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For first-order topological semimetals, non-Hermitian perturbations can drive the Weyl nodes into
Weyl exceptional rings having multiple topological structures and no Hermitian counterparts. Recently, it
was discovered that higher-order Weyl semimetals, as a novel class of higher-order topological phases, can
uniquely exhibit coexisting surface and hinge Fermi arcs. However, non-Hermitian higher-order
topological semimetals have not yet been explored. Here, we identify a new type of topological semimetal,
i.e., a higher-order topological semimetal with Weyl exceptional rings. In such a semimetal, these rings are
characterized by both a spectral winding number and a Chern number. Moreover, the higher-order Weyl-
exceptional-ring semimetal supports both surface and hinge Fermi-arc states, which are bounded by the
projection of the Weyl exceptional rings onto the surface and hinge, respectively. Noticeably, the dissipative
terms can cause the coupling of two exceptional rings with opposite topological charges, so as to induce
topological phase transitions. Our studies open new avenues for exploring novel higher-order topological
semimetals in non-Hermitian systems.
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Introduction.—There is growing interest in exploring
higher-order topological insulators [1–24] and supercon-
ductors [25–41]. As a new family of topological phases
of matter, higher-order topological insulators and super-
conductors show an unconventional bulk-boundary corre-
spondence, where a d-dimensional nth-order (n ≥ 2)
topological system hosts topologically protected gapless
states on its (d − n)-dimensional boundaries, such as the
corners or hinges of a crystal. Very recently, the concept of
higher-order topological insulators has been extended
to 3D gapless systems, giving rise to distinct types of
topological semimetal phases with protected nodal degen-
eracies in bulk bands and hinge Fermi-arc states in their
boundaries. Examples include higher-order Dirac semimet-
als [42,43], higher-order Weyl semimetals [44–48], and
higher-order nodal-line semimetals [49–51].
Weyl semimetals exhibit twofold degenerate nodal

points in momentum space, called Weyl points (or Weyl
nodes). The Weyl points are quantized monopoles of the
Berry flux and are characterized by a quantized Chern
number on a surface enclosing the point [52]. The non-
trivial topological nature of first-order Weyl semimetals
guarantees the existence of surface Fermi-arc states, con-
necting the projections of each pair of Weyl points onto
the surface. In contrast to first-order Weyl semimetals,

higher-orderWeyl semimetals havebulkWeylpoints attached
strikingly to both surface and hinge Fermi arcs [45,46].
Recently, considerable efforts have been devoted to

explore topological phases in non-Hermitian extensions
of topological insulators [53–90] and semimetals [91–106],
including non-Hermitian higher-order topological insula-
tors [107–115]. Non-Hermiticity originated from dissipa-
tion in open classical and quantum systems [84,89], and
the inclusion of non-Hermitian features in topological
systems can give rise to unusual topological properties
and novel topological phases without Hermitian counter-
parts. One striking feature is the existence of non-Hermitian
degeneracies, known as exceptional points, at which two
eigenstates coalesce [89,116–119]. The non-Hermiticity
can alter the nodal structures, where the exceptional points
form new types of topological semimetals [94–98].
Remarkably, a non-Hermitian perturbation can transform
a Weyl point into a ring of exceptional points, i.e., a Weyl
exceptional ring [94]. This Weyl exceptional ring carries a
quantized Berry charge, characterized by a Chern number
defined on a closed surface encompassing the ring, with
the existence of the surface states. In addition, such a
ring is also characterized by a quantized Berry phase
defined on a loop encircling the ring. Weyl exceptional
rings show multiple topological structures having no

PHYSICAL REVIEW LETTERS 127, 196801 (2021)

0031-9007=21=127(19)=196801(9) 196801-1 © 2021 American Physical Society

https://orcid.org/0000-0002-1826-8019
https://orcid.org/0000-0003-3682-7432
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.127.196801&domain=pdf&date_stamp=2021-11-05
https://doi.org/10.1103/PhysRevLett.127.196801
https://doi.org/10.1103/PhysRevLett.127.196801
https://doi.org/10.1103/PhysRevLett.127.196801
https://doi.org/10.1103/PhysRevLett.127.196801


Hermitian analogs in Weyl semimetals [98]. Although
non-Hermitian first-order topological semimetals have
been systematically explored, far less is known about
non-Hermitian higher-order topological semimetals with
hinge states. This leads to a natural question of whether a
non-Hermitian perturbation can transform a Weyl point
into a Weyl exceptional ring in a higher-order topological
semimetal.
In this Letter, we investigate non-Hermitian higher-order

topological semimetals, where a non-Hermitian perturba-
tion transforms the higher-order Weyl points into Weyl
exceptional rings formed by a set of exceptional points. The
topological stability of such a ring is characterized by a
nonzero spectral winding number. In addition, the Weyl
exceptional ring has a quantized nonzero Chern number
when a closed surface encloses the ring. This leads to the
emergence of surface Fermi-arc states. Moreover, as a new
type of topological semimetal, the higher-order Weyl-
exceptional-ring semimetals (HOWERSs) have the hinge
Fermi arc connected by the projection of the Weyl excep-
tional rings onto the hinges. Meanwhile, the dissipative
terms can induce topological phase transitions between
different semimetal phases. By developing an effective
boundary theory, we provide an intuitive understanding of
the existence of hinge Fermi-arc states: the surface states of
the first-order topological semimetal with Weyl exceptional
rings are gapped out by an additional anticommutative term
in a finite wave vector kz region. This introduces Dirac
mass terms, which have opposite signs between the
neighboring surfaces. Therefore, hinge states appear only
in a finite kz region, resulting in Fermi-arc states.
Hamiltonian.—We start with the following minimal non-

Hermitian Hamiltonian on a cubic lattice

HðkÞ ¼ ðm0 − cos kx − cos ky þm1 cos kzÞszσz
þ ðvz sin kz þ iγÞsz þ sin kxsxσz þ sin kysyσz

þ Δ0ðcos kx − cos kyÞσx; ð1Þ

where σi and si are Pauli matrices, and γ denotes the
decay strength. The HamiltonianHðkÞ can, in principle, be
experimentally realized using dissipative ultracold atoms
and topoelectric circuits (see Supplemental Material [120]).
The Hamiltonian HðkÞ preserves (1) time-reversal sym-

metry T ¼ isxσxK, with K being the complex conjugation
operator, and (2) the combined charge conjugation and
parity (CP) symmetry CPHTðkÞðCPÞ−1 ¼ −HðkÞ, with
CP ¼ syσz. For γ ¼ 0, the system is a hybrid-order Weyl
semimetal, which supports both first- and second-order Weyl
nodes with coexisting surface and hinge Fermi arcs [120].
Weyl exceptional ring.—In the presence of the non-

Hermitian term γ, two of the bulk bands coalesce at the
energy E ¼ 0, leading to the emergence of Weyl excep-
tional rings [which are analytically determined by Eqs. (S7)
and (S8) in the Supplemental Material [120] ]. As shown in

Fig. 1, the non-Hermiticity drives four higher-order Weyl
nodes of the Hermitian Hamiltonian Hðk; γ ¼ 0Þ into four
Weyl exceptional rings, where the real and imaginary parts
of the eigenvalues vanish. These exceptional rings are
protected by the CP symmetry, belonging to the class
PC [98]. In order to characterize their topological stability,
we calculate the spectral winding number defined as [98]

W ¼
I
L

dk
2πi

·∇k log det ½HðkÞ − EðkEPÞ�; ð2Þ

where L is a closed path encircling one of the exceptional
points on the Weyl exceptional ring [see Fig. 1(a)], and
EðkEPÞ ¼ 0 is the reference energy at the corresponding
exceptional point kEP. Because there exists a point gap [see
Fig. 1(b)] along the path L for the reference point EðkEPÞ,
the spectral winding number in Eq. (2) is well defined, and
can be nonzero due to complex eigenenergies. Direct
numerical calculations yield W ¼ −1; 1; 1;−1, for each
nodal ring along the z axis in Fig. 1. The quantized nonzero
winding numbers indicate that Weyl exceptional rings are
topologically protected by the CP symmetry and cannot be
removed by small perturbations preserving symmetries.
Surface bands.—Since Weyl exceptional rings are trans-

formed from the Weyl nodes by a non-Hermitian pertur-
bation, they can also carry topological charges of the Berry
flux characterized by the first Chern number, which is
defined on the closed surface S [see Fig. 1(c)] as

C ¼ 1

2πi

X
n

I
S
∇k × hũnðkÞj∇kjunðkÞi · dS; ð3Þ

where n is taken over the occupied bands, and junðkÞi
(jũnðkÞi) being the left (right) eigenvector for the nth band.
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FIG. 1. (a) Weyl exceptional rings (blue curves) obtained by
solving Eqs. (S7) and (S8) in Ref. [120]. They are formed by a
two-band coalescence at the energy E ¼ 0. The bulk bands of the
non-Hermitian Hamiltonian HðkÞ in Eq. (1) exhibit four Weyl
exceptional rings along the kz direction. The parameters used here
are m0 ¼ 1.5, m1 ¼ −1, vz ¼ 0.8, γ ¼ 0.8, and Δ0 ¼ 0.8. The
red loop denotes a closed path L encircling a Weyl exceptional
ring. (b) Real vs imaginary parts of eigenenergies along the
path L. The red dots denote exceptional points (EPs). (c) AWeyl
exceptional ring is enclosed by a closed surface of a cuboid.
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The numerical calculations show that four Weyl exceptional
rings carry topological charges with C ¼ −1; 1; 1;−1, for
each ring along the kz direction, when eachWeyl exceptional
ring is enclosed by the surface S. Otherwise, C ¼ 0 when
each ring is located outside the surface S.
The nonzero Chern numbers indicate that there exist

surface states, which connect two Weyl exceptional rings
with opposite Chern numbers under the open boundary
condition. Figures 2(a)–2(c) show the real, imaginary, and
absolute parts of surface-band spectra when the open boun-
dary is imposed along the x direction. The non-Hermitian
topological semimetal HðkÞ has zero-energy surface states.
These surface states are bounded by the projection of Weyl
exceptional rings onto the kz axis. As the non-Hermitian term
γ varies, the bounded range of zero-energy surface states
changes, as shown in Fig. 2(c). Therefore, the non-Hermitian
Weyl-exceptional-ring semimetal HðkÞ has the features of
first-order topological semimetals.
Hinge bands.—We now proceed to investigate its higher-

order topological phase in Eq. (1). We consider to impose
the open boundaries along both the x and y directions, and
Figs. 2(d)–2(f) present the real, imaginary, and absolute
parts of hinge-band spectra. Remarkably, there exist hinge
Fermi arcs, which connect with the projection of two Weyl
exceptional rings closest to kz ¼ 0 onto the hinges. This
indicates that the non-Hermitian band coalescences in zero-
energy bulk bands lead to the HOWERSs. Therefore, the
Weyl exceptional rings in the non-Hermitian semimetal
HðkÞ have both the first- and higher-order topological

features. In Figs. 2(g) and 2(h), we present the probability
density distributions of two arbitrary midgap states for open
boundary conditions along the x, y, and z directions. In
contrast to Hermitian Weyl semimetals, the hinge Fermi-arc
states studied here show non-Hermitian skin effects, and
thus hinge modes are localized toward corners.
Effective boundary theory.—For an intuitive understand-

ing of the HOWERSs and the emergence of hinge Fermi-
arc states, we develop an effective boundary theory to
derive the low-energy surface-state Hamiltonian in the
gapped bulk-band regime for the relatively small γ and
Δ0 (see the details in the Supplemental Material [120]).
We label the four surfaces of a cubic sample as I–IV,
corresponding to the surface states localized at x ¼ 1,
y ¼ 1, x ¼ L, and y ¼ L. We first consider the system
under the open boundary condition along the x direction
and periodic boundary conditions along both the y and z
directions. After a partial Fourier transformation along
the kx direction, the Hamiltonian HðkÞ in Eq. (1) becomes
Hx ¼ H0 þH1, with

H0 ¼
X
x;ky;kz

ðΨ†
x;ky;kz

TΨxþ1;ky;kz þ H:c:Þ

þ
X
x;ky;kz

Ψ†
x;ky;kz

MΨx;ky;kz ; ð4Þ

here T and M are T ¼ − 1
2
szσz − ði=2Þsxσz and

M ¼ ðm0 − cos ky þ m1 cos kzÞszσz þ ðvz sin kz þ iγÞsz,
and
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FIG. 2. (a) Real, (b) imaginary, and (c) absolute values of the surface band structure along the kz direction, when the open boundary
condition is imposed along the x direction with 200 sites for ky ¼ 0. Yellow, green, and red lines in (c) denote surface states for γ ¼ 0.4,
γ ¼ 0.6, and γ ¼ 0.8, respectively. Note that only the modes with zero absolute energy are surface states. (d) Real, (e) imaginary, and
(f) absolute values of the band structure of a finite-sized system with 60 × 60 unit cells in the x-y plane. The red lines represent hinge
states. Probability density distributions jψnðx; y; zÞj2 of midgap modes for the eigenenergies (g) E ¼ 4.6 × 10−6ð1þ iÞ and
(h) E ¼ 0.0072þ 0.0072i with open boundaries along the x, y, and z directions. The number of unit cells is 20 × 20 × 30. The
parameters used here are m0 ¼ 1.5, m1 ¼ −1, vz ¼ 0.8, γ ¼ 0.8, and Δ0 ¼ 0.8.
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H1 ¼
X
x;ky;kz

Ψ†
x;ky;kz

ðsin kysyσz − Δ0 cos kyσxÞΨx;ky;kz

þ
X
x;ky;kz

�
Ψ†

x;ky;kz

Δ0

2
σxΨxþ1;ky;kz þ H:c:

�
; ð5Þ

where x is the integer-valued coordinate taking values from
1 to L, and Ψ†

x;ky;kz
creates a fermion with spin and orbital

degrees of freedom on site x and momentum ky and kz. By
assuming a small Δ0, and taking ky to be close to 0, H1 is
treated as a perturbation.
Since the Hamiltonian H0 in Eq. (4) is non-Hermitian,

we calculate its left and right eigenstates. We first solve
the right eigenstates. In order to solve the surface states
localized at the boundary x ¼ 1, we choose a trial solution
ψRðxÞ ¼ λxRϕR, where λR is a parameter determining
the localization length with jλRj < 1, and ϕR is a four-
component vector. Plugging this trial solution into Eq. (4)
for ky ¼ 0, we have the following eigenvalue equations:

ðλ−1R T† þM þ λRTÞϕR ¼ EϕR; in the bulk; ð6Þ

and

ðM þ λRTÞϕR ¼ EϕR; at the boundary x ¼ 1: ð7Þ

By considering the semi-infinite limit L → ∞, and requir-
ing the states to have the same eigenenergies in the bulk and
at the boundary, we have λ−1R T†ϕR ¼ 0. This leads to
E ¼ 0, and two eigenvectors with ϕ1;R ¼ ð−i; 0; 1; 0ÞT
and ϕ2;R ¼ ð0;−i; 0; 1ÞT . The corresponding localization
parameters are λ1;R ¼ 1 −m0 −m1 cos kz − vz sin kz − iγ
and λ2;R¼1−m0−m1coskzþvz sinkzþ iγ, respectively.
For the surface states localized at the boundary x ¼ 1, we

require jλRj < 1, then

½ð1 −m0 −m1 cos kz � vz sin kzÞ2 þ γ2�1=2 < 1: ð8Þ

According to Eq. (8), as kz increases from 0 to π (or
decreases from 0 to −π), the non-Hermitian systemH0 first
supports two surface states localized at the boundary x ¼ 1,
and then only one surface state as jkzj exceeds a critical
value (i.e., one of the exceptional points at which phase
transition takes place). As shown in Fig. 3, two surface
states exist only in a finite region of kz in between two
exceptional rings closest to kz ¼ 0 for small γ. A surface
energy gap, or a mass term, can exist only when two surface
eigenstates coexist. Thus, the hinge states, regarded as
boundary states between domains of opposite masses,
appear only in a finite range of kz.
The left eigenstates ψLðxÞ can be obtained by using

the same procedure for deriving right eigenstates [120].
Therefore, considering the kz region where the system
supports two surface states, and projecting the Hamiltonian

H1 in Eq. (5) into the subspace spanned by the above left
and right eigenstates as HI

surf;αβ ¼ ψ�
α;LH1ψβ;R, we obtain

the effective boundary Hamiltonian at the surface I as

HI
surf;xðky; kzÞ ¼ kyσz − μσx; ð9Þ

with

μ ¼ Δ0N 1N 2λ1;Rλ2;Rð2 − λ1;R − λ2;RÞ
ð1 − λ1;Rλ2;RÞ

; ð10Þ

whereN 1 andN 2 are normalized parameters [120], and we
have ignored the terms of order higher than ky.
Considering the same procedure above, we can have the

boundary states localized at surfaces II–IV as

HII
surf;yðkx; kzÞ ¼ −kxσz þ μσx; ð11Þ

HIII
surf;xðky; kzÞ ¼ −kyσz − μσx; ð12Þ

HIV
surf;yðkx; kzÞ ¼ kxσz þ μσx: ð13Þ

According to the surface Hamiltonians in Eqs. (9)–(13),
for each kz, the boundary states show the same coefficients
for the kinetic energy terms, but mass terms on two
neighboring boundaries always have opposite signs.
Therefore, mass domain walls appear at the intersection
of two neighboring boundaries, and these two boundaries
can share a common zero-energy boundary state (analo-
gous to the Jackiw-Rebbi zero modes [125]) in spite of
complex-valued μ, which corresponds to the hinge Fermi-
arc states at each kz. Moreover, these hinge Fermi-arc states
exist only in a finite kz region limited by the condition in
Eq. (8). This explains why the Hamiltonian HðkÞ shows
both first- and higher-order topological features for small γ.
Topological phase transitions.—The dissipative term γ

in Eq. (1) can induce topological phase transitions. For
small γ, HðkÞ exhibits four exceptional rings, as discussed
above. As γ increases, two Weyl exceptional rings with
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FIG. 3. jλ1;Rj and jλ2;Rj vs kz, according to Eq. (8), with
m0 ¼ 1.5, m1 ¼ −1, vz ¼ 0.8, and γ ¼ 0.4. The dashed black
line denotes jλj ¼ 1, which is a guide for the eyes.
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opposite Chern numbers, located in the positive (negative)
kz axis [see Fig. 1(a)], move toward each other. At the
critical value of γ ≃ 1, a topological phase transition occurs,
where two Weyl exceptional rings carrying opposite
topological charges are coupled and annihilated. Then
the system evolves into a new topological semimetal with
eight Weyl exceptional rings, as shown in Fig. 4(a). These
rings are topologically stable due to the nonzero spectral
winding numbers defined in Eq. (2). However, the Chern
number, defined in Eq. (3), is zero when the closed
surface S encloses four exceptional rings located in the
positive (negative) kz axis. Therefore, there exist no
surface Fermi-arc states when the boundary is open along
the x or y direction. To further check the higher-order
topological phases, Figs. 4(b) and 4(c) show the band
structures for a finite-sized system in the x-y plane for
γ ¼ 1.1. The semimetal supports in-gap hinge Fermi-arc
states, indicating that the Weyl-exceptional-ring semi-
metal has only higher-order topological features in the
strong dissipation regime.
Conclusion.—We have proposed a theoretical model to

realize non-Hermitian higher-order topological semimetals
and identify a new type of bulk-band degeneracies, i.e.,
Weyl exceptional rings in higher-order topological phases.
These rings are characterized by the spectral winding
number and Chern number. Remarkably, non-Hermitian
higher-order topological semimetals, in the presence of
Weyl exceptional rings, show the coexistence of surface
and hinge Fermi arcs. Moreover, the dissipative terms can
cause the coupling of two exceptional rings with opposite
topological charges, so as to induce topological phase
transitions. Non-Hermitian higher-order Weyl semimetals

have not been explored in the past, and these studies would
advance the development of this field.
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Noted added.—Recently, we became aware of a related
work discussing non-Hermitian higher-order Weyl semi-
metals with different focus [126].
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Bernevig, and T. Neupert, Higher-order topology in
bismuth, Nat. Phys. 14, 918 (2018).

[17] M. J. Park, Y. Kim, G. Y. Cho, and S. B. Lee, Higher-Order
Topological Insulator in Twisted Bilayer Graphene, Phys.
Rev. Lett. 123, 216803 (2019).

[18] S. Mittal, V. Vikram Orre, G. Zhu, M. A. Gorlach, A.
Poddubny, and M. Hafezi, Photonic quadrupole topologi-
cal phases, Nat. Photonics 13, 692 (2019).

[19] A. El Hassan, F. K. Kunst, A. Moritz, G. Andler, E. J.
Bergholtz, and M. Bourennane, Corner states of light in
photonic waveguides, Nat. Photonics 13, 697 (2019).

[20] M. Li, D. Zhirihin, M. Gorlach, X. Ni, D. Filonov, A.
Slobozhanyuk, A. Alù, and A. B. Khanikaev, Higher-order
topological states in photonic kagome crystals with long-
range interactions, Nat. Photonics 14, 89 (2020).

[21] Y. B. Yang, K. Li, L.-M. Duan, and Y. Xu, Type-II
quadrupole topological insulators, Phys. Rev. Research
2, 033029 (2020).

[22] R. Chen, C. Z. Chen, J. H. Gao, B. Zhou, and D. H. Xu,
Higher-Order Topological Insulators in Quasicrystals,
Phys. Rev. Lett. 124, 036803 (2020).

[23] Q. B. Zeng, Y. B. Yang, and Y. Xu, Higher-order topo-
logical insulators and semimetals in generalized Aubry-
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