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The incoherent dynamical properties of open quantum systems are generically attributed to an ongoing
correlation between the system and its environment. Here, we propose a novel way to assess the nature of
these system-environment correlations by examining the system dynamics alone. Our approach is based on
the possibility or impossibility to simulate open-system dynamics with Hamiltonian ensembles. As we
show, such (im)possibility to simulate is closely linked to the system-environment correlations. We thus
define the nonclassicality of open-system dynamics in terms of the nonexistence of a Hamiltonianensemble simulation. This classifies any nonunital open-system dynamics as nonclassical. We give
examples for open-system dynamics that are unital and classical, as well as unital and nonclassical.
DOI: 10.1103/PhysRevLett.120.030403

Introduction.—When a quantum system interacts with its
environment, its dynamical behavior will, in general, deviate
from the dynamics of a strictly isolated one [1–6]. As a result
of an ongoing bipartite correlation arising from the systemenvironment interaction, the system dynamics may display
incoherent characteristics, such as dephasing or damping
processes. Formally, such processes are captured by quantum master equations, replacing the von Neumann equation
for isolated systems.
However, incoherent dynamics can also arise as a
consequence of a purely classical averaging procedure
over distinct autonomous evolutions. For example, the
double slit experiment can, when exposed to a disordered
potential and after averaging, encounter similar decoherence as if which-slit information had leaked into an
environment [7]. In this sense, disordered quantum systems
described by Hamiltonian ensembles can behave in an
analogous manner as open quantum systems, even if
individual realizations are strictly isolated (Fig. 1) [7–10].
Here, we exploit this dynamical correspondence to
assess the nature of the system-environment correlations
in terms of the system properties alone. As we show,
the impossibility to simulate is necessarily linked to nonclassical system-environment correlations. On the other
hand, if such a simulation is possible, then there always
exists a system-environment model which reproduces the
system dynamics by relying only on classical correlations.
This leads us to defining the nonclassicality of open-system
dynamics in terms of the nonexistence of a Hamiltonianensemble simulation.
Alternative definitions for the nonclassicality of
system dynamics have been proposed [11,12]. In these
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definitions, the dynamics is considered classical if the
state preserves classicality during the temporal evolution.
Typically, the classicality of states in these approaches is
formulated in terms of the Wigner function or the
Glauber-Sudarshan P representation [13–18]. While these
definitions also rely on system properties alone, their
applicability is limited to systems amenable for such a
phase space description, excluding other cases of interest.
We, instead, propose to discuss the nonclassicality of
open-system dynamics separately, based on the systemenvironment correlations and independent of the nature of
the system.
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FIG. 1. (a) Schematic illustration showing the averaged state
ρ̄ðtÞ resulting from the Hamiltonian ensemble fðpj ; Ĥj Þg. The
averaged state, in general, follows incoherent dynamics; i.e.,
similar to open quantum systems, its time evolution cannot be
accurately captured by the von Neumann equation alone. (b) If a
quantum system interacts with a bath, their interaction will, in
general, correlate them. As we show, the nature of these
correlations, i.e., classical or quantum, is intimately connected
to the (im)possibility to simulate the dynamics of the open system
with a Hamiltonian ensemble.

030403-1

© 2018 American Physical Society

PHYSICAL REVIEW LETTERS 120, 030403 (2018)
As an immediate consequence of our definition,
all nonunital dynamics, e.g., dissipative processes, are
nonclassical. The spin-boson model, in contrast, which
displays unital dynamics and—on the level of the model—
quantum correlations, can, as we find, be simulated and
thus exhibits classical open-system dynamics according to
our definition, since these correlations cannot be certified
by considering the system dynamics alone. In the case of an
extended spin-boson model, however, where the environment is complemented by a second qubit and the system
dynamics remains unital, we prove the nonexistence of a
simulating Hamiltonian ensemble for certain spectral densities; i.e., the system’s evolution is in these cases witnessed
to be manifestly nonclassical.
Dynamics of Hamiltonian ensembles.—An isolated
quantum system is described by a Hamiltonian ensemble
(HE) fðpj ; Ĥj Þg, if the autonomous Hamiltonian Ĥj of the
system is drawn from a probability distribution pj [see
Fig. 1(a)]. Such HEs are applicable to describing disordered
quantum systems. Here, we relate HEs to open quantum
systems.
The dynamics of the ensemble averaged state
ρ̄ðtÞ exhibits features distinct from the dynamics of any
single realization. The latter is governed by the unitary
evolution ρj ðtÞ ¼ Û j ρ0 Û †j , with the initial state ρ0 and
Ûj ¼ exp½−iĤj t=ℏ, whereas the dynamics of the averaged
state ρ̄ðtÞ is given by the unital (i.e., identity invariant) map
X
ρ̄ðtÞ ¼
pj expð−iĤj t=ℏÞρ0 expðiĤ j t=ℏÞ:
ð1Þ
j

Note that an evolution equation for ρ̄ðtÞ cannot be reduced
to some effective Hamiltonian alone but must, in general,
take the form of a quantum master equation [7,8] (see [19]
for an experimental implementation of this).
A seminal and instructive example considers a single
qubit subject to spectral disorder; i.e., the Hamiltonians in
the ensemble differ only in their eigenvalues, while they
share a common basis of eigenstates [8]. The HE may be
given by fðpðωÞ; ℏωσ̂ z =2Þg, with the probability distribution pðωÞ kept general. The resulting master equation reads
∂
i
ρ̄ðtÞ ¼ − ½εðtÞσ̂ z ; ρ̄ðtÞ þ γðtÞ½σ̂ z ρ̄ðtÞσ̂ z − ρ̄ðtÞ;
∂t
ℏ

ð2Þ

where the effective energy εðtÞ ¼ ℏIm½∂ t ln ϕðtÞ=2 and the
decoherence rate γðtÞ ¼ −Re½∂ t ln ϕðtÞ=2 follow from the
dephasing factor
Z ∞
pðωÞeiωt dω:
ð3Þ
ϕðtÞ ¼
−∞

Depending on the underlying probability distribution pðωÞ,
the master equation (2) can range from time-constant
dephasing to a strongly oscillating incoherent behavior,
the latter even giving rise to purity revivals [8].

It is worthwhile to recall that the occurrence of incoherent
dynamics in the case of HEs is a consequence of the
averaging procedure. Nevertheless, it is reminiscent of open
quantum systems, where, in contrast, an ongoing correlation
between the system and environment gives rise to the
incoherent dynamics. This Letter explores the possibility
to simulate open quantum systems with HEs, and vice versa,
and the implications on the system-environment correlations.
Simulating open quantum systems with Hamiltonian
ensembles.—We now show that nonclassical systemenvironment correlations are necessarily linked to the
impossibility to simulate the open-system dynamics with
a HE. To this end, we show—conversely—that, if the
system and environment are persistently classically correlated, then the reduced system state is described by a HE.
A system-environment arrangement is characterized by
an autonomous total Hamiltonian ĤT ¼ ĤS þ Ĥ E þ ĤI ,
with the system ĤS , the environment Ĥ E , and the interaction
Hamiltonian ĤI [see Fig. 1(b)]. The total system evolves
unitarily as ρT ðtÞ ¼ ÛρT;0 Û † , with Û ¼ exp½−iĤT t=ℏ. We
say that an open system is described by a HE if the reduced
system state ρS ðtÞ ¼ TrE ½ρT ðtÞ allows a decomposition of
the form (1), where the probabilities pj and the Hamiltonians
Ĥj of the ensemble are determined by ĤT and the initial
state ρT;0 .
Instead of further specifying the total Hamiltonian ĤT ,
we now assume that the total state ρT ðtÞ remains at all times
classically correlated, displaying neither quantum discord
[20,21] nor entanglement. Under this condition, we
argue that,
P for every initial state of the form ρT;0 ¼
ρS;0 ⊗ j pj jjihjj (with fpj g a time-independent probability distribution and fjjig a basis of the environment), the
reduced system state can be described by a HE.
The detailed proof is presented in Supplemental Material
[22]. Here, we outline the central steps. First, as a direct
consequence of the classical correlations, there exists an
environmental basis fjkig (in general, different from
fjjig), such that
X
ρT ðtÞ ¼
pj Êk;j ρS;0 Ê†k;j ⊗ jkihkj;
ð4Þ
k;j

where the operators Êk;j ¼ hkjÛðtÞjji act on the system
P
and satisfy k Ê†k;j Êk;j ¼ Î for each j.
To demonstrate that the Êk;j are unitary, we again use the
zero-discord assumption, which implies that each environmental off-diagonal term vanishes, i.e., Êk;j ρS;0 Ê†k0 ;j ¼ 0 for
k ≠ k0 . This, in turn, implies that there exists a bijection
between fjjig and fjkig such that Êk;j is nonzero only
when its two indices match the bijection, i.e.,
Êk;j ¼ Êkj0 ;j δj;j0 . Unitarity of the Êk;j then follows directly.
Finally, we address the time dependence of the Êk;j .
Expressing the bijection as a unitary operator ÛðtÞ and
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safely neglecting the index k, we can recast ÛðtÞ in a
separable form:
ÛðtÞ ¼

X
Êj ðtÞ ⊗ ÛðtÞjjihjj:

ð5Þ

j

The group properties of fÛðtÞjt ∈ Rg are thus inherited by
the operators Êj ðtÞ and ÛðtÞ; i.e., due to the time independence of the total Hamiltonian, we can write Êj ðtÞ ¼
P
exp½−iĤ j t=ℏ and ÛðtÞ ¼ j exp½−iðθj t=ℏÞjjihjj, with
Ĥj time-independent Hermitian operators and θj realvalued constants. Consequently, Eq. (4) corresponds to a
time-independent HE fðpj ; Ĥj Þg when tracing over the
environment.
Simulating Hamiltonian ensembles with open quantum
systems.—The impossibility to simulate an open system
with a HE certifies the quantum nature of the systemenvironment correlations. Notably, this is achieved by
considering system properties alone, i.e., without explicit
reference to the environment. We now show that, on the
other hand, the existence of a simulating HE always admits
the possibility of classical system-environment correlations; i.e., the latter cannot be excluded by considering
only the system.
We explicitly construct a system-environment arrangement which reproduces an arbitrary HE fðpj ; Ĥ j Þg relying
only on classical correlations. To this end, we write Ĥ j ¼
ˆ þ V̂ (with the average H̄
ˆ ¼ P p Ĥ ) and choose the
H̄
j
j j j
P
interaction to be of the form ĤI ¼ j V̂ j ⊗ jjihjj; i.e., it
associates with each Ĥj of the ensemble a distinct state jji
of an (arbitrary) basis of the environment. Note that the
index j is generic and may be continuous and/or a multiindex. The environment must then be chosen appropriately
to accommodate the complexity of the HE. Moreover, we
ˆ and
take the system Hamiltonian to be the average ĤS ¼ H̄
the bath Hamiltonian to be diagonal in the same basis as
ĤI , i.e., ½ĤE ; ĤI  ¼ 0.
With a separable initial state, ρT ð0Þ ¼ ρS;0 ⊗ ρE , and
P
ρE ¼ j pj jjihjj (i.e., ½ρE ; ĤE  ¼ 0, and the probabilities
of the Hamiltonian ensemble are assigned to the environmental populations), the time-evolved total state reads
ρT ðtÞ ¼ ÛSþI ðρS;0 ⊗ ρE ÞÛ†SþI , with ÛSþI ¼ exp½−iðĤS þ
P
ĤI Þt=ℏ. Rewriting Û SþI ¼ j Ûj ⊗ jjihjj, with Û j ¼
exp½−iĤ j t=ℏ, we obtain
ρT ðtÞ ¼

X
pj e−ði=ℏÞĤj t ρS;0 eði=ℏÞĤj t ⊗ jjihjj:

ð6Þ

that the total state (6) is exclusively classically correlated,
as desired.
As an instructive example, we consider a pair of qubits
coupled to each other via a controlled-NOT gate, where a
control (C) qubit determines the operation on a target (T)
qubit. If the state of the C qubit resides in the classical
mixture ρC ¼ aj1ih1j þ ð1 − aÞj0ih0j [23], the reduced
dynamics of the T qubit will be described by the mixture
of evolutions ρT ðtÞ ¼ aÛx ρT;0 Û †x þ ð1 − aÞρT;0 , with Ûx ¼
exp½−iJ σ̂ x t=2ℏ and J the coupling strength. We thus
recover the HE fða; Jσ̂ x =2Þ; ð1 − a; ÎÞg. In this example,
the C qubit plays the role of environment, and the qubit pair
is at most classically correlated.
Nonclassicality of the dynamics.—It appears natural to
classify open-system dynamics according to their correlation with the environment; i.e., if the system and environment are merely classically correlated, the dynamics may
be considered classical; if they are quantum correlated, one
may call the dynamics nonclassical. In most cases, however, one does not have (full) access to the environment,
rendering such an immediate definition problematic.
We now suggest to classify open-system dynamics by
the (im)possibility to describe the system dynamics by a
HE. On the one hand, this definition relies only on system
properties, as desired from a practical point of view. On the
other hand, as we have shown, it directly links to the
system-environment correlations, as desirable from a conceptual perspective. Whenever such a simulation exists, it is
impossible to exclude classical system-environment correlations by knowledge of the system dynamics alone, and we
call the latter classical. If the simulation does not exist,
quantum correlations must be involved; hence, the dynamics is nonclassical.
As a direct consequence of our definition, any nonunital
dynamics is classified nonclassical—a simulating HE is
manifestly excluded, certifying the presence of quantum
correlations. This includes, e.g., dissipative processes such
as the spontaneous decay of an atom. On the other hand,
according to our operational definition, we may even call
an open-system dynamics classical if the actual systemenvironment correlations are quantum. This is because our
approach is deliberately ignorant of the actual environment
and relies only on the possibility to explain the system
dynamics with classical correlations. Next, we give an
example for this.
Simulating the spin-boson model.—We now show that
the system dynamics of the spin-boson model can be
simulated by a HE, even though the actual model displays
quantum correlations [24,25]. The spin-boson model

j

X
ℏω0
Ĥ E ¼
ℏωk⃗ b̂†⃗ b̂k⃗ ;
σ̂ z ;
k
2
k⃗
X
ℏðgk⃗ b̂†⃗ þ g⃗ b̂k⃗ Þ
ĤI ¼ σ̂ z ⊗

ĤS ¼

If we now trace over the environment, ρS ðtÞ ¼
P
j hjjρT ðtÞjji, we recover the desired decomposition (1)
in terms of the HE fðpj ; Ĥj Þg. Moreover, it is easy to see
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has been extensively studied and is analytically solvable [2].
Tracing over the environment, the qubit system exhibits
pure dephasing dynamics characterized by the dephasing
factor
ϕðtÞ ¼ exp ½iω0 t − ΦðtÞ:

ð8Þ

In contrast to Eq. (3), which results from averaging
over a HE, the dephasing factor (8) incorporates the
informationR of the interaction and the environment into
ΦðtÞ ¼ 4 0∞ ω−2 J ðωÞ coth ðℏω=2kB TÞð1 − cos ωtÞdω,
where J ðωÞ is the environmental spectral density. The
above solution assumes that the initial state is a direct
product and that the environment is initially thermalized at
temperature T.
We now construct a simulating HE. In view of Eq. (2),
we deduce that individual member Hamiltonians in the
ensemble must be of the form ωσ̂ z =2, which leaves us with
determining the corresponding probabilities. Given a probability distribution pðωÞ, the averaged dynamics can be
determined by Eq. (3). Conversely, the underlying distribution function leading to a specific dephasing factor (8) is
obtained via the inverse Fourier transform
℘ðωÞ ¼

1
2π

Z

∞

−∞

exp½iω0 t − ΦðtÞe−iωt dt:

ð9Þ

It is clear that the effect of ω0 is merely to shift ℘ðωÞ.
To be a legitimate probability distribution function,
the
R ∞ resulting ℘ðωÞ in Eq. (9) must be normalized
[ −∞
℘ðωÞdω ¼ 1], real [℘ðωÞ ∈ R], and positive
[℘ðωÞ ≥ 0]. Normalization is easily seen, since ϕð0Þ ¼ 1
follows from the fact that the pure dephasing dynamics,
characterized by Eq. (8), should be completely
R ∞ positive and
trace preserving.
We
therefore
have
−∞ ℘ðωÞdω ¼
R∞
ð2πÞ−1 −∞
exp ½iω0 t − ΦðtÞ2πδðt − 0Þdt ¼ 1. Moreover,
since one is generically interested in the dynamical properties only for t ≥ 0, we can deliberately extend the time
domain to the full real axis such that ΦðtÞ is even and
ϕð−tÞ ¼ ϕðtÞR. This guarantees that ℘ðωÞ is real:
℘ðωÞ ¼ ðπÞ−1 0∞ exp ½−ΦðtÞ cosðω − ω0 Þtdt ∈ R.
The positivity of ℘ðωÞ is less obvious, due to
the sinusoidal factors of the integrand in Eq. (9). In the
following, we invoke Bochner’s theory [26] to prove the
general positivity of ℘ðωÞ. To this end, we first introduce
the notion of positive definiteness. APfunction f: R → C is
called positive definite if it satisfies j;k fðtj − tk Þzj zk ≥ 0
for any finite number of pairs fðtj ; zj Þjtj ∈ R; zj ∈ Cg.
Note that positive definiteness of a function is different
from a positive function, since the latter may not necessarily be positive definite and vice versa. Rather,
it corresponds to the positive semidefiniteness of a
Hermitian matrix ½fðtj − tk Þj;k∈S , formed by the function
values fðtj − tk Þ in accordance with a certain set of indices

S. As one can show, ϕðtÞ in Eq. (8) is indeed positive
definite. The proof is given in Ref. [22].
Bochner’s theorem states that a function f, defined on R,
is the Fourier transform of unique positive measure with
density function ℘, if and only if f is continuous and
positive definite [27,28]. We can thus conclude that ϕðtÞ in
Eq. (8) is the Fourier transform of a certain valid probability
distribution ℘ðωÞ [Eq. (9)], i.e., an analog to Eq. (3).
In summary, we have proven that there exists a unique
HE, fð℘ðωÞ; ωσ̂ z =2Þg, which simulates the system dynamics exactly, irrespective of the spectral density J ðωÞ and
the associated, possibly intricate system-environment
entanglement. We thus call this dynamics classical.
Extended spin-boson model.—Unless the system dynamics is nonunital, proving the nonexistence of a simulating
HE is, in general, a nontrivial task. We now accomplish this
for an extended spin-boson model, at the same time
deducing the presence of quantum correlations from system
properties alone.
Our model consists of two qubits coupled to a common
boson environment. The system and the interaction
P
Hamiltonian are replaced by ĤS ¼ j ℏωj σ̂ z;j =2 (j¼1, 2)
P
and ĤI ¼ j;k⃗ σ̂ z;j ⊗ ℏðgj;k⃗ b̂†⃗ þ g ⃗ b̂k⃗ Þ, respectively,
k

j;k

while the environment Hamiltonian ĤE is kept as in
Eq. (7). Note that the two qubits do not interact directly.
The coupling constants gj;k⃗ are, in general, complex
numbers. In order to reveal the nonclassical effects caused
by their relative phase, we assume, for simplicity, that they
have the same amplitude, i.e., g2;k⃗ ¼ g1;k⃗ eiφ .
In the interaction picture, the total system evolves accordR P
ing to ÛI ðtÞ ¼ T fexp ½−i 0t k⃗ Ẑk⃗ b̂†⃗ ðτÞ þ Ẑ†⃗ b̂k⃗ ðτÞdτg,
k
P k
with T the time-ordering operator, Ẑk⃗ ¼ j gj;k⃗ σ̂ z;j , and
b̂k⃗ ðtÞ ¼ e−iωk⃗ t b̂k⃗ , respectively. In contrast to the conventional spin-boson model, time ordering plays a nontrivial role
here [29]. (For details, see Supplemental Material [22]).
In the following, we regard one qubit as the system and
the other as part of the environment. The reduced dynamics
of the system qubit is then pure dephasing with the
dephasing factor [cf. Eq. (8)]
ϕðXÞ ðtÞ ¼ exp ½−iϑφ ðtÞ − ΦðtÞ;

ð10Þ

where
Z

4J ðωÞ
ðωt − sin ωtÞdω
ω2
0
Z ∞
4J ðωÞ
þ signðtÞ sin φ
ð1 − cos ωtÞdω:
ω2
0

ϑφ ðtÞ ¼ cos φ

∞

ð11Þ

In the second line, we have manually inserted signðtÞ. This
ensures that ϕðXÞ ð−tÞ ¼ ϕðXÞ ðtÞ and ℘ðXÞ ðωÞ ∈ R. The
presence of ϑφ ðtÞ, however, will, in general, result in the
violation of positivity. Note that, similar to the conventional
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FIG. 2. (a) Legitimate probability distributions ℘o1 ðωÞ for the
ðXÞ
conventional spin-boson model. (b) Distributions ℘o1 ðωÞ for the
extended model, violating positivity. (c) The landscape of
ðXÞ
negative contributions to ℘o1 ðωÞ against ω and φ for ωc ¼ 1.
The gray dashed lines denote the positions in (b).

spin-boson model, individual member Hamiltonians in the
HE must be of the form ωσ̂ z =2, which allows us to follow
the same line of argument.
To demonstrate this violation, we consider the Ohmic
spectral density J o1 ðωÞ ¼ ω expð−ω=ωc Þ in the zerotemperature limit and a degenerate system Hamiltonian,
i.e., ωj ¼ 0. In Fig. 2(a), we depict the legitimate probability distribution ℘o1 ðωÞ for the conventional spin-boson
model at ωc ¼ 1 (blue curve) and ωc ¼ 3 (red curve), while
ðXÞ
in Fig. 2(b), we show ℘o1 ðωÞ for our extended model with
φ ¼ π=4 (solid curves) and φ ¼ 5π=4 (dashed curves). The
latter display a manifest violation of positivity. In Fig. 2(c),
ðXÞ
we show the landscape of negative contributions to ℘o1 ðωÞ
against ω and φ for ωc ¼ 1. The gray dashed lines highlight
φ ¼ π=4 and 5π=4, chosen in Fig. 2(b).
Conclusions.—We propose a way to classify opensystem dynamics according to their system-environment
correlations, i.e., if the latter are classical or quantum. As
we showed, this can be tested by knowledge of the system
evolution alone, based on the (im)possibility to simulate the
open-system dynamics with a Hamiltonian ensemble.
According to our definition, any nonunital dynamics is
nonclassical. Some unital system evolutions, however, such
as in the spin-boson model, are classified as classical, even
though the model displays quantum correlations. This
highlights the operational nature of our definition.
With the extended spin-boson model, we provide an
example for unital dynamics which is nonclassical according to our definition. Let us note that one may be able to
simulate a larger class of unital dynamics with timedependent Hamiltonian ensembles. It is, for example,
known that, in the case of qubits, any unital dynamics

can be simulated with an ensemble of time-dependent
Hamiltonians, albeit only if also the probabilities are
allowed to be time dependent [30,31]. However, in the
case of autonomous system-environment arrangements,
which we consider here, such generalization appears
unjustified. Finally, let us remark that demonstrating the
nonexistence of a Hamiltonian-ensemble simulation is, in
the case of unital evolutions, in general, a nontrivial task.
An equivalent but simpler test appears desirable.
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