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I. HERMITIAN HIGHER-ORDER WEYL SEMIMETALS

As shown in the main text, we consider the following minimal Hamiltonian

H(k) = (mo —cosky —cosky, +mycosk,)s,o, + (vysink, +ivy) s, +sinkysy0, + sinkysyo,

+ Ag (cos kg — cosky) oy, (S1)

In the absence of the non-Hermitian term (i.e., v = 0), the Hermitian Hamiltonian  (k,~y = 0) breaks the inversion symmetry

‘P, but preservers the time-reversal symmetry 7 = is,0, K, with K being the complex conjugation operator. The eigenenergy £
of the Hamiltonian for v = 0 is

2
&2 = <|vz sink,| + \/(mo — cos ky — cos ky + mq cos kz)2 + A2 (cos kg — cos ky)2> + sin® k, + sin® ky. (S2)

According to Eq. (S2), the Hermitian Hamiltonian supports higher-order Weyl nodes located at (k;, ky, k) = (0, 0, ky),
where k,, satisfies

v?sin? ky, & (mo — 2 4+ my cos kw)2 =0. (S3)

As shown in Fig. S1(a), there exist four Weyl nodes in momentum space, which are connected through surface Fermi arcs
[see Fig. S1(b)] for the open boundary condition along the x direction. Moreover, when the boundaries along both the = and
y directions are opened, hinge Fermi-arc states appear, which connect the two Weyl nodes closest to k, = 0. Therefore, the
Hermitian Hamiltonian #(k,y = 0) is a hybrid-order Weyl semimetal.
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FIG. S1. (a) Bulk band structure along the k. direction for k; = k, = 0. There exist four Weyl nodes, at which bulk bands are two-fold
degenerate and eigenenergies are zero. (b) Surface band structure along the k. direction under the open boundary condition along the x
direction for k, = 0. Two Weyl nodes located at the negative (positive) k. axis are connected by surface Fermi arcs (red lines). (c) Band
structure of a finite-sized system with 60 x 60 unit cells in the z-y plane. The hinge Fermi arcs (red lines) connect two Weyl nodes closest to
k- = 0, which are second-order Weyl nodes. The parameters used here are: mo = 1.5, m; = —1,v, = 0.8,y = 0,and Ay = 0.8.
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FIG. S2. First-order (first row) and higher-order (second row) topological semimetals for v = 0.4. (a) Four Weyl exceptional rings along
the k. direction in the first-order topological semimetal for Ay = 0. (b) Real, (c) imaginary, and (d) absolute values of the surface band
structure along the k. direction for Ay = 0, when the open boundary condition is imposed along the z direction with 200 sites for k, = 0.
Note that only the modes with zero absolute energy are surface states (red lines). (e) Four Weyl exceptional rings along the k. direction in the
second-order topological semimetal for Ag = 0.8. (f) Real and (g) imaginary parts of the surface band structure along the k. direction for
Ao = 0.8, when the open boundary condition is imposed along the x direction with 200 sites for k, = 0. (h) Absolute values of the band
structure of a finite-sized system with 60 X 60 unit cells in the z-y plane. Note that only the modes with zero absolute energy are surface and
hinge states (red lines). The common parameters used here are: mo = 1.5, m1 = —1, v, = 0.8, and v = 0.4.

II. WEYL EXCEPTIONAL RINGS
In the presence of the non-Hermitian term, the eigenenergy F of the Hamiltonian # (k) can be written as
E? = (mg — cosk, — cos ky + mq cos kz)2 + A? (cos k, — cos ky)2 — (v — iv, sin k:z)2 + sin? k,, + sin® ky
+2(iy+ v, sink,) [(mg — cos kg — cosky + mq cos k.)? + A? (cos kg — cos ky)z} i (S4)
To have the bands coalescence, we require E? =0, namely,

(mo — cos kg — cos ky + my cos k.)? + A? (cos kg — cos ky)2 = v2sin k., (S5)

2
(|vz sink,| — \/(mo — cosk, — cosky + mq cos kz)2 + A2 (cos ky — cos ky)z) + sin? k,, + sin? ky = 2. (S6)

In the above, without loss of generality, we have required v, > 0. According to Egs. (S5) and (S6), we have
sin? k, + sin? ky = 72, (S7)
and

(mo — cos ky — cos ky + my cos k.)? + A% (cos ky — cos ky)2 = v?sin? k.. (S8)

III. EFFECTIVE SURFACE HAMILTONIAN IN THE GAPPED REGIMES

For Ay = 0, the Hamiltonian # (k) in Eq. (S1) is a first-order topological semimetal with the Weyl exceptional rings [see
Fig. S2(a-d)], while the A leads to a higher-order Weyl-exceptional-ring semimetal [see Fig. S2(e-h)]. Thus, the Aj term
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FIG. S3. |A1,r| and | A2, r| versus k., according to Eq. (S18), with mo = 1.5, m1 = —1, v. = 0.8, and v = 0.4. The horizontal dashed black
line denotes |A| = 1, which is just guided for eyes. The projections of four exceptional rings of Ho are located at k1, k2, ks and k4. As k.
increases from 0 to 7 (or decreases from 0 to —m), the non-Hermitian system 7 first supports two surface states localized for k2 < k. < k3
at the boundary z = 1, and then only one surface state localized for k1 < k. < k2 or k3 < k. < k4 at the boundary as |k.| exceeds a critical
value (i.e., k2 and k3).

gaps out the surface bands in the finite k, region in the first Brillouin zone. In this part, we derive the low-energy effective
Hamiltonians of surface bands in the gapped bulk-band regime for the relatively small v and A. We label the four surfaces of a
cubic sample as I, II, ITI, IV, corresponding to the boundary states localizedatx = 1,y =1,z = L,and y = L.

We first consider the system under open boundary condition along the x direction, and periodic boundary conditions along
both the y and =z directions. After a partial Fourier transformation along the k, direction, the Hamiltonian (k) in Eq. (S1)
becomes

Halky, k2) = Z \I/Zc,ky,kz [(mo — cosky +mq cosk,) s,o, + (v, sink, +iv) s, +sinkys,o.,
z,ky k2

1 i A
—Docoskyoa] Vg, k. + D [\Illkk <—23Z0Z — 58a0s + 2%1,) Witk b +H.c} . (S9)
x,ky k.

where z is the integer-valued coordinate taking values from 1 to L, and \Ili, k, k. Creates a fermion with spin and orbital degrees
of freedom on site 2 and momentum k, and k.. By assuming a small Ay and taking k, to be close to 0, we rewrite H, as
Hy = Ho + Hq, with

Ho= D Wl o MUt D (W TWopip, i +He). ($10)
T,ky k2 T,ky k.
where M = (mg — cosky +my cosk.) s.0. + (v sink, +iy)s.,and T = —3s.0. — £5,0., and
Hi= Y U (sinkys,0. — Ag cos kyoy) U + 3 (e B0y +He (S11)
1 z,ky k2 y2yYz 0 yvx @, ky k2 z,ky k2 92 z X ax+1ky k, Al )
z,ky k2 NN

where H; is treated as a perturbation.

Since the Hamiltonian Hg in Eq. (S10) is non-Hermitian, we calculate its left and right eigenstates. We first solve the right
eigenstates. In order to solve the surface states localized at the boundary = 1, we choose a trial solution ¥ g(z) = A\;ér,
where Ag is a parameter determining the localization length with |Ag| < 1, and ¢ is a four-component vector. Plugging this
trial solution into Hamiltonian H in Eq. (S10) for k, = 0, we have the following eigenvalue equations:

(AR'TT + M + AgT) ¢r = E¢p, in the bulk, (S12)
and

(M + AgT) ¢r = E¢r, atthe boundary z = 1. (S13)



By considering the semi-infinite limit L — oo, and requiring the states have the same eigenenergy in the bulk and at the
boundary, we have )\ngTWb r = 0. This leads to E = 0, and two corresponding eigenstates 11 g and ¢)2 g. The eigenstate ¥; g
is written as

1,r = N1(A\1,r01,R, )\%,R%,R, /\:15,R¢1,R7 c)s (S14)
with
$1,r=(—1, 0,1, 0)%, and M,r=1—mg—mqcosk, —v,sink, — . (S15)
The eigenstate ¢ g is
Vo,r = Na(A2,rd2,R, A3 RO2,Rs A3 RO2.R, ---); (S16)
with
¢p2.r = (0, —1, 0, 7T, and A2 r=1—mg—mjicosk, +v,sink, + 7. (S17)

For the surface states localized at the boundary x = 1, we require |A; g| < 1 and |Az g| < 1, then we have

) ) 1172 \ . ) 1172
(1 —mg—mycosk, —v,sink,)” +~ <1, and |(1—mg—mqcosk, +v,sink,)” +~ <1. (S18)

According to Eq. (S18), as k. increases from 0 to 7 (or decreases from 0 to —7), the non-Hermitian system 7 first supports
two surface states localized at the boundary 2z = 1, and then only one surface state as |k, | exceeds a critical value (i.e., one of
exceptional points at which a phase transition takes place). As shown in Fig. S3, two surface states exist only in a finite region
of k, inbetween two exceptional rings closest to k., = 0 for small . A surface energy gap, or a mass term, can exist only when
two surface eigenstates coexist. Thus, the hinge states, regarded as boundary states between domains of opposite masses, appear
only in a finite range of k..

We now proceed to solve the left eigenstates with a trial solution ¥z, (z) = A¢r. As the same procedure for deriving the
right eigenstates, we have the following eigenvalue equations:

(A\'TT+ MY+ A.T) ¢ = E¢r, in the bulk, (S19)
and
(M"+ALT) ¢ = E¢r, atthe boundary x = 1. (S20)

By considering the semi-infinite limit, we have £ = 0, and two corresponding eigenstates 1 7, and 15 1. The eigenstate ¢y f,
is written as

Y1, = N7 (A,0o1,1, A%,L¢1,L7 )\:f,LQH,L, e ) (S21)
with
¢1.L = (—1, 0, 1, O)T7 and A\;, =1—mo—mycosk, —v,sink, + iv. (S22)
The eigenstate )5 7, is
Vo, = N3 (Aopoa,n, A3 pda,L, A3 pdaL, ---), (523)
with
$o.r = (0, —i, 0, )", and Ny =1 —mg —mycosk, + v, sink, — iv. (S24)

In Egs. (S14, S16, S21, S23), the constants N7 and N are solved by biorthogonal conditions as

N = \/(1 “Xohr) /(24 A0R). (S25)



Ny = \/(1 - A;L/\LR) / (2A;LALR). (S26)

For the k, region where the system supports two surface states, projecting the Hamiltonian 7 in Eq. (S11) into the subspace
spanned by the above left and right eigenstates as 7! = 7, H1p, r, we have the effective boundary Hamiltonian in the
surface I as

surf,a3

Hiurf,x(k'y7 k.) = kyo. — (n—¢&)oq, (827)
where we have ignored the terms of order higher than %, and n and £ are given by

n =280 N1NoA g2 r/ (1 — A1 g2 R) , (S28)

&= AgNiNoA L A2 r (A1 + A2r) /(1 — M rRA2,R) - (529)

When the system is under open boundary condition along the y direction, and periodic boundary conditions along both the x
and z directions, after a partial Fourier transformation along the k,, direction, the Hamiltonian # (k) in Eq. (S1) becomes

Hy(ky, k) Z \Ily ko k. (Mo — cos ky 4+ my cos k.)s.o. + (vysink, +iy) s, +sinkys,0,
Y,k k-
1 ; Ao
+A¢ coskyoy] Yy by k. + Z y Ko ke fgszcrz — isyoz — 7096 Wyt k, k. +He |, (S30)
Y,kz k2

where y is an integer-valued coordinate taking values from 1 to L. By assuming a small A, and taking k. to be close to 0, we
rewrite H, as H, = Ho + H1, with

= > U M+ Y (W Tk, + He) (S31)
Y,k k2 Y,k ko
where M = (mo — cosk, +mq cosk,) s,o, + (v, sink, +i7v) s,, and T=— szaz — %Syaz, and
N ; ) t Ao
Hy = Z \I/y,k,,,kz (sinkgyszo, + Agcoskyo,) ¥y i, b, — Z \Ily Foks g om\IlyH ko.k, + H.c. (S32)

Yok k2 Y,k ke

where H, is treated as a perturbation. We first solve the right eigenstates. In order to solve the surface states localized at the
boundary y = L, we choose a trial solution v r(y) = A Y% ¢r, where X is a parameter determining the localization length with

‘A R‘ > 1,and ¢ is a four-component vector. Plugging this trial solution into the Hamiltonian Ho in Eq. (S31) for k, = 0, we
have the following eigenvalue equations:

(XESTT + M+ XRT) ¢r = Edr, in the bulk, (S33)
and
(5\1§1TT + M) ér = E¢r, atthe boundary y = L. (S34)

By considering the semi-infinite limit along the y-axis in a negative direction, and requiring the states have the same
eigenenergies in the bulk and at the boundary, we have ArT = 0, which leads to E = 0, and two corresponding eigenstates
1,r and Yo . The eigenstate ¢1, R 18 written as

U1.r = Ni(M.ré1.R, /N\%,Rﬁgl,Ry /N\zl)),ngl,Ry S )s (S35)
with
¢~>1,R =(1, 0, 1, O)T, and 5\1,3 =1/(1—mg—mqicosk, —v,sink, —iv), (S36)
and the eigenstate ’(;2, R 1S

V2.1 = Na(Ag,rd2 R, ;\%,R¢~>2,R, 5\%,3&2,37 ) (S37)



with

<Z~52,R =(0, 1,0, DT, and 5\2,3 =1/(1 —mg—mqicosk, +v,sink, +iv), (S38)

here A\ r = 1/5\1,3 and \y p = 1/5\2’3. For the surface states localized at the boundary y = L, we require ‘5\1?3’ > 1 and

‘5\2,1%’ > 1, then we have

1/2 ) 1/2
<1, and |(1—mg— mqcosk, +uv,sink,) —l—’yQ] <1. (S39)

{(1 —mo —my cosk, — v, sin kz)2 + 72
According to Eq. (S39), as k. increases from 0 to 7 (or decreases from 0 to —7), the non-Hermitian system 7 first supports
two surface states localized at the boundary y = L, and then only one surface state localized at the boundary as |k, | exceeds a
critical value (i.e., one of exceptional points at which a phase transition takes place). The critical values of k. correspond to ones
at which two exceptional rings closest to k£, = 0 locate for the case of small y. Because the domain-wall states, as discussed
below, only appear if H( supports two surface states, the hinge Fermi-arc states exist only for a finite regime of k..

For the left eigenstates under the open boundary condition along the y direction, we assume a trial solution 15 L(y) = A or.
Considering the same procedure for deriving the right eigenstates, we obtain the left eigenstates 1&1} 1, and 1&2} I as

Y1, =Ny (Mo X%,Lél,La 5\?@&1@ ) (S40)

with
b1 =(1,0, 1,07, and Ay =1/ (1 —mg —my cosk, — v, sink, +iv), (S41)

and
Gor =N5opbar, N5 pbar, N pdor, ---), (S42)

with
bor =(0,1,0, DT, and gz =1/ (1 —mg —mycosk, + v, sink, — i), (S43)

For the k. region where the system supports two surface states, projecting the Hamiltonian 1 in Eq. (532) into the subspace
spanned by the above right and left eigenstates as Hil\l’ﬁ’a 5 = Vo, H1vp,r, we have the effective boundary Hamiltonian in the
surface IV

Haty (ks k2) = ka0 + (n =€) 0a, (S44)

where we have ignored the terms of order higher than k.
By using the same procedure above, we have the effective Hamiltonian for boundary states localized at surfaces II and III as

Hglrf,y(kfm kz) = 7]{:102 + (77 - 5) Oz, (845)

Haix by, kz) = —kyoo — (n — &) 0. (S46)

According to the surface Hamiltonians in Eqs. (S27) and (S44-S46), as well as the condition in Eq. (S18), the surface states,
in the gapped regime and a finite k. region, show the same kinetic energy coefficients, but the mass terms on two neighboring
surfaces always have opposite signs. Therefore, the mass domain walls appear at the intersection of two neighboring surfaces,
and these two surfaces can share a common zero-energy boundary state (analogous to the Jackiw-Rebbi zero modes [1]) in spite
of complex-valued p, which corresponds to the hinge Fermi-arc states at each k.. Moreover, these hinge Fermi-arc states exist
only in a finite k, region limited by the condition in Eq. (S18). This explains why the Hamiltonian (k) shows both first-order
and higher-order topological features for small .
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FIG. S4. (a) Schematic diagram of a unit cell of a cubic lattice realized by electric circuits. The unit-cell electric circuits consist of four
nodes, and each node is connected to grounded electric elements for simulating the diagonal entries in the Hamiltonian #1(z, y, z). The
on-site gain and loss are realized by resistive elements R4 and Rg. C1 and L; denote capacitances and inductances. (b) Negative impedance
converter with current inversion (INIC) used for the hopping with imaginary amplitudes. (c-e) Diagrams of the electric circuits for simulating
Hamiltonians Hz(z, y, z), Hs(z, y, z), and Ha(z, y, z), respectively. Here, Ca, C3 and Cy are capacitances, Lo, Ls and L4 denote
inductances, R, and R represent resistances of INICs.



IV. POSSIBLE EXPERIMENTAL REALIZATIONS USING TOPOELECTRIC CIRCUITS

Recently, non-Hermitian first-order and higher-order topological insulators [2, 3], 3D Hermitian higher-order topological
insulators [4] and topological semimetals [5] have been experimentally observed in topoelectric circuits. These indicate that
electric circuits are excellent platforms to realize complicated and exotic topological structures. In this section, we propose to
realize the lattice model in Eq. (1) in the main text using topoelectric circuits. Without loss of generality, we set m; = —1,
mo > 0,v, > 0and vy > 0.

The real-space Hamiltonian H(z, y, z) for Eq. (1) in the main text reads H(z, y, 2) = Hi(z, y, z) + Ha(z, v, 2) +
Hs(z, y, z) + Halz, y, z), where

Hi(z, y, 2) = Z \I!Lyz (Mosz0; +1782) Vg y 2, (S47)
z,Y,2

1 i Ay

Halo, 1o 9) = 3 [0 (~gou0s = oo + 500, ) oo 4 He. (348)
.Y,z

1 i A

Hs(x, y, 2) = Zy: [\P*y (—2szaz — 5540 = 2%) Vo y1,z + H.c} , (349)
and
1 Uy

Ha(w, y, 2) = ; [\PU (—ZSZO—Z - ZQSZ) Wy o1+ H.c.} : (850)

We now consider a 3D electric-circuit network forming a cubic lattice. The electric-circuit network consists of various nodes
labeled by a. According to Kirchhoff’s law, the current I, entering the circuit at a node a equals the sum of the currents I
leaving it to other nodes or ground

Io=> T =Y Xap(Va = Vo) + XaVa, (S51)
b b

where X, = 1/Z, is the admittance between nodes a and b (Z,;, is the corresponding impedance), X, is the admittance
between node a and the ground, and V/, is voltage at node a. Using Eq. (S51), the external input current I, and the node voltage
V, can be rewritten into the following matrix equation

I(w) = J(w)V(w), (S52)
where I = (I, Is,---, In), V= (W1, Va,---, Vn), and N is the physical dimension. Here the N x N matrix J(w) is the
circuit Laplacian, which can be used to simulate the system Hamiltonian 7 (k), having the form [6-8]

I(w) = iwl(w) = iwC + —— 4 — (S53)
= WLe(W) = 1w o —_
iwL R’

where C, L and R are the capacitance, inductance and resistance matrices, respectively.

To simulate the Hamiltonian H(x, y, z), we require £ = H. Figure S4(a) plots the unit-cell circuit for the cubic lattice
consisting of four nodes. Each node is connected to grounded electric elements for simulating the diagonal entries in the
Hamiltonian #4 (z, y, z) in Eq. (S47). The on-site gain and loss are realized by the resistive elements R 4 and Rp. The electric
circuits for simulating Hamiltonians Ha(x, y, 2), Hs(z, y, 2z), and Hy(z, y, z) are shown in Fig. S4(c-e). The inductors and
capacitors between two neighboring nodes contribute hopping terms with positive and negative amplitudes [7], respectively. For
the hopping with imaginary amplitude, we use a negative impedance converter with current inversions (INICs) [7], as shown in
Fig. S4(b). When the current flows towards the INICs (the large arrow), the resistance is negative, and it is positive when the
direction is opposite.

As indicated in the electric circuits in Fig. S4, the Laplacian that simulates the Hamiltonian (k) in Eq. (1) in the main text
reads

L(w)= (Mg — Jgcosk, — Jgcosk, — Jgcosk,) s,0, + (vesink, + ivg) s, + tg1sinkyS,0, + tpasinkys,o,
+ Ag (cosky — cosky) o, +iAEZ, (S54)



where
Mg =C) =1/(w?Ly), v =1/(2wRp) — 1/(2wRaA), (S55)
Ap =—1/(2wRp) — 1/(2wRa), Jp = C2/2 =1/(2°Ly), (S56)
vp = 1/(2wR.), tp = 1/(2wRy,), tgs = C4/2 = 1/(2w?Ly), Ap = C3/2 =1/(2w?L3), (S57)

and 7 is identity matrix. Note that the last non-Hermitian term does not change the topological features of the system. This
electric circuit can be utilized to investigate the non-Hermitian higher-order Weyl-exceptional-ring semimetals studied in this
work.
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