the ground-state Fe3+ ion in
YIG s = 5/2, N = ρsVK , NK = |⟨ŝK⟩|2 = 107, and the total spin Ntot = 2Ns = 8.8× 107.

V. NONRECIPROCAL INTERACTIONS BETWEEN SKYRMION QUBITS

A. Microwave drive to skyrmion qubits

The microwave-driven Hamiltonian is computed in the same method as the interaction Hamiltonian as illustrated
in Sec. III. With the microwave drive Bmw = B0 cos (ωmwt) êz polarized in the z direction, the Hamiltonian of the
microwave drive can be expressed as

Ĥmw = Ωmw cos (ωmwt) σ̂
sub
z (119)

where B0 is the amplitude of the microwave drive and ωmw is the frequency of the microwave drive. The strength
of the microwave drive is defined as Ωmw ≡ gµBB0S̄/2. It should be noted that Eq. (119) is expanded under the
subspace {|0⟩, |1⟩}. Transforming to the diagonal basis {|ψ+⟩, |ψ−⟩} of the skyrmion qubits, the microwave-driven
Hamiltonian can be reduced to

Ĥmw = Ωmw cos (ωmwt) σ̂x (120)

where cos(2θ) ∼ 0 and sin(2θ) ∼ 1 have been used.

B. The effective Rabi coupling

In the previous part, we discussed coherent coupling between qubits mediated by magnons, which was exponentially
enhanced with a two-magnon drive. In this part, we employ magnon dissipation to mediate an non-reciprocal dissi-
pative coupling between skyrmion qubits, and the prior section’s strategy of two-magnon drive to increase coupling
strength also works here. The hybrid system’s Hamiltonian is given by

ĤSKSD =
ωq

2
(σ̂1

z + σ̂2
z) + ωK ŝ

†
K ŝK + λ̄KS

(
ŝK σ̂

1
+ + ŝ†K σ̂

1
−

)
+ λ̄KS

(
ŝK σ̂

2
+ + ŝ†K σ̂

2
−

)
+ Ĥd, (121)

where two qubits are coupled to the same YIG sphere, one of which is driven by microwaves with Ĥqd = −Ω1(e
iω1tσ̂1

−+

e−iω1tσ̂1
+)−Ω2(e

iω2tσ̂1
−+ e−iω2tσ̂1

+), where Ω1/2 and ω1/2 are the driving strength and frequency, respectively. Trans-
forming to the rotating frame of drive Ω1 yields

ĤSKSD =
∆q,1

2
σ̂1
z +

∆q,1

2
σ̂2
z +∆K,1ŝ

†
K ŝK + λ̄KS

(
ŝK σ̂

1
+ + ŝ†K σ̂

1
−

)
+ λ̄KS

(
ŝK σ̂

2
+ + ŝ†K σ̂

2
−

)
,

− Ω1

(
σ̂1
− + σ̂1

+

)
− Ω2

[
ei(ω2−ω1)tσ̂1

− + e−i(ω2−ω1)tσ̂1
+

]
,

(122)

where ∆q,1 = ωq−ω1 and ∆K,1 = ωK−ω1. After the transformation described above, we convert the first drive into a

time-independent term and assume that it is the most significant term, defined as Ĥ0 = −Ω1(σ̂
1
−+σ̂1

+). Employing the

transformation ĤSKSJR = exp(iĤ0t)(ĤSKSD − Ĥ0) exp(−iĤ0t) and the rotational spin basis |±⟩ = (|ψ−⟩ ± |ψ+⟩)/
√
2,
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one obtains

ĤSKSJR =
∆q,1

2

(
e−i2Ω1t|+⟩⟨−|+ h.c.

)
+

∆q,1

2
σ̂2
z +∆K,1ŝ

†
K ŝK

+
λ̄KS

2

[(
|+⟩⟨+| − |−⟩⟨−|+ e−i2Ω1t|+⟩⟨−| − e−i2Ω1t|−⟩⟨+|

)
ŝK + h.c.

]
− Ω2

2

[(
|+⟩⟨+| − |−⟩⟨−| − e−i2Ω1t|+⟩⟨−|+ ei2Ω1t|−⟩⟨+|

)
ei(ω2−ω1)t + h.c.

]
+ λ̄KS

(
ŝK σ̂

2
+ + ŝ†K σ̂

2
−

)
.

(123)

By adjusting the drive frequency to satisfy ω1 − ω2 = 2Ω1 and assuming that drive Ω1 is sufficiently strong, the
Hamiltonian (123) can be reduced to

ĤSKSD =
Ω2

2
σ̂1
z +

∆q,1

2
σ̂z

2 +∆K,1ŝ
†
K ŝK +

λ̄KS

2

(
ŝK + ŝ†K

)
σ̂1
x + λ̄KS

(
ŝK σ̂

2
+ + ŝ†K σ̂

2
−

)
. (124)

In other words, in a single system, we possess both JC coupling and effective Rabi coupling.

C. The nonreciprocal interaction

When the magnon dissipation is large, we can achieve dissipative coupling between skyrmion qubits by adiabatically
eliminating the magnon modes. The system’s Lindblad master equation is given by

˙̂ρ = −i
[
ĤSKSD, ρ̂

]
+ γKD[ŝK ]ρ̂, (125)

where D[Ô]ρ̂ = Ôρ̂Ô† − {Ô†Ô, ρ̂}/2 is the Lindblad operator and γK is the magnon dissipation. The equation of
motion for the annihilation operator ŝK is given by

˙̂sK = −i∆K,1ŝK − ig

(
1

2
σ̂1
+ +

1

2
σ̂1
− + σ̂2

−

)
− γK

2
ŝK . (126)

In the bad-cavity limit γK ≫ λ̄KS, the magnon mode can be eliminated adiabatically, i.e., ˙̂sK = 0, yielding

ŝK =
−iλ̄KS

(
1
2 σ̂

1
+ + 1

2 σ̂
1
− + σ̂2

−
)

i∆K,1 + γK/2
, ŝ†K =

iλ̄KS

(
1
2 σ̂

1
− + 1

2 σ̂
1
+ + σ̂2

+

)
−i∆K,1 + γK/2

. (127)

After calculating, we can get

ŝK σ̂
1
− =

−iλ̄KS

(
1
2 σ̂

1
+σ̂

1
− + 1

2 σ̂
1
−σ̂

1
− + σ̂2

−σ̂
1
−
)

∆2
K,1 + γ2K/4

, σ̂1
+ŝ

†
K =

iλ̄KS

(
1
2 σ̂

1
+σ̂

1
− + 1

2 σ̂
1
+σ̂

1
+ + σ̂1

+σ̂
2
+

)
∆2

K,1 + γ2K/4
,

ŝK σ̂
1
+ =

−iλ̄KS

(
1
2 σ̂

1
+σ̂

1
+ + 1

2 σ̂
1
−σ̂

1
+ + σ̂2

−σ̂
1
+

)
∆2

K,1 + γ2K/4
, σ̂1

−ŝ
†
K =

iλ̄KS

(
1
2 σ̂

1
−σ̂

1
− + 1

2 σ̂
1
−σ̂

1
+ + σ̂1

−σ̂
2
+

)
∆2

K,1 + γ2K/4
,

ŝK σ̂
2
+ =

−iλ̄KS

(
1
2 σ̂

1
+σ̂

2
+ + 1

2 σ̂
1
−σ̂

2
+ + σ̂2

−σ̂
2
+

)
∆2

K,1 + γ2K/4
, σ̂2

−ŝ
†
K =

iλ̄KS

(
1
2 σ̂

2
−σ̂

1
− + 1

2 σ̂
2
−σ̂

1
+ + σ̂2

−σ̂
2
+

)
∆2

K,1 + γ2K/4
,

ŝ†K ŝK =
λ̄2KS

(
1
4 σ̂

1
−σ̂

1
+ + 1

4 σ̂
1
−σ̂

1
− + 1

2 σ̂
1
−σ̂

2
−
)

∆2
K,1 + γ2K/4

+
λ̄2KS

(
1
4 σ̂

1
+σ̂

1
+ + 1

4 σ̂
1
+σ̂

1
− + 1

2 σ̂
1
+σ̂

2
−
)

∆2
K,1 + γ2K/4

+
λ̄2KS

(
1
2 σ̂

2
+σ̂

1
+ + 1

2 σ̂
2
+σ̂

1
− + σ̂2

+σ̂
2
−
)

∆2
K,1 + γ2K/4

.

(128)

Substituting Eq. (128) into the master equation (125) yields the master equations

˙̂ρ = −i[Ĥcoh, ρ̂] + ΓD[Σ̂−]ρ̂ (129)

and

Ĥcoh =
1

2
W1σ̂

1
z +

1

2
W2σ̂

2
z − Gσ̂1

xσ̂
2
x, (130)
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where Eq. (130) represents the magnon-mediated coherent coupling between the qubits and D[Σ̂−]ρ̂ represents the

magnon-mediated dissipative coupling between the qubits with Σ̂− ≡ 1/2σ̂1
++1/2σ̂1

−+ σ̂2
−. The parameters in master

equation (129) and Hamiltonian (130) are defined as

W1 = Ω2, W2 = ∆q,1 −
∆K,1λ̄

2
KS

∆2
K,1 + γ2K/4

, G =
1

2

∆K,1λ̄
2
KS

∆2
K,1 + γ2K/4

, Γ =
γK λ̄

2
KS

∆2
K,1 + γ2K/4

. (131)

The quantum Langevin equations (QLEs) of the system can be represented as

˙̂σ1
− = (−iW1 −

Γ

4
)σ̂1

− +
Γ

4
σ̂1
+ −

[(
iG − Γ

4

)
σ̂2
− +

(
iG +

Γ

4

)
σ̂2
+

]
σ̂1
z ,

˙̂σ2
− = (−iW2 −

Γ

2
)σ̂2

− −
[(
iG − Γ

4

)
σ̂1
− +

(
iG − Γ

4

)
σ̂1
+

]
σ̂2
z .

(132)

using Eq. (129).The nonlocal damping in Eq. (129) couples the raising and lowering operators of the two qubits; in
other words, the nonlocal damping induced by the engineered reservoir mediates a nonlocal damping force on each
qubit. Furthermore, the dissipative coupling is asymmetric, allowing for nonreciprocal population conversion. With
the value W1 = W2 = G = 0, the simplified QELs in the main text are obtained.

VI. THE SKYRMION-MAGNON-NV HYBRID SYSTEM

A. The magnon-NV interaction

This section illustrates the analysis of the magnon-NV interaction. For the convenience of calculation, we establish
a local coordinate system x′y′z′ with the center of the YIG sphere as the origin and the magnetization direction as
the positive direction of z′ axis. The NV center is placed directly above the magnetic sphere, at a distance hNV

from the center of the sphere [FIG. S10(a)]. Then the position vector of the magnetic sphere to the NV center is

rKN = (hNV, 0, 0). In the local coordinate, the quantized magnetization operator is given by M̂ = [m̃K ŝK + m̃∗
K ŝ

†
K ]

with the Kittel mode function m̃K = êx′ + iêy′ . Then we can derive the quantized magnetic field

B̂x′ =
µ0VK
4π

2MK

(
ŝK + ŝ†K

)
h3NV

, (133a)

B̂y′ = −µ0VK
4π

iMK

(
ŝK − ŝ†K

)
h3NV

. (133b)

The interaction between the magnetic sphere and the NV center is described by

ĤKN = −γeB̂ · Ŝ = −γeB̂x′ Ŝx − γeB̂y′ Ŝy. (134)

Exploiting Ŝx = (Ŝ+ + Ŝ−)/2 and Ŝy = (Ŝ+ − Ŝ−)/(2i), the interaction Hamiltonian is given by

ĤKN = −λKN

(
ŝK Ŝ+ + ŝ†K Ŝ−

)
, (135)

where the coupling strength is given by λKN = γeµ0MKR
3
K/(2h

3
NV) [FIG. S10(b)]. Here we have used the rotating

wave approximation to neglect the anti-rotation terms ŝ†K Ŝ+ and ŝK Ŝ−. In the subsequent calculation, we take the
radius of the magnetic sphere and the distance from the magnetic sphere to the NV center as RK = 100 nm and
dNV = 10 nm, respectively, which results in the magnon-NV coupling strength is λKN/2π = 0.48 MHz.

B. The skyrmion-magnon-NV hybrid system

In this section, we will derive the Hamiltonian for the skyrmion-magnon-NV hybrid quantum system in detail.
The NV center is situated close to the YIG magnetic sphere, as shown in FIG. S10(a). For a single NV center, the
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FIG. S10. (a) The skyrmion-magnon-NV hybrid quantum system. Here we take RK = 100 nm and dNV = 10 nm. (b) The
coupling strength λKN between the NV center and the YIG sphere is plotted as a function of the magnetic sphere’s radius RK

and the distance dNV from the magnetic sphere’s surface to the NV center. (c) The relationship between the energy level of
the spin qubit and the bias magnetic field BNV is illustrated. (d) The magnon-mediated skyrmion-NV interaction strength and
cooperativity are displayed as a function of the squeezing parameter r. We apply logarithmic coordinates to the cooperativity.
The parameters are λ̄KS/2π = 6.35 MHz, λKN/2π = 0.48 MHz, WK = 10λeff

KS, γSky/2π = 1 MHz, and γNV/2π = 1 kHz.

ground-state energy level structure is the ground triplet state |0,±1⟩, and the zero-field splitting between |0⟩ and
degenerate sublevels | ± 1⟩ is D/2π = 2.87 GHz. When a homogeneous static magnetic field along the z′ direction is
introduced, the degenerate states |±1⟩ can be removed because of the Zeeman effect. Then the NV center is described
by

ĤNV = DŜ2
z + δŜz, (136)

where δ = γeBNV. FIG. S10(c) shows the tuning of the spin qubit resonance frequency by an applied magnetic field

BNV. In the subspace {|0⟩, |± 1⟩}, ĤNV can be reduced to ĤNV = (D+ δ)|+1⟩⟨+1|+(D− δ)|− 1⟩⟨−1|. Here |0⟩ and
|+ 1⟩ are considered as spin qubits. Then the interaction between the YIG sphere and the NV center is described by

ĤKN = −λKN

(
ŝK σ̂

NV
+ + h.c.

)
(137)

with the coupling strength λKN = γeµ0MKR
3
K/(2h

3
NV). FIG. S10(b) shows the dependence of the spin-magnon

coupling strength on the YIG sphere radius RK and the distance dNV between the YIG sphere surface and the NV
center.

The skyrmion-magnon-NV hybrid quantum system can be described by the Hamiltonian

ĤSKN =
∆q

2
σ̂z +

∆NV

2
σ̂NV
z + ∆̃K ŝ

†
K ŝK + λ̄KS(ŝK σ̂+ + h.c.)− λKN(ŝK σ̂

NV
+ + h.c.)− Kd

2
(ŝ†2K + ŝ2K) (138)

with ∆NV = ωNV −ωd and ωNV = E+−E0. The Pauli operators for the NV center are defined as σ̂NV
z ≡ |+1⟩⟨+1| −

|0⟩⟨0| and σ̂NV
+ ≡ |+1⟩⟨0|. Utilizing the Bogoliubov transformation and the rotating-wave approximation (RWA), we

can obtain

ĤSq
SKN =

∆q

2
σ̂z +

∆NV

2
σ̂NV
z +∆eff

K m̂†m̂+ λeffKS(m̂σ̂+ + h.c.)− λeffKN(m̂σ̂
NV
+ + h.c.), (139)

where ∆eff
K = ∆̃K/ cosh(2r), λ

eff
KS = λ̄KSe

r/2, λeffKN = λKNe
r/2, and tanh(2r) = Kd/∆̃K . The coupling strength

λeffKN = λKN exp(r)/2 is enhanced exponentially. With the large detuning condition, the magnon modes can be
adiabatically eliminated to yield the effective skyrmion-NV interaction

Ĥeff
SKN = ∆q/2σ̂z +∆NV/2σ̂

NV
z + ΛSN(σ̂+σ̂

NV
− +H.c.). (140)

ΛSN = λeffKNλ
eff
KS/WK is the effective coupling strength with WK = ∆eff

K −∆q. As shown in Fig. S10(d), the effective
coupling strength and cooperativity CSN = 4Λ2

SN/(γNVγSky) are drawn versus the squeezing parameter r. The effective
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FIG. S12. The dynamical evolution of Fock state conversion without (r = 0) and with (r = 4) parametric amplification is
shown in (a) and (b), respectively, with initial state |ψSky⟩|ψMag⟩|ψNV⟩ = |1⟩|0⟩|0⟩. (c) and (d) show the state conversion
of the superposition state without (r = 0) and with (r = 4) parametric drive, respectively. The parameters of (a) and (c)
are λeff

KS(t) = 13(λKNe
r/2) sin(πt/160), λeff

KN(t) = (λKNe
r/2) cos(πt/80), and r = 0, and that in (b) and (d) are λeff

KS(t) =
13(λKNe

r/2) sin(πt/3), λeff
KN(t) = (λKNe

r/2) cos(πt), and r = 4. The other parameters are γSky = γK = 2λKN.

coupling strength can reach 2.16 MHz when the squeezing parameter r is set to 4.5, where the cooperativity CSN ≈
7300 ≫ 1. That is, strong coupling between the skyrmion and the NV center can be mediated by the magnon.

As shown in FIG. S11, the dynamics simulation employing Eq. (139) shows that, in the absence of a parametric
drive, there is no energy exchange between the three subsystems due to the weak coupling between the NV center
and the YIG sphere. As the parametric drive is introduced and increased, the energy exchange between the three
subsystems appears and accelerates.

Through the foregoing analysis, the interaction between the NV center and skyrmion has been mediated. And then,
we implement coherent quantum state conversion via the dark state, which is less impacted by the magnon dissipation
than direct state conversion [12–16]. We take the resonance condition ∆q ≈ ∆NV ≈ ∆eff

K and introduce two polariton

operators Ûbr ≡ sinασ̂− + cosασ̂NV
− and Ûdk ≡ − cosασ̂− + sinασ̂NV

− with tanα = −λeffKS/λ
eff
KN. Defining the hybrid

modes Û± ≡ (Ûbr ± m̂)/
√
2, the hybrid system’s Hamiltonian can be diagonalized Ĥdiag

SKN = ωdkÛ†
dkÛdk + ω+Û†

+Û+ +

ω−Û†
−Û− with ω± = ωdk ±

√
λeffKS

2
+ λeffKN

2
and ωdk = ∆eff

K , implying three mutually independent excitations. We
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FIG. S13. (a) The model of the skyrmion-magnon-SQ hybrid quantum system. (b) Energy levels of transmon qubit. The
variations of JKT, gom, and ωTr with parameter Φb/Φ

S
0 for a given αJ are shown in (c), (e), and (g), respectively. JKT, gom,

and ωTr are depicted as functions of Φb/Φ
S
0 and αJ in (d), (f), and (h), respectively.

are interested in the polaron Ûdk because it misses the magnon mode, which indicates that the magnon mode is in
a dark state. We find that Ûdk = −σ̂− when α = 0, and Ûdk = σ̂NV

− when α = π/2. As we evolve α adiabatically
from 0 to π/2, we can enable the quantum state conversion from the skyrmion qubit to the NV center. As illustrated

in FIG. S12, We employ the Hamiltonian ĤSq
SKN for the dynamical evolution in the interaction picture. Without a

parametric drive [FIG. S12(a)], even employing the dark state conversion technique, the quantum state conversion
between the two subsystems is impossible because the coupling strength of the NV center and YIG sphere is weak.
When the parametric drive is introduced [FIG. S12(b)], the system’s coupling strength is enhanced exponentially,
enabling the realization of quantum state conversion and dramatically accelerating the speed of state conversion.
Except for the transfer of Fock states, the skyrmion-magnon-NV hybrid quantum system can also realize the state
transfer of superposition states, as shown in FIG. S12(c) and (d). The initial states of the skyrmion, magnon, and NV

center are, respectively, |ψSky⟩ = (|0⟩ + |1⟩)/
√
2, |ψMag⟩ = |0⟩, and |ψNV⟩ = |0⟩. When there is no parametric drive

[FIG. S12(c)], the quantum state conversion between the two subsystems is impossible. Once the parametric drive is
introduced [FIG. S12(d)], the system’s coupling strength increases exponentially, allowing quantum state conversion
between the two subsystems.

VII. THE SKYRMION-MAGNON-SQ HYBRID SYSTEM

A. The coupling between magnons and SQs

In this section, we will explore the construction of the skyrmion-magnon-SQ hybrid quantum system in detail. The
flux-tunable transmon qubit is positioned next to the YIG magnetic sphere, as seen in FIG. S13(a). The energy level
of the transmon qubit is depicted in FIG. S13(b). Magnetic stray fields are used to couple the YIG sphere and the
superconducting qubit. The interaction between the YIG sphere and the transmon qubit can be described by the
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Hamiltonian

ĤKT = JKT

(
ĉ†ŝK + h.c.

)
+ gomĉ

†ĉ
(
ŝK + ŝ†K

)
, (141)

where the coupling strength is defined as

JKT =
µ0µzpf

4ΦS
0 dmin

αJ(2ECE
max
J

3)1/4

[S(ϕb)]5/4
,

gom =
µ0µzpf

16ΦS
0 dmin

(1− α2
J) sin(2ϕb)

√
8ECEmax

J√
[S(ϕb)]3

,

(142)

with ϕb = πΦb/Φ
S
0 , E

max
J ≡ E1

J − E2
J , and S(ϕb) =

√
cos2 ϕb + α2

J sin2 ϕb. αJ , EJ , EC , Φb, and ΦS
0 stand for

imbalance between the Josephson energies or superconducting interference device (SQUID) asymmetry, Josephson
energies, charging energy, externally applied flux, and the flux quantum, respectively. The first term in Hamiltonian
Eq. (141) is the JC interaction, while the second term is analogous to the radiation pressure interaction in an opto-

mechanical system. We take typical parameters, which are RK = 200nm for the YIG sphere radius, dmin =
√
2RK ,

ΦS
0 = h/(2e), Emax

J /h = 50 GHz, and EC/h = 400 MHz. FIG. S13(c), (d), (e), and (f) show the coupling strengths
JKT and gom as a function of Φb/Φ

S
0 . The figures show that parameter Φb/Φ

S
0 can be used to modulate the coupling

strengths JKT and gom. In particular, when we choose the parameter Φb/Φ
S
0 = 0.5, the coupling strength gom will

vanish, meaning that the JC model accurately describes the coupling between the YIG sphere and the superconducting
qubit. In the following analysis, we set the value Φb/Φ

S
0 = 0.5, and the Hamiltonian Eq. (141) can be simplified to

ĤKT = JKT

(
ĉ†ŝK + h.c.

)
. (143)

Next, we investigate the free Hamiltonian of superconducting qubits, which is denoted by

ĤTr = ωSQĉ
†ĉ− EC

2
ĉ†ĉĉ†ĉ, (144)

where EC denotes the anharmonicity of the qubit energy level and ωSQ =
√
8Emax

J S(ϕb)EC − EC indicates the
transmon excitation energy. According to FIG. S13(b), the second nonlinear term (the self-Kerr term) is what causes
the energy level of the superconducting qubit to be inhomogeneous. Hence, we can select a qubit made up of the
energy levels |g⟩ and |e⟩, whose resonance frequency is ωTr = ωSQ. FIG. S13(g) and (h) display the resonant frequency
ωTr as a function of Φb/Φ

S
0 . When αJ is given, ωTr takes the minimum value at Φb/Φ

S
0 = 0.5. In the subsequent

analysis, αJ is set to 0.65, at which case the resonant frequency of the qubit ωTr/2π ≈ 9.8 GHz and the coupling
strength of the JC interaction JKT/2π ≈ 2.62 MHz. The typical qubit relaxation and dephasing times is given by
T1 = T2 = 20 µs, that is, the coupling of superconducting qubits and magnons can reach the strong coupling region.

B. Nonreciprocal excitation conversion between skyrmion qubits and SQs.

The non-reciprocal population conversion between skyrmion qubits and SQs is investigated in this section. Consider
a YIG sphere that is coupled to a skyrmion qubit and a SQ and is described by the Hamiltonian

ĤSKT = ωK ŝ
†
K ŝK +

ωq

2
σ̂z +

ωTr

2
σ̂S
z + λ̄KS

(
ŝK σ̂+ + ŝ†K σ̂−

)
+ JKT

(
ŝK σ̂

S
+ + ŝ†K σ̂

S
−

)
, (145)

where the Pauli operators are defined as σ̂S
z ≡ |e⟩⟨e| − |g⟩⟨g|, σ̂S

+ ≡ |e⟩⟨g|, and σ̂S
− ≡ |g⟩⟨e|. Because the radiation

pressure coupling term is non-resonant, it is ignored here. The magnon-SQ coupling strength can be made to satisfy
JKT = J 0

KT cos(ωact+ ϕe) by modulating the external flux ϕb, where

J 0
KT =

µ0µzpf

4ΦS
0 dmin

αJ(2ECE
max
J

3)1/4

ℏ
. (146)

ωac, and ϕe are the modulation frequency and phase, respectively. When the system is transformed to the rotating
frame U = exp(iωactσ̂

S
z /2), its Hamiltonian is reduced to

ĤSKT = ωK ŝ
†
K ŝK +

ωq

2
σ̂z +

∆Tr

2
σ̂S
z + λ̄KS

(
ŝK σ̂+ + ŝ†K σ̂−

)
+ J 0

KT

(
ŝK σ̂

S
+e

−iϕe + ŝ†K σ̂
S
−e

iϕe

)
, (147)
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FIG. S14. The population conversion dynamics are presented in (a) and (b), respectively, for excitation of the skyrmion qubit
and SQ. The parameters used are η = 1, ϕe = π/2, GSS = −ηΓSS/2, and γK = 10λ̄KS.

where ∆Tr ≡ ωTr − ωac. Then, going into the interaction picture

ĤSKT = λ̄KS(ŝKL̂+ + ŝ†KL̂−), (148)

where L̂− ≡ σ̂− + ησ̂S
−e

iϕe = L̂†
+ and η = J 0

KT/(2λ̄KS). The system’s master equation is

˙̂ρ(t) = −i[ĤSKT, ρ̂] + γKD[ŝK ]ρ̂. (149)

In the bad-cavity limit γK ≫ λ̄KS,J 0
KT, adiabatically eliminating the magnon modes using the approach described in

Sec. V produces

˙̂ρ = −i[ĤSS, ρ̂] + ΓSSD[L̂−]ρ̂, (150)

where ĤSS = GSS(σ̂+σ̂
S
− + σ̂−σ̂

S
+) is the coherent coupling between the skyrmion qubit and the SQ, which can be

implemented with an auxiliary cavity. The coherent and dissipative coupling strengths are denoted by GSS and
ΓSS = 4λ̄2KS/γK , respectively. The system’s QLEs can be expressed as

˙̂σ− = −ΓSS

2
σ̂− +

(
iGSS +

ΓSS

2
ηeiϕe

)
σ̂S
−σ̂z,

˙̂σS
− = −ΓSS

2
η2σ̂S

− +

(
iGSS +

ΓSS

2
ηe−iϕe

)
σ̂−σ̂

S
z .

(151)

It was discovered that by modifying the phase ϕe, the competition between coherent and dissipative coupling can be
realized, and therefore the asymmetric response between qubits can be accomplished. Specifically, with ϕe = π/2 and
GSS = −ηΓSS/2, we get

˙̂σ− = −ΓSS/2σ̂−,

˙̂σS
− = −ΓSS/2η

2σ̂S
− − iΓSSησ̂−σ̂

S
z ,

(152)

indicating that the SQ is influenced by the skyrmion qubit and, conversely, the skyrmion qubit is unaffected, implying
that complete isolation from SQs to the skyrmion qubits is accomplished. As demonstrated in Fig. S14, the population
conversion from SQs to skyrmion qubits is completely isolated.

VIII. ANALYSIS OF EXPERIMENTAL FEASIBILITY BASED ON MICROMAGNETIC SIMULATION

A. Model simplification

The feasibility of the model proposed here will be discussed through micromagnetic simulations. First, a classical
picture of the interaction between YIG spheres and skyrmions is described, which will be the basis for performing
micromagnetic simulations. Here, we solely take into account the Kittel mode in a YIG sphere, all spins in the
micromagnet precessing in phase and with the same amplitude. Moreover, the Kittel mode in YIG spheres can
also be described by a macrospin model, meaning that the excitation of magnons can correspond to the precession
of macrospins (or magnetic moments). This uniform precession mode leads to a time-dependent field around the
magnetic sphere.
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FIG. S15. Spatial envelope of the time-dependent gradient field caused by spin wave excitations.

In this work, Sz qubits are considered, and a transition in the quantum state of such a qubit classically corresponds
to a change in the z-component of the magnetization, analogous to a change in the charge on the island in a super-
conducting charge qubit. In other words, in order to verify the coupling of Kittel modes in the YIG sphere and the
skyrmion qubit, one can equivalently demonstrate the classical phenomenon that the time-dependent gradient field
due to the excitation of the Kittel modes can drive a variation of the z-component magnetization of the skyrmion.

Next, the time-dependent gradient field due to the excitation of the Kittel mode is derived. In the manuscript,
we consider the magnetic sphere being magnetized along the y direction. The classical mode function describing the
Kittel mode is given as m(r, t) = m (ez + iex) e

−iωt + c.c., where m represents the amplitude of precession, which
satisfies the condition m≪Ms. The time-dependent gradient field caused by the precession of the magnetic moment
can be calculated using the magnetic dipole model

B(r, t) =
µ0

4π

[
r(µ · r)
r5

− µ

r3

]
(153)

with µ(r, t) = m(r, t)VK and r =
√
x2 + y2 + h2K . After algebraic calculation, each component of the time-dependent

gradient field can be written as

Bx(r, t) = Bxs sinωt+Bxc cosωt, (154a)

By(r, t) = Bys sinωt+Byc cosωt, (154b)

Bz(r, t) = Bzs sinωt+Bzc cosωt, (154c)

where

Bxs =
2mµ0VK

4π

(
3x2

r5
− 1

r3

)
, Bxc = −2mµ0VK

4π

3hKx

r5
, (155a)

Bys =
2mµ0VK

4π

3xy

r5
, Byc = −2mµ0VK

4π

3hKy

r5
, (155b)

Bzs = −2mµ0VK
4π

3xhK
r5

, Bzc =
2mµ0VK

4π

(
3h2K
r5

− 1

r3

)
. (155c)

Next we simplify the time-dependent gradient field (154). For a magnetic sphere with a radius RK = 100 nm and
a precession amplitude m = 0.1Ms for the Kittel mode, the spatial envelope of the time-dependent gradient field
experienced by the skyrmion is illustrated in Fig. S15. It can be easily noticed that {Bxs, Bzc} ≫ {Bxc, Bys, Byc, Bzs},
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FIG. S16. The approximate solutions Bxs,approx and Bzc,approx and their errors are respectively depicted in (a) and (b), and
(c) and (d).

meaning Bxs and Bzc provide the main contributions, and the contributions of other terms can be neglected. Therefore,
Eq. (154) can be simplified to

Bx(r, t) = Bxs sinωt, By(r, t) = 0, Bz(r, t) = Bzc cosωt. (156)

The spatial envelopes of Bxs and Bzc, as observed in Figs. S15(a) and (f), are paraboloidal and can be simplified using
series expansion. Retaining terms up to the second order, Bxs and Bzc simplify to

Bxs,approx ≈ 2mµ0VK
4π

(
− 1

h3K
+

9

2h5K
x2 +

3

2h5K
y2
)
, (157a)

Bzc,approx ≈ 2mµ0VK
4π

(
2

h3K
− 6

h5K
x2 − 6

h5K
y2
)
. (157b)

Figure S16 displays the field envelopes described by the approximate expressions Bxs,approx and Bzc,approx, along
with their deviation from the exact solution, demonstrating that the approximate expressions derived from the series
expansion effectively characterize the spatial envelope of the field. The zeroth-order term in the approximate expression
represents a uniform field. The in-plane time-dependent uniform field does not affect the dynamics of skyrmion qubits
and can be ignored; however, the out-of-plane time-dependent uniform field does affect the dynamics of skyrmion qubits
and cannot be ignored. By redefining constants and using the width of the skyrmion wSky = 8.4 nm (Sec. VIII B)
as the length scale, the final simplified model of the magnetic field induced by magnon excitation B = (Bx, 0, Bz) is
obtained as

Bx = B0
x(3x

2 + y2) sinωt, Bz = Bu
z cosωt−B0

z (x
2 + y2) cosωt, (158)

where

B0
x =

3mµ0VK
4πh5

, Bu
z =

mµ0VK
πh3

, B0
z =

3mµ0VK
πh5

, h =
hK
wSky

. (159)

B. Micromagnetic simulation

To simulate the dynamics of the skyrmion qubit induced by a time-dependent gradient magnetic field resulting
from the excitation of the magnon mode in the YIG sphere, we consider a two-dimensional ferromagnetic film with
exchange frustration based on the J1-J2-J3 classical Heisenberg model on a simple square lattice [17–20],

H = −J1
∑
<i,j>

mi ·mj − J2
∑

≪i,j≫
mi ·mj − J3

∑
≪i,j≫

mi ·mj

−K
∑
i

(mz
i )

2 −MS

∑
i

B ·mi −
1

2
MS

∑
i

BD ·mi,
(160)

where mi = Mi/MS represents the normalized spin at the site i with MS being the saturation magnetization,
i.e., |mi| = 1. J1, J2, and J3 denote the ferromagnetic nearest-neighbor (NN), antiferromagnetic next-NN (NNN),
and antiferromagnetic next-NNN (NNNN) intralayer exchange interaction constants, respectively. ⟨i, j⟩, ⟨⟨i, j⟩⟩, and
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FIG. S17. (a) The initial state of the skyrmion, with a helicity of π/2. (b), (c), and (d) respectively depict the temporal
evolution of the skyrmions total energy, the helicity, and the z-component magnetization. The shaded regions denote the
presence of a time-dependent gradient field, which persists for 400 ps.

⟨⟨⟨i, j⟩⟩⟩ run over all the NN, NNN, and NNNN sites in the ferromagnetic layer, respectively. K is the perpendicular
magnetic anisotropy (PMA) constant. B is the applied external magnetic field. BD is the demagnetizing field
resulting from the dipole-dipole interaction. Note that the dipole-dipole interaction favors the Bloch-type skyrmions
with the helicity values of η = π/2 and η = 3π/2. The spin dynamics driven by the magnetic field is described by the
Landau-Lifshitz-Gilbert equation [21]

dm

dt
= −γ0m× heff + α

(
m× dm

dt

)
, (161)

where heff = − 1
µ0MS

· δH
δm is the effective field, µ0 is the vacuum permeability constant, t is the time, α is the Gilbert

damping parameter, and γ0 is the absolute gyromagnetic ratio. The simulation parameters are [19, 20]: J1 = 3 meV,
J2 = −0.8 (in units of J1 = 1), J3 = −0.6 (in units of J1 = 1), K = 0.005 (in units of J1/a

3 = 1), α = 0.01,
γ0 = 2.211 × 105 m A−1 s−1, and MS = 580 kA m−1. The lattice constant is a = 0.4 nm, and thus the cell size is
a3. The simulated model is a square film with 21 × 21 spins, that is, the length and width are equal to 8.4 nm. We
also assume that the edge spins have enhanced PMA of K = 0.05 in order to confine the frustrated skyrmion. The
simulation is carried out by using the Object Oriented MicroMagnetic Framework (OOMMF) [22] upgraded with our
extension modules to simulate the model.

In the simulation, we first apply a time-dependent gradient magnetic field to drive the dynamics of a relaxed
frustrated skyrmion at the square film center. The initial helicity state of the skyrmion is η = π/2. For the sake
of simplicity, we assume that the profile of the time-dependent gradient magnetic field is B = (Bx, 0, Bz) with
Bx = B0

x(3x
2+ y2) sin(2πft) and Bz = Bu

z cos(2πft)−B0
z(x

2+ y2) cos(2πft). We assume a frequency of f = 20 GHz
and field strength parameters of B0

x = 0.32 mT, B0
z = 1.29 mT, and Bu

z = 73.89 mT. The time-dependent gradient
magnetic field is applied for 400 ps during t = 0− 400 ps, followed by a 1000-ps-long relaxation without the magnetic
field. Namely, the total simulation time is 1400 ps.

C. Results and discussion

The results of the micromagnetic simulation are presented in Fig. S17. The initial state of the skyrmion, with a
helicity π/2, is depicted in Fig. S17(a). As discussed in Sec. VIIIA, the classical correspondence of the interaction
between magnons and skyrmion qubits is as follows: the excitation of magnons leads to the generation of a time-
dependent gradient field, which influences the dynamics of skyrmions. Here, we focus on Sz qubits, where the
transitions of their quantum states correspond to changes in the z component of the skyrmion’s magnetization, while
the helicity oscillates around its equilibrium position. Simultaneously, transitions in the quantum states correspond
to changes in the system’s energy, the classical analog of which is the change in the total energy of the skyrmion.
As described in Sec. VIII B, the interaction between the magnon and the skyrmion qubit is simulated by applying
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FIG. S18. Spin wave eigenmodes are identified using the finite element simulation software COMSOL. Panels (a), (b), and
(c) illustrate the uniform precession modes, known as Kittel modes, in a circular dot (radius Rc = 100 nm and thickness
c = 10 nm), a square dot (width w = 200 nm and thickness c = 10 nm), and a YIG sphere (radius RK = 100 nm), respectively.
In COMSOL, the YIG material parameters are defined with values Gilbert damping α = 5 × 10−4, saturation magnetization
Ms = 587 kA/m, exchange coefficient Aex = 0.328× 10−10 A/m, and magnetic crystal anisotropy Kan = 0.385× 105 A/m.

the time-dependent gradient field (158). After 400 ps, the time-dependent gradient field is removed to simulate the
relaxation process of the skyrmion qubit. As shown in Figs. S17(b, c, d), when the time-dependent gradient field
exists, the total energy of the skyrmion, the helicity, and the z component of the magnetization all oscillate over time;
when the time-dependent gradient field is removed (i.e., the skyrmion qubits are not coupled to the magnons), it can
be seen that the total energy of the skyrmion, the helicity, and the z component of the magnetization all gradually
relax to the steady state, and after a sufficiently long time, they will relax back to the initial steady state.

In summary, using micromagnetism simulations, we demonstrate the feasibility of the scheme proposed here. All
the simulations here are based on the YIG magnetic sphere, but these results are equally valid for the magnetic
multilayer structure discussed later.

IX. MAGNETIC MULTILAYER CONFIGURATIONS

A. Micromagnetic simulations of spin waves

In the preceding discussions, Kittel modes in spherical YIG materials are highlighted. Additionally, spin wave
behaviors in non-spherical magnetic geometries have received extensive attention. Here we focus on the uniform
precession mode in square and circular dots, which corresponds to the case k = 0 [2]. The orientation of magnetization
presents two scenarios: perpendicular to the dot plane, and within the dot plane. For the former, the resonance
frequency, denoted as ω = ω0 = |γ|µ0(H −Ms), while for the latter, designated as ω =

√
ω0(ω0 + ωM ) [2]. These are

defined where Ms represents the saturation magnetization, H is the applied field, and ωM = |γ|µ0Ms. To validate
these uniform precession modes, we conducted simulations using micromagnetic techniques. In these simulations, YIG
material was selected for its small magnetic damping α = 10−4 ∼ 10−5.
Initially, eigenmodes in the circular dot, square dot, and YIG sphere were investigated using the finite element

simulation software COMSOL, as depicted in Fig. S18. This analysis confirmed the presence of uniform precession
modes, namely Kittel modes, in each geometry. Subsequent simulations, employing the micromagnetic software
mumax3 [23], focused on spin wave excitation via a magnetic field pulse. These simulations exclusively addressed
classical spin waves. Figures S19(a) and (b) reveal that the Kittel mode in both circular and square dots follows an
elliptical, rather than circular, precession trajectory. This elliptical precession is attributed to the thinness in the
z-direction of these dots, resulting in surface spin behavior akin to pinning, which impedes circular precession. In
contrast, the heightened symmetry of the YIG sphere facilitates circular precession trajectories for its Kittel modes,
as shown in Fig. S19(c).

B. Magnon-skyrmion qubit coupling

This section focuses on the two models depicted in Fig. S20, with an emphasis on calculating their coupling strengths.
Here, a magnetic dot is separated from the skyrmion by a spacer, its thickness indicated as l = 5 nm. The interaction
between the magnons and skyrmions occurs through a magnetic field. The magnetic dots are magnetized in the y
direction. Given that the calculation methodology for coupling strength is identical for both square and circular dots,
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FIG. S19. Figures (a), (b), and (c) respectively represent the excited Kittel modes in a circular dot (radius Rc = 100 nm and
thickness c = 20 nm), a square dot (width w = 100 nm and thickness c = 10 nm), and a YIG sphere (radius RK = 100 nm).
The shaded regions in the figure correspond to areas with an applied driving magnetic field. Figure (d) illustrates the magnetic
field applied during the complete evolution. For t ≤ 0.25 ns, the magnetic field is set to B = (B0 sinωt,By, 0); for t > 0.25 ns,
it is defined as B = (0, By, 0), where B0 = 10 mT, ω/2π = 1 GHz, and By = 0.1 T.
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FIG. S20. Figures (a) and (b) respectively present models of square and circular dots coupled with skyrmion qubits, with the
YIG dot and the skyrmion separated by a spacer.

the analysis in this instance will use square dots as a representative example to examine the coupling strength between
the magnon and the skyrmion qubit.

This analysis considers a square dot characterized by dimensions (w,w, c), where w represents the width and c
denotes the thickness. To calculate the magnetic field impacting the skyrmion qubit, generated by this square dot, a
discretization approach is applied. Within this framework, the magnetic field from each volumetric microelement of
the dot is estimated using a magnetic dipole model

BSD =
µ0dVSD

4π

[
3rSD · (MSD · rSD)

r5SD
− MSD

r3SD

]
(162)

with rSD = (x − xs, y − ys,−zs). The distance from any point of the square dot to the skyrmion is rSD =√
(x− xs)2 + (y − ys)2 + z2s , where the coordinates of any point of the square dot are (xs, ys, zs). Following the

quantization process of the spin wave in Sec. I, we can introduce the quantum magnetization operator M̂SD =

MSD(m̃SDŝSD + m̃∗
SDŝ

†
SD) with m̃SD = ηeêz + iêx, where for a square dot, the zero-point magnetization can be

written as MSD =
√
ℏγeMs/(2VSD) with VSD = w2c. The parameter ηe indicates that the trajectory is an ellipse.

Depending on the results in Fig. S19(b), ηe can be approximated as 0.5. Then the quantized magnetic field in each
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FIG. S21. (a) illustrates the variation of coupling strength with the width w of the square dot. (b) delineates the coupling
strength’s dependence on the thickness c of the square dot.



34

direction can be expressed as

B̂x =
µ0dVSDMSD

4π

3
[
i
(
ŝSD − ŝ†SD

)
(x− xs)− zsηe

(
ŝSD + ŝ†SD

)]
r5SD

(x− xs)−
i
(
ŝSD − ŝ†SD

)
r3SD

 , (163a)

B̂y =
µ0dVSDMSD

4π

3
[
i
(
ŝSD − ŝ†SD

)
(x− xs)− zsηe

(
ŝSD + ŝ†SD

)]
r5SD

(y − ys)

 , (163b)

B̂z =
µ0dVSDMSD

4π

3
[
i
(
ŝSD − ŝ†SD

)
(x− xs)− zsηe

(
ŝSD + ŝ†SD

)]
r5SD

(−zs)−

(
ŝSD − ŝ†SD

)
r3SD

 . (163c)

According to Sec. III B, the interaction Hamiltonian can be given by

ĤSDK = −gµBS̄

a2

∫
VSD

∫
drBSD · s. (164)

After a similar algebraic process as in Sec. III B, the interaction Hamiltonian can be reduced to

ĤSDK = iGTM

(
ŝSDσ̂+ − ŝ†SDσ̂−

)
+GTPηe

(
ŝSDσ̂+ + ŝ†SDσ̂−

)
+iGLM

(
ŝSD − ŝ†SD

)
σ̂z+GLPηe

(
ŝSD + ŝ†SD

)
σ̂z, (165)

where the counter-rotating terms have been ignored. The coupling strengths are denoted as GTM = 1/2[(g1x + g1y)−
(g4x + g4y)], GTP = 1/2[(g2x + g2y)+ (g3x + g3y)], GLM = 1/2g1z , and GLP = 1/2g2z . The detailed expressions of g1,2,3,4x,y and

g1,2z in the coupling strength are

g1x = −µ0MSD

4π
gµBS̄

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[(
3(x− xs)

2

r5SD
− 1

r3SD

)
sinΘ0 cosϕ

]
, (166a)

g2x =
µ0MSD

4π
gµBS̄

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[(
3(x− xs)

2

r5SD
− 1

r3SD

)
sinΘ0 sinϕ

]
, (166b)

g3x =
µ0MSD

4π
gµBS̄

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[
3zs
r5SD

(x− xs) sinΘ0 cosϕ

]
, (166c)

g4x = −µ0MSD

4π
gµBS̄

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[
3zs
r5SD

(x− xs) sinΘ0 sinϕ

]
, (166d)

g1y = −µ0MSD

4π
gµBS̄

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[
3(x− xs)

r5SD
(y − ys) sinΘ0 sinϕ

]
, (166e)

g2y = −µ0MSD

4π
gµBS̄

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[
3(x− xs)

r5SD
(y − ys) sinΘ0 cosϕ

]
, (166f)

g3y =
µ0MSD

4π
gµBS̄

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[
3zs
r5SD

(y − ys) sinΘ0 sinϕ

]
, (166g)

g4y =
µ0MSD

4π
gµBS̄

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[
3zs
r5SD

(y − ys) sinΘ0 cosϕ

]
, (166h)
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g1z = −µ0MSD

4π

gµBS̄

Λ

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[
3(x− xs)

r5SD
zs(1− cosΘ0)

]
, (166i)

g2z =
µ0MSD

4π

gµBS̄

Λ

∫
dxs

∫
dys

∫
dzs

∫
dρ

∫
dϕρ

[
3z2s
r5SD

− 1

r3SD

]
(1− cosΘ0). (166j)

We have dimensionlessized the integral in the expression using the lattice constant a. Taking the parameters w =
100 nm ∼ 200 nm and c = 5 nm ∼ 20 nm, the coupling strength can be obtained via numerical calculations as shown
in Fig. S21. Numerical calculations shows GTM ≈ 0 and GLM ≈ 0. Figure S21(a) illustrates that the coupling strength
decreases as the width w of the square dots increases, while Figs. S21(b) shows that the coupling strength increases
as the thickness c of the square dots increases. Figure S21 also demonstrates that the coupling of square dots and
skyrmion qubits can reach the strong-coupling region (GTP/2π,GLP/2π > max{γSky, γK}). In other words, strong
coupling of magnons and skyrmion qubits is experimentally feasible in the magnetic multilayer structure (Fig. S20).
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