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Hybrid quantum device with a carbon nanotube and a flux qubit for dissipative quantum
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We describe a hybrid quantum system composed of a micrometer-sized carbon nanotube (CNT) longitudinally
coupled to a flux qubit. We demonstrate the usefulness of this device for generating high-fidelity nonclassical
states of the CNT via dissipative quantum engineering. Sideband cooling of the CNT to its ground state and
generating a squeezed ground state, as a mechanical analog of the optical squeezed vacuum, are two additional
examples of the dissipative quantum engineering studied here. Moreover, we show how to generate a long-lived
macroscopically distinct superposition (i.e., a Schrödinger-cat-like) state. This cat state can be trapped, under
some conditions, in a dark state, as can be verified by detecting the optical response of control fields.
DOI: 10.1103/PhysRevB.95.205415
I. INTRODUCTION

The quantum engineering of nanomechanical systems,
which enables the generation of nonclassical states of their
mechanical motion, has a variety of applications, such as exploring the classical-quantum boundary [1,2], high-precision
metrology [3–5], and quantum information processing [6]. It
has been discussed extensively in hybrid platforms, such as
optomechanical and electromechanical systems [7–10]. However, mechanical oscillators dissipate energy when exposed to
a noisy environment at finite temperature [11,12], and it is
still challenging to generate their nonclassical states with high
purity. To overcome this problem, dissipative engineering of
long-lived nonclassical states of mechanical motions has been
studied extensively (see, e.g., Refs. [13–15] and references
therein). This is the subject of this paper.
Recently, mechanical resonators made of carbon nanotubes
(CNTs) [16–25] have attracted considerable attention due to
their distinctive advantages. These include high-frequency
oscillations [17–19], small mass, and a high-quality factor up
to several millions [17,20]. Since CNTs have a large currentcarrying capacity [23–25], it is possible to couple them with
superconducting quantum circuits [26–32] to form quantum
electromechanical systems. Recent experiments [33–35] have
discussed how to combine these two systems together, e.g.,
to couple quantum dots in CNTs with a superconducting
quantum interference device (SQUID) and resonators. The
novel stamping technologies fabricating these two isolated
artificial systems together are rather mature [34]. However,
to couple the motion of a CNT with SQUIDs, one needs to
fabricate such a CNT into the SQUID loop and might require
strong external magnetic fields [36].
Even though the coherence time of a CNT can be much
longer than that of a qubit, it is difficult to manipulate or
detect the quantum coherence of phonons in a CNT for two

*

miran@amu.edu.pl
hrli@mail.xjtu.edu.cn
‡
fnori@riken.jp
†

2469-9950/2017/95(20)/205415(9)

reasons: First, the position displacement of a CNT is too tiny to
be detected effectively under current experimental techniques,
and the energy of a phonon is much weaker than that of a
photon [7,10,37]. Second, it is difficult to create the strong
coupling between phonons and other systems (for example,
detectors).
In this paper, we propose strongly coupled hybrid systems,
where a current-carrying CNT interacts with a flux qubit via
longitudinal coupling. In this setup, the CNT is suspended
separately above the qubit loop, rather than being fabricated
into the circuits. The decoherence noise can be minimized
by operating the flux qubit at its optimal point and placing
the CNT at a special symmetric position. Based on this
platform, we show that it is possible to employ this strong
longitudinal coupling for dissipative engineering of the CNT
via the rapid decay of the qubit. Examples include cooling to
its ground and squeezed states, and trapping the mechanical
motion into long-lived macroscopically distinct superpositions
with a high fidelity. Moreover, without adding other setups,
we demonstrate that it should be possible to check for
imperfections in the trapped dark Schrödinger cat states by
detecting the optical response of the control fields. Therefore,
it is possible to manipulate and observe quantum features of
phonons based on our proposal.
II. MODEL

We consider a setup as shown in Fig. 1(a), in which a
gap-tunable superconducting flux qubit [38–42] is coupled to
a current-carrying CNT [16–18]. The flux qubit is of an eightshaped gradiometric topology, which allows the independent
control of the magnetic energy bias  and the gap  [38,39].
The model Hamiltonian for the qubit is
H = 12 (σz + σx ),

(1)

where σz = |ee| − |gg|, and σx = σ+ + σ− = |eg| +
|ge| are the Pauli operators in the qubit basis, |e and |g.
For brevity, hereafter we set h̄ = 1. Moreover,  = 2Ip (q −
0 /2), with the flux q through the qubit and the flux quantum
0 , and persistent current Ip (see, e.g., Refs. [41,42]). The
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the SQUID loop is zero. However, when the CNT starts to
vibrate around x = 0, the extra flux perturbation due to the area
imbalance can be expressed as δfs = μ0 I Lx/(π d). Thus,
the displacement of the CNT,
x = √

1
(a + a † ),
2mωm

(3)

gives rise to a linear modulation of the energy gap of the qubit,
where m (ωm ) is the effective mass (frequency) of the CNT.
Since the CNT is placed symmetrically on the qubit, the flux
contribution from the current I on the energy bias  vanishes to
first order [43,44], i.e., the vibration mode decouples from the
qubit loop. Moreover, to minimize the pure dephasing effect,
we assume that the flux qubit is operated at its degeneracy
point with  = 0 (see, e.g., Refs. [43,44]). We consider driving
currents through a 1D transmission line [45] [the green line
in Fig. 1(a)], which produce magnetic fields of opposite signs
in the two-qubit loops [46]. Therefore, the currents interact
with the qubit via the dipole matrix element μ = e|MIp σx |g,
where M is the mutual inductance. Moreover, the transmission
line is placed symmetrically perpendicular to the CNT, so
their mutual inductance can be zero. Thus, the CNT and the
transmission line do not interact with each other. Assuming
that the ac drive current amplitude Ii has frequency ωi , the
drive strength is 2i = μIi . The total Hamiltonian becomes

ωq
2i σx cos(ωi t),
H =
σz + ωm a † a + gσz (a † + a) +
2
i
(4)
where ωq = (fs0 ) is the qubit frequency, and
g=
FIG. 1. Schematic diagrams of the flux qubit hybrid system with
a carbon nanotube (CNT). (a) An eight-shaped flux qubit is placed
on the x-y plane with a current-carrying CNT suspended above its
SQUID. The red bars represent the Josephson junctions. The green
line is the central conductor of the 1D transmission line stretched
in two directions. (b) Specifically: a CNT of length L is located at
the central position along the SQUID (of length S and width d).
(c) The dc current I , which flows through the CNT (displaced from
its equilibrium position), produces a flux in the SQUID. The qubit and
CNT are coupled via the motion-induced-flux imbalance between the
up (yellow) and down (blue) sections.

energy gap  is controlled by the flux fs through the SQUID
(of length S and width d), and it is expressed as
 = (fs0 ) + R(δfs ),

(2)

where fs0 is the static flux though the SQUID, R =
∂(fs )/(∂fs ) is the flux sensitivity of the energy gap [43,44],
and δfs describes the flux perturbations due to external control
fields.
As shown in Fig. 1, the CNT is suspended above the SQUID
in the central-symmetric position and interacts with the SQUID
via the magnetic field produced by its dc current I . We assume
that the CNT is longer than the SQUID length, and it can be
approximately viewed as a long current line. At its equilibrium
position, x = 0, the flux contribution of the current I through

Rμ0 I L
√
π d 2mωm

(5)

is the qubit-phonon coupling strength. Different from the Rabi
model in standard QED systems, a longitudinal coupling between the qubit and the CNT is induced [47–49]. Note that the
Hamiltonian, given in Eq. (4), is not at all specific to the hybrid
structure based on the CNT, but only the numbers discussed in
the following paragraphs are specific. For example, analogous
couplings occur in both circuit-QED [49] and trapped-ion [50]
systems. Thus, the study presented here has a much wider
applicability.
We consider that the CNT oscillates at a frequency
ωm /(2π ) = 50 MHz, length 5 μm, and mass m = 4 ×
10−21 kg (see, e.g., Refs. [17–21,51]), and it carries a dc current
I = 50 μA (see, e.g., Refs. [23–25]). For the qubit, the length
and width of the SQUID loop can be about 3 and 0.6 μm,
respectively, and the flux sensitivity of the energy gap [41,43]
can reach R = 0.7 GHz/(m0 ). Using these parameters, we
obtain the coupling strength g/(2π ) = 3.4 MHz, i.e., the
Lamb-Dicke parameter λ = g/ωm  0.07. In experiments, the
flux sensitivity R and dc current I can be adjusted by changing
the gap position (fs0 ) and the voltage applied to the CNT
gate, respectively. Therefore, the coupling strength g can be
tuned conveniently.
In realistic situations, we should consider all the decoherence channels. For a CNT, the quality factor of the vibration
mode can be ∼5 × 106 (see, e.g., Ref. [20]). The dephasing
rate of the qubit can be effectively suppressed by operating at
its degeneracy point  = 0. Here we employ the decay channel
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of the qubit to drive the CNT into nonclassical states, and the
decay rate of a flux qubit around 0.5 MHz is achievable
in experiments [42,52]. The mechanical motion of the CNT
might couple to a thermal reservoir with finite temperature
T , and the corresponding thermal phonon number is nth =
[exp(ωm /kB T ) − 1]−1 . We assume that the hybrid system
is weakly coupled to a large environment with extremely
short environmental-memory time, and the Born-Markov
approximation is valid here. The dynamics of this hybrid
system can be described by the Lindblad master equation
dρ(t)
= −i[H,ρ(t)] + D[σ− ]ρ(t)
dt
+ nth γ D[a † ]ρ(t) + (nth + 1)γ D[a]ρ(t),

(6)

where ρ(t) is the time-dependent density matrix of the
hybrid system, and D[o]ρ = (1/2)(2oρo† − o† oρ − ρo† o) is
the Lindblad superoperator. Assuming that this hybrid system
has a temperature T ∼ 15 mK, the thermal phonon number is
about nth ≈ 5. Thus, the coupling is much stronger than the
decoherence of the vibration mode, i.e., g  nth γ .
It should be stressed that the current fluctuation δI (t)( I )
through the CNT might lead to additional decoherence of
the qubit [41]. Moreover, it might be difficult to place the
CNT at the exact central position of the SQUID. Thus, the
two areas might be slightly imbalanced due to the fabricating
imperfection. Similar to the discussions in Refs. [41,43], the
current noise is only sensitive to the area imbalance, rather
than to the whole area of the loop. In addition, the effect of
the flux noise in the SQUID is much smaller than that for the
qubit [41]. Therefore, the decoherence induced by the current
fluctuation δI (t) can be effectively suppressed via this spatial
arrangement.
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FIG. 2. Schematic diagrams showing how to cool down and
engineer the mechanical mode of the CNT into (a) a squeezed state
and (b) a macroscopically distinct coherent-state superposition (i.e.,
a Schrödinger-cat-like state).

with tanh η = −+ /− . The slow decoherence process of the
CNT can be neglected, and the effective Hamiltonian Heff,s ,
together with the qubit decay terms in Eq. (6), describes
the cooling process of the Bogoliubov mode to its ground
state [53,54]. It can easily be verified that the unique stationary
state of the system is |s  = |ψs |g, where


(9)
|ψs  = exp 12 (ηa 2 − η∗ a †2 ) |0
is the squeezed ground state with squeezing ratio η. This is a
mechanical analog of the optical squeezed vacuum. Therefore,
we create stationary squeezed states with the assistance of
decay channels.
By assuming the only nonzero drive to be the red sideband
(i.e., − > 0 and + = 0), the CNT can be cooled to its ground
state. This effect is similar to the standard sideband cooling
in optomechanical and electromechanical systems [58–62].
The steady state for the system is the ground state with no
squeezing, and the effective cooling Hamiltonian reduces to
the standard Jaynes-Cummings model under the rotating-wave
approximation:

III. COOLING THE MOTION TO THE GROUND AND
SQUEEZED GROUND STATES

Heff,s = gc σ+ a + H.c.,

Novel ideas about dissipative engineering of a macroscopic
motion into squeezed states, by cooling the Bogoliubov mode
into the dark state, were proposed in Refs. [53–56] and were
recently realized in microwave optomechanical systems [57].
Sideband cooling of a mechanical mode into its ground states
can be viewed as a special case of preparing squeezing by
assuming that the blue-sideband-drive strength is zero [58–62].
This method creates stationary squeezed and ground states
with the assistance of qubit decay channels. Here we will show
how these methods are employed in this longitudinal-coupling
system. We will show how this method is employed in this
longitudinal-coupling system.
As shown in Fig. 2, to drive the mechanical mode into the
dark squeezed states, two coherent-drive fields are required,
respectively, of blue and red sidebands with strengths ±
and frequencies ω± = ωq ± ωm . We obtain the effective
Hamiltonian as
√

Heff,s = σ+ B + H.c.,

(7)

where  = 2λ −2 −+2 is the coupling rate and B is the
Bogoliubov mode, defined as
B = a † sinh η + a cosh η,

(8)

(10)

with gc = 2λ− . Assuming  gc , the excited state of the
qubit can be eliminated adiabatically. The stationary average
phonon number satisfies [56] n̄ = (nth γ )/(2gc2 ). Since the
cooperativity of the system C = gc2 /γ  1 is extremely
high, the ground state can be achieved easily with n̄ ∼ 10−3
under current experimental parameters.
IV. CAT-STATE GENERATION

Due to rapid decoherence of the mechanical motion, it
is still challenging to observe and coherently manipulate
macroscopically distinct superpositions (i.e., Schrödinger-catlike states) in realistic systems [15,63–71]. To overcome the
decoherence problem, dissipative engineering of a mechanical
resonator into conditional steady superposition states has been
discussed [14,72,73] for quadratic-coupling optomechanical
systems. However, the boson-boson quadratic coupling is too
weak to create observable Schrödinger-cat-like states under
current experimental approaches [72–75]. Here we show a
way to produce a long-lived Schrödinger-cat-like state by
employing an induced strong quadratic spin-phonon coupling.
As shown in Fig. 2(b), we applied bichromatic drives for
the qubit: a red-sideband drive with detuning ≈2ωm , and a
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resonant drive with strengths (frequencies) 1 (ω1 ) and 2 (ω2 ),
respectively.
By applying the unitary transformation U1 =
exp [−λσz (a † − a)] to the total Hamiltonian in Eq. (4),
we obtain

1
†
H = ωq σz + ωm a † a +
i [σ+ e−iωi t e2λ(a −a) + H.c.].
2
i=1,2
(11)
Here we assume that 1 is a strong off-resonant drive strength
inducing sideband transitions, and it is much stronger than 2 .
To obtain a quadratic coupling, we expand H , in the small
parameter λ, to second and zeroth orders for the terms 1 and
2 , respectively, and we perform the unitary transformation
U = exp (−iω1 σz t). Thus, we obtain
H = 12 σz + ωm a † a + i (σ+ + σ− )
+ 21 [λσ+ (a † − a) + λ2 σ+ (a † − a)2 + H.c.]
+ [2 σ+ e−iδ12 t + H.c.],

(12)

where  = ωq − ω1  2ωm is the detuning between the
qubit and sideband drives, and δ12 = ω2 − ω1 is the detuning
between the two drives. The third term induces the dynamical
Stark shift of the qubit. Moreover, due to the coupling and
sideband transition, the frequency of the CNT will also be
slightly renormalized. The shifted frequencies for the qubit
and CNT can be expressed as [76]

2 2
˜ = 2 + 42p , ωm = ωm − 41 g .

(13)
3ω03
˜ = 2ωm = δ12 . Performing the
We consider the resonant case 
˜ σ̃z /2 + ωm a † a)t], and
unitary transformation U = exp[−i(
neglecting all the rapidly oscillating terms, the Hamiltonian
reduces to
Heff,c = 21 λ2 (σ+ a 2 + σ− a †2 ) + 2 (σ+ + σ− ),

(14)

where the first term describes the two-phonon sideband
transitions. We can rewrite this effective Hamiltonian as
Heff,c = (c σ+ a 2 + 2 σ+ ) + H.c.

(15)

by denoting c = 2λ2 1 , which is the effective two-phonon
transition rate. The spin-boson interaction in Eq. (15) is
analogous to the purely bosonic coupling in Refs. [72,73],
where the qubit operator is replaced by those of the cavity
field. Since the decoherence of the high-quality-factor CNT
is extremely slow, we only consider the unitary Hamiltonian
in Eq. (15) and the qubit rapid-decay terms in Eq. (6), and
the dark state for this dissipative system is |c  = |ψc |g,
where |ψc  should satisfy the equation (c a 2 + 2 )|ψc  = 0
(see Ref. [77]). If the CNT is initially in an even (odd)
Fock state (e.g., |0 and |1), the steady states are also even
(odd) coherent states (i.e., the famous bosonic prototypes of
Schrödinger-cat-like states), which are
(16)
|ψα,±  = N −1/2 (|α ± | − α),
√
with coherent states | ± α(α = −2 /c ), and |ψα,+ 
(|ψα,− ) is the even (odd) coherent states with N = 2[1 +
exp(−2|α|2 )]. We consider the cooling method, which was
described in Sec. III, to initially prepare the system into its

ground state |0. After that, the cooling field is shut down
and bichromatic drives are applied. The dark state |ψα,+  will
be successfully trapped. We define the fidelity of this target
state as F = ψα,+ |ρm |ψα,+ , where ρm is the reduced density
matrix of the mechanical mode. Moreover, we use the Wigner
function,

∗
∗
†
∗
−2
(17)
d 2 β eαβ −α β Tr(eβa −β a ρm ),
W (α) = π
to reveal some nonclassical quantum features of the mechanical states [78]. Specifically, we apply the nonclassical
volume of Ref. [79], which is defined as the doubled-integrated
negative volume of the Wigner function,

δN = |W (α)| d 2 α − 1,
(18)
to describe how the superposition interference effects are
different from classical behavior: Higher nonclassical volumes
δN indicate more apparent nonclassical features.
Figure 3(a) shows the evolution of the fidelity F of the target
superposition states. Without mechanical decay (γ = 0), the
fidelity F gradually increases and reaches it highest value
∼0.96, indicating that the mechanical mode is asymptotically
driven into the superposition state |ψ√2,+ . The highest fidelity
cannot be 1 due to the high-order terms induced by the offresonant drive 1 , which are eliminated when deriving the
effective Hamiltonian Heff,c (see Ref. [77]). However, with
an extremely slow rate, they would still lead to an even-odd
sideband transition, i.e., |g|2n ←→ |e|2n ± 1. Moreover,
by assuming nth = 5 and γ = 10 Hz, the thermal noise will
also induce a transition from even to odd Fock states and
vice versa. Compared with the nondecaying case, the fidelity
decreases faster, and Fmax  0.93 (at tmax  27 μs, the dashed
line). However, since γ is extremely slow, the superposition
features can last for a long time.
Moreover, the time evolution of the nonclassical volume
δN is plotted in Fig. 3(a) and in its inset (with a much
longer time scale). The nonclassical volume first reaches its
maximum value δN,max , and then starts to decrease due to the
thermal noise and the deterioration from the oscillating terms.
However, the strength of these processes is extremely low
compared with the preparation rate, and the evolution time
δN > 0 is very long (∼1 ms), which might be enough to detect
various nonclassical features of the states.
In Fig. 3(b), we plotted the highest fidelity Ft,max and the
maximum negative volume δN,max versus the resonant drive
strength 1 (i.e., corresponding to the amplitude α of coherent
states |±α) with constant quadratic strength c . As seen
from the plot, δN,max increases with 1 indicating that this
nonclassical signature of the superposition states becomes
more apparent. This is because, with increasing amplitude
α, the coherent states |α and |−α become nearly orthogonal, and, thus, more separable and distinct. The quantum
superposition features are now more evident. However, with
continually increasing α, the preparation process needs a
much longer time, during which thermal noise can destroy
the target states. As a result, the fidelity Ft,max decreases
with increasing 1 . When 1 /(2π )  0.1 MHz, both Ft,max
and δN,max start to decrease due to these processes. Of course,
by reducing the effects of the thermal environment (by using
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FIG. 3. (a) Time evolutions of the target-state fidelity F for the
mechanical decaying and nondecaying cases, and the nonclassical
volume δN . The inset shows the evolution of δN in a much longer time
scale. (b) The maximum fidelity Ft,max and the nonclassicality volume
δN,max vs the resonant driving strength 1 . The vertical dashed line in
(a) indicates tmax = 27.5 μs corresponding to the maximum of F . In
panel (a) we assume 1 /(2π ) = 5 MHz and λ = 0.06, corresponding
to the quadratic coupling strength c /(2π ) = 2λ2 1 = 36 KHz. The
other parameters are /(2π ) = 0.4 MHz,nth = 5, γ /(2π ) = 10 Hz,
and 2 /(2π ) = −72 KHz.

a CNT with a higher quality factor or working at lower
temperatures), we can choose a larger 2 to generate more
distinct Schrödinger-cat-like states.
In Fig. 4(a), we plotted the phonon-number Fock distribution for the Schrödinger-cat-like state generated at time tmax ,
which is marked by the dashed line in the inset of Fig. 3(a).
This clearly shows that only the even Fock states are effectively
occupied, while the odd ones have very low amplitudes.
Figure 4(b) shows the corresponding Wigner function. We
observe two obvious negative regimes and interference-based
evidence for the cat states.
V. DETECTING DARK-STATE TRAPPING

Once the whole system is trapped into the dark superposition states, the sideband and resonant transitions have equal
amplitudes but opposite signs, leading to destructive interference, which is similar to the coherent population process in
-type atomic systems [80]. After the dark state is trapped,
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FIG. 4. (a) The phonon-number (Fock-state) distribution and
(b) the Wigner function W (α) for the Schrödinger-cat-like state
generated at the evolution time tmax = 27.5 μs [indicated by the
vertical dashed line in Fig. 3(a)] corresponding to the maximum
of the fidelity F . Other parameters are the same as in Fig. 3(a).

we can observe electromagnetically induced transparency
(EIT) [81–85]. Without adding any other auxiliary detecting
setups, one can measure the reflected control fields to confirm
the preparation of the dark states [86–88]. For the resonantfrequency component ω2 , the scattered current amplitude can
be expressed as Isc = i σ+ /μ, and the reflection coefficient
is defined as [45]
r(ω2 ) = −

Isc
i σ+ 
=
,
I2
(22 )

(19)

for which real and imaginary parts are related to reflection
and dispersion, respectively. In experiments, the quadratic
coupling might be off-resonantly induced with detuning d .
In Fig. 5(a), we fix the resonant drive parameters, and we
show how the highest fidelity Fmax and the refection rate r
change with the sideband detuning d . It is clearly seen that,
at the resonant sideband detuning d = 0, there is almost no
reflection for the resonant drive with Re(r) = Im(r)  0, and
Fmax reaches its maximum. When d starts to bias from zero,
Fmax starts to decrease, and both Im(r) and |Re(r)| increase
rapidly, indicating that the resonant drive field is strongly
reflected by the flux qubit. It can be found that a Lorentzian dip
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results in the fidelity decreasing quickly, while only a large γ
has a significant effect on the dip of the reflection rate [77,88].
Thus, the error transitions caused by the thermal noise cannot
be observed with a high sensitivity from the optical response
of the qubit. However, if we can confirm that the mechanical
decay is extremely slow, observing the EIT of the control fields
can also be a strong indicator for the dark cat-state generation.
A detailed discussion of this method and its applications will
be presented elsewhere [77].
VI. CONCLUSIONS

FIG. 5. (a) The highest fidelity Fmax , dispersion rate Im(r), and
reflection rate Re(r), vs (a) the detuning d and (b) the mechanical
decay rate γ . In (b), since Im(r)
Re(r), Im(r) is not shown. Other
parameters are the same as those in Fig. 3.

occurs in Re(r), while Im(r) follows a typical EIT dispersion
curve around d = 0.
In Fig. 5(b), by considering the resonant case of d = 0
[corresponding to the dip in Re(r) in Fig. 5(a)], we plot
Re(r) and Fmax versus the CNT decay rate γ . [Im(r) is
not shown, since Im(r)
Re(r).] It can be clearly found
that, when increasing γ , the highest fidelity Fmax decreases
rapidly, and the reflection coefficient Re(r) also increases.
Unfortunately, the reflection coefficient is not sensitive as in
the detuning case. Specifically, when γ = 130 Hz, the highest
fidelity is Fmax  0.80, while the reflection coefficient is only
Re(r)  0.024, which is too weak to be effectively measured
in experiments. This is because the dark state depends on the
initial states and is not unique, and the rapid mechanical decay
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