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Introduction

Here, we first summarize our main results in this work. Next, we recall the 3 dB limit of intracavity
squeezing of a semiclassical degenerate parametric amplifier (DPA) to explain the reason for that limit,
and accordingly to give the motivation of our method. Subsequently, we present a detailed derivation of
the effective Hamiltonian of generating a strong steady-state intracavity squeezing, and discuss its physical
interpretation in the laboratory frame. Then, we demonstrate the physical mechanism of beating the 3 dB
squeezing limit with our method. Furthermore, we analyze the effects of intracavity squeezing of the
semiclassical and fully quantum DPAs on longitudinal qubit readout. Finally, a possible implementation
of the intracavity-squeezing enhanced longitudinal qubit readout is discussed.

Click here to see a PDF file with slides about the present work, which is placed in Dropbox.

The supplemental material also contains a pedagogical presentation of this work (see video1 and video2),
available for interested readers.

S1. Summary of our main results

Before discussing more technical details, we first summarize the main results of our work in this section. These
main results, including some numerical values, are summarized in Table I by comparing intracavity squeezing of the
semiclassical and fully quantum DPAs, and their effects on longitudinal qubit readout. More details are described as
follows:

TABLE I. Comparison between intracavity squeezing of the semiclassical and fully quantum DPAs, and between their effects
on longitudinal qubit readout. Here, C is the cooperativity of the fully quantum DPA, SNR stands for the signal-to-noise ratio,
SNRstd

z is the SNR of the standard longitudinal readout with no squeezing, εm is the measurement error, τ is the measurement
time, rp is the degree of intracavity squeezing of the fully quantum DPA, and rsc

out is the degree of squeezing of the output field
of the semiclassical DPA.

DPA type
Steady-state

intracavity squeezing

Longitudinal qubit readout

C SNR/SNRstd
z SNR§ εm τ (ns)

Degree of squeezing of
the measurement noise

semiclassical limited to 3 dB — ' 1† 1.1 ' 0.22

' 53

τ -dependent

fully quantum arbitrarily strong
any

√
4C+1

4C exp(−2rp)+1
4.7 ' 4.4× 10−4

τ -independent

� 1
4

exp (2rp) ' exp (rp) 8.9 ' 1.5× 10−10

† This case of effectively no improvement is observed even for a large rsc
out;

§ To calculate the SNR values, we assume rsc
out = rp = 2 (' 17 dB), and a modest cooperativity of C = 5.

https://www.dropbox.com/s/btx6ypoi65o31lp/talk_Caltech.pdf?dl=0
https://dml.riken.jp/wp-content/uploads/May2022_Beatingthe3dB_WeiQ_part1.mp4
https://dml.riken.jp/wp-content/uploads/May2022_Beatingthe3dB_WeiQ_part2.mp4
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(1) While intracavity squeezing of a semiclassical DPA is limited, as is well known, to 3 dB in the steady state,
we show that our approach can, in principle, lead to an arbitrarily strong steady-state intracavity squeezing by
exploiting the pump mode of a fully quantum DPA.

The reason for this sharp contrast is that the photon loss of the signal mode, which is the origin of the 3 dB
squeezing limit of the semiclassical DPA, is now engineered as a resource in our approach rather than a noise
source.

Our present work is, to our knowledge, the first demonstration of the possibility of exploiting a fully quantum
DPA to beat the 3 dB limit for intracavity squeezing.

(2) Furthermore, our strong fully-quantum-DPA intracavity squeezing, which is equivalent to an externally generated
and injected squeezed reservoir, can be applied to longitudinal qubit readout. For comparison, we also analyze
the effect of the semiclassical-DPA intracavity squeezing on such a readout. We find that these two types of
intracavity squeezing exhibit strikingly different performances.

In the semiclassical-DPA case, we find that the degree of squeezing of the measurement noise strongly depends
on the measurement time, i.e., it increases from zero as the measurement time increases. This means that a large
squeezing of the measurement noise, corresponding to a high readout SNR, needs a long measurement time. Thus,
the semiclassical-DPA intracavity squeezing cannot enable a significant increase in the SNR for the short-time
measurement of practical interest, even with a strong squeezing of the output field. However, this is not the case
when our fully-quantum-DPA intracavity squeezing is used.

We demonstrate that in the fully-quantum-DPA case, the degree of squeezing of the measurement noise is always
equal to the degree of intracavity squeezing, and is independent of the measurement time. This enables an
exponential increase in the SNR for any measurement time, and leads to an extremely low measurement error,
which can be made many orders of magnitude smaller than those obtained in both the semiclassical-DPA case
and the standard longitudinal readout with no squeezing.

Having summarized the main results presented in our work, we show more technical details in the following sections.

S2. Limited steady-state intracavity squeezing of the semiclassical degenerate parametric amplifier

In this section, we recall the 3 dB limit of the semiclassical-DPA intracavity squeezing to explain the reason for
such a limit, i.e., the photon loss of the signal mode and, accordingly, to give the motivation of our method. We begin
with the standard master equation,

˙̂ρs = − i
[
Ĥ2pd, ρ̂s

]
+ κsL (âs) ρ̂s, (S1)

Ĥ2pd = ∆sâ
†
sâs + Ω2pd

(
â2
s + H.c.

)
, (S2)

where ρ̂s is the density matrix of the signal mode âs, ∆s = ωs − ωd/2, and Ω2pd = gαd
p. Here, ωs is the frequency

of the signal mode, and ωd is the frequency of the coherent driving of the pump mode of frequency ωp. Under the
master equation, the number of intracavity photons, 〈â†sâs〉, and the two-photon-correlation term, 〈âsâs〉, evolve as

〈â†sâs〉 (t) =
8Ω2

2pd

κ2
s − 4ω2

−Q0 exp (−κst) , (S3)

〈âsâs〉 (t) = − 2Ω2pd (2∆s + iκs)

κ2
s − 4ω2

+Q1 exp (−κst) , (S4)

where ω =
√

4Ω2
2pd −∆2

s, and we have defined

Q0 =
4Ω2

2pd

ω (κ2
s − 4ω2)

[2ω cosh (2ωt) + κs sinh (2ωt)] , (S5)

Q1 =
2Ω2pd

ω (κ2
s − 4ω2)

[
ω (2∆s + iκs) cosh (2ωt)−

(
i2∆2

s −∆sκs − i8Ω2
2pd

)
sinh (2ωt)

]
. (S6)

To ensure that the system is stable, ω is required to be either a purely imaginary number, or a purely real number
but smaller than κs/2. As a consequence, the squeezing parameter,

ξ2
s = 1 + 2

(
〈â†sâs〉 − |〈âsâs〉|

)
, (S7)
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FIG. S1. (a) Upper-bounded steady-state intracavity squeezing of the semiclassical degenerate parametric amplifier. Here, we
set ∆s = 0 as an example, so that the steady-state squeezing of the signal mode âs approaches the 3 dB limit as Ω2pd → κs/4.

Note that when Ω2pd > κs/4, the system becomes unstable. (b) Effects of nonlinear corrections from the residual coupling V̂

on the steady-state intracavity squeezing, calculated according to the formalism of Ref. [S1] for δ = −λ
√

(2 + 3κr) / (2 + κr)/2.
As λ→ 0, the steady-state intracavity squeezing increases to the 3 dB limit. In both panels, the gray shaded areas refer to the
regime below the 3 dB limit. Note that especially in panel (b), the position of the 3 dB limit is slightly greater than 3 dB, due
to the fact that −10 log10(0.5) ' 3.01.

in the steady state (t→∞) is found to be (
ξ2
s

)
ss =

1

1 + µ
, (S8)

where

µ =
4Ω2pd√

κ2
s − 4ω2 + (4Ω2pd)

2
. (S9)

It is clear that µ < 1, and thus that as shown in Fig. S1(a), the minimum
(
ξ2
s

)
ss is limited to 0.5, corresponding to

the 3 dB limit.
In the above discussion, we have neglected the residual nonlinear coupling,

V̂ = g
(
â2
sâ
†
p + H.c.

)
. (S10)

The effect of this residual coupling on intracavity squeezing has been considered in Ref. [S1] for ωd = ωp = 2ωs. It

was shown in Ref. [S1] that when the nonlinear corrections from the residual coupling V̂ are taken into account, the
steady-state squeezing parameter in Eq. (S8) becomes

(
ξ2
s

)
ss =

1

1 + µ
+

λ2µ

2 (1 + µ)
2

(1− µ)

{
µκr
κr + 2

+
κr
(
1− µ+ µ2

)
+ 2 (1 + µ)

(1 + µ) [κr + 2 (1 + µ)]

}
, (S11)

where λ = 4g/
√

2κpκs and κr = κp/κs.

Because
(
ξ2
s

)
ss in Eq. (S11) becomes divergent as µ→ 1, we can now rewrite µ as µ = 1 + δ, with δ . 0, yielding

(
ξ2
s

)
ss =

1

2 + δ
− λ2 (1 + δ)

2δ (2 + δ)
2

[
κr (1 + δ)

2 + κr
+

4 + κr + (2 + κr) δ + κrδ
2

(2 + δ) (4 + κr + 2δ)

]
. (S12)

We find, according to Eq. (S12), that when

δ = −λ
2

√
2 + 3κr
2 + κr

, and λ→ 0, (S13)

the squeezing parameter
(
ξ2
s

)
ss reaches its minimum value 0.5. This indicates that, as numerically confirmed in

Fig. S1(b), the steady-state intracavity squeezing is still limited to 3 dB, even with the inclusion of the nonlinear

contributions from the residual coupling V̂ .
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Furthermore, we find from Fig. S1(b) that
(
ξ2
s

)
ss decreases from the 3 dB limit, as the parameter λ, which determines

the ratio of nonlinear-to-linear rates of change, increases from zero. This means that the nonlinear corrections from
the residual coupling V̂ lead to a decrease, rather than an increase, of the degree of intracavity squeezing. There are
two reasons for such a decrease:

• First, when the nonlinear contributions from V̂ are considered, there exists some entanglement between the
pump and signal modes, such that the squeezed state of the signal mode becomes more mixed, thus further
reducing the degree of squeezing.

• Second, the signal-mode photons can be up-converted into the pump mode by the residual coupling V̂ , and then
can be lost via the photon loss of the pump mode. This gives rise to a two-photon loss process, which can also
destroy the desired squeezing.

The 3 dB squeezing limit is essentially attributed to the cavity photon loss (i.e., the photon loss of the signal mode),
which destroys the essence of squeezing, i.e., two-photon correlations [represented by the term 〈âsâs〉 in Eq. (S7)].
This can be physically understood as follows. The two-photon driving Ω2pd injects correlated photon pairs into the
cavity, so theoretically generating perfect two-photon correlations. Therefore, if there is no cavity photon loss, the
two-photon driving can generate an ideal, arbitrarily strong intracavity squeezing. However, the cavity photon loss
is always present, such that single photons of some correlated photon pairs leak out of the cavity, thus leading to a
partial loss of two-photon correlations. Consequently, intracavity squeezing is lost partially and is ultimately limited
to 3 dB in the steady state.

Therefore, the motivation of our method to beat the 3 dB limit is to turn the signal-mode photon loss from a noise
source into a resource via quantum reservoir engineering. We find that with a fully quantum DPA, the signal-mode
photon loss, when exploited as a resource, can steer the pump mode into a squeezed steady state. More importantly,
we find that the signal-mode photon loss can strongly suppress the detrimental effect of the pump-mode photon loss
on squeezing, and ultimately, an arbitrarily strong steady-state squeezing of the pump mode can be achieved. The
underlying physical mechanism is discussed in Sec. S5.

S3. Detailed derivation of the effective Hamiltonian

Below, we give a detailed derivation of the effective Hamiltonian Ĥeff . To begin, we consider the original Hamiltonian
Ĥ = Ĥ0 + Ĥ2td, where Ĥ0 and Ĥ2td are given in Eqs. (1) and (2), respectively, in the main article. In terms of the

signal Bogoliubov mode β̂s, the Hamiltonian Ĥ is reexpressed as

Ĥ = Ĥ+ R̂1 + R̂†1 + R̂2 + R̂†2, (S14)

Ĥ = ∆pâ
†
pâp + Λsβ̂

†
s β̂s + g0β̂

†
s β̂s

(
âp + â†p

)
+ cosh (rs)

∑
k=±

(
Ekβ̂†se−iωkt + H.c.

)
, (S15)

R̂1 = g
[
cosh2 (rs) β̂

2
s + sinh2 (rs) β̂

†2
s

]
â†p, (S16)

R̂2 = − sinh (rs)
∑
k=±

Ekβ̂se−iωkt. (S17)

Here, R̂1 and R̂2 are the residual components of the parametric coupling g and the two-tone driving Ω2td, respectively.
Correspondingly, the master equation is given by

˙̂ρ = − i
[
Ĥ, ρ̂

]
+ κpL (âp) ρ̂+ κs cosh2 (rs)L

(
β̂s

)
ρ̂

+ κs sinh2 (rs)L
(
β̂†s

)
ρ̂− 1

2
κs sinh (2rs)D

(
β̂s

)
ρ̂− 1

2
κs sinh (2rs)D

(
β̂†s

)
ρ̂, (S18)

where L (ô) ρ̂ = ôρ̂ô† − 1
2

(
ô†ôρ̂+ ρ̂ô†ô

)
, and D (ô) ρ̂ = ôρ̂ô− 1

2 (ôôρ̂+ ρ̂ôô).

In order to derive Ĥeff , let us first focus our attention on the term Ĥ, which provides the dominant contribution to
the generation of intracavity squeezing. We then analyze the terms R̂1 and R̂2, both of which, as purely high-frequency

effects, can be dropped by properly compensating some resonance shifts of the modes β̂s and âp.
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To proceed, we introduce a displacement operator, D̂p (αp) = exp
(
αpâ

†
p − α†pâp

)
, for the mode âp, and a time-

dependent displacement operator, D̂s [αs (t)] = exp
[
αs (t) β̂†s − α∗s (t) β̂s

]
, for the mode β̂s, such that

D̂†p (αp) âpD̂p (αp) = âp + αp, (S19)

D̂†s [αs (t)] β̂sD̂s [αs (t)] = β̂s + αs (t) , (S20)

where αs (t) = α+
s e
−iω+t +α−s e

−iω−t. Here, αp is the overall field amplitude of the mode âp, induced by the ω± tones

(i.e., the ωd
± tones in the original lab frame), while α±s are the field amplitudes of the mode β̂s, induced by the ω±

tones, respectively.
When applying the displacement transformations in Eqs. (S19) and (S20), a displaced Ĥ is found to be

Ĥdisp = Û† (t) ĤÛ (t)− iÛ† (t)
˙̂
U (t)

− i1
2
κp
(
αpâ

†
p −H.c.

)
− i1

2
κs

[
αs (t) β̂†s −H.c.

]
, (S21)

where Û (t) = D̂p (αp) D̂s [αs (t)]. It then follows, using

˙̂
U (t) = D̂p (αp) D̂s [αs (t)]

×
{

1

2

d

dt
|αs (t)|2 − i

(
ω+α

+∗
s eiω+t + ω−α

−∗
s eiω−t

) [
β̂s + αs (t)

]
− i
(
ω+α

+
s e
−iω+t + ω−α

−
s e
−iω−t

)
β̂†s

}
, (S22)

that

Ĥdisp = ∆pâ
†
pâp + Λsβ̂

†
s β̂s + g0β̂

†
s β̂s

(
âp + â†p

)
+ g0

(
α+
s β̂
†
se
−iω+t + H.c.

) (
âp + â†p

)
+ g0

(
α−s β̂

†
se
−iω−t + H.c.

) (
âp + â†p

)
+ g0

[
α−s
(
α+
s

)∗
ei(ω+−ω−)t + H.c.

] (
âp + â†p

)
, (S23)

where we have set

αp = g0
|α+
s |

2
+ |α−s |

2

iκp/2−∆p
, and α±s =

cosh (rs) E±
iκs/2− Λs + ω±

. (S24)

Note that here, the resonance shift, 2g0Re [αp], of the mode β̂s has been absorbed into Λs. Under the assumption of
ω± = Λs ± ∆p, we can drop high-frequency components and then obtain the effective Hamiltonian in the rotating

frame of reference of ĥ = ∆pâ
†
pâp + Λsβ̂

†
s β̂s as follows:

Ĥeff = G−β̂
†
s âp +G+β̂

†
s â
†
p + H.c. (S25)

= G
(
β̂pβ̂

†
s + β̂†pβ̂s

)
, (S26)

where G± = g0α
±
s and G =

√
G2
− −G2

+. Here, we have set the field amplitudes α±s to be real, for simplicity, and have

defined a Bogoliubov mode for the pump mode,

β̂p = âp cosh (rp) + â†p sinh (rp) , (S27)

with tanh (rp) = G+/G−.

Now consider the term R̂1. We apply the displacement transformations in Eqs. (S19) and (S20) to R̂1, and see that

R̂1 becomes

R̂1,disp = g
[
cosh2 (rs) Π̂ + sinh2 (rs) Π̂†

] (
â†p + α∗p

)
, (S28)
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with

Π̂ = β̂2
s + 2β̂s

∑
k=±

αkse
−iωkt +

(∑
k=±

αkse
−iωkt

)2

. (S29)

As assumed in the main article, the degree, rs, of squeezing of the signal mode âs is very small, so that the terms in
Eq. (S28), which are proportional to sinh2 (rs), can be dropped, yielding

R̂1,disp ' gcΠ̂
(
â†p + α∗p

)
+ H.c., (S30)

where gc = g cosh2 (rs) ' g. The coupling R̂1,disp is dominated by the couplings,

P̂ = 2gcβ̂sa
†
p

∑
k=±

αkse
−iωkt + H.c., (S31)

Q̂ = gc

(∑
k=±

αkse
−iωkt

)2

â†p + H.c. (S32)

Using the formalism of Ref. [S2] shows that, under the resonance conditions ω± = Λs ± ∆p, the dynamics of the

coupling P̂ effectively causes a resonance up-shift of

δshift = 2g2
c

[
1

Λs

(
α+
s

)2
+

1

Λs −∆p

(
α−s
)2]

(S33)

for the mode β̂s, and also a resonance down-shift of the same amount for the mode âp. These two shifts can be
compensated by slightly modifying the resonance condition ω− = Λs −∆p to be ω− = Λs −∆p + 2δshift.

On the other hand, the coupling Q̂ can be simply viewed as a detuned three-tone driving of the mode âp. To cancel
its effect, a direct method is to drive the mode âp using another opposite-phase three-tone driving. But to simplify
this problem, we note that recently, a strong single-photon parametric coupling has been experimentally realized, with
the strength g being able to range from some tens of kHz to some tens of MHz [S3–S10]. This indicates that even
when the intracavity-field amplitudes α±s are small [e.g., α±s ∼ 1 as in Fig. 1(b)], a large C can still be achieved. Here,
C = G2/ (κsκp) is a key factor, whose larger value can lead to a stronger intracavity squeezing as discussed in the main

article. Thus in this case, the coupling Q̂ acts as a high-frequency component. At the same time, the residual driving
term R̂2 can also be treated as a high-frequency component, because for rs � 1 we can have (ω± + Λs)� sinh (rs) E±.

Consequently, both the terms Q̂ and R̂2 are allowed to be directly dropped. Such is the case considered in the main
article.

By the above analysis, it is seen that the coherent dynamics of the three-tone driven DPA, which is described
exactly by the Hamiltonian Ĥ, can be well governed by the effective Hamiltonian Ĥeff . This is numerically confirmed
in Fig. 1(b) in the main article.

S4. Physical interpretation of the effective Hamiltonian Ĥeff in the laboratory frame.

The effective Hamiltonian Ĥeff in Eq. (S26) models a beam-splitter-type interaction between the signal and pump
Bogoliubov modes, but in the squeezed frame. Below, we discuss how to understand this effective Hamiltonian in

the laboratory frame. To be more specific, we first note that the signal Bogoliubov mode β̂s in the squeezed frame,

whose resonance frequency is Λs =
√

∆2
s − 4Ω2

2pd, in fact corresponds to the shifted (or dressed) signal mode in the

laboratory frame, whose resonance frequency is ωsq
s = ωd/2 + Λs. In the laboratory frame, Ĥeff can be rewritten as

Ĥeff = ĤBST + ĤTMS, (S34)

ĤBST = G−

(
âpβ̂

†
s + â†pβ̂s

)
, (S35)

ĤTMS = G+

(
âpβ̂s + â†pβ̂

†
s

)
. (S36)

Here, ĤBST and ĤTMS describe a resonant beam-splitter-type interaction and a resonant two-mode-squeezing
interaction, respectively. Thus, the physical interpretation of Ĥeff can be understood as two four-wave-mixing
processes, as schematically depicted in Fig. S2.
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mixing

ωd ωp
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+

Δp
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+
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}
pump
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^

FIG. S2. Four-wave-mixing processes responsible for (a) the beam-splitter-type [i.e., ĤBST in Eq. (S35)] and (b) two-mode-

squeezing [i.e., ĤTMS in Eq. (S36)] interactions in the laboratory frame. On the right of both panels is the schematic
representation of energy conservation, showing the resonance conditions of these interactions, ω± = Λs ± ∆p. The beam-
splitter-type interaction models the conversion of a photon from the pump mode âp at ωp into the signal Bogoliubov mode

(i.e., the shifted signal mode) β̂s at ωsq
s , which is accompanied by absorbing an ωd

− photon and emitting another ωd photon.
In contrast, the two-mode-squeezing interaction models the simultaneous creation of two photons in the signal Bogoliubov and
pump modes, along with the simultaneous annihilation of an ωd

+ photon and an ωd photon.

The beam-splitter-type interaction ĤBST in Eq. (S35) exchanges a single photon between the signal Bogoliubov

mode β̂s at ωsq
s and the pump mode âp at ωp. This process is obtained under the resonance condition ω− = Λs−∆p,

which, in the laboratory frame, is

ωd
− + ωp = ωsq

s + ωd. (S37)

It is seen that the beam-splitter-type interaction ĤBST originates from a four-wave-mixing process, which is stimulated
by the driving tones at ωd

− and ωd. According to the photon description of this process [see Fig. S2(a)], a pump photon

at ωp is down-converted to the mode β̂s at ωsq
s , while annihilating a driving photon at ωd

− and creating another driving
photon at ωd.

On the other hand, the two-mode-squeezing interaction ĤTMS in Eq. (S36) describes the simultaneous annihilation

and creation of two photons in the signal Bogoliubov mode β̂s and the pump mode âp. Its resonance condition is
ω+ = Λs + ∆p, which, in the laboratory frame, reads

ωd
+ + ωd = ωsq

s + ωp. (S38)

This implies that the driving tones at ωd
+ and ωd simulate a four-wave-mixing process [see Fig. S2(b)]. In the photon

description, a photon pair of the signal Bogoliubov and pump modes can be created by annihilating two driving
photons at ωd

+ and ωd.

S5. Physical mechanism of beating the 3 dB squeezing limit

Having given a physical interpretation of the effective Hamiltonian Ĥeff in Sec. S4, we here show in detail the
physical mechanism of beating the 3 dB squeezing limit with our proposal. The basic idea of our proposal is to apply
a two-tone driving to the signal mode, in addition to the usual driving of the pump mode. In order to show the
underlying physical mechanism explicitly, we consider the effective master equation,

˙̂ρ = −i
[
Ĥeff , ρ̂

]
+ κpL (âp) ρ̂+ κsL(β̂s)ρ̂. (S39)

In an ideal case of κp = 0, the photon loss of the mode β̂s can cool the mode β̂p to its ground state, i.e., the ideal
squeezed vacuum state expressed as

|Φsv〉 =
1√

cosh (rp)

∞∑
n=0

√
(2n)!

2n n!
[− tanh (rp)]

n |2n〉, (S40)

in terms of photon-number states of the pump mode âp. According to Eq. (S40), the state |Φsv〉 is a superposition
of only even photon-number states and, thus, has even photon-number parity. We also note that, the state |Φsv〉 is

simply the zero photon-number state, |0〉β̂p
, of the mode β̂p, such that

β̂p|Φsv〉 = β̂p|0〉β̂p
= 0. (S41)
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..
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FIG. S3. Schematic of destructive interference leading to an arbitrary steady-state intracavity squeezing. There always exist
two different transitions to any odd photon-number state of the signal mode, which are driven by the ωd

± tones (red and blue
arrows), respectively. A squeezed steady state, with an arbitrarily high degree of squeezing, can be achieved since these two
transitions can interfere destructively, so that the populations of all the odd photon-number states are zero in the steady state.

Furthermore, the state |Φsv〉 is a unique steady state, and can be reached from any state of the mode âp. The reason

is that any state of the mode âp can be expressed in terms of the ground and excited states of the mode β̂p, but of

these, all the excited states (i.e., all the nonzero photon-number states of the mode β̂p) are depopulated by the loss

of the mode β̂s in the steady state, leaving only the ground state |0〉β̂p
, i.e., the state |Φsv〉.

We now consider the effect of the photon loss of the mode âp in the case of κp 6= 0. The desired steady-state
squeezing is independent of the initial state of the mode âp, as discussed above. This enables the detrimental effect
of the photon loss of the mode âp on squeezing to be strongly suppressed, as long as κs � κp. Such a dissipative
suppression can be understood from the quantum jump approach. The action of the quantum jump operator âp on
the state |Φsv〉, corresponding to a single-photon loss event, yields

âp|Φsv〉 = − sinh (rp) |1〉β̂p
, (S42)

where |1〉β̂p
is the single photon-number state of the mode β̂p. It is seen that a single-photon loss event completely

destroys the desired squeezing. Despite this, the strong photon loss of the mode β̂s can autonomously steer the state
|1〉β̂p

back to the ground state |0〉β̂p
, i.e., the state |Φsv〉. Therefore, this strong suppression of the detrimental effect

of the photon loss of the mode âp on squeezing is the physical reason why our proposal can beat the 3 dB squeezing
limit.

Let us now discuss the role of the two driving tones, at ωd
±, of the signal mode in our proposal. Their role is to

form the Bogoliubov mode β̂p in Eq. (S27), which involves the annihilation operator âp and the creation operator

â†p simultaneously. In terms of photon-number states of the pump mode âp, the action of the operator β̂p, which

is triggered by the photon loss of the mode β̂s, causes two different transitions to any odd photon-number state, as
shown in Fig. S3. One of them, i.e., |2n〉 → |2n+ 1〉 [corresponding to the action of the operator â†p in Eq. (S27)],

is driven by the tone at ωd
+, and the other transition, i.e., |2n+ 2〉 → |2n+ 1〉 [corresponding to the action of the

operator âp in Eq. (S27)], is driven by the tone at ωd
−. To satisfy Eq. (S41), destructive interference between these two

transitions is required to ensure that all the odd photon-number states are unpopulated in the steady state. In fact,

the squeezed steady state |Φsv〉 is generated by the repeated action of the operator β̂p on the pump mode, which can
be initially in any state, until such destructive interference is formed in the steady state. The condition for destructive
interference can also be used to derive the coefficients in Eq. (S40). Thus, the role of the two-tone driving is to provide
two different transition pathways, which are crucial to form a strong steady-state squeezing.

S6. Longitudinal qubit readout using the semiclassical-DPA intracavity squeezing

In this section, we consider the longitudinal readout of a qubit embedded in the semiclassical DPA, where the pump
mode is treated as a classical field and, in turn, as a nonlinear two-photon driving of the signal mode. Specifically,
we derive and analyze in detail the measurement signal, measurement noise, and SNR. For a semiclassical DPA, its
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intracavity squeezing is limited to 3 dB, but at the same time an arbitrarily strong squeezing can, in principle, be
achieved for its output field. It thus seems, at first glance, as though the semiclassical-DPA intracavity squeezing
might be suitable to improve longitudinal qubit readout. However, below we demonstrate that for the short-time
measurement, the SNR does not benefit from the semiclassical-DPA intracavity squeezing, even though squeezing of
the output field is very strong. Furthermore, we also demonstrate that although there is an exponential improvement in
the SNR for the long-time measurement, the required measurement time is extremely long and, therefore, is infeasible
experimentally.

To begin, we assume that the qubit to be measured is longitudinally coupled to the signal mode âs, as described
by the Hamiltonian,

Ĥsc
z = Ω2pd

(
â2
se
−i2φ2pd + â†2s e

i2φ2pd
)

+ χzσ̂z
(
âse
−iφz + â†se

iφz
)
, (S43)

where σ̂z is the Pauli matrix of the qubit. The first term accounts for the semiclassical DPA with a two-photon driving
of strength Ω2pd and phase 2φ2pd, and the second term for the longitudinal qubit-field coupling of strength χz and
phase φz. The longitudinal coupling generates a linear displacement of the signal mode âs, conditional on the qubit
state. Under Ĥsc

z , the quantum Langevin equation of motion for the signal mode âs is

˙̂as = −iσχzeiφz − κs
2
âs − i2Ω2pdâ

†
se
i2φ2pd −

√
κsâs,in (t) . (S44)

Here, the qubit has been assumed to be in a definite state, such that the operator σ̂z has been written as a c-number
σ = ±1, corresponding to the excited and ground states of the qubit, respectively. This equation of motion can be
solved using a formal integration, and the resulting expression for âs (t) is

âs (t) = cosh [2Ω2pd (t− t0)] âs (t0) e−κs(t−t0)/2

− iei2φ2pd sinh [2Ω2pd (t− t0)] â†s (t0) e−κs(t−t0)/2

−
√
κs

∫ t

t0

ds cosh [2Ω2pd (t− s)]
[
âs,in (t) + ieiφzσχz/

√
κs
]
e−κs(t−s)/2

+ iei2φ2pd
√
κs

∫ t

t0

ds sinh [2Ω2pd (t− s)]
[
â†s,in (t)− ie−iφzσχz/

√
κs

]
e−κs(t−s)/2, (S45)

where t0 is the initial time of the measurement. It is seen that in the case of Ω2pd > κs/4, the amplitude of âs
increases exponentially with time, and the system becomes unstable. Thus, in order for the system to be stable, we
restrict our discussion to the case where Ω2pd < κs/4. Note that the special case of Ω2pd = 0 corresponds to the
standard longitudinal readout with no squeezing.

With the output field âs,out (t) = âs,in (t) +
√
κsâs (t) [S11], the output quadrature, carrying information about the

qubit state and measured by a homodyne setup with a detection angle φh, is given by

Ẑout (t) = âs,out (t) e−iφh + â†s,out (t) eiφh . (S46)

To evaluate the SNR, which is an essential parameter quantifying the homodyne detection, we define the following
measurement operator,

M̂ =
√
κs

∫ τ

0

dt Ẑout (t) , (S47)

where τ is the measurement time. Its average, 〈M̂〉, is the qubit-state-dependent measurement signal, while the

variance of the noise operator M̂N = M̂ − 〈M̂〉 represents the measurement noise. Then, the SNR reads

SNR =

∣∣∣〈M̂〉↑ − 〈M̂〉↓∣∣∣√
〈M̂2

N 〉↑ + 〈M̂2
N 〉↓

, (S48)

where the arrows ↑ and ↓ refers to the excited and ground states of the qubit.
Note that the longitudinal coupling in fact offers a qubit-state-dependent resonant driving for the signal mode âs,

and can act as an internal measurement tone. In this case, the input measurement tone is no longer needed, such
that the average of the input operator âs,in (t) equals zero, i.e., 〈âs,in (t)〉 = 0, and then the correlations for âs,in (t)
are given by

〈âs,in (t) â†s,in (t′)〉 = δ (t− t′) , (S49)

〈â†s,in (t) âs,in (t′)〉 = 〈âs,in (t) âs,in (t′)〉 = 0. (S50)
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Under the initial condition 〈âs (0)〉 = 0, we find

〈M̂〉↑ − 〈M̂〉↓ =
8χzκs(

κ2
s − 16Ω2

2pd

)2

{[
κ2
s (2− κsτ) + 16 (2 + κsτ) Ω2

2pd

]
sin (φh − φz)

− 4Ω2pd

[
κs (4− κsτ) + 16Ω2

2pdτ
]

cos (φh + φz − 2φ2pd)

}
+ F−e−

1
2 (κs−4Ω2pd)τ + F+e

− 1
2 (κs+4Ω2pd)τ , (S51)

with

F± =
8χzκs

(κs ± 4Ω2pd)
2 [cos (φh + φz − 2φ2pd)± sin (φh − φz)] . (S52)

Here, we have assumed t0 = 0 for simplicity.

Furthermore, the quantum fluctuation of the output field âs,out (t), given by f̂out (t) = âs,out (t) − 〈âs,out (t)〉, is
found to be

f̂out (t) = âs,in (t)− κs
∫ t

−∞
ds cosh [2Ω2pd (t− s)] e−κs(t−s)/2âs,in (s)

+ iei2φ2pdκs

∫ t

−∞
ds sinh [2Ω2pd (t− s)] e−κs(t−s)/2â†s,in (s) . (S53)

Here, we have assumed that before the measurement starts (i.e., the longitudinal qubit-field coupling starts), the
system (i.e., the semiclassical DPA) is already in the steady state. Thus in Eq. (S53), the lower limit of integration

has been extended to −∞. The measurement noise, when expressed in terms of f̂out (t), is

〈M̂2
N 〉 = κs

∫ τ

0

∫ τ

0

dt1dt2

[
〈f̂†out (t1) f̂out (t2)〉+ 〈f̂out (t1) f̂†out (t2)〉

+ 〈f̂out (t1) f̂out (t2)〉e−i2φh + 〈f̂†out (t1) f̂†out (t2)〉ei2φh

]
, (S54)

and after a straightforward but tedious calculation is found as follows:

〈M̂2
N 〉 = κsτ +

16κ2
sΩ2pd(

κ2
s − 16Ω2

2pd

)3

{[
κ3
s (2− κsτ) + 32

(
3κs + 8Ω2

2pdτ
)

Ω2
2pd

]
sin [2 (φh − φ2pd)]

− 8κ2
s (3− κsτ) Ω2pd − 128 (1 + κsτ) Ω3

2pd

}
+ Z−e−

1
2 (κs−4Ω2pd)τ −Z+e

− 1
2 (κs+4Ω2pd)τ , (S55)

where

Z± =
16κ2

sΩ2pd

(κs ± 4Ω2pd)
3 {1± sin [2 (φh − φ2pd)]} . (S56)

From Eq. (S55) the noise is minimized by choosing φh − φ2pd = π/4, corresponding to the homodyne detection

along the direction of squeezing. Then according to Eq. (S51), the signal separation
∣∣∣〈M̂〉↑ − 〈M̂〉↓∣∣∣ is maximized for

φh − φz = π/2.
For these optimal phases, below we discuss the SNR. Let us first consider a special case of Ω2pd = 0, corresponding

to the standard longitudinal readout with no squeezing. In such a case, the SNR is given by [S12]

SNRstd
z =

6

κsτ
SNRstd

x = χzτ
√

2κsτ , (S57)

for a short-time measurement (i.e., κsτ � 1). Here, SNRstd
x = ε (κsτ)

5/2
/(3
√

2κs) refers to the short-time SNR of
the standard dispersive readout with a measurement tone of amplitude ε [S13]. For comparison, we have assumed
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FIG. S4. SNR improvement, i.e., SNRsc
z /SNRstd

z , of longitudinal qubit readout using intracavity squeezing of the semiclassical
degenerate parametric amplifier for rsc

out = 1, 1.5, and 2. The SNR is calculated using Eqs. (S51) and (S55) for φh = φ2pd+π/4 =
φz + π/2. The green shaded area refers to the regime of most interest in experiments.

the amplitude ε to be equal to the longitudinal coupling strength χz. Clearly, the longitudinal readout requires much
shorter measurement times, compared to the dispersive readout.

We now consider the SNR for any Ω2pd that can keep the system stable, i.e., Ω2pd < κs/2. For the short-time
measurement, i.e., κsτ � 1 or (κs ± 4Ω2pd)� 1, the signal separation is found to be∣∣∣〈M̂〉↑ − 〈M̂〉↓∣∣∣ ' 2χzκsτ

2, (S58)

up to second order, and likewise, the measurement noise is reduced to

〈M̂2
N 〉 ' κsτ −

4Ω2pd

κs + 4Ω2pd
(κsτ)

2 ' κsτ. (S59)

We find that both the short-time signal and noise are almost unaffected by the two-photon driving Ω2pd or equivalently
by intracavity squeezing. In turn, the optimal SNR is found to be

SNRsc
z ' SNRstd

z . (S60)

This implies that the semiclassical-DPA intracavity squeezing does not improve the SNR for the short-time
measurement. In Fig. S4, we plot the SNR improvement, i.e., the ratio SNRsc

z /SNRstd
z , as a function of the

measurement time κsτ . In this figure, we define the parameter

rsc
out = ln

(
κs + 4Ω2pd

κs − 4Ω2pd

)
, (S61)

which characterizes the degree of squeezing of the output field of the semiclassical DPA in the absence of the qubit.
It can be seen that the SNR is almost unaffected in the regime τ ≤ 1/κs, which is of most interest in experiments.

Moreover, for the long-time measurement, i.e., κsτ � 1 or (κs ± 4Ω2pd) � 1, an exponential improvement in the
SNR can be obtained as

SNRsc
z '

κs
κs + 4Ω2pd

exp (rsc
out) SNRstd

z . (S62)

For example, choosing rsc
out = 2 (' 17 dB) can give a more than four-fold improvement in the long-time limit. However,

as shown in Fig. S4, even with a long measurement time of up to τ = 10/κs, the output-field squeezing of rsc
out = 2

can only lead to a modest improvement of the SNR by a factor of ' 1.7. This means that in order to obtain the
exponential improvement given in Eq. (S62), the measurement time needs to be extremely long, which is infeasible
in experiments. Hence, the semiclassical-DPA intracavity squeezing cannot significantly improve the SNR during a
practically feasible measurement time, even with a strong output-field squeezing.
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FIG. S5. Phase-space representation of longitudinal qubit readout using intracavity squeezing of the semiclassical degenerate
parametric amplifier. We chose, for rsc

out = 1.5 (' 13 dB), three different measurement times: κsτ = 0.4, 2, and 5. The resulting
Wigner functions on the left and right of the vertical dashed line correspond to the excited and ground states of the qubit,
respectively. The degree of squeezing of the measurement noise strongly depends on the measurement time.

To understand this result of no significant improvement of practical interest in experiments, we now turn to phase
space. In order to describe the Wigner function of the output field, we define the temporal mode [S14, S15]

Â =
1√
τ

∫ τ

0

dt âs,out (t) . (S63)

The resulting bosonic commutation relation
[
Â, Â†

]
= 1 allows us to introduce two conjugate quadratures,

X̂out =
1

2

(
Â+ Â†

)
, and Ŷout =

1

2i

(
Â− Â†

)
, (S64)

which satisfy
[
X̂out, Ŷout

]
= i. With these quadratures, the Wigner function of the output field can be calculated as

W (Xout, Yout) =
1

2π
√

Det (D)
exp

(
−1

2
GTD−1G

)
, (S65)

where

G =
(
Xout − 〈X̂out〉, Yout − 〈Ŷout〉

)T

, (S66)

D =

(
〈X̂2

out〉 − 〈X̂out〉
2

〈X̂outŶout + ŶoutX̂out〉/2− 〈X̂out〉〈Ŷout〉
〈X̂outŶout + ŶoutX̂out〉/2− 〈X̂out〉〈Ŷout〉 〈Ŷ 2

out〉 − 〈Ŷout〉
2

)
. (S67)

We show in Fig. S5 the Wigner functions in phase space for different measurement times and for the ground and
excited states of the qubit. The degree of squeezing of the measurement noise increases from the initial value zero
as the measurement time increases, and then tends asymptotically towards the limit value rsc

out. The practically
unsqueezed measurement noise in the regime κsτ ≤ 1 is the physical reason for almost no improvement in the SNR
for the short-time measurement.

S7. Improved longitudinal qubit readout using our fully-quantum-DPA intracavity squeezing

Following the same method as in Sec. S6, we here derive and analyze the measurement signal, measurement noise,
and SNR for the longitudinal readout of a qubit embedded in the fully quantum DPA. In our approach, the qubit is
coupled to the pump mode, rather than to the signal mode as described in Sec. S6. We demonstrate that, compared
to the case of using the semiclassical-DPA intracavity squeezing, our fully-quantum-DPA intracavity squeezing enables
an exponential improvement in the SNR for any measurement time, thus yielding a faster and higher-SNR (i.e.,
higher-fidelity) qubit readout.
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With the Hamiltonian Ĥ fq
z in Eq. (14) in the main article, the quantum Langevin equations of motion for the modes

âp and β̂s are

˙̂ap = − iσχzeiφz − i
(
G−β̂s +G+β̂

†
s

)
− κp

2
âp −

√
κpâp,in (t) , (S68)

˙̂
βs = − i

(
G−âp +G+â

†
p

)
− κs

2
β̂s −

√
κsβ̂s,in. (S69)

As was assumed for the generation of the strong steady-state intracavity squeezing, the photon loss rate κs of the

mode β̂s is sufficiently large, such that we can set
˙̂
βs = 0 to adiabatically eliminate the mode β̂s. This leads to the

following adiabatic equation of motion for the mode âp,

˙̂ap = −iσχzeiφz − κ

2
âp −

√
κÂin (t) . (S70)

Here, the noise operator Âin (t) = 1√
κ

[√
κad
p â

ad
p,in (t) +

√
κpâp,in (t)

]
describes the overall input noise. The pump mode

âp is then found, after formally integrating, to be

âp (t) = e−κ(t−t0)/2âp (t0)

− i 2
κ
σχze

iφz

[
1− e−κ(t−t0)/2

]
−
√
κ

∫ t

t0

e−κ(t−s)/2Âin (s) ds. (S71)

As mentioned in Sec. S6, the longitudinal coupling can be thought of as an internal measurement tone, and there

is no input or external measurement tone. In this case, 〈β̂s,in (t)〉 = 〈Âin (t)〉 = 0. Moreover, the correlations for

β̂s,in (t), which approximately describe the vacuum noise of the mode β̂s, are

〈β̂s,in (t) β̂†s,in (t′)〉 = δ (t− t′) , (S72)

〈β̂†s,in (t) β̂s,in (t′)〉 = 〈β̂s,in (t) β̂s,in (t′)〉 = 0, (S73)

and, as a consequence, the correlations for Âin (t) are

〈Âin (t) Â†in (t′)〉 =

[
1

4C + 1
+

4C
4C + 1

cosh2 (rp)

]
δ(t− t′) , (S74)

〈Â†in (t) Âin (t′)〉 =
4C

4C + 1
sinh2 (rp) δ(t− t′) , (S75)

〈Âin (t) Âin (t′)〉 = − 2C
4C + 1

sinh (2rp) δ(t− t′) . (S76)

Here, C = G2/ (κsκp) is the cooperativity of the DPA. It is seen that the correlation in Eq. (S74) includes two
contributions, one from the natural photon loss of the pump mode âp and the other from the adiabatic effect of the

signal Bogoliubov mode β̂s.
It follows, according to the input-output relation Âout (t) = Âin (t) +

√
κâp (t), that the signal separation is found

to be ∣∣∣〈M̂〉↑ − 〈M̂〉↓∣∣∣ = 8χzτ |sin (φh − φz)|
{

1− 2

κτ
[1− exp (−κτ/2)]

}
. (S77)

Here, we have assumed t0 = 0 as usual. This signal separation is the same as obtained in the standard longitudinal

readout with no squeezing [S12, S16]. Moreover, the quantum fluctuation noise of the output field now is f̂out (t) =

Âout (t)− 〈Âout (t)〉, and evolves as

f̂out (t) = Âin (t)− κ
∫ t

−∞
exp [−κ (t− s) /2] Âin (s) ds. (S78)

Here, the lower limit of integration has been extended to −∞ for the same reason as mentioned in Sec. S6. The
expression of the measurement noise is the same as in Eq. (S54) but now replacing κs 7→ κ, and, then, a straightforward
calculation leads to

〈M̂2
N 〉 = κτ

{
1

4C + 1
+

4C
4C + 1

[cosh (2rp)− cos (2φh) sinh (2rp)]

}
. (S79)
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FIG. S6. Phase-space representation of longitudinal qubit readout using intracavity squeezing of the fully quantum degenerate
parametric amplifier. We chose, for rout = 1.5 (' 13 dB), three different measurement times: κτ = 0.4, 2, and 5. The resulting
Wigner functions on the left and right of the vertical dashed line correspond to the excited and ground states of the qubit,
respectively. The strong squeezing of the measurement noise is independent of the measurement time.

As long as C � e2rp/4, then 〈M̂2
N 〉 is reduced to the measurement noise of the longitudinal readout with injecting a

squeezed reservoir in the ideal case of no transmission and injection losses [S12], i.e.,

〈M̂2
N 〉ideal = κτ [cosh (2rp)− cos (2φh) sinh (2rp)] . (S80)

By choosing φz = π/2 and φh = 0, the optimal SNR of the longitudinal readout using the fully-quantum-DPA
intracavity squeezing is given by

SNRfq
z =

√
4C + 1

4C exp (−2rp) + 1
SNRstd

z , (S81)

which shows a significant improvement in the SNR. In particular, an exponential improvement,

SNRfq
z ' exp (rp) SNRstd

z , (S82)

can be achieved for C � e2rp/4. We note that Eqs. (S81) and (S82) hold for any measurement time. This is because

the degree of squeezing of the measurement noise, i.e., 〈M̂2
N 〉/κτ , is independent of the measurement time τ [see

Eq. (S79)], and particularly is equal to the degree of intracavity squeezing for φh = 0, i.e., 〈M̂2
N 〉/κτ =

(
ξ2
p

)
ss =

[1 + 4C exp (−2rp)] / (1 + 4C). This becomes more apparent in phase space shown in Fig. S6. We find that a short
measurement time of τ = 0.4/κ can well resolve the measurement signals associated with the ground and excited
states of the qubit. This is in stark contrast to what we have already shown in Fig. S5, where the same measurement
time (i.e., τ = 0.4/κs) leads to a high degree of overlap of the measurement signals, such that they cannot be resolved.
In order to compare, we here have assumed κs in Fig. S5 and κ in Fig. S6 to be equal. Thus, our approach can enable
a faster and higher-SNR qubit readout.

S8. Possible implementations of our approach for improving longitudinal qubit readout

The longitudinal qubit-field coupling can be directly realized via circuit design in circuit quantum electrodynamic-
s [S17–S23]. Alternatively, some synthetic approaches, e.g., strongly driving the qubit-field dispersive coupling, have
also been proposed and even demonstrated in experiments [S16, S24–S28]. In this section, as an example, we discuss

in detail a possible implementation of the Hamiltonian Ĥ fq
z in Eq. (14) in a synthetic manner. In particular, we refer

to the experimental implementation reported in Ref. [S27], where the longitudinal coupling is synthesized with driving
the qubit at the cavity frequency.

Let us now assume that the qubit is driven with phase φz, amplitude Ed
q , and frequency ωd

q . The total Hamiltonian
accordingly is given, in the frame rotating at ωd, by

ĤT = Ĥ +
1

2
∆qσ̂z + gq

(
σ̂−â

†
p + H.c.

)
+ Ed

q

[
eiφz σ̂−e

−i(ωd−ωd
q )t + H.c.

]
, (S83)
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FIG. S7. State error, 1 − Fq, as a function of the measurement time κτ . We assumed that gq = g, Ed
q = 10gq, φz = π/2,

∆d
q = 200gq, ∆q = ∆d

q + ∆p, G+ = 0.7G−, and other parameters associated with Ĥeff are the same as those in Fig. 1(b). We

assumed that the qubit is initially in the state (|g〉+ |e〉) /
√

2, while the signal and pump modes are in the steady state given

by Ĥeff .

where Ĥ has been given in the main article, σ̂± are the raising/lowering operators of the qubit, gq is the strength of
the coupling of the qubit to the pump mode, and ∆q = ωq − ωd is the detuning of the qubit from the driving of the
pump mode. We follow the same procedure listed in Sec. S3 to find that the dynamics of the total system can be
described by the following Hamiltonian

Ĥ ′T = Ĥeff + gq

(
σ̂−â

†
pe
−i∆d

q t + H.c.
)

+ Ed
q

(
σ̂−e

iφze−i∆
d
q t + H.c.

)
+ gqα

d
p

(
σ̂−e

−i∆qt + H.c.
)
. (S84)

Here, we have assumed that ωq−ωp = ωq−ωd
q = ∆d

q . Note that the detuned driving of the qubit, which is associated

with the field amplitudes αp induced by the ωd
± drivings of the signal mode, have been neglected since αp � αd

p.

We further assume ∆d
q �

{
gq, Ed

q

}
and ∆q � gqα

d
p, justifying for a perturbative treatment of the second, third and

fourth terms of Ĥ ′T using the formalism of Ref. [S2]. We then find that

Ĥ ′T ≈ Ĥeff + χzσ̂z
(
âpe
−iφz + â†pe

iφz
)

+ χxâ
†
pâpσ̂z, (S85)

where

χz = Ed
q gq/∆

d
q , and χx = g2

q/∆
d
q (S86)

are the strengths of the longitudinal and dispersive couplings between the qubit and the pump mode, respectively. In
Eq. (S85), we have subtracted the term describing the resonance shift of the qubit, i.e., 1

2δzσ̂z, where

δz =
[
g2
q + 2

(
Ed
q

)2]
/∆d

q + 2
(
gqα

d
p

)2
/∆q. (S87)

This is because this term can be completely eliminated in a proper frame. Under the assumption of Ed
p � gq, the

longitudinal coupling χz is much stronger than the dispersive coupling χx, so that the latter can be neglected, yielding

Ĥ ′T ' Ĥeff + χzσ̂z
(
âpe
−iφz + â†pe

iφz
)
. (S88)

This is the Hamiltonian Ĥ fq
z in Eq. (14) in the main article.

To confirm the validity of Eq. (S88), we perform numerical simulations, as shown in Fig. S7. Specifically, we
calculate the fidelity, Fq, of two qubit states that are given by the evolution under the two Hamiltonians in Eqs. (S84)
and (S88), respectively, from the same initial state. In Fig. S7, we assume that the initial state of the qubit is

(|g〉+ |e〉) /
√

2. At the same time, the initial state of the signal and pump modes is assumed to be the steady state

given by Ĥeff , indicating that when the measurement starts, a steady-state squeezing has already been generated. It
can be seen in Fig. S7 that during a long measurement time, the state error, 1−Fq, can be kept well below 10−2 for
some modest parameters.
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