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In the Supplemental Material, we present the details about the main results in this work.

I. QUANTUM MIRROR WITH CONTROLLABLE REFLECTION

The tunable reflection of mirrors can be used for manipulating cavities. The atomic mirrors studied in previous
works rely on waveguide-induced collective quantum effects to enhance light reflection. For these atomic mirrors
without direct couplings between atoms, it is challenging to tune the reflection of light. In this section, we discuss
the difference between Bragg and anti-Bragg conditions in affecting the reflection of light from two coupled atoms in
a waveguide. In particular, we show the advantages of the direct coupling between the atoms in order to manipulate
mirror reflection.

A. Waveguide scattering theory and tunable quantum interference in photon reflection

Waveguides are an important interface for light-matter interaction. Photons propagating in a waveguide can
be scattered by a single atom or an atom array. Without loss of generality, we consider that the atom-waveguide
interaction is much weaker compared to atomic frequency wy. In the Born-Markov approximation, the atom-waveguide
coupled quantum system can be described by a master equation (h = 1)

plt) = —i[Ho + He, p(t)] + Dlp]. (S1)

Here, Hy is the Hamiltonian of the atomic system, and H,, denotes long-range atom-atom interactions induced by
the waveguide, i.e., Hy, = Zij gij(ajaj_ + H.c.), where g;; are related to decay rates of atoms. Operators of atoms

are o = |e;){g;| and o; = |g;)(ei|, where |g;) and |e;) are the ground state and excited state of the ith atom,
respectively. Obviously, interactions in H,, are coherent. In addition to coherent atom-atom interactions, continuous
photonic modes in the waveguide give rise to correlated dissipation between atoms. This is described by the Lindblad
operator

Dlol = Y (207 pof — ooy p— poay). (2
0,J
In the literature, v;; are also known as dissipative couplings. These are responsible for collective quantum effects,

e.g., superradiance and subradiance. In a one-dimensional waveguide, one can show that the coherent couplings and
dissipative couplings are

gij = /Til; sin <2§dij> ; (S3)

0
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Yij =/ Lil'j cos < o J) ; (54)
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respectively. Here, I'; denotes the waveguide-induced decay rate of the ith atom. Without loss of generality, we
assume that atoms coupled to the waveguide have the same decay rate I'. Above, d;; is the spacing between the ith
and jth atoms, and )\g is the wavelength of the photons corresponding to atomic frequency wg. The single-photon
reflection amplitude in the waveguide is [S1]

r=—il Z Gij expliko(x; + x;)], (S5)
)
with kg = wo/c, and G;; are matrix elements of the Green’s function

1

Here, w is the frequency of the driving field in the waveguide. Eq. (S5) can be written as
r=—ilV  ——V, (S7)

where the vector V' = (etko®1 ¢thorz ...)T represents propagating photons in the waveguide. Heg is the non-Hermitian
effective Hamiltonian of the atom-waveguide system

Heg = Ho+ Hy — iy _7ij(0) 05 +He.). (S8)
j
Therefore, optical responses in the waveguide are determined by this effective Hamiltonian. For simplicity, we
diagonalize the effective Hamiltonian as Heg = Y., E;|®]")(®F|, with the biorthogonal basis (®7|®%) = d;;. In
terms of the eigenvectors of the effective Hamiltonian, the reflection amplitude becomes
Vel (oL v
r(w):—ifz |J><]|
—w— Re(E;) —ilm(E})

(S9)

Here, x; denotes the position of the ith atom in the waveguide. Equation (S9) shows that photon reflection in the
waveguide results from quantum interference between scattered photons. Specifically, photon reflection is related
to energies and decay rates of the eigenstates, as well as the interaction spectrum VT|<I>?><<I>3L|V in the reflection
process [S2].

From Egs. (S3) and (S4), we know that atomic spacing determines the waveguide-mediated couplings. Therefore,
scattering states in the atomic system are changed by the atomic spacing, giving rise to various interaction spectra.
We discuss two types of atomic spacings, which have distinct influences on the reflection of light.

B. Bragg atomic mirror

The Bragg scattering condition is defined by the atomic spacing d = nl\y/4, where n is an even number.
In this scenario, atoms in the waveguide have largest dissipative couplings. However, the coherent coupling is
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FIG. S1. (a) Schematic diagram of a Bragg atom-dimer mirror in a waveguide. (b) V-type energy levels of the atom dimer. The
superradiant state has decay rate 2I", and the dark state does not decay. (c) Reflection of the Bragg atom-dimer mirror. Red-
solid and black-dashed curves correspond to Bragg atom-dimer mirrors with 2 = 0 and Q2 = 2T", respectively. The blue-dotted
curve denotes the refection of a single atom.



vanishing. Therefore, atoms have strong cooperative light-matter interactions, producing collective quantum effects,
e.g., superradiance and subradiance. In waveguide QED, Bragg scattering is of considerable interest in studying
photon transport. Waveguide-induced superradiant states enhance light reflection. Therefore, high-finesse atomic
cavities can be realized [S3].

We consider an atom dimer coupled to a waveguide, as shown in Fig. S1(a). Two atoms have a direct coupling €.
The corresponding Hamiltonian is Hy = wo(o 0] + o405 ) + Qo705 + H.c.). In the Bragg condition with atomic
spacing d = Ay, we have g1 = 0 and 2 = iI". Therefore, the effective Hamiltonian of two coupled atoms is

Heft Bragg = (%‘)__ZE ﬁ) __Z;) : (S10)
We can obtain the eigenenergies
Ey =wy — il & (Q — il). (S11)
Namely, £y = wo + Q — 2" and E_ = wp — 2. The corresponding eigenstates are symmetric and anti-symmetric
superpositions of two mirror atoms, i.e., |®y) = %(1, )" and [®_) = %(17 —1)T, respectively.

Energy levels of the Bragg atom-dimer mirror are shown in Fig. S1(b). In particular, |®,) is a superradiant state
with a decay rate 2T", and |®_) is the subradiant state without dissipation. The atomic coupling 2 changes the
energy splitting between these two collective states. One can find the interaction spectrum VU@E)(@_&\V = 2 for
the superradiant state |® ). Because |®_) is a dark state, its interaction spectrum is V' T|®f)(®L |V = 0. Therefore,
the reflection amplitude of the Bragg atom dimer becomes

—i2T

"B =3 arer

(S12)

with A = w — wp. The reflection spectrum is shown in Fig. S1(c). The atomic coupling gives rise to a shift of the
reflection spectrum with respective to the one £ = 0. Although the spectrum is broader, the profile is still Lorentzian.
The reflection spectrum of this Bragg atom dimer is the same as for a single atom with frequency wg + €2 and decay
rate 2. In other words, the atomic coupling plays a trivial role in changing the reflection spectrum of a Bragg atom
dimer.

C. Anti-Bragg atomic mirror

Distinct from the Bragg atomic mirror, the anti-Bragg atom-dimer mirror produces a single-peak or two-peak
reflection spectrum depending on the direct atomic coupling §2. This reflection-tunable mirror makes it possible to
control the flow of light in the waveguide. The anti-Bragg condition is defined by the atomic spacing d = mAg/4,
where m is an odd number. Without loss of generality, the spacing between two atoms is assumed to be d = A\g/4. In
this scenario, the waveguide induces the coherent coupling between the two atoms; however, the dissipative coupling
is vanishing. Therefore, the non-Hermitian Hamiltonian of the waveguide-mediated atom-dimer mirror is

Hcff,antifBragg = (wg(; + %F wsz _t ZFF> . (813)

The eigenvalues of the Hamiltonian in Eq. (S13) are Ex = wg + (2 +T') —iT". The eigenvectors are |®) = %(17 nr
1

and |®_) = W(l’ —1)T, same as for the Bragg atom dimer. Different from the Bragg counterpart, the anti-Bragg
atom dimer has two scattering states with the same decay rate. Therefore, both of them are responsible for reflection
of light in the waveguide. Another difference from the Bragg atom dimer is that no collective quantum effect appears
in the anti-Bragg atom dimer. In this sense, the anti-Bragg atom mirror seems to be trivial. In fact, the anti-Bragg
condition gives rise to many interesting optical properties in the atom-dimer mirror.

From the multi-channel scattering approach [S2], the reflection amplitude produced by the anti-Bragg atom-dimer
mirror is

vTieky@kv — vT|eB)yeL|v ) _ (S14)

r(A) =il (A—(Q+F)+iF A+ (Q+T)+il

These two scattering states have different energies wg £ (2 + I'). Different from the Bragg atom-dimer mirror,
the anti-Bragg atom-dimer mirror yields quantum interference in the reflection process. After a straightforward



FIG. S2. Reflection intensity R = |r|*> (solid) and photon phase shift Arg(r) (dashed) produced by the anti-Bragg atomic
mirror. Red and blue curves correspond to 2 = —0.2T" and Q = 0.6I", respectively. The phase shift at A = 0 is zero for the
single-peak and two-peak reflection spectra.

calculation, we obtain the interaction spectra between propagating photons in the waveguide and atom-dimer mirror:
VTR (@L|V = —i, and VT |®E)(®L|V = i. Hence, the reflection intensity (R = |r|?) becomes

2

(S15)

R(A)Z‘(A_(Q__i_rp)+ir+A+(Q£F)+1F)

Quantum interference in the reflection process can be tuned by the atomic coupling Q2. By changing the energy
difference W = 2(2 + T') between two scattering states, the reflection of the atom-dimer mirror can be modified.
Specifically, for —I' < Q < T, the atom-dimer mirror yields a single-peak reflection spectrum. However, for Q > T', a
two-peak reflection spectrum is obtained. In Fig. S2, we show the reflection intensities and phase shifts of photons
for = —0.2I" and Q = 0.6T", respectively. For the reflection at the central frequency A = 0, the phase shift is zero
when €2 > —I'| different from the 7 phase shift in the light reflection produced by the Bragg atomic mirror. However,
when two scattering states are swapped with Q < —I', a 7 phase shift is obtained.

We note that a waveguide-mediated anti-Bragg atom dimer with fixed direct coupling 2 = —I" was recently realized
in superconducting quantum circuits [S4]. We find that the atom dimer with Q@ = —T' gives rise to degenerate
scattering states. Destructive quantum interference produces vanishing reflection for various frequencies. In other
words, the atom-dimer mirror is transparent for incident photons. Hence, by tuning the atomic coupling 2 of the
anti-Bragg atom-dimer mirror, we can drastically modify the reflection spectrum. This makes it feasible to realize a
controllable open cavity using atomic mirrors, which is challenging for conventional optical cavities.
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FIG. S3. (a) Schematic of anti-Bragg atom-dimer mirror in superconducting quantum circuits. The crosses represent Josephson
junctions. Here, a superconducting artificial atom consists of two Josephson junctions. The tunable coupling between two
artificial atoms can be realized by a Josephson junction. Two red dots denote coupling points between two atoms and the
waveguide. (b) Tunable atomic coupling 2 versus d, the phase difference across the coupler junction. Here, we consider
L;=8.34nH, Ly =0.2 nH and L. = 0.566 nH, as studied in the experiment [S5].



D. Tunable atomic coupling in superconducting quantum circuits

To realize the tunable atom-dimer mirror, we need to manipulate the direct coupling €2 between atoms. Waveguide
QED with an atom dimer has been experimentally realized for fixed direct coupling between atoms [S4]. In this
experiment, the direct coupling  is set to be —I', such that the coupling between the two atoms is zero. Here, we
suggest an experimental setup for a tunable atom-dimer mirror, as shown in Fig. S3(a). A superconducting artificial
atom consisting of two Josephson junctions is known as a gmon qubit. The coupling between two artificial atoms is
mediated by a tunable Josephson junction with inductance L.. Its concrete form is

M wo

Q=
2 L,]-i-Lg’

(S16)

where the mutual inductance M = Lg /(2L4+ L.). Here, wy is the frequency of two atoms. The Josephson inductance
is L. = ®¢/(2mlycosd) = Lo/ cosd, where ®g = h/2e is the magnetic flux quantum; I is the critical current of the
coupler junction; and ¢ is the phase difference across the coupler junction. This phase difference can be controlled by
the external dc flux. Therefore, the atom-atom coupling becomes

wo Lg
Q=—-—— . S17
2 (L, + L)Ly & o) (517)

cos d

This direct coupling can be tuned from positive to negative by controlling the phase § of the coupler junction, as shown
in Fig. S3(b). Here, we use the experimental parameters in Ref. [S5]. The atom-atom coupling can be appropriately
adjusted by optimizing parameters of the circuit elements.

II. ATOMIC CAVITY PROTECTED BY ANTI-P7T SYMMETRY

A waveguide has continuous photonic modes, which enable the propagation of light with various frequencies. The
tunable reflection of mirror allows to control the flow of light in a waveguide. From this aspect, an atom dimer is
more useful than a single atom. It has been shown [S6] that a large reflection of single-peak mirrors leads to an
effective cavity mode. However, it is unclear how the effective cavity mode survives in an open atomic cavity with
reduced mirror reflection. A controllable atomic coupling makes it possible to construct a reconfigurable cavity with
atom-dimer mirrors. Such a cavity can be used to control light-matter interactions and has potential applications in
quantum information processing. In this section, we discuss the mechanism of the atom-dimer cavity.

A. Cavity supermodes

For a cavity with tunable reflection, a challenge is how to build a connection between the properties of the cavity and
the reflection of mirrors. We have shown in Sec. I that mirror reflection is related to the non-Hermitian Hamiltonian of
the atom dimer. The reflection of light between two mirrors should be responsible for optical properties of an atomic
cavity, which can be also described by a non-Hermitian Hamiltonian. In this way, we can understand how tunable
mirror reflection nontrivially alters the cavity. We now consider a cavity consisting of two anti-Bragg atom-dimer
mirrors with a separation A\ in the waveguide, as shown in Fig. S4(a). From Eqgs. (S3) and (S4), the Hamiltonian of
this system becomes

4
H.=—iT Z U;_O'j_ +(Q+T)(ofoy +050; +He)+T(0]f05 +ofo; +He)+il'(0] 0y —of o5 +H.e.). (S18)
j=1

To uncover the mirror-cavity relation, we write the non-Hermitian Hamiltonian of the atom-dimer cavity in the
single-excitation subspace {a;'| 91929394)} as

i Q+T T il
_[Q+4T T T T
He=1"pr r —ir a+r|" (S19)

i r Q+1r —r
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FIG. S4. (a) Schematics of a cavity with two anti-Bragg atom-dimer mirrors in a waveguide. The left and right mirrors are
denoted by M; and M,., respectively. In each mirror, there are two mirror atoms A; and A3. The distance between two mirrors
is d = Xo. (b) Reflection spectra for two atom-dimer mirrors. Two peaks correspond to reflection channels in the atomic cavity.

In particular, two 2 X 2 matrices in the diagonal line denote the Hamiltonians of two mirrors. The other two matrices
in the off-diagonal line are mirror-mirror couplings mediated by the waveguide. In subspaces of two mirrors and two
mirror atoms, the Hamiltonian becomes

HC:(Q-FF)SQ@TI-FFSI ®Tg—irsy®7y—iF80®T0, (820)

i.e., Eq. (3) in the main text. Here, s, and 7, (n = x,y, z) are Pauli matrices in the space {M;, M,.} of two mirrors
and the subspace {41, 42} of mirror atoms, respectively. Equation (S20) characterizes the relation between the atomic
cavity and mirrors. The first and the last terms represent the atomic coupling and decay rate of two atom-dimer
mirrors, as we studied in Eq. (S13). The second and third terms describe the waveguide-induced dispersive and
dissipative couplings between mirrors. Hence, the mode loss and distribution are determined by the interplay among
the first three terms.

For the cavity with single-peak mirrors using single atoms [S6], an effective cavity mode is obtained with the anti-
symmetric superposition of these two mirror atoms. Similarly, for the cavity with two-peak atomic mirrors, we may
assume that there are two channels supporting cavity modes, as shown in Fig. S4(b). We consider superpositions of
mirror states ®% = (1/v2)(®, £ @) and ®* = (1/v/2)(®L + "), where the indexes [ and r denote the left and
right mirrors, respectively. This is equivalent to making a unitary transformation

1 -1 1 -1
11 -1 -1
U=11-1-1 1| (S21)
11 1 1
to the atom-dimer cavity. We obtain the Hamiltonian
—Q—4iI' —ill 0 0
I o— —ir Q—ar 0 0
< 0 0 —Q =2 —il il’
0 0 i Q+2I' =il

— @ (522)

We find that the states @i are not eigenmodes of the atomic cavity. In other words, the two reflection channels are
not independent. The waveguide-mediated dissipative couplings mix these two channels. Owing to the dissipative
couplings, the effective cavity supermodes can be created. An important feature of H. is that two non-Hermitian
Hamiltonians #; and Hs are protected by anti-P7 symmetry (PT)H;(PT)~! = —H;. Therefore, the emergence of
cavity supermodes in the atom-dimer cavity is related to non-Hermitian phase transitions.

In these two anti-P7T symmetric Hamiltonians, H; and Hs, the non-Hermitian phase transitions do not require to
tune the frequencies of the atoms. In the literature, anti-P7 symmetry has been broadly studied, e.g., Refs. [50-58]
in the main text. In previous works involving anti-P7 symmetric systems, manipulations of non-Hermitian phase
transitions relied on controlling the frequency detunings of resonators or atoms, depending on specific systems. Here,
we show an atom-dimer proposal to realize anti-P7 -symmetry-protected non-Hermitian Hamiltonians.

A significant difference from anti-P7 non-Hermitian systems studied in other works is that here the atomic coupling
replaces the frequency detuning. Therefore, we are able to realize anti-P7T phase transitions by adjusting the atomic
coupling. Our scheme has two-fold advantages:
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FIG. S5. Tuning anti-P7T phase transitions of the atom-dimer cavity by means of the width W = 2(Q 4+ I') between the two
reflection peaks of atomic mirrors. (a) Energy levels of the supermodes of the atom-dimer cavity. The second-order exceptional
points are created at W = £4I" and W = 0. (b) Decay rates of cavity supermodes. The degenerate supermodes have different
decay rates in anti-P7 symmetric phases, i.e., W € (—4I',0) U (0,4T).

(1) Changing frequency detuning would modify the waveguide-induced couplings between atoms in a waveguide. By
tuning anti-P7T phase transitions with atomic couplings, we are able to avoid waveguide-induced frequency-dependent
couplings.
(2) As we demonstrated in Sec. (I), the coupling of two atoms gives rise to a nontrivial photon reflection. By studying
how the atom-dimer cavity changes with atomic couplings, we can reveal the relation between the cavity and mirrors.

Because Hamiltonians #; and Ho are protected by anti-P7 symmetry, we can further diagonalize the atom-dimer
cavity Hamiltonian Eq. (522) as Ho = }_; Ej|\11f><\I/jL|, with <\IJJL|\II§?> = J;;.. The real and imaginary parts of the
non-Hermitian energy spectrum E; are shown in Fig. S5(a) and Fig. S5(b), respectively. There are four supermodes
in the system. We use Wi to represent the two degenerate cavity supermodes in the anti-P7 symmetric phases.
Besides, there are two supermodes which are not protected by the anti-P7T symmetry. These unprotected supermodes
have energies different from Wy. For 0 < W < 4I' (—4I' < W < 0), H; (H2) has preserved the anti-P7T symmetry.
For simplicity, we only show two degenerate supermodes in the anti-P7 symmetric phases of the main text.

The emergence of degenerate supermodes is related to mirror reflection. From Eq. (2) in the main text, we have

7oQ? — 2T(1 — 70)Q — 2I'%(1 — () = 0, (S23)

with 79 = V R(0). By solving the above equation, we obtain

o 1—’/‘0—t0

Q = T, (S24)
To
1-— t
0y = L—FOF’ (S25)
To

with tg = V1 — R(0)., We can find that —I' < Q; < 0 and €5 > 0. The parameter regimes —I' < Q; < 0 and Q5 > 0
correspond to single-peak and two-peak mirrors, respectively. In Fig. S6(a), we show the energy levels and decay
rates of supermodes in the cavity with single-peak mirrors. R(®) = 0 corresponds to ; = —T, i.e., no reflection is
produced. Substituting Eq. (S25) to Eq. (6) in the main text, we can obtain Fig. S6(b), i.e., Fig. 2(d) in the main
text. A reflection threshold of two-peak mirrors is found at 25 = I' for the emergence of cavity supermodes.
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FIG. S6. Energy levels and decay rates of cavity supermodes changed by mirror reflection. Supermodes in the atom-dimer
cavity with (a) single-peak mirrors and (b) two-peak mirrors.



B. Single-photon transmission of the atom-dimer cavity

The optical properties of a cavity are different from those of a waveguide. An important issue about the atom-dimer
cavity is: how the output changes when mirror reflection varies. To answer this question, we start from the original
Hamiltonian of the waveguide-cavity system

4 . .
H= Zwoajaf +Q(of oy +o50; +He)+ ic/dx (&j(m)a(gix) —al(x) aa{;ia:))
i=1
fgz j‘ (x;) + o] Fa,(z;) + H. c +evT Z + etkin®i—iwint +H.C.). (S26)

Here, a;, (&;r ) are the annihilation (creation) operators for the left and right propagating photons; ¢g denotes the
coupling between atoms and photons in the waveguide; x; is the position of the ith atom along the waveguide; and
€ is assumed to be a classical coherent field. The continuous photonic modes make the waveguide act as a reservoir.
Considering the Born-Markov approximation, we trace out the photonic degrees of freedom, and obtain the master
equation for the atomic operators

p=—i(Hegp— pHlg) + 2T o po. (S27)
ij

Within the rotating-wave approximation, and in the rotating frame with respect to the probe field frequency, the
effective non-Hermitian Hamiltonian is

Hyg = — ZAG’ o; —|—Q(01 oy -|-0'3 o, +H.c) —ZPZ@ZkO‘wi_Ij‘UjU;

)

+5\/ﬂz U;Fe’ki“”” +H.c.). (S28)

with A = ¢(kin — ko) and kg = wg/c. The dynamics of the system is captured by

<o'1_> - ZA<01_> - iQ<O—i_+(_1)i 1 FZ Zkolzl zil _ 26\/706“““301. (829)

From the input-output method [S7], the transmitted field is

. r .
ai(x) = eetn® — i3y [ =g etkolee), $30
at(x) = ee i i oi ¢ (S30)

Therefore, the output field is dominated by the dynamics of atomic coherence, which is related to the direct coupling
Q2 and the waveguide-mediated coupling in [see Eq. (S29]). From Eq. (529), we can obtain the steady-state solution
of the atomic coherence

(67) =eVTe(A — H,)'V, (S31)

with (07) = ((07), (05 ), (03 ), (o7 )T and V' = (etkoz1 eihomz eikows eikoza) T The cavity Hamiltonian H, is shown
in Eq. (S18). We have assumed that |k, — ko|d < 1. In terms of the biorthogonal basis of the non-Hermitian cavity
Hamiltonian H,., we have

(07) =evTe) 3= Re(f]fj) —jiIm(E'j) v. (832)

From Eq. (S30), we have the photon transmission amplitude

(s (x))

t = eeikinz

VT|xI/R><\I/L\V
—il Z A (B, (S33)




This formula allows us to study the role played by cavity supermodes in producing the output field. In the waveguide
with a single atom, the photon transmission amplitude is

i

t=1- .
A+l

(S34)

It comes from two contributions: the incident photon in the waveguide and the photon scattered by the atom. The
superposition of these two components produces vanishing transmission at resonance (A = 0). Namely, a single atom
gives rise to complete photon reflection in a waveguide. Therefore, it acts as a mirror. For waveguide QED with
many atoms, the transmission amplitude is determined by all eigenmodes of the system [see Eq. (S33)]. As we studied
in Ref. [S2], subradiant states are responsible for reduced photon transmission, in agreement with the single-atom
scattering. However, the slow-decay supermode ¥_ in the atom-dimer cavity produces an anomalous transmission
peak. This enhanced photon transmission effect reveals the cavity-like photon transport of the slow-decay supermode.
In cavity QED, the photon transmission exhibits a Lorentzian peak, where the linewidth is the decay rate of
the cavity mode [S8]. The cavity-like optical feature of the atom-dimer cavity is not solely attributed to the slow-
decay supermode. The supermode ¥, plays an important role. At Q = 0, the atom-dimer cavity gives rise to a
transmissionless spectrum owing to anti-Bragg scattering in atomic mirrors. The supermode ¥_ does not scatter
photons because it decouples with the waveguide, i.e., ' _ = 0. So, the transmissionless spectrum is produced by
dissipative supermodes in the atom-dimer cavity. From Fig. S5, we know that the fast-decay supermode W, is
responsible for the transmissionless photon transport around A = 0. For a small atomic coupling 2 <« IT", optical
responses of those dissipative supermodes which are responsible for photon transport at {2 = 0 are not changed
too much. Quantum interference between scattered photons from these supermodes yields vanishing transmission.
However, the slow-decay supermode W_ couples to the waveguide, leading to the net effect of photon transmission

r_
th'A+F_‘ (S35)
As a result, the incident photon can transmit through the atom-dimer cavity at resonance (A = 0). Equation (S35)
is the photon transmission of the bare optical cavities [S8], with decay rate I'_ of the cavity mode. This is evidence
that the slow-decay supermode ¥_ plays the role of cavity mode. Therefore, the slow- and fast-decay supermodes
in the atom-dimer cavity give rise to a cavity-like optical response. This cavity-like photon transport is crucial for
observing interesting quantum phenomena arising from non-Hermitian cavity-atom coupling.

C. Atom-dimer cavity without anti-P7 symmetry protection

In the main text, we show that the atom-dimer cavity is protected by the anti-P7 symmetry. This symmetry
protection comes from the special cavity structure shown in Fig. S4(a). There are two conditions to realize the
atom-dimer cavity: (1) The atom-dimer mirrors should obey the anti-Bragg condition; (2) The distance between two
atomic mirrors should be n\y/2 with n being an integer. However, in experiments, the distance between atoms might
deviate from these values. Therefore, the anti-P7 symmetry can be broken. In Figs. S7(a) and S7(b), we show cavity
structures where these two conditions are not satisfied. In the following, we discuss how the atomic cavity is changed
when these two conditions are not met.

At first, we consider atom-dimer mirrors that do not satisfy the anti-Bragg condition. We assume that the distance
between two atoms in a mirror is (Ag/4 + Ad) with Ad < A\g. From the waveguide-induced couplings Eqs. (S3) and

(a) (b)
204 Ad Ao 20 1 Ad A X+ Ad 20

FIG. S7. Atom-dimer cavity without satisfying anti-PT symmetry. (a) The distance between two mirrors is Ao + Ad. (b) The
distance between atoms in atom-dimer mirrors is (Ao/4 + Ad). We assume that Ad < Ao.
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FIG. S8. (a) Energy spectrum of the atomic cavity with a distance (Ao + Ad) between the two mirrors. (b) Decay rates of two
cavity supermodes. We consider Ad = 0.001)\,.

(S4), we obtain the effective coupling between two atoms in a mirror

) . (m  2wAd ) m  27Ad
g12 — iy12 = I'sin (5 + o ) — il cos (5 + " )
~T —il§, (S36)

with 6 = 2rAd/)\g. Obviously, deviation from the anti-Bragg condition introduces dissipative coupling to two mirror
atoms. Similarly, we can calculate the couplings between atoms in two mirrors. Therefore, the Hamiltonian of the
atomic cavity becomes

— Q4+T -y T —il§ —2I'6 + i

o [e+r—iTs T —iT I —ilé
Hex | r_irs —il —il Q4T —ild (S37)
2§+ T —il§ Q+T—il§  —il

After making the transformation U in Eq. (S21), we obtain

I'§—Q—il T6—iT 0 0
g | me—ir Tito-—ir 0 0
¢ = 0 0 —Q — 2T =T — (T — 2I'6) —T6 44T
0 0 . R Q+ 20 —T'§ — i(T + 2T'6)

=H, P Ho. (S38)

We can find that, because of the nonzero parameter ¢, ’H/l and H; do not preserve the anti-P7 symmetry. In
Figs. S8(a) and S8(b), we show the energy spectrum and decay rates of two cavity supermodes, respectively. Due to
symmetry breaking induced by d, the two supermodes are not degenerate. The energy spectrum for W > 0 is different
from the one for W < 0. For W > 0, the energy spectrum is split. However, for W < 0, the two energy levels cross
each other. This means that the dispersive coupling is important for an atom-dimer mirror. The decay rates of these
two supermodes are almost unchanged.

Now we study that the distance between two atomic mirrors deviates from Ao by Ad, as shown in Fig. S7(b). The
coupling between two middle atoms is

. . /27 Ad . 21 Ad
a3 — iy23 = I'sin ( " ) —1I" cos ( " )
~T6 —il, (S39)

i.e., a weak dispersive coupling is introduced. We can calculate couplings between other atoms in two mirrors. The
Hamiltonian of the cavity becomes

—il' Q4T TI'—il'd -6+l
- [ Q+4I —i' D6—ill T —il$
He=11_irs Ts—ir —T Q4T | (540)
—I§+4i T—il'§ Q+I  —il
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FIG. S9. (a) Energy spectrum of the atomic cavity where the distance between two mirrors is (Ag + Ad). (b) Decay rates of
two cavity supermodes. We consider Ad = 0.001\o.
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The slight change of distance between the two mirrors alters the couplings between these two mirrors, i.e., the second
and third terms in Eq. (S20). Similarly, the transformation U in Eq. (S21) simplifies the cavity Hamiltonian as

—Q—i(T+06)  T6—il 0 0
i I's — il Q—i(l - T6) 0 0
©= 0 0 —Q — 2T —i(T - T¥) —T§ +il
0 0 —T6 44T Q + 2T — (T + T6)

— D, (341)

As shown in Fig. S9(a), the energy levels of two cavity supermodes ¥ become split. Their decay rates are robust to
the perturbation of cavity length shown in Fig. S9(b). Here, we consider Ad = 0.001)\g. For superconducting artificial
atoms with wy = 5 x 2r GHz, 0.001)g is about 60 um. In experiments, the coupling points of artificial atoms in a
waveguide can be controlled with high accuracy [S9] such that Ad can be much smaller than 0.001\.

In Fig. S10(a), we show the population dynamics of the probe atom for the atom-dimer cavity without obeying the
anti-Bragg condition. Dark polaritons exist for Ad = 0.001)\g at different values of atomic coupling 2. Hence, the state
transfer between the probe atom and atom-dimer cavity is robust to the change of atomic spacing in mirror atoms.
In Fig. S10(b), we consider that positions of the probe atom and atoms of the cavity have disorder #; = z; + Az;,
with ¢ = 1,2,3,4,5. Here, x; represents the disorder-free atomic position of the ith atom, and Az; € [—eAo, ]
denotes its disorder with strength €. We find that even at large disorder strength, e.g., ¢ = 0.01, population of the
probe atom exhibits long-lasting Rabi oscillations. This means that the dark polaritons are robust to disorder in the
atomic position.

1 1
\ ©)

g g
= k=

= =

2. a
I~ I~

0 0 )

time (1/I) 30 0 time (1/I) 30

FIG. S10. (a) Population dynamics of the probe atom when the atom-dimer cavity does not meet the anti-Bragg condition.
Black-solid and red-dashed curves correspond to Ad = 0 and Ad = 0.001)\, respectively, at 2 = v = 0.1I". The blue-dotted
curve denotes Ad = 0.001Ag at Q@ = = 0.4I". (b) Population dynamics of the probe atom with atomic position Z; = z; + Ax;.
Here, x; denotes the atomic position without disorder, and Ax; € [—e)o,eAo] with disorder strength . Here, we consider the
disorder strength € = 0.01 and Q@ =~ = 0.1I".
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III. ATOM-DIMER CAVITY QED AND MIRROR-TUNED POLARITONS

According to cavity QED theory, a cavity which nontrivially modifies the distribution of electromagnetic fields
can be detected with a probe atom. To study quantum optical phenomena produced by the atom-dimer cavity, we
consider a probe atom in the cavity. The coupling between the probe atom and the atom-dimer cavity is mediated
by continuous photonic modes in the waveguide. We assume that the decay rate of the probe atom in the waveguide
is 7y, different from the decay rate I' of the mirror atoms. The atom-cavity interaction is described by

Hine = (6w — iv)o,; —’LZ VATe i ( (o]0, +0,0;), (542)

with a detuning dw between the probe atom and mirror atoms, and ¢; = 2m|z; — zp|/Ao. In order to study the
atom-dimer cavity QED, we should know how the probe atom interacts with the effective cavity mode. We rewrite
the interaction Hamiltonian in terms of cavity supermodes

Hing = (I {0y + LA ) s (1) (] + 3 1950 5)
J
5 ] + S e N O+ P )95 ) (543)
J J

with (1| Hing[UF) = —in/AT Y25, 907 (3 [OF) and (WF|Hine|¢py) = —iv/AT >, €% (WE|4h;r). The couplings between
the probe atom and two supermodes, which are not protected by the anti-P7 symmetry, are denoted by Gr =
(V| Hing|OF) and Vg = (¢p|Hine|PE), where 1 and 4 indicate supermodes with lower and upper energy levels,
respectively. In Figs. S11(a) and S11(b), we show real and imaginary parts of Gz and Vg, respectively. Different from
the degenerate supermodes W, these two unprotected supermodes have maximal couplings with the probe atom at
the center or boundaries of the cavity. When the probe atom is placed at x, = \g/4 or x, = 3X\¢/4 in the cavity, it
has a vanishing coupling with these two supermodes. Hence, we can study cavity QED produced by two degenerate
cavity supermodes W

In cavity QED with single-atom mirrors, as studied in experiments [S6], the dark state (effective cavity mode)
has a coherent coupling with the probe atom. This is similar to optical cavities where the probe atom is coherently
coupled to a single cavity mode. Therefore, the coupling between the effective cavity mode and the probe atom gives
rise to polaritons. However, the superradiant mode degenerate with the effective cavity mode is not coupled to the
probe atom. The role played by the superradiant mode has not been discussed in Ref. [S6]. In the atom-dimer cavity
we study in this work, the fast-decay supermode (superradiant mode) is degenerate with the effective cavity mode.
Naively, the role played by the fast-decay supermode might appear to be negative. However, this is not the case.

In the atom-dimer cavity protected by the anti-P7 symmetry, both slow- and fast-decay supermodes are coupled
to the probe atom. In terms of two supermodes W, the Hamiltonian for the cavity-atom system can be written as

[T 0 G

Gr Ve dw —ivy

; (S44)

\\_ 4 Im(GR)
0 T/ N 1 0 Zp/ Ao 1

FIG. S11. (a, b) Couplings between the probe atom and two supermodes which are not protected by the anti-P7 symmetry.
Solid and dashed curves correspond to coherent and dissipative couplings, respectively. Here, we consider W = 2.4I" and
v =0.2I.
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FIG. S12. Non-Hermitian couplings between the probe atom and the two degenerate cavity supermodes Wi. The supermode
W has large decay rate and is dissipatively coupled with the probe atom. The supermode ¥_ with low decay rate has coherent
non-Hermitian coupling with the probe atom.

where Gr;, and Vg are coherent and dissipative atom-cavity couplings, respectively. For clarity, we show these
couplings in Fig. S12. The fast-decay supermode W has nonreciprocal dissipative couplings Vg ; with the probe
atom, and the coupling strengths are as large as the couplings G, between the slow-decay supermode ¥_ and the
probe atom. Specifically, in the anti-P7T-symmetry-protected regime, the couplings are Gg = VYW, Vg = iGg,
G =Ggr/\/1—=Q%/T? and V[, = Vi/4/1 — Q2/T2. As we studied in the main text, Gg reveals the intrinsic relation
between mirror reflection and cavity properties. Specifically, the coherent strong coupling in the cavity is related to
the reflection threshold of atom-dimer mirrors.

To study the non-Hermitian physics produced by atom-cavity interactions, we calculate the eigenvalues of |ﬁ —E| =
0, i.e.,

E? 4+ 21E% 4 23F + 23 = 0, (S45)
with
1 =i(T_ +T4 +7), (S46)
zy=—y(I-+Ty)-T_TI'y = VRV, — GGy, (S47)
T3 = —iF,VRVL - iF+GRGL - Z")/F,F+. (848)

We find VgV, + GRGL = 0 and T _VzVy, + T GRG = 2I'G%. In these coefficients x; (i = 1,2,3), only z3 is related
to G%, which comes from both coherent and dissipative couplings. Therefore, it can be concluded that Eq. (545) is
determined by the coupling Gg. In other words, G characterizes the efficient atom-cavity coupling as we claimed
in the main text. The cubic equation Eq. (S45) can be solved using Cardano’s formula [S10]. By introducing
E = u—x1/3, we have

w4 pp+q=0, (S49)

with p = x5 — 2%/3 and ¢ = 23 — 2172/3 + 223 /27. With
3 5 1/3
_(_4 P
u—< 2+ 27+4> ) (S50)

3 7\ /3
q p q
(-1 T 1
v < 5 5 +4> , (S51)
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FIG. S13. (a) Cavity-atom polaritons in the coherent coupling regime. Blue-solid (red-solid) and blue-dashed (red-dashed)
curves correspond to Re(E1) and Re(E2), respectively, for v = 0.0001' (v = 0.001I"). (b) Energy levels of the polaritons
(red-solid) and couplings G g, between the probe atom and the slow-decay supermode. Here, we consider v = 0.2T".

we can analytically solve Eq. (S49). Therefore, the final solutions of Eq. (S45) are

El :u—ﬁ—’[}—%, (852)
1 V3 1 V3 1

E, = (—2 —z2> u+ (—2 +z2> v (S53)
1, V3 1 V3 2

By= -2 4iX2 — —i— v == 4

3 <2+z2>u+<2 22>v 3 (S54)

In these three solutions, there are two polaritons arising from coherent atom-cavity interactions, as shown in Fig. S12.
In Fig. S13(a), we show the real parts of Ey and Es when the probe atom is weakly coupled to the waveguide, i.e.,
v <« I'. The large mirror reflection in the strong-coupling regime leads to efficient energy exchange between the
probe atom and the supermode W_. The cavity-atom polaritons are formed due to cavity-enhanced interactions.
This is the coherent coupling regime of cavity QED. The energies of the polaritons are not symmetric because the
atom-cavity coupling is stronger in € > 0 than < 0. When |Q] is increased, the loss of the effective cavity mode ¥_
becomes significant. The excitation in the probe atom is transported to two cavity supermodes and quickly dissipates
to the waveguide. In other words, no coherent energy exchange takes place between the probe atom and the cavity.
Therefore, the polaritons disappear in the dissipative coupling regime. In Fig. S13(b), we show energies of polaritons
and coherent atom-cavity couplings Gr ;. We find that G'r agrees well with the polariton’s energy. This justifies the
role played by Gg in characterizing the atom-cavity interaction.

In Fig. (S12), the coherent and dissipative couplings play different roles in controlling the dynamics of the probe
atom. At first, we focus on the dissipative coupling between the probe atom and the supermode W . The dissipative
coupling mixes the probe atom and the supermode ¥, as shown in Fig. S14. The decay rates of the eigenstates are

1
Ky =5 (’Y +0 £/ (y—T4)? - 4VRVL)' (855)

Vr p
probe atom & N VU, E> ) P -
T\J . ) a

« Vo oy

FIG. S14. Schematics of dissipatively coupled probe atom and fast-decay supermode ¥;. Two degenerate states |v+) with

decay rates k+ are produced.
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FIG. S15. (a) The component of the probe atom in |viy). We consider |a) = (1,0)T. (b) Rabi oscillations (red-solid) of the
probe atom for v = 0.1I". The blue-dashed curve corresponds to a decay rate 0.0044I". Here, we consider 2 = 0 for (a) and (b).

The eigenvectors are

1 —i T, — /—(~ — 2
lug) = N ([ iy +ily — /=y ; ry) +4VRVL]/2VR) 7 (S56)
lv_) = L ([~ +iTs + /= (y = T4)2 + 4VRVL]/2VR , (S57)
N_ 1
where AL are normalization factors. Here, (1,0)T and (0,1)" correspond to the probe atom and the supermode W,

respectively.

In Fig. S15(a), we plot the component of the probe atom in |v;) and |v_). The probe atom has large (small)
component in |v_) (Jvs)). Without loss of generality, we consider that the decay rate of the probe atom is much smaller
than in the mirror atoms, i.e., v < I'. The condition that |[v_) becomes a dark state (k_ = 0) is /T + VgV =0,
which gives rise to Q = 0.

We now consider the slow-decay supermode W_. Because of the large component of probe atom in |v_), ¥_ has
coherent coupling with |v_). This coupling is responsible for the energy splitting of polaritons, as shown in Fig. S13(a).
At Q = 0, the supermode ¥ _ has vanishing decay rate. In other words, the states formed by the coupling between W _
and |v_) are dissipationless. However, taking into account the small coupling between ¥_ and |v;), we can obtain
dissipative polaritons, which lead to slow-decaying Rabi oscillations.

In Fig. S15(b), we show the Rabi oscillations of the probe atom at 2 = 0. From the period of the Rabi oscillations,
we can obtain the coupling strength 0.44I", which agrees with the coupling Gr = 0.447I". The decay of the Rabi
oscillations is 0.0044I', corresponding to a decay rate 7, = 0.0022I" for the cavity-atom polaritons. Therefore, the
dissipative coupling and coherent coupling play different roles in affecting the dynamics of the probe atom.

Figure S16(a) shows the transmission spectrum of the polaritons for 2 = 0. The complete mirror reflection around
A = 0 makes polaritons invisible for dw > 0, similar to the cavity QED experiment with single-atom mirrors [S6].
By reducing the mirror reflection, polaritons can be observed in a broad range of parameter space. Spectroscopic
measurement of polaritions in the atom-dimer cavity with two-peak mirrors has been studied in the main text. To
compare with the results in experiment [S6], we consider atom-dimer mirrors with a single-peak reflection spectrum.

—_

dw/T
dw/T

2

-1k

-15 0 AT 15 -1.5 0 A/ 15

FIG. S16. Transmission for the coupled cavity-atom system at (a) @ =0 and (b) Q@ = —0.1". We assume that the probe atom
has a waveguide-induced decay rate v = 0.1 and a free-space loss 7' = 0.01T.
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In Fig. S16(b), we show the transmission spectrum of polaritons in the atom-dimer cavity with atomic coupling
Q) = —0.1T between the mirror atoms. The cavity-like photon transport makes the polaritons detectable from photon
transmission in the waveguide.

The solutions Egs. (S52 — S54) can be simplified by considering 2 = . Hence, we have x3 = z1z2. Therefore,
Eq. (S45) can be written as

(E+21)(E* + 22) = 0. (S58)

This gives rise to three solutions

By = /02 + 2T, (S59)
Ey = —/Q2 + 2'y, (S60)

B3 = —i(2T + ). (S61)

Here, F4 2 denote two dark polaritons, and Es contains the whole dissipation of the cavity-atom system. The fast-
decay supermode nontrivially modifies the dissipation of the cavity-atom polaritons in the coherent coupling regime,
and makes the atom-dimer cavity distinct from conventional single-mode optical cavities.
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