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The sparse version of the Sachdev-Ye-Kitaev (SYK) model reproduces essential features of the original SYK
model while reducing the number of disorder parameters. In this Research Letter, we propose a further simplifi-
cation of the model which we call the binary-coupling sparse SYK model. We set the nonzero couplings to be ±1,
rather than being sampled from a continuous distribution such as Gaussian. Remarkably, this simplification turns
out to be an improvement: The binary-coupling model exhibits strong correlations in the spectrum, which is the
important feature of the original SYK model that leads to the quick onset of the random-matrix universality, more
efficiently in terms of the number of nonzero terms. This model is better suited for analog or digital quantum
simulations of quantum chaotic behavior and holographic metals due to its simplicity and scaling properties.
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I. INTRODUCTION

The Sachdev-Ye-Kitaev (SYK) model [1–4] in which N
fermions have all-to-all q-fermion random couplings has been
studied intensively in the last six years. Though the Hamilto-
nian is very simple, this model exhibits rich physics and serves
as an important toy model for quantum chaos and holography
[5–11]. It is also a good target for quantum simulation in the
near future, which can be the first step toward laboratory ex-
periments for quantum gravitational systems via holographic
duality [12–14]. Moreover, the SYK model and its variants
have been used in condensed matter as a candidate overar-
ching theory to describe strange metals (non-Fermi liquids)
and their behavior [15,16]. Given the importance of the SYK
model for understanding strongly correlated and disordered
systems, a natural question is, Can we simplify the model
further while keeping the essential properties leading to its
complex and rich physical behavior? There are at least a few
motivations to ask such a question, including the following:
(i) We want to know which feature of SYK is important for
chaos, and (ii) simpler models may admit simpler experimen-
tal realizations or quantum simulation protocols.

Simplifications that retain all the main features of the full,
and more cumbersome to study, SYK model may come from
thinking about the role of the q-fermion interactions. Firstly,
the all-to-all nature of the interaction may not be necessary;
perhaps some of the couplings can be turned off. Such a
sparse version of the SYK model was proposed and discussed
in Refs. [17,18]. The spectral form factor of the model has
been studied in Ref. [19]. Alternatively, one may relax the
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Gaussian condition on the random couplings. The effect of
non-Gaussian random couplings has been studied in Ref. [20].

In this Research Letter, we propose a parsimonious version
of the SYK model, the binary-coupling SYK model. We set
many couplings to be zero as in the sparse SYK model and
set nonzero couplings to be binary, just +1 or −1 [21]. We
study the spectral statistics of the energy spectrum, including
the gap ratio and the spectral form factor, which are crucial
to determine the connection with random-matrix universality.
Our main result is that this model generates correlations in the
spectrum more efficiently, in terms of the number of nonzero
terms. Specifically, we observe a stronger spectral rigidity, or
equivalently, a quicker onset of the random-matrix universal-
ity in the spectral form factor.

We present our results for the Majorana-fermion version of
the SYK model with four-fermion couplings. Other variants of
the model have also been extensively studied in the literature,
such as the complex-fermion [4,22–25] (also known as the
two-body random ensemble since the 1970s [26]), bosonic
[27,28], large-S (where S is spin) [29], multiflavor-fermion
[30], supersymmetric [31–34], and non-Hermitian versions
[35], as well as the two-site [36,37] and lattice versions of the
model [38,39] and SYK-like models with Yukawa coupling
[40] and electron-phonon coupling [41,42]. Our approach
may generalize to a large portion of such systems. Because of
the simplicity and good scaling with N , the use of the binary-
coupling models should make simulations more tractable.

This Research Letter is organized as follows. In Sec. II, we
define the model, discuss the choice of the sign of the coupling
±1, and explain that the number of possible realizations of
the model is finite but very large. In Sec. III, we present our
numerical results based on exact diagonalization. Then we
provide a summary.
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II. MODEL

The Hamiltonian of the Majorana-type SYK model with
q-fermion interactions is written as

HSYKq = i
q
2

∑

1�a1<···<aq�N

Ja1a2···aqχa1χa2 · · · χaq , (1)

in which a set of N Majorana fermions χ1,2,...,N have the
anticommutation relation

{χa, χb} ≡ χaχb + χbχa = 2δab, (2)

and the Ntotal ≡ (N
q ) couplings {Ja1a2···aq} obey the Gaussian

distribution [1–3]. We assume that q is even and Ja1a2···aq is
real.

The sparse SYK model [17,18] is defined by setting
Ja1a2···aq to be zero at a probability (1 − p). Then the number
of couplings left nonzero is

Kcpl ≡ pNtotal. (3)

Let us call this model the Gaussian sparse SYK model, to
distinguish it from the model we propose below. Typically,
the number of nonzero couplings is chosen to be Kcpl = O(N ).
Let us also call the original model that corresponds to p = 1
the Gaussian dense SYK model.

In the following, we present our proposal for the q = 4 case
for brevity. Generalization to q � 6 is straightforward. Here
we study the Hamiltonian

H = CN,p

∑

(a,b,c,d )

Jabcdχaχbχcχd , (4)

in which the summation is understood to be over choices
of (a, b, c, d ) such that 1 � a < b < c < d � N , and Jabcd

is +1 with probability p/2, −1 with probability p/2, and 0
with probability (1 − p). The normalization constant CN,p will
be explained shortly. We call this model the binary-coupling
sparse SYK model because nonzero couplings take only two
values. We can simplify the model further and define the
unary-coupling sparse SYK model by taking Jabcd as +1 with
probability p and as 0 with probability (1 − p). We will dis-
cuss the unary-coupling model in Sec. S1 of the Supplemental
Material [43].

In this Research Letter, we will focus on the binary-
coupling model. We assume that Kcpl is even. Rather than
generating the value of each Jabcd independently of others for
an ensemble of models having varying numbers of +1 and
−1, we randomly choose Kcpl/2 couplings to be set to +1 and
randomly choose Kcpl/2 couplings from the remainder to −1.

A. Normalization constant CN,p

The overall scaling constant CN,p does not affect the spec-
tral statistics. In the following, CN,p is chosen so that the
variance of the energy eigenvalues equals unity. The sum
of the square of the energy eigenvalues {ε j} of the 2N/2-
dimensional Hamiltonian H is obtained as

∑

j

ε2
j = TrH2 = C2

N,p2N/2
∑

(a,b,c,d )

J2
abcd . (5)

Thus, when Jabcd = ±1 for pNtotal choices of (a, b, c, d ),
the variance of the {ε j} equals unity for CN,p = 1/

√
Kcpl. Note

that in many other publications for dense SYK, including
Ref. [44], the variance of Jabcd scales as N−3, and the nor-
malization of the Majorana fermions is often half of (2), so
that the variance of {ε j} takes a different form, (N − 1)(N −
2)(N − 3)/(64N2) ∼ N .

B. The finiteness of the possible realizations

There are infinitely many realizations of the Gaussian
dense and sparse SYK models because there are infinitely
many choices of disorder parameters. On the other hand, there
are only a finite number of realizations of the binary-coupling
model at each fixed N . Still, the rapid growth of Ntotal ∼ N4/4!
as a function of N allows us to generate a very large number
of distinct models even for N ∼ 10. Practically, the finite size
of the realization ensemble is not an issue.

III. SPECTRAL STATISTICS

The Bohigas-Giannoni-Schmit conjecture [45] and later
studies stated that, for quantum mechanical Hamiltonians cor-
responding to classical systems with chaotic behavior, the
spectral statistics of the energy eigenvalues obey that of a
random-matrix theory (RMT) having the same symmetry of
the Hamiltonian. For Hamiltonians without any symmetry, the
random matrix ensemble is the Gaussian unitary ensemble
(GUE), whereas when the antiunitary time-reversal operator T
commutes with the Hamiltonian, the ensemble is the Gaussian
orthogonal (symplectic) ensemble, GOE (GSE), if T 2 = 1
(−1). This has been extended to quantum systems without di-
rect correspondence to classical systems. The Gaussian dense
and sparse SYK models exhibit excellent agreement with the
RMT [18,19,44,46], namely, GOE for N ≡ 0 mod 8, GUE for
N ≡ 2, 6 mod 8, and GSE for N ≡ 4 mod 8.

A. Extra degeneracy for smaller numbers of couplings

In the Gaussian dense SYK model with q = 4, the eigen-
values are (i) not degenerate in general for N ≡ 0 mod 8, (ii)
doubly degenerate due to the bijective map between the two
parity sectors for N ≡ 2, 6 mod 8, and (iii) doubly degenerate
within each parity sector, but not degenerate in general be-
tween the parity sectors for N ≡ 4 mod 8.

With only a very small number of couplings, there may be
extra degeneracy due to some accidental symmetries, which
have been discussed for the Gaussian sparse SYK model [18].
Such accidental symmetries increase the degeneracy of some
of the energy eigenvalues. Therefore, for small values of Kcpl,
high orders of degeneracy are observed. In some samples,
all eigenvalues have the same higher degeneracy, such as
4. In other samples, the eigenvalues have varying orders of
degeneracy within one sample. For Kcpl � N , the degeneracy
is uniform within each sample, and the order is a power of
2. Still, extra degeneracy is observed for some samples. At
sufficiently large Kcpl, samples with extra degeneracy become
rarer. The probability of observing samples without extra
degeneracy is plotted in Fig. 1. While how the probability
approaches unity depends on N mod 8, we observe that for
N = 14, 16, . . . , 30, more than half of the samples are without
extra degeneracy if the number of couplings Kcpl exceeds N .
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FIG. 1. The observed ratio of samples with least degeneracy
within a parity sector (no degeneracy for N �≡ 4 mod 8, twofold de-
generacy for N ≡ 4 mod 8), plotted against the number of nonzero
couplings Kcpl. Half of the couplings are positive, and the rest are
negative. The number of samples is chosen so that 224 eigenvalues
are used for analysis for each (N, Kcpl ).

B. Comparison with random-matrix theory

A standard criterion to establish quantum chaos is to con-
firm the random-matrix behavior of the energy spectrum. Not
surprisingly, the binary-coupling SYK model passes this test.
In this section, we consider the average, over many realiza-
tions, of the binary-coupling SYK model. If N is sufficiently
large, a good agreement with RMT can be observed for each
realization; see Sec. S2 of the Supplemental Material [43]
regarding this point.

In Fig. 2, the average of neighboring nonzero gap ratio
ri ≡ min(si, si+1)/max(si, si+1), where si ≡ Ei+1 − Ei for the
ordered set of distinct eigenvalues {Ei} ⊆ {ε j}, is plotted for
samples with least degeneracy within each parity sector. As
we have seen in the above, for number of couplings �N , most
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FIG. 2. The average of neighboring gap ratio between nondegen-
erate eigenvalues for samples with least degeneracy in Fig. 1, plotted
against the number of nonzero couplings. The lines labeled “GSE,”
“GUE,” “GOE,” and “Poisson” indicate the values in Ref. [47].

samples do not have extra degeneracy. For such cases, the
value of 〈r〉 rapidly approaches that of RMT.

By using the partition function analytically continued as a
function of the inverse temperature β to β + it with t ∈ R,

Z (t, β ) ≡ Z (β + it ) =
∑

j

exp ( − (β + it )ε j ), (6)

we define the spectral form factor g(t, β ) as

g(t, β ) = |Z (t, β )|2/Z (0, β )2. (7)

The late-time features of the spectral form factor, specifically
the ramp and plateau, are useful criteria to see the universality
described by RMT.

In Fig. 3, we plotted the spectral form factor for N =
24, 26, 28, 30. Late-time behaviors agree with those of GOE
(N = 24), GUE (N = 26, 30), and GSE (N = 28) random
matrices: We observe a long ramp proportional to t1 as Kcpl

is increased.

C. Comparison with Gaussian sparse SYK

So far, we have seen that the binary-coupling sparse SYK
model exhibits quantum chaos. Now we show that the binary
model generates correlation in the spectrum more efficiently
in terms of the number of nonzero terms. Specifically, we
observe the stronger spectral rigidity for the same values of N
and p. This means that the binary model is more chaotic than
the Gaussian model, in the sense that the energy spectrum is
closer to RMT.

Let us consider the unfolded energy spectrum. (Regarding
the unfolding, see Ref. [48].) Let �̄ be the average nearest-
neighbor level spacing. For K > 0, we denote the number of
energy eigenvalues between E and E + K�̄ by n(E , K ). The
number variance �2(K ) is defined by �2(K ) = 〈n2(E , K )〉 −
〈n(E , K )〉2, where 〈 · 〉 denote the average over E . We can
compare the number variance with RMT. If the agreement
is observed up to a larger value of K , then the system is
more strongly chaotic in the sense that the random-matrix
universality sets in at earlier time scales. RMT shows rather
small �2(K ), which means that the spectrum is rigid due to
the level repulsion. This property is called the spectral rigidity.

While the number variance provides us with a simple way
to detect the spectral rigidity, it may depend on the details
of the unfolding procedures [46]. The spectral form factor
gives another way to see the spectral rigidity which is not
sensitive to the details of the unfolding; if the spectral rigidity
is stronger, the ramp is longer. In Fig. 4, we show the spectral
form factors for the binary and Gaussian, sparse and dense
SYK models with N = 28 and N = 30. The ramp starts signif-
icantly earlier for the binary model with N and 2N couplings
compared with the Gaussian model with the same number of
couplings. The ramp for the binary model with 2N couplings
is as long as that of the Gaussian model with 4N couplings.
Finally, in the dense-SYK limit, binary and Gaussian models
are indistinguishable.

Strictly speaking, the onset of the ramp can be hidden
if the decay of the spectral form factor at early time is not
sufficiently fast. Note that the early-time decay (also known
as slope) does not reflect the microscopic properties of the en-
ergy spectrum. To see the onset of the ramp more accurately,
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FIG. 3. g(t, β ) = |Z (t, β )|2/Z (0, β )2 for Z (t, β ) = Z (β + it ) =∑
j exp ( − (β + it )ε j ) vs time t for the binary sparse SYK model.

β = 0. The value of N and the number of nonzero couplings, Kcpl,
are indicated in the legend for each plot. The shift of the height of
the plateau for Kcpl � N is due to the extra degeneracy of the energy
eigenvalues.

a modified spectral form factor h(α, t, β ) defined by

h(α, t, β ) = |Y (α, t, β )|2/Y (0, β )2, (8)

where

Y (α, t, β ) ≡
∑

j

exp
(−αε2

j − (β + it )ε j
)
, (9)
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FIG. 4. Spectral form factors g(t, β = 0) vs time t , for the
binary-coupling SYK and Gaussian SYK, for N = 28 and N = 30.

is useful [46,49]. By choosing an appropriate value of α, the
slope can be largely removed, and the ramp can be seen from
the earlier time. In Fig. 5, we plot h(α, t, β ) for α = 1 and
β = 0. Again, it can be seen that the ramp is longer for the
binary-coupling model than for the Gaussian model, for the
same number of the couplings.

IV. CONCLUSION AND DISCUSSION

In this Research Letter, we proposed the binary-coupling
sparse SYK model. We demonstrated that the spectral statis-
tics obey the RMT predictions for O(N ) number of couplings
as in the Gaussian sparse SYK models [17–19]. With the
same number of couplings, the binary-coupling model shows
better agreement with RMT. Therefore this model is an im-
provement, rather than just a simplification, of the Gaussian
sparse SYK model. The better agreement to dense models
in the binary case compared with the Gaussian case may be
attributed to the high probability of having relatively small
coupling amplitudes in the latter. If we approximate small
couplings by zero, effectively the value of p goes down in the
Gaussian case.

We envisage the generalization of the present approach to
other variants of the SYK model in a similar manner. For
example, we may choose the coupling constants from the unit
circle on the complex plane, or further limit the values of the
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FIG. 5. The modified version of the spectral form factor h(α =
1, t, β = 0) vs time t , for the binary-coupling SYK and Gaussian
SYK, for N = 28 and N = 30.

couplings to {e2π j/Q} j=0,1,...,Q−1, in which Q � 3 is an integer,
to obtain a version of the (sparse or dense) non-Hermitian
SYK model.

The binary nature of the couplings may simplify the
physical realization of the model via digital or analog quan-
tum simulations [50–53]. It would be nice if experiments
on SYK models with sufficiently large N are achieved and
“quantum gravity in the laboratory” [12–14,54,55] becomes
a reality. Simulations on optical kagome lattices [56] may
also be simplified in the binary-coupling sparse SYK and
could lead to tractable studies of high-temperature cuprate
superconductors [15].

The simulation data are publicly available [57].
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