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I. COMPARISON OF METROLOGICAL GAINS OVER THE QUANTUM STANDARD LIMIT WITH OTHER EXPERIMENTS

Our experiments generate multiparticle entangled states of up to 19 superconducting qubits through the short-time nonlin-
ear evolution of the system with the Hamiltonian in Eq. (1) of the main text. To characterize the useful entangled states for
quantum metrology with superconducting qubits, we measure the linear and nonlinear spin squeezing parameters (discussed in
Section IV) and extract the Fisher information from the squared Hellinger distance (discussed in Section V), which all indicate
the metrological gain over the quantum standard limit (SQL) of the phase sensitivity AfsqL ~ 1/ V/N, with N being the number
of particles.

In our experiments, the Fisher information of non-Gaussian entangled states in the over-squeezed regime reveals the largest
metrological gains. In Fig. S1, our experimental results, F//N = 7.101“8‘_%2 dB with N = 10 qubits, and F'/N = 9.891“8:38 dB
with N = 19 qubits, are compared with other experimental results [1-35], obtained on different experimental platforms in-
cluding cold/thermal atoms, trapped ions, Bose-Einstein condensates, photonic systems, Rydberg atoms, and superconducting
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FIG. S1. Metrological gains of the phase sensitivity over the standard quantum limit. Comparing the metrological gains of phase sensitivity A6
over the standard quantum limit Afsqr ~ 1/+/N with other experiments, which are shown on logarithmic scales, 10 log;,(AfsqL/A)? dB.
The solid red line shows the Heisenberg limit Afu. ~ 1/N. Each symbol is accompanied by a number, corresponding to the reference list
below, where Refs. [1-31] are in the same order and displayed using the same data and symbols as in Ref. [36].

qubits. Here, the experimental results in Refs. [1-31] have been reviewed in Fig. 2 of Ref. [36] (with the same list number). In
addition, our comparison also includes several recent experimental results in Refs. [32-35].

Our work shows that superconducting qubits, with high-fidelity controls and long decoherence times, are able to efficiently
perform quantum metrology tasks, since our metrological gain with 19 superconducting qubits is larger than the ones obtained on
other platforms with up to 10,000 particles. In addition, the ability to perform single-shot readout measurement on each qubit on
the superconducting processor also makes the detection of nonlinear squeezing parameters and other quantum-information tasks
possible. These advantages indicate the potential of an all-to-all connected superconducting circuit architecture for exploring



quantum many-body physics, and also for practical applications in quantum metrology and quantum information processing.

II. EXPERIMENTAL DEVICE

The device contains 20 superconducting qubits (q; with j varied from 1 to 20), which are fully connected through a common
resonator bus R. In our experiments, we use 19 of them, as one qubit (q7) suffers from a strong interaction with a two-level system
near its working point. The qubit characteristics can be found in Ref. [33], which is the same device used in this experiment.
Table S1 lists the latest device information for the participating qubits, obtained during this experiment. The full Hamiltonian of
our quantum processor can be written as

19 19
H, fwTELTaJrZw]oj'&J + gJ(A;'&+6j_&T)
j=1 j=1
+Y_x§(6f 67 +af67), (SD)

i<j
where w; /27 denotes the resonant frequency of q; (individually tunable from 3 GHz to 5.5 GHz). The frequency of the common
resonator bus R, represented by w, /2, is fixed at about 5.51 GHz. Each qubit q; is capacitively coupled to R, with magnitude,
gj/2m, listed in Table S1. Note that except for the dominant qubit-resonator interaction, there exist small direct couplings,
X5 /27, between qubits in the system. In our experiments, by equally detuning the frequencies of all qubits far away from
that of the resonator, we can realize the resonator-induced super-exchange interaction with a magnitude of g;g,/(27A) (with
A =w;, —w, = wj — wy, and |A] > g;, g;) between any two qubits. The Hamiltonian can be further written as

H =Y (g:9;/ A+ x5,) (6765 +6767). (S2)
i<j
The qubit-qubit coupling strengths
Xij = 9i95/ A + Xijs (S3)

w;/2m (GHz) Th; (pus) g;/2m (MHz) wj /2w (GHz) wj" /27 (GHz) Fo,; Fi
qu 4.350 =~ 20 27.6 6.768 4.460 0.977 0.921
q2 4.390 ~ 26 274 6.741 4.310 0.986 0.879
qs 4.275 ~ 27 29.1 6.707 4.355 0.975 0.912
qa 4.300 ~ 26 27.6 6.676 4.440 0.989 0.918
gs 4.245 ~ 26 26.5 6.649 4.260 0.975 0.909
Je 5.081 ~ 27 29.2 6.612 4.805 0.975 0.925
gs 4.215 ~ 26 30.1 6.558 4.285 0.987 0.906
qo 5.120 ~ 23 24.1 6.552 5.070 0.989 0.926
qi0 5.160 ~ 30 27.7 6.514 5.290 0.995 0.903
qi1 5.290 ~ 24 27.3 6.525 5.170 0.994 0.897
qi2 5.215 ~ 35 26.9 6.550 5.210 0.981 0.920
qi3 4.945 ~ 26 29.1 6.568 4.895 0.980 0.916
qi14 5.250 ~ 41 27.4 6.598 5.250 0.983 0.896
qi5 4.895 ~ 31 26.3 6.641 4.235 0.978 0.913
qi6 4.325 ~ 25 26.5 6.660 4.850 0.987 0.934
qi7 4.735 ~ 36 27.3 6.686 4.578 0.984 0.942
qi8 4.815 ~ 38 29.0 6.713 4.770 0.982 0912
q19 4.425 ~ 35 24.6 6.788 4.385 0.98 0.900
q20 4.855 ~ 30 27.5 6.759 5.115 0.985 0918

TABLE S1. Qubit characteristics. w;/2 is the idle frequency of q;, where single-qubit rotation pulses are applied. 77,; is the energy
relaxation time of q;, which is the typical value across a wide frequency range. g;/2m denotes the coupling strength between q; and the
resonator bus R. w} /2 is the resonant frequency of q;’s readout resonator. w}" /2 is the resonant frequency of q; at the beginning of the
measurement process, when its readout resonator is pumped with microwave pulse. Fp ; (F1,;) is the probability of detecting q; in |0) (|1))
state, when it is prepared in the |0) (|1)) state.
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FIG. S2. Coupling matrix. Plotted is the coupling strength x;; /27 between q; and q; in the quantum processor, which is measured by the
energy swapping process, where q; and q; are equally tuned at the working point wy to interact for a specific time [37].

which can be experimentally estimated by the energy swapping process between q; and q; (see Supplementary materials of
Ref. [37]), are shown in Fig. S2, with A /27 ~ —580 MHz in this experiment.

For the 10-qubit experiment, we choose qg, q9, 410> 11> 912> 913> 914> 417> q18, and qog. For the 19-qubit experiment, we
choose 19 qubits except for q7. In the main text, for convenience, the 19 qubits in order {qe, q9, 910, 911> 912, 913> 914> 417> 918>
d20, 41> 92 93 44, 95, ds, 915, q16, 19} are relabeled as {Q;} with j =1,2,---,19.

III. PHASE CALIBRATION

In our experiments, the nonlinear evolution exp(—iﬁ t) is realized by equally detuning all the qubits from their idle points,
w; /27, to the interacting point, wy /27, by applying a rectangular pulse to each qubit. This operation will accumulate some
dynamical phase, which needs to be cancelled via applying rotation pulses after the rectangular pulses. In theory, the dynamical
phase can be estimated as 2mdf x t, where f = (w; — wr)/2m. However, the imperfections of rectangular pulses, such as
the imperfect rising and falling edges, will cause an additional phase shift from the theoretical calculations, which also needs
to be experimentally calibrated. Figure S3 shows the pulse sequence and the results of our phase calibration method, taking q;
as an example. q; is tuned to the interacting point, while other qubits are arranged at their frequency points w? /27 far away
from w;/27. To minimize the Z-crosstalk effects of other qubits to q; when being tuned away, wy /27 are selected to have an
equal Z-crosstalk effect on q;, compared to the case when all qubits are tuned to w; /2, as can be estimated by the measured
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FIG. S3. Dynamical phase calibration. (a,b) Experimental results and sequence of phase calibration for q;. (¢) The phase shift ¢ obtained by
fitting the results in (b) as a function of the interaction time ¢.

Z-crosstalk matrix M. We monitor the |1) state probability P(¢,t) as a function of both the time ¢ and the phase difference
(¢ —2mof x t). For each time ¢, we perform a cosine fit to P(¢, t) as a function of ¢ to extract the phase shift ¢ , caused by the
imperfect rectangular pulses. To further reduce the Z-crosstalk effects and the ac-stark shift effects due to imperfect decoupling
of other qubits to q; when being tuned away, we perform this calibration process again with a little difference. The frequencies
of other qubits are arranged at (2w; — wf)/2m, a symmetric position relative to wy/27m. Again, we obtain the phase shift ¢< .
The final phase shift, used to cancel the dynamical phase, is (¢ + ¢ )/2, as shown by the red curves in Fig. S3(c).

IV. MEASUREMENT OF LINEAR AND NONLINEAR SPIN SQUEEZING PARAMETERS
A. Optimization of metrological squeezing parameters

To estimate the phase 6, imprinted on a state with a density matrix pg, by measuring an observable X, the phase sensitivity
(for the unbiased estimation) can be given by [36]

A29 _ l (APGX)2 — €Q[p97X]

< = ) (54)
V(99(X)py)? v

where v is the number of trials of the measurement. Here, the coefficient

(A, X)?

. X
2pp, X = ——L— 7 S5
& po, X O0(X),)? (S5)
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is defined as the metrological squeezing parameter of p with respect to the observable X [38]. We consider the case that the
phase is generated by a unitary process pg = e *“%pe’G? by a generator G, and the squeezing parameter, in the limit § — 0,

can be obtained as

s A, X)?
52[p7X7G]:(Ap7A)27 (S6)
(X, Gl
where we have used the fact that (A, X)? — (A,X)?, and 9y(X),, — —i([X,G]),.
We then introduce a family of D accessible operators
S:(Slag27‘§3"" 7S’D)7 (S7)
with which the observable can be expressed as
X=28;,=m-8, (S8)
with the unit vector 7 € R”. The generator is assumed to be a linear collective spin operator
G=Jy=n-J (S9)
in the direction # € R? with the family of linear collective spin operators
J= (o, Jy, J2). (S10)
Thus, the optimal metrological squeezing parameter for this family of operators can be written as
5 N N(A,Sq)? N
oilp,S]= min  min_¢’[p,X,G] = min min A( L F —, (S11)
X espan(S) Gespan(J) mERP RER3 |<[Sm, Jﬁ]>p|2 )\max (M [P; S])

where the last equality [Eq. (4) in the main text] is proved in Ref. [38], N is the number of qubits, and Apax(M]p, S]) is the

largest eigenvalue of a 3 x 3 matrix M p, S]. The matrix M p, S] contains the first three rows and columns of a D x D matrix
as

M(p, 8] =C"[p, SV [p,SIClp, S, (S12)

where V|[p, S] is the covariance matrix (symmetric, V7' = V) with elements:

& & & Sh g & &
Vijlp, S| = Cov,(5;, 55) = M = (5)(S5)p, (S13)
and C|p, H ] is the real-valued skew-symmetric commutator matrix (asymmetric, C* = —C) with elements:
Cijlp, 81 = —i([Si, 5j])p- (S14)

B. Linear Ramsey squeezing parameter

To optimize the linear Ramsey squeezing parameter using Eq. (S11), we consider the accessible operators as spanned by a
family of collective spin operators

Suy=J = (Ju, Jy, J.)p=s. (S15)

Then, the optimal spin squeezed parameter can be calculated with matrices

(Apja;)Q COV/)(jv:v jy) COV/)(j:I:ajz)

Vay = (Apjy)2 covl,(,il AN E (S16)
e (Ap']z)2

>



FIG. S4. Directions of collective spin operators for single-shot readout measurements. The collective spin operators to obtain
the second-order nonlinear squeezing parameter via performing the single-shot readout measurement on each superconducting qubit:
{Jay Jys Joy Jay, Jyzs Jews Jag, Jyzs Jezs Juyrs Jyory Jowts Jugrs Jyzry Jozrs Juyzs Joyzs Jagzs Jeyz}, as shown in Eqgs. (S22-S26). The unit
vectors for the directions of these collective spin operators are plotted in a unit sphere.

Coy=| (L) 0 (L) | (S17)
<Jy>p _<Jz>p 0

where, e.g., the covariance covp(jm7 jy) can be measured by the single-shot readout measurement of the observable operator
Joy = (Jo + J,)/V/2 with

. . j2 J2 .
COVp(Jwa Jy) = <J§y>p - M - < x>p< y>p’ (S18)
COVp(jm jZ) = <jz2:t:>P - w —( Ax>p< AZ>pa (S19)
.. . J2 J2 L
COV/)(J;In Jz) = <Jy2z>p - W - < y>p< z>p- (520)

C. Second-order nonlinear squeezing parameter

For the second-order nonlinear squeezing parameter, we introduce a family of D = 9 linear and quadratic collective spin
operators,

72
Jyz7

S(2) = (j:r7jy7jz7jx27jy2ajz2ajz2 jzx)ngv (Szl)

Yy



with the single-shot readout measurements of the operators, as shown in Fig. S4 with direction vectors on a unit sphere.

R A (S22)

. o + J . Jy, +J Jo+J . Jo—J . o J . J,—J

Jw == y7 Jz: L Z’ Jzz: z Z7 Ty — z y’ z = Y Z> Jz:f:: z $7 S23
N = NG N =T 72 0P

. J 3J . J 3J . J 3J

oy = x+2\[ v = y+2*[ N Z+2\[ = (S24)

. e — /3 . J, —/3J. . J. —/3J,

']r,l’ - f y; ]17’ =L f 5 zx! = \/> 5 (525)
Y 2 Y 2 2

jly,,:Jm_FJy_'—Jzy j:Eyz_ Jx“‘Jy‘FJz’ jlfz:Jx_Jy+Jza jl:y?:Jx+Jy_Jz (526)

V3 V3 V3 V3

cov,(Jz, J2) cov,,(j,,:,.:f) covﬂ(jr,jf) covp(jz,jfy) covp(jm, Agz) covp(jz, J2.)
Vi cov,(Jy, J2) covp(jy, Ayg) cov,(Jy, J2) | covy(Jy, J2,) cov,)(Ay,JAjz) cov,(Jy, J2,)
cov,(J., J2) cov,(J, Aj) cov,(J., J?) covp(jZ,ng) covp(jz,ijZ) cov,(J., J2,)
(Bpd2)?  covp(J7, 7)) covy(J2, J2) [eov,y(J2, 2,) cov,(J2, J5.)  cov, (2, J2,)
Vi) = (A, J7)? covp(ji.,jf) covp(ij,jgy) covp(j§7jgz) covp(jg,jfm) » o (S27)
(Apj3)2 COVP(jz27jx2y) covp(j227jy22) COVp(jz27j22x)
(ApJ2)?  covy(J2,, J5.) cov, (2, J2,)
(Apjy%z)z COVP(jg?zV jgr)
(A, J2,)?

with some of the elements being written in terms of the averages of measurable observables, as listed below: [We have shown
the elements for the first three rows and columns in Eq. (S16).]

cov, (3, ;) = [20T28y)p + (Tigho) = (T)p = (Ig)p = B0 + 20T + 200),1/6 = (TD)plT})p,  (S28)
COV/)(JE? ]E) = [2(<j§3:>9 + <j3*>p) - <j;cl>p - <jj>p - 3<j§>p + 2<j§>p + 2<jz2>p]/6 - <jx2>p<jz2>p7 (529)
cov,,(jj./ jj) =[2( A;Lz>p + A;2>p) - <j;l>p - <jj>p - 3<j12c>p + 2<j5>p + 2<j22>l7]/6 - <jy>p<jz2>pa (S30)

and

COV/)(j:rv ff) = [\[2(<j§y>[) +( A§y>p) —{ A§>p + <jm>p/2]/3 - <ja7>p< Ay2>p> (S31)
COV/)(jya AZQ) = [\/§(<j§)z>l) +( A§’2>p) —{ Ay3>p +( Ay>p/2]/3 —{ Ay>p< Az2>pa (S32)
cov, (o, J7) = [V2((T20) 5 + (J2a)0) = (D)0 + (J2)p/21/3 = (1) (T2) s (S33)
COV/)(j:rv J2) = V2(( A§z>p —{ ASE>P) — A3>p + Az>p/2]/3 —{ Ar>p< Az2>pv (S34)
COVP(jys ja%) = [\/5(< Agy>p — A:?g>p) —{ A§)>p + <jy>p/2]/3 - <jy>p< 2)07 (S35)
COVp(st ji) = [\/§(< ASz)p — A§2>p) — Az3>p + <j2>p/2]/3 —{ AZ>p< Ay2>p» (S36)



to further obtain that

A (I2)p 4 cov,(Jy, J2)

covy a2 = T EONITD o, g2y - ey e g iy, 2, 30
covy (U, 2) = DTN TE) oy 2y = ey Dol de ()0, — 20 539)
con Uy 2 = LI E) oy - e IOl )7, = )53
covp(dy ) = e TN TE) oy Gede e gy g (540
conp( 7o J2) = TN OITE) o7, g2y < ey DI 5 gy, st
covy (s J2) = TN TE) | o 7, g2y = Wde  0elTede 5y 0, = 0 002, s4)
and
cov, (o 2 :covpul.,;; w2 35 (,J3,.), — 25 ((J3,), + <J§’z>p; (22)0) + (T2)o + (I + (I2),
. <jx>p(<fy2>2p D) 2, (543)
covy (o2 ) _cov,,<fz,21,% ), 3R = 2H () + () ' (T2)0) + (T2 + (T + (T2,
NI D) g e (s44)
covy iy 1) =l 72) 8302, = 22 (U2 + () : (JEedo) + () + Tyl & (200
N <jy>,0(<jx2>2p 20 gy 2 ($45)
and

(J4, +cov,(J2,02)  3((JA)e — (J)) () — (Jhde  (I2(02), .

covy(Jz, Jz,) = 5 L e + 5 = Tz (S46)
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cov,(J2,J2,) = 5 v 1 R 7 Yot 5 YL — (I o2, (S50)
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covy(J2, Jy.) = I e ey S S S VA C AT
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and
cov (j2 J2 ) :Covp(jg, fi + jzz) " 3(<j§yz>P + <j§yz>P) n <j;cl>p + <j;>p + <Jg>p n 5(2<j;32>P - <j33>p - <j22>p)
PR Tyz 2 8 12 12
2JTA) )+ (TN, 4 (A, + (T, + (T4 J2),((J2), + (J? o
et o Wl + o+ Ul T ) o e s
cov (jz J2 ) :Covp(ji, jz2 + jf) " 3(<j§gz>p + <j§yz>P) n <j;cl>p + <j;>p + <Jj>p n 5(2<j22:v>P - <j22>P - <j1:2>/3)
AN A 2 8 12 12
2Ty + (T4 o+ (), 4+ (T8, + (T4 J2),((J2), + (J? .
_ < >P < y>/1 < 6y>l) < Y >P < Yy >P + < y>P(< Z>2/) < I>/)) _ <J5>p<Jz2w>p’ (553)
cov (j2 59 ) _covp(jf, jg + jj) " 3(<j;1y2>ﬂ + <j§yz>P) n <j;cl>p + <j;>p + <j?>p 5(2<j3y>9 - <j§>p - <j§>p)
PATRr Tmys 2 8 12 * 12
2T N+ (TN, + (T, + (JA)), + (T4 J2) ((J2), + (J2 s
20kt Tl Tl e Ty Ty | DD s s
then to further obtain that
cov, (2. %) :covp(jgc2 + j;, jiz) + covp(jz + J2, jgy) B covp(jﬁ, Jf) + covp(.]f., J2) 4 cov,(J2, J2)
P\ Yy Yyz 2 4
+ 3(<J;:Lyz>10 + <j;clgz>[)) <j;cl>P B 2<j;/1>p + <j;1>ﬂ - 2<jjx>f) + <j;}z>/) + <j§2>ﬂ + <j;:ly>ﬂ + <‘]A;clgj>ﬁ
8 12 6
_ 5(2<Jz2m>p — <J§>p B <J3>p) + (<J12>p + <Jg,2/>p)<J33z>p + (<J§>p + <J,22>P><J§y>l)
24 2
2,052 4 (2,02, + (T2,
_ < >P< J>P < y>p4< >P < >P< >[) _ <Jx2y>p<<]5z>p, (SSS)
cov, (2, 2 _cov,(JF + I3, 2,) er cov,(J2 + 02, B2, cov, (7, Jp) + covp(f., J2) 4 cov,(J2, J2)
+ 3(<j§yz>10 + <j§yz>[)) + 72<j§>/) + <j;;1>P + <j;1>[) . 2<j;}z>P + <j;1x>ﬂ + <jj§:>ﬁ + <j§y>f) + <j;clgj>10
8 12 6
. 5(2<Jy2z>P B <J1,2/>P B <J,§>p) + (<J£>p + <Jy2>ﬂ)<Jz2m>P + (<j3>p + <jx2>p><j§y>9
24 2
2, 0F2) ) 4 (2,02, + (20D,
_ < >P< J>P < y>p4< >P < >P< >[) _ <Jx2y>p<<]22x>p, (856)
cov, (72, 72) _covp(jg +J2,J2,) +cov,(J2 + J2, J2,) B cov,(J2, J2) + cov,(J2, J2) + cov,(J2, J2)
pP\YyzrYzx) — 2 4
L 3WRyedo + ayede) D)o+ U0 = 20080 2T3)p + (gl + e+ Tle)o + (Thi)s
8 12 6
. 5(2<J§y>p B <Ja:2>P B <J5>p) + (<J§>p + <J3>p)<Jz2z>p + (<Jz2>P + <J§>P)<J5z>l)
24 2
2, 0F2) ) 4 (2,02, + (2D,
_ < >P< J>P < y>p4< >P < >P< >[) _ <J§Z>p<<]22x>p (857)



The skew-symmetric commutator matrix is written as

0 [Jordy) [Jon )| O [Ju T2 [a T2 | [y T2 s 2] [y J2)
O [jlﬂ jz] [J:’W J:f] R O N [jy-, jz2] [‘]:’ya {Ey] [‘]:ya :gz] [J:’ya :ZQ.L]
0 [Jz: JIQ} [‘]27 Ji] O [JZ? ny} [ 2l y22] [ 2 JZQJ]
¢ =i 0 22|22, 1202 2% e
0 |L22) [ 02] 202
0 [‘]:1271/7 J;li] [‘{jy {sz}
0 [‘],327 Jzzac]
0
with elements
- Z<[ szijp = < A2>pv _@<[jz, JZDP = _<jy>pa _Z<[Jy7 jz]>p = <J:r>p»
il 2 = 2Ty = () = (T2 =il I, = 20022 = (J2) = (T2
- z<“y ']3]>ﬂ = 2<Jz2:,:>p - <Jz2>P - <J§>pa _i<[]yv Jpo = 2<Jz2’>P - <J22>P - <J§>m
— ([, J?Dp = 2<J3y>p - <J12>p - <Jy2>pa —i([ >, ngp = 2( x2@>p - <‘]x2>l) - <Jy2>p7

and

—i([J2, 2], = 2VB(F3,.), —

—i{[J2, T2, = i{[J2, TN
—i([J5, J2))p = —il[J3, Tg)) o
to further obtain that

= il B2 = (1 T2 = S0 T2,
= iy T2y 0 = 51 I = 51y T2

— il T2 = {1y, D)y = (1T T2

il B2 = A T2 = S S2De
=iy Ty D)o = 5 (e T30 = 5y T2

— il T2 = 5 (1 ) = 5 (1o T2

and
= iller 3D = =5 U T = 5 (e 20+ (200 = ),
= illJy 2D = =y T2y = 51y T20) + (T2 = (20,
— il B2y = =5 (e T2 = 5 T+ () = (200,
and
o 73 73 73 7 i R
73 73 3 3 i
_ifiz, 2, = 22l H ) 2T Lo Ly gy,
I Ve (A e O P O/ VR O A P
_Z<[J27sz]>0_ 3 - 3 - 6 _§<[]zﬂ’]m}>l7’
73\ _ /73 73 7 i
i, 22, = 22l ~ ) | 2o e Ly gy,
. J3)p— (I3 B, (i
_i<[Jy27J3y]>p _ _2\/§(< yz>§ < yz>P) + 2(‘;z>l7 + < g>P _ §<[=]§7=]§]>p,
o 73 _ (/73 73 7 i R
_i<[Jz27J§z]>p _ _2\@(<sz>§ <sz>p) + 2<‘;x>p + < g>p _ §<U227J§]>m

11

(S58)

(S59)
(S60)
(S61)
(862)

(S63)

(S64)
(S65)

(S66)
(S67)

(S68)

(S69)
(S70)

(S71)

(S72)

(S73)

(S74)

(S75)

(S76)

(S77)
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and
—i(2. 2, = 22 e Z U Z W) Ly i, s
i3, 2, = 2 = e o ) e gy gy, o
i g = 22D e = e = ) e ey S gy, o)

then to further obtain that

—i{[J2, Jy.0)p — i1y, Ty il T2 A2, T2 e U, I)D + T2, T2D)p + il I2D),

—i{(J2y, Iy} = T + :
ooV, (Jy, J2 4 T7) = (), — <Jz>p + ()20 + (T2)0), (s81)
an 2 —i(J2, T2 — i[5, I20) o +il1T2, T2 + L2 TR T2, T2)p + iy T2T)p +id1Ty T2
_Z<[Ju:y7 JZJ:D/’ = ‘ 2 ( ‘ + ‘ 4 |
vy (e 3 12) 4 42+ 2 )02, 4 (20,0, 582)
_Z<[Jyz7 Jz;l:D/’ = 2 T 4
Feovy (o 12 402) = (2, = B (2, 4 ). (583)

D. Efficient detection of second-order nonlinear squeezing parameter with seven operators

In our experiments, to obtain the nonlinear squeezing parameter, we select seven collective spin operators,

>

exp = (jwajyaj J2, 0202, J? ), (S84)

ZyYqx Yo xy? zZT

instead of the full family of the collective spin operators

S(2) = (j:mjy7j27jz27j;aj§aj§y7jy2z7jz2x)v (S85)
for the second-order squeezing parameter [38]. As shown in Fig. 2(d) in the main text, we monitor the evolution of the nonlinear
squeezing parameter via measuring each element of V[p;, Sexp] and C[ps, Sexp] (submatrices of V|[p, S(g)] and C[ps, S(g)]) with
simultaneous single-shot readouts of 10 qubits in different directions (see Fig. S4). The numerical simulations of the inverse
nonlinear squeezing parameters, ggf [pt, S(g)] and ng [pt, Sexp] with respect to S(g) and Sexp, respectively, are compared in
Fig. S5. It is shown that the nonlinear squeezing parameter §§L2 [ot, Sexp] with 7 selected collective spin operators is very close
to the second-order nonlinear squeezing parameter &2; [ps, gexp] for t < 76 ns, and moreover, its minimum value is close to
that of the &2 [pt, S(Q)}. Therefore, when choosing these 7 collective spin operators, we can efficiently detect the second-order
nonlinear squeezing parameter with fewer observables to be measured. At ¢ = 2 ns, 34 ns, and 50 ns, the experimental results of
matrices C|[ps, Sexp], V[ps, Sexp], and M |p¢, Sexp] are compared with numerical simulations in Figs. S6, S7, and S8, respectively.

In addition, the method to optimize the squeezing parameter, based on searching for the largest eigenvalue of the matrix M
[38], requires a large number of trials of single-shot readouts for 19 observables (see Fig. S4) to obtain a reliable value of the
second-order squeezing parameter. Thus, choosing 7 collective spin operators instead of 9 operators in our experiments can
significantly reduce the number of readouts, and almost detect the large sensitivity enhancement for quantum metrology, which
is characterized by the second-order nonlinear squeezing parameter with 9 operators.

E. Experimental details on measurement of squeezing parameters

In Fig. 2(d) of the main text, to calculate the linear spin squeezing parameter £2 at each time point ¢, we apply the experimental
sequence shown in Fig. 1(d) of the main text, which is divided into four successive steps:
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(o]

T T T T

— &aln 8
--- g;ﬁ[pt !éexp]
- &21p d]

(@]

N

N

—_
/’

O 1 1 1 [,
20 40 60 80 100

Inverse squeezing parameter
w

o

Time, £ (ns)

FIG. S5. Efficient detection of second-order nonlinear squeezing parameter with seven operators. Numerical simulations of the evolutions of

the inverse Ramsey squeezing parameter, 2[pes J ], with a family of 3 collective spin operators J= (Jas jy, J.), the inverse second-order
nonlinear squeezing parameter, §§L2 [pt; S(2)], with 9 operators in Eq. (S85), and the inverse nonlinear squeezing parameter, §§L2 [pt, Sexp] With
7 operators in Eq. (S84).

(¢) The state preparation realized by Y z gates.
(¢7) The nonlinear evolution where all qubits are equally detuned.
(#27) The rotation pulses to measure qubits at different directions.
(¢v) The final joint single-shot readout.

We performed experimental runs repetitively for about 200,000 times in total for each linear collective spin operator, J 3, listed
in Egs. (S22-S26). We then divided the results into 80 groups. For each group with ¢ = 1,2, --- |80 denoting the group index,
we obtain the joint raw probabilities of 10 qubits

P}? ={P...00, Po...o1, Po..10, - s Pr.a}, (586)

and then perform the readout correction on them to obtain the corrected probability, ﬁéi), after which the average of the ob-

servable, <j B)ng, can be calculated for each group. Following the same process described above, we collect results for all the
observables, {jg}, and calculate the linear Ramsey squeezing parameter, [¢2]("), using Eq. (4) in the main text. The mean value
and error bar of the &3 are estimated from these 80 groups of experimental data.

For the second-order nonlinear squeezing parameter, £%;, as it requires a much larger number of experimental repetitions
to become stable, which is time-consuming, we adopt a different method to estimate the error bar. From 84 groups of ex-
perimental data in total, we randomly select 40 groups of them and average these selected data (as a group labeled by 7) to
calculate the second-order nonlinear squeezing parameter, [EI%L]U ). After repeating this process 10 times (j = 1,2,-- -, 10),
we are able to estimate the error bar of the second-order nonlinear squeezing parameter by calculating the standard deviation of

{[ER] D, 1™, (RO

F. Observables for the optimal metrological squeezing parameters

By experimentally measuring the matrices )V and C, the observable for the optimal metrological squeezing parameter can be
obtained as

Sopt = Tiopt - S, (S87)
where

Mept = V101, (S88)
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Experimental Numerical

@) "B @ "B

1 -100

t=34ns t=2ns

t=50ns

FIG. S6. Data of the C matrix. (a—f) Matrix C|[p, éexp} experimentally measured at (a) £ = 2 ns, (b) t = 34 ns, and (c) ¢ = 50 ns, compared
with the numerical simulations (d), (e), and (f).

and

’ﬁ’L/ = (nivnéanévoa"' ao)a (589)

with fimex = (), n%y, n%) being the eigenvector for the maximum eigenvalue of M|p, S] [38].

the enhancement of metrological sensitivity is shown
by the ratio of the inverse nonlinear squeezing parameter to the inverse linear squeezing parameter, E{,Lz /Ex 2 see Fig. S9(a).
Extracted from the experimental data, the optimal observables for the linear squeezing parameter and the nonlinear squeezing
parameter are shown in Fig. S9(b) and S9(c), respectively, which are compared with theoretical predictions.

Benefiting from the nonlinear spin operators, i.e., J2, jy2, jgy, and J2,,
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Experimental Numerical

t=34ns t=2ns

t=50ns

FIG. S7. Data of the V matrix. (a—f) Matrix V[pt, Sexp] experimentally measured at (a) t = 2 ns, (b) t = 34 ns, and (c) ¢ = 50 ns, compared
with the numerical simulations (d), (e), and (f).

V. EXTRACTION OF THE FISHER INFORMATION

A. Extraction of the Fisher information from the squared Hellinger distance

Given the generator, J, = Zjvzl 6;’ /2, followed by an optimal angle, o, of the rotation along the z-axis to maximize the

Fisher information, we imprint the phase 6 on the state as

p1(8) = exp(—iJ,0) exp(—iJytopt) pr €xp(iJ o) exp(iJ,0), (S90)

and measure each superconducting qubit by the single-shot readout measurement to obtain the probability distribution of the
observable J, = Zjvzl c}jz- /2. To extract the Fisher information [39], we consider the squared Hellinger distance as

dy(0) =1 — Fc[{P-(0)},{P-(0)}] = 1 = > \/P.(0)P.(6), (S91)
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Experimental Numerical

t=34ns t=2ns

=50ns

t

FIG. S8. Data of the M matrix. (a—f) Matrix M p, Sexp} experimentally measured at (a) ¢ = 2 ns, (b) ¢ = 34 ns, and (c) ¢ = 50 ns, compared
with the numerical simulations (d), (), and (f).

where the Bhattacharyya coefficient (classical fidelity) is written as

fC[{Pz(O)}v {Pz(e)}] = Z V PZ(O)PZ(0)7 (592)
with P,(0) being the probability distribution of the output z = —%, —% +1,---, % -1, % of the observable .J,. For a small

0 — 0, the Taylor expansion of the squared Hellinger distance is given as [36]

£(0)

dz () = T92 +0(6*), (S93)

where the Fisher information (divided by 8) can be regarded as the square of the speed of the Hellinger distance

6
F(0)/8 = vy = 5d;9( ) L (S94)
=0
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FIG. S9. (a) Time evolution of the ratio of the inverse nonlinear squeezing parameter to the inverse linear Ramsey squeezing parameter,
§§L2 /Ex 2. (b) The optimal observable (after normalization) for the linear Ramsey squeezing parameter, compared with the theoretical predic-
tions, versus time ¢. (c) The optimal observable (after normalization) for the nonlinear squeezing parameter, compared with the theoretical
predictions, versus time ¢.
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In theory, by maximizing the squared Hellinger distance over all possible positive operator-valued measures (POVMs) {E}, the
squared Bures distance can be obtained

d3(0) = max di(0) = 1 — Folpe(0), 5 (0)], (895)

where the Bures fidelity (quantum fidelity) between two states p(0) and p(6) reads

Falpu(0), (6)] = Ty /3 (0)p (6) /31 0)] (596)
The Taylor expansion of the squared Bures distance for § — 0 is given as [40]
d2(0) = £olP0) [;;(0)} 6>+ 0(6%) (S97)

where the quantum Fisher information (divided by 8) can be regarded as the square of the speed of the Bures distance

~ Odg (6
VRl (O)/8 = vy = 28O (598)
90 oo
and gives an achievable upper bound for the Fisher information for the optimal choice of the POVMs
Fo[p1(0)] = max F(0). (S99)

{E£}

B. Experimental details for extracting the Fisher information

In Fig. 4 of the main text, to obtain the Fisher information at time ¢, we apply the experimental sequence in Fig. 3(a), which
successively includes: (7) the state preparation pulse Y z, (i¢) the nonlinear evolution exp(—if{ t), (i2¢) the optimization rotation
X, and (iv) the joint readouts in cases with and without the phase pulse Yy inserted before the readouts. For each 6 and «, we
obtain the joint readout probabilities of 19 qubits

PO, ) ={Po...00, Po...o1, Po..10, -+ Pi..11}s (S100)

from which the probabilities { P, (6, a) } are extracted after performing the readout correction on P (6, «). The Fisher information
F(0 = 0, «) for different v can then be extracted from the squared Hellinger distance of two states with and without the phase
pulse Yy inserted before the readouts using

8 x d4 (0, o
F(O,a):%,

with 6 being selected as a small value (—0.05 rad in our experiment). The quadratic curve fitting of the square of the Hellinger
distance versus the phase [Fig. 4(a) in the main text] fits the experimental data well for a relative small phase.
The optimized Fisher information is saturated by the optimal tomography angle o along the z-axis

(S101)

Fopt(0) = max[F (0, a)]. (5102)

To estimate the error bar, we perform about 600,000 experimental runs and obtain about 240 groups of the probabilities
{P.(0,)} for each o and 6, where i denotes the group index. After performing the readout correction on these proba-
bilities, we randomly select 60 groups of them to calculate the Fisher information using the method described above. We repeat
this random sampling process 10 times to calculate the final error bar of the Fisher information. Note that for ¢ = 48 ns, we
only obtained 180 groups of probabilities from about 400,000 repetitive experimental runs in total, and we randomly selected 40
groups of them to calculate the error bar.
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