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Resonant Raman scattering of single molecules under simultaneous strong cavity coupling and
ultrastrong optomechanical coupling in plasmonic resonators: Phonon-dressed polaritons
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Plasmonic dimer cavities can induce extreme electric-field hot spots that allow one to access ultrastrong
coupling regimes using Raman-type spectroscopy on single vibrating molecules. Using a generalized master
equation, we study resonant Raman scattering in the strong coupling regime of cavity quantum electrodynamics,
when also in the vibrational ultrastrong coupling regime, leading to “phonon-dressed polaritons.” The master
equation rigorously includes spectral baths for the cavity and vibrational degrees of freedom, as well as a
pure dephasing bath for the resonant two-level system, which play a significant role. Employing realistic
parameters for gold dimer cavity modes, we investigate the emission spectra in several characteristic strong
coupling regimes, leading to extremely rich spectral resonances due to an interplay of phonon-modified polariton
states and bath-induced resonances. We also show explicitly the failure of the standard master equation in these
quantum nonlinear regimes.
DOI: 10.1103/PhysRevB.104.045431

I. INTRODUCTION

The celebrated Raman effect is based on the inelastic scattering of monochromatic incident radiation, whereby
coherent optical fields couple to molecular vibrations and
scatter at phonon-shifted frequencies with respect to the excitation frequency [1]. The usual Raman interaction leads
to Stokes emission (lower energies) and anti-Stokes emission (higher energies). Although most Raman experiments
deal with very weak scattering cross sections, surfaceenhanced Raman spectroscopy (SERS) with metal nanoparticles (MNPs) can boost this interaction by many orders of
magnitude.
While there is much interest in using MNPs to explore
new regimes in quantum plasmonics [2–12], a major problem
for enhancing quantum light-matter interactions is metallic
losses. In contrast to dielectric cavity systems, the quality factors for MNPs are only around Q ∼ 5–20, resulting
in significant cavity decay rates κ, typically too large to
resolve higher-lying quantum states. However, plasmonic resonator cavity modes also yield extremely small mode volumes
that can compensate for the large losses. Thus treating the
plasmonic system as a “bath” is not necessarily a good approximation, and quantum correlations can be important.
In the field of optomechanics, photon-photon interactions
with vibrational interactions can give rise to interesting correlation effects [13], but accessing such regimes has proven
experimentally difficult, and often the problem is treated
through various linearization procedures, where the photons
are not entangled with the phonons. Recently, it has also been
shown how SERS can be viewed as an effective enhance2469-9950/2021/104(4)/045431(7)

ment of the optomechanical coupling between the localized
surface plasmon resonance and the vibrational mode of the
molecule, leading to new ideas in molecular optomechanics
[14–16]. In such regimes, the plasmon mode and vibrating
molecule mimic the optomechanical coupling scenario with
a one-dimensional (1D) cavity mode in the presence of a
vibrating mirror [14]. Potential advantages of molecular optomechanics, over dielectric-based systems, include access
to higher vibrational frequencies and larger optomechanical
coupling rates. Several key experiments in this area have
emerged, including pulsed molecular optomechanics [17]. For
hybrid metal-dielectric resonances, molecular optomechanics
in the sideband-resolved regime has also been predicted [18].
Vibronic strong coupling effects in Raman scattering have
also been studied [19], using a quantum theory of strong
coupling of collective molecular vibrations [that are infrared
(IR) active] within a microcavity.
One way to boost the optomechanical rates even further
is to use resonant electronic excitations (see Fig. 1), which
brings in the traditional domains of cavity quantum electrodynamics (QED), and modified optomechanical coupling
with Fermionic statistics. Molecular two-level systems (TLSs)
coupled to MNPs have already shown experimental signatures
of vacuum Rabi splitting [6], where it is also noted there there
are rich Raman transitions involved [6]. To understand such
emerging systems, one must couple the physics of resonant
SERS and traditional cavity-QED physics, while properly
accounting for vibrational ultrastrong coupling (USC) and
complex bath interactions, in regimes where traditional master
equations can significantly fail.
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the annihilation and creation operators for the cavity mode and
phonon mode, respectively. The eigenenergies of Eq. (1) are
[26]
ωn,k = nωc + kωm − n2 g2om /ωm ,

(2)

with the corresponding eigenstates,
|n,k  =D† (gom n/ωm ) |n, k ,

FIG. 1. Schematic of a plasmonic field hot spot coupled to a
vibrating molecule (b, b† ) and the cavity mode ladder states (a, a† ).
At the right, we also show the two electronic manifolds, each containing a subset of phonon levels (k = 0, 1, . . .) separated by ωm and
coupled to the cavity mode through g; the excited manifold is shifted
down from the bare exciton resonance ωx through the polaron shift
P = d02 ωm and shifted by the normalized displacement d0 .

Several resonant SERS schemes have been theoretically
studied with various limitations. A bad-cavity limit has been
used to explore the interplay between TLS driving and vibrational coupling [20], where the Mollow triplet resonances can
be split by phonon interactions; the theory employed a standard master equation (SME) with simple TLS pure dephasing
processes. Also using a SME, Ref. [21] studied resonant
SERS in the good-cavity limit, presenting useful analytical solutions and numerical results of hybrid resonances; however,
for vibrational USC, the SME breaks down. Recently, USC
in molecular cavity QED using the quantum Rabi model has
been explored [22], where model Hamiltonians and dynamical coupling in a one-photon subspace were studied, though
dissipation was neglected.
In this paper, we present a theory of MNP-based single
molecular optomechanics in the strong cavity-coupled nonlinear resonant Raman regime, fully accounting for the dynamics
of the system level operators for the TLS, the cavity mode, and
a molecular phonon mode. We rigorously treat system-bath
dissipation by using a generalized master equation (GME) approach, modeled with characteristic spectral functions for the
photon and phonon baths as well as excitonic pure dephasing.
We also show explicitly how the SME fails in such regimes.
Indeed, the GME is shown to yield much richer spectral features because of bath-induced interactions. We explore several
regimes of simultaneous strong cavity-exciton coupling and
vibrational coupling in the USC regime [23,24], showing extremely rich cavity emitted spectra, including phonon-dressed
strong coupling with resonant Raman scattering. These effects
are also influenced by the presence of multiple bath-induced
asymmetries and modified resonances.

where D is the displacement operator. The displacement of
phonons also depends on the number of photons. This results
in photon manifolds that contain phonon sublevels, and each
manifold is shifted down in energy from the cavity resonance.
In a polaronic frame, the cavity mode frequency changes from
ωc → ωc − g2om /ωm = ωc − d02 ωm ,

Hs = ωc a† a + ωm b† b − gom a† a(b† + b),

Hs = ωc a† a + ωx σ + σ − + ωm b† b + d0 ωm σ + σ − (b† + b)
+ g(σ + a + a† σ − ),

(5)

where ωx is the exciton resonance frequency and the latter
term is the Jaynes-Cummings interaction, where we assume
g  ωc , and thus neglect USC effects from the cavity-TLS
interaction. However, USC effects from vibrational coupling
are fully included.
With system-bath interactions included, the SME for resonant SERS with a single MNP cavity mode is [35,36]
dρ(t )
γφ
κ
= −i[Hs , ρ(t )] + D[a]ρ(t ) +
D[σ + σ − ]ρ(t )
dt
2
2

+

γm n̄m
γm (n̄m + 1)
D[b]ρ(t ) +
D[b† ]ρ(t ), (6)
2
2

where κ is the cavity decay rate (which dominates over
spontaneous emission), γφ is a possible pure dephasing rate
of the TLS, γm is the vibrational decay rate, and n̄m =
1/[exp(ωm /T )−1] is the thermal population of the vibrational
mode at temperature T (in units of kB = 1). The system
Hamiltonian is given in Eq. (5), and the Lindblad superoperator is defined by
D[O]ρ(t )=Oρ(t )O† −0.5O† Oρ(t )−0.5ρ(t )O† O.

(1)

(4)

where d0 is a dimensionless displacement [20].
For resonant Raman interactions, we assume that the plasmonic MNP interacts with electronic TLS vibrational degrees
of freedom through a Huang-Rhys theory, first formulated for
F centers in 1950 [20,27–29], which has been widely used
to model vibronic interaction in molecules [19,30] and has
the same form as electron-phonon scattering in quantum dot
systems [29,31–34]. The system Hamiltonian is

II. THEORY

To make a connection with off-resonance Raman interactions, it is useful to first consider the standard optomechanical
Hamiltonian [25] (h̄ = 1),

(3)

(7)

A known problem with the SME is that it neglects the internal coupling between the system operators when deriving the
system-bath interactions [8,37–39]. To address this problem,
we exploit a GME approach [39], which takes into account the
dressed states’ coupling to the bath reservoirs:

where ωm is the molecular vibrational mode frequency, ωc is
the cavity mode resonance frequency, and a, a† and b, b† are
045431-2
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where the dissipator term
1  
LG ρ =
2 α=c,m ω,ω >0
α (ω)(1


+ n̄α (ω))[x + (ω)ρx − (ω ) − x − (ω )x + (ω)ρ]

)(1 + n̄α (ω ))[x + (ω)ρx − (ω ) − ρx − (ω )x + (ω)]

+

α (ω

+

α (ω)n̄α (ω)[x

−

(ω )ρx + (ω) − ρx + (ω)x − (ω )]

)n̄α (ω )[x − (ω )ρx + (ω) − x + (ω)x − (ω )ρ]


+ α (T ) 2xα0 ρxα0 − xα0 xα0 ρ − ρxα0 xα0 ,

+

α (ω



(9)

describes emission [ (1 + n̄) terms], incoherent excitation
( n̄ terms), and pure dephasing (  terms), from the cavity and
phonon baths. Note that, importantly, we do not make any secular approximations, though we neglect counter-rotating wave
terms that oscillate at ±(ω + ω ). The dressed-state operators,
solved in a basis of energy eigenstates with respect to Hs , are
defined through

 j|(Oα )|k | j k|
xα+ (ω) =
j,k> j

xα0 =



 j|(Oα )| j | j  j| ,

(10)

j

where ω = ωk − ω j > 0, x − = (x + )† , with Oc = a + a† and
Om = b + b† .
We have assumed Ohmic bath functions for both cavity and
phonon baths [Jα (ω) = α ω/2π ωα ], and the decay rates are
then defined from α (ω) = γα ω/ωα , and α (T ) = γα T /ωα
(bath-induced pure dephasing); the vibrational pure dephasing
term becomes especially important at elevated temperatures.
For the TLS pure dephasing term LφG ρ (with relevant
operator xx0 and Ox = σ + σ − ), we use a common spectral func2
2
tion for molecules [19], Jφ (ω) = ηωe−ω /ωcut , where ωcut =
160 meV is the cutoff frequency and η is the coupling
strength, which we define from γφ = φ (0) = 10 meV at
room temperature, and we assume scales linearly with temperature. We can also define the pure dephasing rates explicitly,
including nx (ω) (upwards transition) and 1 + n̄x (ω) (downward transition):
↓
φ (ω)

= 2π Jφ (ω)[1 + n̄x (ω)],

↑
φ (ω)

= 2π Jφ (−ω)n̄x (−ω),

ω  0,
ω < 0.

(11)

Finally, in the interaction picture at the laser frequency ωL ,
we also add in a coherent cavity pump term, Hpump = (a +
a† ), where  is the continuous wave (CW) Rabi frequency.
This term also transforms to the dressed-state basis, so that
Hpump → (xc+ + xc− ),

FIG. 2. (a) Eigenfrequencies of the system Hamiltonian [Eq. (5)]
for the n = 1 photon manifold as a function of g with d0 = 0.2.
(b) Cavity emitted spectra with a coherent drive (ωL = ωx = ωc ) at
g = 5ωm and 4 K, showing the SME solution [Eq. (6), blue solid
curve] and GME solution [Eq. (8), magenta solid curve]. (c) Cavity
emitted spectra at 300 K.

(12)

which is included after diagonalizing the density matrix from
the solution of Hs . We note that while previous studies with
the GME have focused on the quantum Rabi model and
optomechanical interactions [39] separately; here, we have
a combined interaction with three system operators, and we
have also explicitly accounted for a TLS pure dephasing bath
as well as a coherent pump field for the cavity mode. This
approach also enables us to have clear insights into the underlying dressed resonances.

Numerically, we obtain an appropriately large number of
energy states from a basis of n photons, m phonons, and
the TLS, and we truncate to the lowest N levels in the
dressed-state basis and check that this truncation is numerically conserved for each problem studied below. Simulations
are performed using QUTIP [40].
III. RESULTS
A. System parameters

For the MNP of interest, we consider cavity mode parameters representative of metal dimers with a small gap,
ranging from 0.5 to 2 nm to create a pronounced field hot spot
[18]. The dissipative open-cavity modes can be quantitatively
described using quasinormal modes (QNMs) [41–43], which
are solutions to the source-free Maxwell equations with open
boundary conditions. Even for the smallest gap, the entire
response is very well explained with a single QNM [18].
The QNM complex eigenfrequencies are defined from ω̃c =
ωc − iγc , where κ = 2γc , Q = ωc /κ and the effective mode
volume is obtained from the normalized QNM spatial profile
at the dimer gap center [41]. For resonant SERS, we choose
values of d0 = 0.2–1 [20,44], where d0 = 1 corresponds to
gom = ωm . For the molecular vibrational mode, we consider a
smaller-frequency oscillation at h̄ωm = 20 meV as well as a
higher-frequency oscillation at h̄ωm = 160 meV, with γm =
0.8 meV. For the cavity mode, we use κ = 100 meV and
ωc = ωx = 1.7 eV.
B. Strong cavity-exciton coupling and ultrastrong vibrational
coupling with g > ωm

We first consider a regime where ωm = 20 meV and g =
ωm = κ, with d0 = 0.2.
Figure 2(a) shows the eigenenergies without dissipation as
a function of g, for the first six phonon levels in the n = 1
photon subspace. At g = 5ωm , the k = 1 lower polariton shifts
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down to −5ωm , with the phonon states split by exactly one
phonon frequency; a similar trend happens at the upper polariton states. In the n = 0 photon subspace, we simply obtain
constant energy levels split by ωm . Since photon transitions
can take place from any of these excited phonon states, in
general the splitting will always be less than ωm , even when
κ  g.
To access these energy states in the presence of resonant Raman scattering, we calculate the emitted spectrum in the presence of the CW field  = 0.25g. We
calculate the cavity emitted
 ∞ spectrum of the hybrid
system from Sc (ω) ≡ Re{ 0 dt ei(ωL −ω)t [xc− (t )xc+ (0)ss −
xc− ss xc+ ss ]}, where the expectation values are taken over the
system steady state.
Figure 2(b) displays the results at a temperature of 4 K,
showing the first Stokes and anti-Stokes sidebands as ±ωm ,
and polariton peaks around ±4.5ωm ; these resonances are
not increased with smaller κ and are due to the collective
summation of the phonon-dressed states contributing to the
emission linewidth. The sharp Raman spectral features stem
from long-lived Raman oscillations that damp as the bathmodified phonon decay rates, and these damp further with
increasing drive strengths. Interestingly, we also see a pronounced asymmetry in the GME calculations [45], which for
this example is mainly coming from the spectral properties
of the TLS dephasing bath. This shows that even though the
zero-phonon line has negligible dephasing, the properties of
the bath at the dressed resonances have a substantial influence
on the oscillator strengths. The bath-induced resonances cause
downward transitions between the upper polariton and lower
polariton states, while the transitions from the lower to higher
states are negligible at low temperatures.
Figure 2(c) shows the results at T = 300 K, which confirms that these effects survive at elevated temperatures, and
the bath-induced asymmetry is still visible but less pronounced in the GME, since now there is a larger probability
also for bath-induced upwards transitions between the polariton states; the anti-Stokes Raman transition is also much more
visible.
A spectral asymmetry has been shown also using a SME
approach with effective Lindblad operators in a single exciton subspace [21], though the general spectra trends as
a function of temperature are quite different. For example, we obtain clear Stokes and anti-Stokes signals even
at 300 K and qualitatively different spectra at low temperatures. Apart from requiring multiple input states for our
GME model, it is important to note that for a bath in thermal equilibrium, one must satisfy detailed balance [38,46],
↑
ω/T ↓
φ (ω) = e
φ (ω). Outside the regime of resonant Raman
scattering and nonlinear driving, the role of phonon-induced
asymmetry in vacuum Rabi splitting has been shown to be important in various cavity-QED systems, including molecules
[19,30] and electron-phonon scattering in quantum dot systems [32–34,47,48].
C. Strong cavity coupling and ultrastrong vibrational coupling
with ωm > g

We next explore polariton-dressed Raman transitions and
consider a regime where ωm = 160 meV and g = 2/3 ωm , for

FIG. 3. (a) Eigenfrequencies of the system Hamiltonian [Eq. (5)]
for the n = 1 photon manifold as a function of d0 with g = 80 meV
and ωm = 120 meV. (b) Cavity emitted spectra with a coherent drive
at d0 = 0.4, at T = 4 K, showing the SME [Eq. (6), blue solid curve]
and GME solution [Eq. (8), magenta solid curve]. (c) Cavity emitted
spectra at d0 = 0.9. Arrows show some characteristic resonances.

several different values of d0 , and all other parameters remain
the same as before.
Figure 3(a) shows the system eigenenergies as a function
of d0 , which are much richer than the previous example. The
first and third levels correspond to the polariton states with
k = 0 (zero phonons), which can be dressed by an increasing
d0 , and the third level anticrosses with the k = 2 lower polariton state around d0 = 0.6. The second resonance (from the
bottom) corresponds to the k = 1 lower polariton state, which
decreases as a function of d0 .
Figure 3(b) shows the cavity emitted spectra at d0 = 0.4,
and we label some of the zero-phonon polariton states with
arrows; these resonances clearly show up before the first
Raman sidebands and interestingly are not visible in the
SME simulations; they also become more pronounced for
smaller κ.
Figure 3(c) shows the cavity emitted spectra at d0 = 0.9,
where we see that the first Stokes resonance is shifted down
from −ωm ; there is also rich structure at the red side of the
center frequency, which originates from the second lowest
resonance in Fig. 3(a). These results are qualitatively similar
at elevated temperatures, with the SME drastically failing
throughout the entire frequency range. In this example, asymmetries form the TLS pure dephasing bath are negligible but
are mainly caused by the larger d0 causing phonon modifications to the vibrational and cavity emission and excitation
dissipator terms in the GME.
Finally, we study how the dressed resonances influence
the mean populations versus laser detuning, which can be
accessed experimentally from the photoluminescence spectra [31]. The steady-state populations of the cavity mode,
vibrational mode, and TLS are obtained from ni = xi− xi+ .
Figure 4 shows the eigenenergies at d0 = 0.6, using the same
parameters as in Fig. 3. Figure 4(b) displays the mean populations as a function of laser-exciton detuning, where the
first phonon resonance near zero detuning is clearly showing
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APPENDIX: CONNECTION BETWEEN OFF-RESONANT
SERS AND RESONANT SERS FROM A POLARONIC
PICTURE
FIG. 4. (a) As in Fig. 3(a), but showing resonances at d0 = 0.6.
(b) Steady-state populations as a function of laser detuning for the
cavity, exciton, and phonon. The dashed (solid) curves show the SME
(GME) solutions.

up, and we also see the fifth resonance, which is the k = 1
upper polariton state (marked by a blue arrow). We note that
the phonon populations are completely overestimated with the
SME as the phonon displacement acts to increase the phonon
damping in the vibrational USC regime. In addition, we see
modified spectral asymmetries [45] in both the cavity and
exciton profiles.
IV. CONCLUSIONS

In summary, we have presented a GME approach to
describe the regime of cavity-QED strong coupling under
vibrational USC, demonstrating several rich regimes of single molecule optomechanics, in regimes where the SME
significantly fails. We demonstrated how phonons dress the
polariton states of strong cavity-exciton coupling, which also
leads to pronounced spectral asymmetries from TLS pure
dephasing and other bath-induced resonances, even at low
temperatures. With increased exciton-phonon coupling, we
also explored a regime where both cavity coupling and
phonon coupling act in concert to produce new polariton
states that appear below the Raman sidebands, and where
fundamentally new resonances appear, which are visible in the
cavity emitted and photoluminescence spectra. In all cases, we
showed explicitly that the SME significantly fails. All our predictions use system parameters similar to recent experiments
and thus should be within experimental reach.
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To make the connection between off-resonant SERS and
resonant SERS clear, it is useful to consider the system Hamiltonians in a polaronic picture, which has certain advantages
in handling nonperturbative phonon (vibrational) coupling.
Below we discuss how these two forms relate to each other,
and when they are drastically different in general. Similar
analogies have been pointed out in Refs. [18] and [20], but
without formal definitions of the polaron transforms.
Specifically, the resonant SERS scheme we study in the
main text is substantially different from the off-resonant SERS
scheme. The latter (off-resonant form) is related to the usual
optomechanical Hamiltonian, and the former (on-resonant
form) fully recovers the physics of the Jaynes-Cummings
model with phonon interactions turned off (and includes three
system operators, not two). Our phonon interactions are also
included without any approximations, as is required for studies in the vibronic ultrastrong coupling regime, requiring a full
nonlinear and nonperturbative treatment, as well as a careful
consideration for system-bath interactions.
1. Off resonant Raman interactions

For off-resonant Raman interactions (usual SERS form),
we consider the standard optomechanical interaction without
any form of linearization [25] and neglect optical pumping,
Hsoff−res = ωc a† a + ωm b† b + gom a† a(b† + b),

(A1)

where cavity operator terms aa and a† a† (dynamical Casimir
effects) can be safely ignored here, as ωc
ωm . The optomechanical coupling factor is given by [14]
ωc
,
(A2)
gom = (Rm /2ωm )−1/2
0Vc
with Rm being the Raman activity [49] associated with the
vibrational mode under study and Vc being the effective mode
volume of the cavity mode [14]. Note that the same concept
has also been extended to arbitrary bath media [16] (e.g., not
just at the level of simple coupled mode theory).
Since the eigenstates are tensor products of fixed number states with displaced harmonic-oscillator eigenstates, the
polaron transform here is just an a† a-dependent displacement of the mechanical resonator: Ŝ = da† a(b† − b). The
polaron transformed system Hamiltonian for off-resonant
SERS, H̃soff−res = eŜ Hsoff−res e−Ŝ , is then
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where a → aX̂ , and the displacement operator is X̂ =
exp[d (b − b† )]. In the polaron frame, the effective cavity resonance is shifted down by P = g2om /ωm = d 2 ωm (well-known
polaron shift), as also shown from the eigenvalues of the
optomechanical coupling problem (discussed in Sec. II of this
paper). The Kerr-like term (four operators) causes a nonlinear
dependence on photon number (photon-photon interaction),
and if this term can be neglected, then one can write
H̃soff−res ≈ (ωc − P )a† a + ωm b† b,

where the latter term is the Jaynes-Cummings term and, as
noted in the main text, we assume g  ωc , so as to neglect
USC effects related to the TLS-cavity coupling. Note that we
are now dealing with three system operators, two bosonic and
one Fermionic. The polaron transformed system Hamiltonian,
for resonant SERS, now using Ŝ = d0 σ + σ − (b† − b) and X̂ =
exp[d0 (b − b† )], is
H̃son−res = ωc a† a + ωm bb† + (ωx − P )σ + σ −
+ g(σ + aX̂ + a† X̂ † σ − ).

(A4)

(A6)

+ d0 ωm σ + σ − (b† + b) + g(σ + a + a† σ − ), (A5)

The equivalence between the off-resonant and resonant
SERS can be made with a harmonic-oscillator approximation
for the TLS in a bad-cavity limit. Specifically, the resonant
SERS polaron transformed Hamiltonian then becomes identical in form to the off-resonance case, apart from the Kerr-like
term (which vanishes for Fermions), and one simply replaces
a, a† with σ − , σ + and identifies d = d0 . When Fermionic
behavior becomes important in the two-state system (e.g.,
Mollow physics, strong coupling between the cavity mode and
two-level system), then clearly one must use the Pauli operators, and the off-resonant SERS Hamiltonian is no longer
appropriate. Indeed, in a good-cavity regime, and with nonlinear resonant excitation and cavity-QED interactions, the
systems are vastly different.
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