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Supervised learning for robust quantum control in composite-pulse systems
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In this work, we develop a supervised learning model for implementing robust quantum control in
composite-pulse systems, where the training parameters can be either phases, detunings, or Rabi frequen-
cies. This model exhibits great resistance to all kinds of systematic errors, including single, multiple, and
time-varying errors. We propose a modified gradient descent algorithm for adapting the training of phase
parameters, and show that different sampling methods result in different robust performances. In partic-
ular, there is a trade-off between high fidelity and robustness for a given number of training parameters,
and both can be simultaneously enhanced by increasing the number of training parameters (pulses). For
its applications, we demonstrate that the current model can be used for achieving high-fidelity arbitrary
superposition states and universal quantum gates in a robust manner. This work provides a highly efficient
learning model for fault-tolerant quantum computation by training various physical parameters.
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I. INTRODUCTION

Quantum control with high precision is an essential
prerequisite for the implementation of reliable quantum
computation [1]. Here, high precision has two mean-
ings: one for perfect control, with knowledge of given
physical parameters, and the other for being as free as
possible from the effects of various systematic errors.
The former is readily attainable, for instance, by adopt-
ing the familiar resonant pulse technique [2]. The latter
is truly difficult and requires a great deal of attention.
One of the main reasons is that we cannot really cap-
ture the complicated nature of systematic errors, such as
the inevitable perturbations in parameters and decoherence
noises. Thus far, numerous approaches have been put for-
ward to address them, including adiabatic passage [3–6],
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dynamical decoupling [7–9], quantum feedback [10–13],
single-shot-shaped pulses [14,15], derivative removal by
an adiabatic gate [16–18], sampling-based algorithms
[19–21], geometric optimization [22–26], and robust opti-
mal control [27–31].

The emergence of machine learning [32] offers another
powerful way to tackle the issue of robustness against var-
ious errors. Essentially, machine learning is a process of
using data to learn the rules applicable to it, and then
utilizing the learned rules to make predictions on new
data. Typical algorithms involved in machine learning are
decision trees, neural networks, support vector machines,
random forests, and collaborative filtering, to name a few
[33]. Broadly speaking, machine learning can be divided
into three main categories: unsupervised learning, super-
vised learning, and reinforcement learning. Over the last
few years, machine learning, especially supervised learn-
ing, has achieved great success in many fields of physics
[34–38], such as the study of nonequilibrium quantum
dynamics problems [39–47], the classification of quan-
tum states [48–53], and the design of control fields for
high-fidelity quantum gates [54–62].
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To date, a variety of methods, e.g., the Krotov [63],
gradient ascent pulse engineering (GRAPE) [64], evolu-
tionary [65–67], and variational quantum algorithms [68],
have been raised to update variables in optimization prob-
lems. Among them, the high-efficiency GRAPE algorithm
[64] and its variants [69–74] are successful in design-
ing the control fields to sharply suppress the influence of
various errors, e.g., amplitude uncertainty and frequency
drift. Recently, there has been an increasing interest in the
combination of GRAPE with other methods, such as the
chopped random basis [75–77], generally referred to as
gradient optimization using the parametrization algorithm
[78]. In particular, de Fouquieres et al. [79] showed
that the gradient accuracy and the convergence rate of
the GRAPE algorithm can be effectively improved by
introducing the Broyden-Fletcher-Goldfarb-Shanno quasi-
Newton algorithm [80].

In this work, we provide a systematic methodology for
robust quantum control through constructing a supervised
learning model in composite-pulse systems. This model
is quite universal and very robust to all kinds of system-
atic errors, including single error, multiple types of errors,
time-varying errors, and so forth. Specifically, we estab-
lish the cost function of the supervised learning model, and
then propose a modified version of the GRAPE algorithm
to update the phases. The learned parameters (e.g., phases
or detunings) possessing robustness against all kinds of
systematic errors are subsequently determined via training
the sample set.

In the current model, one of the most critical steps is to
ascertain the sampling method, which allows us to obtain
the sampling distributions. We demonstrate that it is nec-
essary to select a suitable sampling distribution to receive
robust and high-fidelity quantum control. Furthermore,
the generalization ability of this model is significantly
enhanced by increasing the number of pulses. We finally
extend this model to train any physical parameters to
implement robust quantum control. Our method paves an
efficient way toward the establishment of reliable quantum
gates for fault-tolerant quantum computation.

The rest of this paper is organized as follows. In Sec. II,
we introduce the physical system and the possible dif-
ficulties in composite pulses. In Sec. III, we first show
how to design the cost function for the supervised learn-
ing model. Next, we propose a modified gradient descent
algorithm to train the phase parameters, and then investi-
gate in detail the sampling method and the generalization
ability of this model. In Sec. IV, we provide some applica-
tions for this model, including the implementation of arbi-
trary superposition states and general single-qubit gates,
which are robust against all kinds of systematic errors. In
Sec. V, we show that this model has the ability to train
any physical parameters to achieve robust quantum con-
trol in different quantum systems. Conclusions are given in
Sec. VI.

II. PHYSICAL MODEL

Consider a qubit coherently driven by a control field; the
general form of the Hamiltonian in the interaction picture
reads (� = 1)

H(θ) = �σz +�e−iθσ+ +�eiθσ−, (1)

where � represents the detuning between the transition
frequency of the qubit and the carrier frequency of the con-
trol field, � is the Rabi frequency, θ denotes the phase,
and σ± = 1

2 (σx ± iσy), with σν (ν = x, y, z) being Pauli
operators.

To achieve general single-qubit gates, the most intuitive
and fastest method is to exploit a resonant pulse, i.e., � =
0. Then, the evolution operator of this system becomes (up
to a global phase)

U(θ) = e−iH(θ)t =
[

cos A −ieiθ sin A
−ie−iθ sin A cos A

]
(2)

with pulse area A = �t. In the ideal case, one can effort-
lessly obtain a multitude of perfect single-qubit gates by
simply choosing different pulse areas and phases. Consid-
ering the imperfect knowledge of quantum systems, there
are two typical types of systematic errors: pulse area errors
and off-resonance effects.

Pulse area errors usually originate from incorrect dura-
tion and deviation in the Rabi frequency. The former is
mainly caused by the inability of selecting a precise oper-
ation time. For instance, when an atomic beam passes
through a laser field, the interaction times between the
atoms and the laser field may be different because of the
distinct longitudinal velocities of atoms [81]. The domi-
nant sources of the latter are due to the spatial inhomo-
geneity of control fields or the intensity of control fields
deviating from its nominal value. For instance, this error
results from fluctuations in the Overhauser field in quan-
tum dot systems [82,83]. In a doped crystal, the typical
variation of the amplitude of the drive is about 20%–30%
[81]. Hereafter, we use a dimensionless parameter εA to
characterize the pulse area error, i.e.,

A→ A(1+ εA). (3)

Off-resonance effects, which refer to the mismatch between
the control field frequency and the associated transition
frequency, arise due the deviation from either of these
frequencies. In practice, the transition frequency can be
varied, for instance due to an energy level shift in atomic
systems [84] or inhomogeneous broadening of the hyper-
fine levels in an ion-doped yttrium orthosilicate crystal
[85,86]. Moreover, the control field frequency may also be
altered on account of fluctuations in the external environ-
ment. In some integrated photonic circuits, off-resonance
effects occur if the waveguides have distinct geometries
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[87,88]. For the sake of description, we introduce the
detuning error ε� to represent off-resonance effects, i.e.,

�→ �+ ε�, (4)

where � = 0 means that the system is in the resonant
regime.

It is worth noting that the major disadvantage of the res-
onant pulse is its high susceptibility to pulse area errors and
off-resonance effects. To significantly enhance the robust-
ness against both types of systematic errors, one can turn to
the composite pulses [89–91], a train of pulses with iden-
tical amplitudes and relative phases to be addressed. The
total evolution operator for the N pulse can be formulated
as

Utot = U(θN )U(θN−1) · · ·U(θ2)U(θ1), (5)

where U(θn) = exp[−iH(θn)T] is the evolution operator
of the nth pulse with pulse duration T and Hamiltonian
H(θn), n = 1, . . . , N .

There are numerous methods to determine the value of
the phase θn (n = 1, . . . , N ). Among them, the most com-
monly used is to perform a Taylor expansion in the vicinity
of the error ε = 0 [92–99], which has been experimentally
demonstrated in various physical platforms [100–103].
This method has its own limitation. Whereas the analyti-
cal solutions for the phases have been derived in several
simple cases (e.g., a single type of error) [104–107], more
often, the expressions of the Taylor expansion coefficients
become particularly cumbersome for multiple types of
systematic errors. As a result, even if the complicated
expressions are given, only numerical solutions are acces-
sible for the phases [108–111]. Worse still, sometimes the
solutions may not exist, and thus one requires the aid of
cost functions [112,113].

In this work, we ascertain the phase θn (n = 1, . . . , N ) by
training the samples using the supervised learning model,
which can effectively settle the aforementioned issues. Not
only that, this model can also solve problems that tradi-
tional composite pulses are incapable of handling, e.g., for
time-varying errors [114–121]. For briefness, from now
on, we adopt the vector θ to represent all phase parameters,
i.e., θ = (θ1, . . . , θN ).

III. SUPERVISED LEARNING MODEL

A. Cost function

We begin by constructing the cost function for the super-
vised learning model. Given a set of training data {xk, yk},
the goal of supervised learning is to learn a mapping from
x to y, where yk is called the label or target of sample xk
(usually a vector) in the data set. Here, the phases θ are the
training parameters to be learned to make quantum control
(operations) as immune to errors as possible.

In the absence of errors, one can also acquire perfect
quantum operations by composite pulses. Nevertheless, the
fidelity of quantum operations declines to varying degrees
when exhibiting different types of errors. Under such cir-
cumstances, the fidelity of quantum operations can be
regarded as a function of errors. Therefore, the samples
in the training set come from various types of systematic
errors, i.e.,

xk = εk = (ε1
k , . . . , ε�k , . . . , εL

k ), (6)

where L represents the highest dimension of samples, the
subscript k denotes the kth sample, and the �th compo-
nent ε�k (� = 1, . . . , L) characterizes a certain type (time
interval) of systematic error.

More specifically, if systematic errors are unknown con-
stants, different components of the sample represent dif-
ferent error types. For example, two components of the
sample xk = {εA

k , ε�k , . . .} are the pulse area error εA
k and

detuning error ε�k . If the systematic error belongs to one
type of time-varying noise then different components of
the sample represent the error in different time intervals,
e.g., xk = {εA,t1

k , . . . , εA,t�
k , . . .}, where εA,t�

k denotes the kth
sample of the pulse area error in the time interval [t�, t�+1].
Of course, one can utilize a mixture of different types and
time intervals of errors to generate the samples, e.g., xk =
{εA,t1

k , . . . , εA,t�
k , . . . , ε�,t1

k , . . . , ε�,t�
k , . . .}. In other words,

the samples can be simultaneously drawn from both time-
independent and time-dependent systematic errors to form
a training set in this model.

The label we adopt here is the expected fidelity F̂(xk) of
quantum operations,

yk = F̂(xk). (7)

In the ideal situation, we naturally expect the system to be
completely resistant to all errors. That is, F̂(xk) = 1 for all
samples xk, reflecting the ideal fact that quantum opera-
tions are still fully accurate in the presence of a variety of
systematic errors.

For each sample xk, we define the loss function

Lk = yk − F(xk), (8)

where F(xk) is the actual fidelity of quantum operations
when the system exhibits error εk (equivalent to xk). Note
that the expressions for F(xk) rely on different quantum
operations. For quantum state preparations, F(xk) can be
given by

F(xk) = |〈	T|	〉|2, (9)

where |	T〉 is the target state and |	〉 is the final state of
the system after performing composite pulses. With regard
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to quantum gate operations, F(xk) can be written as

F(xk) = 1
M

tr(U†
TUtot), (10)

where UT is the target quantum gate with M being its
dimension, and Utot denotes the total evolution operator for
composite pulses. Then, the cost function of the supervised
learning model is defined by

J = 1
K

K∑
k=1

Lk = 1
K

K∑
k=1

[yk − F(xk)], (11)

which represents the average of all loss functions, where
K is the sample size. The phase parameters θ are trained in
the direction that the cost function (11) decreases.

B. Robustness infidelity measure

In general, one training session on the samples does not
necessarily lead to the solution we desire. Thus, perfor-
mance evaluation for the solution (i.e., the phase param-
eters θ ) is required to determine whether or not to stop
the training procedure. To this end, we next introduce the
definitions of fidelity and robustness.

Let us start with the case of one-dimensional error.
Given a set of the phase parameters θ , the definition of
the average fidelity F̄ is expressed by

F̄ =
∫
ρ(ε)Fθ (ε) dε, (12)

where Fθ (ε) represents the fidelity of quantum operations
obtained by using the phase parameters θ when the error
is ε, and ρ(ε) is the probability density distribution of the
error. In reality, it is difficult to exactly predetermine the
specific distribution of ρ(ε). The usual way to tackle it
is to use an a priori density distribution such as the uni-
form distribution or the Gaussian distribution. Here, ρ(ε)
is simply taken to be a uniform distribution, i.e., all errors
in the interval [ε−, ε+] are considered equally weighted.
Therefore, the form of ρ(ε) is

ρ(ε) =
⎧⎨
⎩

1
ε+−ε− , ε ∈ [ε−, ε+],

0, otherwise.
(13)

As a result, Eq. (12) becomes

F̄(ε−, ε+) = 1
ε+−ε−

∫ ε+

ε−
Fθ (ε) dε. (14)

Its discrete version reads

F̄(ε−, ε+) = 1
ε+−ε−

∑
j

Fθ (εj )�εj . (15)

Accordingly, we can define the average infidelity by

If (ε−, ε+) = 1
ε+−ε−

∫ ε+

ε−
[1−Fθ (ε)] dε= 1− F̄(ε−, ε+).

(16)

In fact, Eq. (16) is also the definition of the first-order
robust-infidelity measure (RIM) [122] following a uni-
form distribution. A small RIM indicates that the learned
parameters make the system dynamics very robust and
have high-fidelity quantum operations, while a large RIM
signifies poor robustness and fidelity.

Although RIM can be used to quantify both robustness
and fidelity for a set of learned parameters, it is difficult to
intuitively benchmark how robust the learned parameters
are from Eq. (16). To describe it more precisely, we define
the robust width W(ξ) as

W(ξ) = εmax − εmin, (17)

where all errors in the interval [εmin, εmax] satisfy

max{1− Fθ (ε)} ≤ ξ , ε ∈ [εmin, εmax] (18)

with a given threshold ξ . It is clear that a large (small)
W(ξ) means high (poor) robustness. Remarkably, these
definitions can be easily generalized to the case of mul-
tidimensional errors.

C. Training and testing

Given the cost function (11), we train the phase param-
eters to yield its minimum value, and then test the robust
performance for the learned phase parameters according to
Eq. (14). The learning procedure is divided into two steps:
training and testing.

In the training stage, we first specify a training set by
drawing K samples from errors through several common
probability distributions, such as the Gaussian distribu-
tion, the uniform distribution, the beta distribution, and the
exponential distribution. Once the training set of K sam-
ples is obtained, we evaluate the cost function J given by
Eq. (11) via a random set of initial phase parameters, and
then update the phase parameters using the modified gra-
dient descent algorithm, which is introduced in the next
section. The cost function J gradually diminishes with the
passage of iterations, and the training does not end until
either the optimal value is obtained or a certain threshold
of this cost function is reached.

In the testing stage, we apply the phase parameters
learned from the training stage to assess the robust perfor-
mance for this composite pulse sequence using the average
fidelity. Specifically, we first calculate the fidelity Fθ (ε)

for all possible errors rather than resampling them, and
then the average fidelity F̄(ε−, ε+) in the interval [ε−, ε+]
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according to Eq. (14). When the average fidelity reaches
the expected value, we accept the learned phase parameters
and terminate the whole learning procedure. Otherwise,
the learning procedure is a failure and we must retrain the
phase parameters to obtain another solution, i.e., returning
to the training stage with a new set of samples or initial
phase parameters.

In Fig. 1, the blue dots represent the samples in the train-
ing set. Note that all blue dots have a value of 1, which
implies that the quantum operation we desire is perfect
however large the systematic errors. The green rhomboids
are the actual fidelities of the samples, and their positions
vary depending on the values of phase parameters. The
red dotted curve (hypersurface) is plotted according to the
phase parameters learned from the training stage, and each
point on the curve (hypersurface) corresponds to the actual

(a)

(b)

FIG. 1. Schematic diagram of the data space. (a) Two-
dimensional space composed of error ε and fidelity F(ε), where
the filled circles and rhomboids represent the expected and actual
sample fidelities, respectively. According to the labeled training
set {εk, F̂(εk)}, the phase parameters θ are trained so that the red
dotted curve fit by the data points is as close as possible to the
orange solid line, where k = 1, . . . , K with K the sample size. (b)
The (L+ 1)-dimensional space, where the L-dimensional hyper-
plane F̂(ε1, . . . , ε�, . . . , εL) = 1 represents an ideal situation in
which the fidelity of quantum operations is completely unaffected
by all types (time intervals) of errors. We have to train the phase
parameters θ so that the red hypersurface fit by the filled rhom-
boids approaches as much as possible the orange hyperplane
F̂(ε1, . . . , ε�, . . . , εL) = 1.

fidelity of the quantum operation at specific values of the
systematic errors.

From a physical point of view, the closer the curve
(hypersurface) is to the line F̂(ε) = 1 [the hyperplane
F̂(ε1, . . . , ε�, . . . , εL) = 1], the less susceptible the quan-
tum operation is to errors. Obviously, the shapes of the
curves (hypersurfaces) are quite different for distinct phase
parameters, and the objective is to attain an optimal solu-
tion of the phase parameters θ by training these rhomboids
in Fig. 1.

D. Modified gradient descent algorithm

In the original GRAPE algorithm [64], the control vari-
ables are amplitudes of control fields, but they become
phases here. As a result, the original GRAPE algorithm
cannot be directly applied in the current model, and a
modified version is urgently required to accommodate this
situation. We next explain the details of this modified
GRAPE algorithm.

At first, we need to rewrite the Hamiltonian of the nth
pulse as (n = 1, . . . , N )

H(θn) = e−iθnσ+ + eiθnσ−
= cos θnσx + sin θnσy

= un,xHx + un,yHy , (19)

where Hx(y) = σx(y), and � is regarded as a unit. In
Eq. (19), two virtual variables un,x and un,y are exploited
to substitute for the phase parameter θn, and they satisfy
the relation

θn = arctan
un,y

un,x
. (20)

After this substitution, we can use the gradient descent
algorithm to update the virtual variables un,x and un,y , i.e.,

u′n,x = un,x − αx
δJ
δun,x

, (21)

u′n,y = un,y − αy
δJ
δun,y

, (22)

where both αx and αy are some prescribed step sizes. Then,
the new phase parameter in the next iteration reads

θ ′n = arctan
u′n,y

u′n,x
. (23)

It is worth stressing that un,x and un,y are only introduced
as a mathematical tool, and they do not have to pos-
sess physical meaning. Figure 2 illustrates the geometric
interpretation of the gradient descent principle. Here, the
updated formulas for the phases given by Eqs. (20)–(23)
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FIG. 2. Geometric interpretation of the modified GRAPE
algorithm. First, the phase θn (n = 1, . . . , N ) is mapped onto the
unit circle to yield a unit vector (the green line). By orthogonal
decomposition of this vector, we obtain two variables un,x and
un,y . Then, we use the gradient descent algorithm to calculate
the increment in both directions, and thus acquire the increment
vector (the gray line). According to the parallelogram law of vec-
tors, we obtain a new vector (the orange line) whose direction is
actually the gradient descent direction. As a result, we have the
new phase θ ′n in the next iteration. The iteration process contin-
ues until the gradient threshold is reached. For detailed steps, see
Algorithm 1.

are quite different from those proposed in Ref. [123].
Specifically, we evaluate the gradient of the cost function
with the aid of two types of virtual variables, while the gra-
dient with respect to the phase is directly calculated after
performing the rotating-wave approximation in a rotating
frame in Ref. [123].

It is important to note that the modified GRAPE
algorithm is very crude, not because we cannot find a solu-
tion of the training parameters θ , but because there are
very many locally optimal solutions. To search global opti-
mal solutions of the training parameters (probably more
than one), two common methods of “escaping” or “restart-
ing” are usually adopted, namely, randomly searching the
neighborhood of the current solution in parameter space, or
ignoring the current solution, and exploring a new one in

ALGORITHM 1. Modified GRAPE algorithm.

1. Randomly input the initial phase parameters θn.
2. Calculate the virtual variables un,x = cos θn and

un,y = sin θn.
3. Evaluate the increments and update the virtual variables,

labeled as u′n,x and u′n,y .
4. Calculate the parameters θ ′n = arctan u′n,y/u

′
n,x.

5. Regard the θ ′n as new phase parameters.
6. Go to step 2 until the threshold is reached.

parameter space. Here, we adopt the latter method, which
can take full advantage of parallel training to improve com-
putational efficiency. Specifically, we use a large enough
number of training groups, with each group trained indi-
vidually. After accomplishing the training, we measure
the performance of each group using the average fidelity
defined by Eq. (14). Then, the phase parameters that make
the average fidelity reach the desired value are left, and the
rest are simply discarded. As for the former, we can intro-
duce the simulated annealing method into the modified
GRAPE algorithm, similar to that used in Refs. [124,125].
For details, we refer the reader to Appendix A.

E. Sampling methods

In the current model, one of the most important parts
is to acquire enough representative samples. If the sam-
ple size is too small, it is easy to observe underfitting,
where the parameter law of the model may not be well
learned. How to efficiently draw enough samples becomes
very critical in supervised learning. In particular, the usage
of different training samples will produce different solu-
tions of training parameters, and such discrepancies can
significantly impact the quality of robust quantum control.

Figure 3 shows the relationship between the average
infidelity If (−0.3, 0.3) and the total number of samples,
where the objective is to achieve population inversion in a
robust manner, and the samples come from the pulse area
error given by Eq. (3). For cases in which the sample size
is particularly large, we split them into multiple groups for
independent training, and then pick out the optimal solu-
tions from these groups. The purpose of this is that we can

FIG. 3. Average infidelity If (−0.3, 0.3) versus the sampling
size K . The objective is to robustly attain population inversion
in the presence of the pulse area error, where we uniformly
draw the samples from the interval [0, 0.3], set the pulse area of
each pulse to π/2, choose the pulse number N = 7, adopt a step
size of 0.001, and randomly select initial values of the training
parameters θ from the range [−π ,π ].
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train the parameters in parallel, thus improving the com-
putational efficiency. It is readily found that the average
infidelity is relatively large and oscillates when the sample
size K is not large enough. With increasing sampling size,
the average infidelity gradually decreases and stabilizes at
a relatively low level. This implies that having sufficient
samples is imperative for successfully training the parame-
ters. Furthermore, increasing the number of training groups
also facilitates parameter training, making it easier to find
the optimal solutions.

We next investigate the influence of different sampling
distributions on the robust performance of quantum con-
trol. We plot in Fig. 4(a) the robust performances of
population inversion for various learned phase parameters
θ , which have been trained by several common sampling
distributions, including the uniform distribution U(ε−, ε+)
with sampling interval [ε−, ε+], the Gaussian distribution
G(μ, ν) with expectation μ and variance ν, the expo-
nential distribution E(λ) with rate parameter λ, and the
beta distribution B(α,β) with parameters α and β. The
specific expressions are given in Appendix B and the

(a)

(b)

FIG. 4. (a) Infidelity 1− F(εA) of population inversion versus
the pulse area error εA by using different sampling distributions.
The learned phase parameters are given in Table I. (b) Probability
density function for different distributions.

corresponding probability density functions are plotted in
Fig. 4(b).

An inspection of Fig. 4(a) shows that the infidelity is
mostly much less than 10−4 in the vicinity of the pulse area
error ε = 0 for all sampling distributions, indicating the
success of these trainings. A closer look at Fig. 4(a) reveals
that different sampling distributions lead to different robust
performances of population inversion. For example, the
phase parameters learned via the exponential distribution
E(0.3) have very good robustness with respect to errors,
e.g., see the robust width W(ξ) with the threshold ξ being
10−2 in Fig. 4(a). Nevertheless, the fidelity is not particu-
larly high in the presence of errors when compared to other
distributions. The reason behind these results is that, for
the exponential distribution, we consider a small amount
of samples with large magnitude, as shown in Fig. 4(b).

On the contrary, the fidelity is high in the presence of
errors with small magnitude, but the robust width is not
very large for the uniform distribution U(0, 0.3). There-
fore, during the training process, the samples with small
magnitude promote high fidelity, while the samples with
large magnitude promote robustness.

F. Generalization ability

The generalization ability is a key indicator to mea-
sure the quality of supervised learning models. It refers
to the ability to generalize from the training set to the
testing set. Generally speaking, the supervised learning
model possesses strong generalization ability when exe-
cuting well in predicting samples that have never been
seen before. For learned phase parameters θ , the general-
ization ability can be quantified by the average infidelity
If (ε−, ε+) in Eq. (16). Specifically, a strong generalization
ability is reflected in a small average infidelity If (ε−, ε+),
while a large If (ε−, ε+) indicates that the fidelity of quan-
tum control is not very high and also has poor robustness
with respect to the errors. Note that the average infidelity
If (ε−, ε+) is difficult to accurately characterize within
what error range the learned phase parameters θ have
strong robustness. Therefore, we adopt the robust width
W(ξ) in Eq. (17). Apparently, the robustness is better if
W(ξ) is larger.

Figure 5(a) shows the average infidelity of population
inversion as a function of the sampling boundary for dif-
ferent pulse numbers, where the samples are uniformly
drawn from the interval [0, ε′+] with the prime notation
added to ε+ to distinguish the sampling boundary from
the error boundary. We can observe that the average infi-
delity is particularly small when the sampling range is
small; see ε′+ < 0.2. This indicates that the generaliza-
tion ability is very strong within the small sampling range.
As the sampling boundary increases, the average infidelity
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TABLE I. Learned phase parameters θ in Figs. 4–10 and Videos 1 and 2 below. We set the pulse area of each pulse to π/2, adopt
a step size of 0.001, train 500 groups of samples with a sample size of K = 1000, and randomly select the initial values of the phase
parameters θ from the range [−π ,π ].

Distribution N θ1 θ2 θ3 θ4 θ5 θ6 θ7 θ8 θ9

Figure 4 U(−0.3, 0.3) 7 1.1349 0.3521 −1.8097 2.3882 −1.4894 −2.2752 2.9204
Figure 4 U(0, 0.3) 7 −0.0890 −0.0883 2.8061 1.8183 0.3086 −1.7302 0.9139
Figure 4 G(0, 0.2) 7 0.3267 −2.2901 1.7353 −1.4601 −1.3068 −2.7500 −0.3568
Figure 4 G(0.2, 0.1) 7 −1.1718 −1.6562 2.9098 0.2857 2.8737 −1.9269 −0.9110
Figure 4 E(0.3) 7 −1.7314 −0.9706 −0.0454 2.3807 0.0650 −1.3612 −1.5465
Figure 4 B(2, 8) 7 1.2869 0.8791 −0.6698 3.1261 −0.6310 0.6509 1.4951
Figure 6 U(0, 0.3) 5 2.8622 2.4234 0.0425 0.6872 −0.8656
Figure 6 U(0, 0.5) 7 1.1002 2.7012 1.4171 −1.9374 0.9740 1.8036 −0.2582
Figure 6 U(0, 0.6) 9 0.7598 1.1145 −0.8872 −0.0167 −1.5056 0.4233 −0.0248 2.9724 −3.0918
Figure 7 U(−0.1, 0.3) 9 1.1516 0.3675 −2.2800 0.5743 2.0933 0.2061 −1.6437 −0.7061 0.9273
Figure 8 U(−0.25, 0) 9 0.6220 0.6251 1.1929 1.6412 −0.8985 −1.5013 −0.5969 −0.6176 1.2448
Figure 8 U(−0.15, 0.15) 9 2.7879 1.8734 −2.8629 1.2522 2.4905 −1.1821 −1.8967 −2.1757 2.4733
Figure 8 U(0, 0.25) 9 −2.8126 −2.7701 −1.0354 −2.8256 2.3944 −1.7776 −0.7125 0.5963 −1.4869
Figure 9(a) U(0, 0.22) 7 1.8826 −0.5939 0.1365 −1.2262 −1.8446 1.7622 2.2986
Figure 9(b) U(0, 0.22) 9 −1.2035 1.7050 2.0577 −0.7816 0.7853 −1.3623 0.9122 0.0378 2.7522
Figure 10 G(0.1,0.02) 5 1.2993 1.5066 −0.4582 1.6285 2.6998
Video 1 U(−0.1, 0.3) 7 2.2802 2.6146 0.0101 −0.3657 0.9080 −2.3146 1.3232
Video 2 U(−0.1, 0.3) 7 1.8992 2.4589 −0.023 > −0.577 > 0.5731 2.5166 0.1152

tends to increase on the whole, signifying that a large sam-
pling range is not conducive to obtaining high fidelity of
quantum operations.

In Fig. 5(b), we show the relationship between the robust
width W(ξ) and the sampling boundary ε′+, where the
threshold ξ is equal to 10−4. First, within a small sampling
boundary, e.g., ε′+ < 0.2 in Fig. 5(b), there is not much
improvement in the robust width when increasing the pulse
number or sampling range, implying that the phase param-
eters are not properly trained. This is mainly due to the fact
that the sampling range is too narrow to effectively repre-
sent all errors. As a result, although complex models may
possess strong generalization ability, they are overlearning
on the training set. To avoid this, we can either expand
the sampling range or change the sampling method [e.g.,
employing the Gaussian distribution to consider a small
amount of errors (samples) with large magnitude].

For a given pulse number, the robust width mainly
exhibits a positive correlation when increasing the sam-
pling range; see Fig. 5(b). While the sampling boundary
exceeds a certain threshold, the robust width drops sharply,
because the average infidelity becomes relatively large in
such circumstance. Finally, the threshold of the sampling
range varies depending on the number of pulses; see ε′5, ε′7,
and ε′9 in Fig. 5(b). In particular, increasing the pulse num-
ber leads to an increase in both the threshold range and
robust width.

Therefore, there is a trade-off between high fidelity and
strong robustness at a given number of pulses in our model,
because both the average infidelity and the robust width
grow when increasing the sampling range; see Figs. 5(a)
and 5(b). High fidelity usually leads to a reduction in robust

width, and vice versa. Thereby, for a specific number of
pulses, an appropriate sampling range favors balancing
high fidelity and a large robust width.

To simultaneously promote fidelity and robustness for
quantum control, a feasible way is to increase the pulse
number such that more phase parameters are involved dur-
ing the training. The reason is that the rule to be learned
is already known in the current model, i.e., the hyperplane
F̂(ε1, . . . , ε�, . . . , εL) = 1 in Fig. 1(b). This is a little dif-
ferent from traditional supervised learning [126] in which
the rule also needs to be learned in training. In some
sense, our model can also be regarded as a multiple linear
regression, where the surfaces made up of training sam-
ples and learned by researchers differ from the traditional
ones. To be specific, in traditional supervised learning, the
shape composed from training samples is usually a com-
plicated hypersurface, and one always intends to fit it with
a simple hyperplane determined by learned parameters.
Here, a simple hyperplane is formed by the training sam-
ples {εk, F̂(εk)}, and we specify a hypersurface by training
physical parameters to fit the hyperplane. In particular, the
more phase parameters, the closer the hypersurface will be
to the hyperplane.

IV. APPLICATIONS: ROBUST QUANTUM
CONTROL

A. Single type of error

We begin by illustrating a scenario in which the system
exhibits only one type of error. That is, the samples are
one dimensional. Indeed, we have explained in detail in
Sec. II how to successfully train the phase parameters θ
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(a)

(b)

FIG. 5. (a) Average infidelity If (−ε′+, ε′+) and (b) robust width
W(ξ) versus the sampling boundary ε′+ for different pulse num-
bers N . The objective and the parameters are the same as in
Fig. 3.

to achieve robust population inversion in the presence of
the pulse area error εA given by Eq. (3). We now demon-
strate that this model is equally applicable to suppressing
the influence of other types of errors, such as the detuning
error ε� given by Eq. (4).

Figure 6 shows the infidelity of population inversion in
the presence of detuning error by the learned phase param-
eters, where the samples ε�k are drawn from the uniform
distribution U(0, 0.3). The ultralow infidelity ranges reveal
that it is also feasible to make the system robust with
respect to detuning error by training on the phase parame-
ters. Furthermore, the robustness becomes stronger as the
number of pulses increases, as also indicated in Fig. 6.

1. Arbitrary superposition states

So far, the supervised learning model is merely illus-
trated to realize robust population inversion. Actually, this
model is suitable for implementing arbitrary population
transfer in a robust manner as well. To this end, it is imper-
ative to transform the target state into a superposition state

–1.0 1.0

FIG. 6. Infidelity 1− F(ε�) of population inversion versus the
detuning error ε� for different pulse numbers N . Each profile is
plotted according to the learned phase parameters θ offered in
Table I.

we desire to prepare, whose general form is given by

|ψT〉 = cosφ|0〉 + eiϕ sinφ|1〉, (24)

where φ and ϕ can be arbitrary. After establishing the
target state, we then employ Eq. (9) to train the phase
parameters to accomplish this goal.

Videos 1 and 2 show the time-evolution trajectories for
robust preparation of different superposition states through
the learned phase parameters θ . We can see that, when
the system exhibits pulse area error, the trajectories (the
dashed and dash-dot curves) gradually deviate from the
exact one (the solid curve) during the evolution pro-
cess. Despite this, these three trajectories eventually come

VIDEO 1. Visualization of robustly preparing the superposi-
tion state (|0〉 + |1〉)/√2 on the Bloch sphere. The learned phase
parameters θ are presented in Table I, and the blue (red) arrow
denotes the Bloch vector pointing to the initial (final) state. The
solid, dashed, and dash-dot curves represent the evolution trajec-
tories of the system state in the presence of the pulse area error
εA = 0, +0.1, and −0.1, respectively.
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VIDEO 2. Visualization of robustly preparing the superposi-
tion state (|0〉 + √3|1〉)/2 on the Bloch sphere. The learned
phase parameters θ are given in Table I.

together. Therefore, the learned phase parameters θ do
ensure that the target state |ψT〉 is still obtained with an
ultrahigh fidelity even in the presence of systematic errors.

2. General single-qubit gates

This supervised learning model can be used not only to
prepare arbitrary superposition states, but also to imple-
ment general single-qubit gates. The expression for a
general single-qubit gate can be written as

U(φ,ϕ,�) =
[

ei� cosφ −e−i(ϕ+�) sinφ
ei(ϕ+�) sinφ e−i� cosφ

]
, (25)

where φ,ϕ, and � are arbitrary real numbers based on the
desired quantum gate. In the current model, there are two
methods to robustly obtain the general single-qubit gate
given by Eq. (25). Next, we present the details of these
two methods.

(i) State-based method. Given that the initial state of
the system is |0〉, we first train the phase parameters θ

to robustly obtain a superposition state |ψT〉 = cosφ|0〉 +
eiϕ sinφ|1〉, where the values of φ and ϕ are determined by
the desired quantum gate. Then, we shift the learned phase
parameters by an appropriate angle:

θ ← θ +� (26)

with the shift angle � dependent on the desired quantum
gate as well. We emphasize that this phase shift manip-
ulation does not change the probability amplitude of the
matrix elements in Eq. (25); rather, it modifies only the
relative phase between different matrix elements. There-
fore, the final learned phase parameters for implementing
the general single-qubit gate in a robust manner become
θ +�. As an example, the learned phase parameters θ

adopted in Video 1 can also be used to implement the
Hadamard gate with a specific phase that can be properly
modulated by the phase shift �.

(ii) Evolution operator-based method. We directly solve
the Schrödinger equation for the evolution operator U(t) of
this system,

U̇(t) = −iH(t)U(t), (27)

where H(t) is the system Hamiltonian, and U(0) = I is
an identity operator at the initial time. The target quan-
tum gate U(φ,ϕ,�) can now be received via the evolution
operator after N pulses, i.e.,

U(NT) = U(φ,ϕ,�). (28)

In this situation, we adopt Eq. (10) to calculate the corre-
sponding gradients.

Suppose now that we intend to execute a Hadamard
gate:

H = 1√
2

[
1 1
1 −1

]
. (29)

To this end, we proceed to train the phase parameters θ by
minimizing the cost function given in Eq. (11). Figure 7
shows the variation of tomography results for the evolution
operator U(NT) at different iterations during the training
stage. We can see that the evolution operator of the system
gradually approaches the Hadamard gate as the number of
iterations increases, and eventually reaches the goal with
ultrahigh fidelity.

Different from the case of population inversion, the
robust performance of quantum gates is strongly corre-
lated with the sampling distribution here. In other words,
when training on the samples with different ranges, we
learn different phase parameters. These phase parame-
ters exhibit different robust performances for systematic
errors.

In Fig. 8, we plot the infidelity of the Hadamard gate
versus the pulse area error using various phase param-
eters that are learned from the training set drawn from
distinct sampling ranges. It is clearly shown that the
learned phase parameters manifest varying degrees of
robustness to the pulse area error under different sampling
distributions.

B. Multiple types of errors

When the system simultaneously exhibits different types
of errors (e.g., pulse area and detuning errors), it is also
convenient to employ this model to implement robust
quantum control. In such a situation, the sample space
becomes multidimensional, where each dimension rep-
resents a specific type of error. As a result, the train-
ing set can be represented as {εA

k , ε�k , . . . , F̂(εA
k , ε�k , . . .)},

where F̂(εA
k , ε�k , . . .) = 1, k = 1, . . . , K . In Fig. 9, we

plot the fidelity of population inversion as a function
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FIG. 7. Real and imaginary parts of the evolution operator U(NT) at different iterations during the training process. The objective is
to robustly implement the Hadamard gate given in Eq. (29); the learned parameters are given in Table I.

of the pulse area and detuning errors by training dif-
ferent numbers of phase parameters. The results demon-
strate that the training methodology is able to maintain
its efficacy even when confronted with multiple types of
errors.

C. Time-varying errors

In this section, we manage to train the phase parameters
when the errors are time dependent. It is worth mentioning
that one rarely obtains the exact Taylor series expres-
sion for time-varying errors by using traditional composite
pulse technologies [127], because the Hamiltonian gen-
erally cannot commute with itself at different times. The
popular method of tackling time-varying errors is to make
use of an appropriate unitary transformation to formally
divide the evolution operator of the system into error-free

FIG. 8. Robust performances for the phase parameters θ

learned from different ranges of the uniform distribution. The
objective is the same as in Fig. 7, and the learned parameters
are given in Table I.

and error terms, and then design related parameters to min-
imize the influence of the error term [128–134]. While this
method is effective, it is quite cumbersome.

Here we show that it is still feasible to use the super-
vised learning model to address the case of time-varying
errors. To this end, the training set needs to be modified

–0.5

0.0

–0.5
–0.5 0.0

–0.5 0.0

0.0

(a)

(b)

FIG. 9. Fidelity F(εA, ε�) of population inversion versus the
pulse area error εA and detuning error ε� for different pulse num-
bers: (a) N = 7, (b) N = 9. The learned parameters are given in
Table I.
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as {εt1
k , . . . , εtL

k , F̂(εt1
k , . . . , εtL

k )}, where F̂(εt1
k , . . . , εtL

k ) = 1,
and εt�

k denotes the error magnitude in the time interval
[t�, t�+1], � = 1, . . . , L, k = 1, . . . , K . Namely, the time-
dependent nature of errors is reflected in distinct dimen-
sions of the samples.

Unlike the case of time-independent errors, it is diffi-
cult to account for all time-varying errors in the testing
stage. To validate the phase parameters θ learned from
the training stage, we randomly draw enough testing sam-
ples from time-varying errors for different time intervals.
The fidelity of each testing sample is plotted in Fig. 10(a).
It is clearly shown that the learned phase parameters θ

perform very well in the vast majority of testing sam-
ples, where a total average fidelity of 99.55% is achieved.
Furthermore, we demonstrate in Fig. 10(b) how to success-
fully obtain robust population inversion when the pulse
area error suffers from time-dependent Gaussian noises.
For a comparison, Fig. 10(b) also shows the fidelity as a
function of the time-independent errors using the learned

–0.5 0.0

1.0

1.00(a)

(b)

FIG. 10. (a) Testing performance for the learned phase param-
eters θ , where the average fidelity of population inversion is
about 99.55% for 1000 testing samples. The time interval is
t�+1 − t� = T, with the other parameters given in Table I. (b)
Fidelity F(εA) of population inversion versus the pulse area
error εA, where the pulse area error suffers from time-dependent
Gaussian noises with expectation 0.1εA and variance 0.1εA.

phase parameters. We can observe that the robustness with
respect to time-independent errors is much better than that
of time-varying errors.

V. FURTHER EXTENSIONS

A. Training of detuning parameters

Up to now, we have regarded the phases as training
parameters in the supervised learning model. Actually,
the phases do not have unique specifications, and thus
other physical parameters (e.g., detunings or Rabi fre-
quencies) are also able to serve as training parameters
instead. In the following, we investigate the feasibility
of utilizing the detuning �n (n = 1, . . . , N ) of each pulse
as training parameters to implement robust quantum con-
trol. Undoubtedly, the training of Rabi frequencies can
be accomplished as well through a comparable procedure.
To simplify the notation, all detunings �n are collectively
represented by a vector �, i.e., � = (�1, . . . ,�N ).

–1.0 0.0 1.0–0.5

(a)

(b)

FIG. 11. (a) Cost function versus the number of iterations for
different numbers of detuning parameters. The sudden increase in
the cost function is due to the reinitialization of the large detun-
ing. (b) Infidelity 1− F(εA) of population inversion versus the
pulse area error εA by using distinct learned detuning parameters
� given in Table II.
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TABLE II. Learned detuning parameters � used in Fig. 11. We set the duration of each pulse to Tn = π/(2
√
�2

n +�2
n), adopt a

step size of 0.1, train 500 groups of samples with a sample size of K = 1000, and randomly select the initial values of the detuning
parameters � from the range [−3, 3].

Distribution N �1 �2 �3 �4 �5 �6 �7 �8 �9

U(0, 0.2) 5 −4.8860 0.2452 4.0916 −5.0015 −1.9768
U(0, 0.3) 7 −5.8333 −1.4134 0.4753 −2.6560 9.5803 7.9718 −2.7511
U(0, 0.4) 9 −9.2604 −3.2210 −9.8686 −1.7511 6.9721 7.0765 −1.0804 −0.2291 2.7464

Figure 11(a) shows the relationship between the cost
function and the number of iterations for different numbers
of detuning parameters in the training process, in order to
achieve robust population inversion. During the procedure,
the detuning�n is reinitialized if�n/�n > 10. The reason
for doing this is as follows. Physically, the pulse becomes
highly detuned and primarily influences the phase rather
than the probability amplitude of quantum states when �n
is excessively large. As a result, the highly detuned pulse
makes little contribution to population transfer, and thus
needs to be reinitialized.

An inspection of Fig. 11(a) reveals that the value of the
cost function for N = 9 is larger than that of other two
situations. This is because the sampling ranges of the uni-
form distribution are different for different pulse numbers.
As explained in Sec. III E, a large sampling range leads
to a large value of the cost function. Thus, what we care
about is not the value of the cost function, but its con-
vergence. When the cost function converges to a small
steady value, we can claim that a set of possible solu-
tions for the training parameters is obtained. It is clearly
found from Fig. 11(a) that the cost functions do gradu-
ally diminish with each subsequent iteration and finally
tend to extremely small values, verifying the validity of the
gradient descent algorithm and the success of the trainings.

We can also see in Fig. 11(b) that the detuning param-
eters � learned from the training stage perform particu-
larly well in terms of robustness against pulse area errors
around εA = 0. Furthermore, similar to the case of the
phase parameters, the system becomes more resilient to
the pulse area error when increasing the number of detun-
ing parameters, as illustrated by different robust widths in
Fig. 11(b).

B. Supervised learning in high-dimensional spaces

So far, the supervised learning model has mainly been
demonstrated to work well in the two-dimensional Hilbert
space. Indeed, this model can also be applied in higher-
dimensional Hilbert spaces. Next, we take four dimensions
as an illustrative example to briefly show how to perform
a high-fidelity two-qubit gate in error environments; the
treatment in higher dimensions is similar.

Assume that the Hamiltonian of a two-qubit system can
be written as

H(�a,�b) = �(1+ ε�)σ a
x σ

b
x +�aσ a

z +�bσ b
z , (30)

where � is the coupling strength between qubits a and
b, �a and �b are the corresponding detunings, and ε�
denotes a possible error in this system. The objective is
to implement a two-qubit gate UM = exp(−iπ/4σ a

x σ
b
x ),

which is actually equivalent to the controlled-NOT (CNOT)
gate after performing several single-qubit operations [135].

In the ideal case, i.e., ε� = 0, the target two-qubit
gate UM is readily attained by setting the operation time
T = π/(4�) and �a = �b = 0. When taking account of
the presence of error ε�, we obtain a faulty gate Uf

M =
exp[−iπ/4(1+ ε�)σ a

x σ
b
x ], which is highly sensitive to

ε� (see the dashed curves in Fig. 12). To improve the
robustness with respect to error ε�, we adopt a com-
posite pulse sequence and regard the detunings �a

n and
�b

n (n = 1, 2, . . . , N ) as training parameters, i.e., � =
(�a

1,�b
1, . . . ,�a

N ,�b
N ). As shown in Fig. 12, the infidelity

is extremely small around ε� = 0 according to the learned
detuning parameters, verifying that robust quantum con-
trol is also accessible in high-dimensional Hilbert spaces
by using this model.

0.0

FIG. 12. Infidelity 1− F(ε�) of the two-qubit gate UM versus
error ε�. Each solid profile is plotted according to the learned
detuning parameters � given in Table III, while the dashed curve
is plotted by setting T = π/(4�) and �a = �b = 0.
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TABLE III. Learned detuning parameters � for implementing the two-qubit gate UM in a robust manner. We set the duration of each
pulse to T = π/(4�), adopt a step size of 0.001, choose the pulse number as N = 9, train 1000 groups of samples with a sample size
of K = 3000, and randomly select the initial values of the detuning parameters � from the range [−1, 1].

Distribution �a
1 �a

2 �a
3 �a

4 �a
5 �a

6 �a
7 �a

8 �a
9

U(−0.15, 0) −0.8094 −0.3266 −0.4048 1.0508 1.1646 0.1250 0.1357 −1.5451 0.0231
U(−0.09, 0.06) 1.5060 −1.2594 −0.2565 0.6741 −1.6983 1.5649 0.4478 −0.9407 0.5922
U(0, 0.15) −0.3514 1.2741 −0.0107 1.7152 0.2579 −1.9542 −0.4414 −0.9180 0.4095

Distribution �b
1 �b

2 �b
3 �b

4 �b
5 �b

6 �b
7 �b

8 �b
9

U(−0.15, 0) 1.1007 −1.6323 0.5713 1.0148 −1.6145 1.6170 −0.8991 −0.5304 0.8847
U(−0.09, 0.06) −0.2990 −0.9496 −0.6132 0.9016 0.5801 0.5451 0.2672 −0.7618 −0.5137
U(0, 0.15) −1.4707 −0.8018 0.7620 −0.8676 1.6910 0.4098 −0.1400 1.2832 −1.0190

It should be noted that the dimension of the Hilbert
space grows exponentially as the number of qubits
increases. At this point, successfully training the param-
eters becomes progressively more difficult for multiple-
qubit systems, because the amount of computation will
explode. Fortunately, it has been shown that any multi-
qubit quantum gate may be constituted from CNOT and
single-qubit gates [1], and both types of logic gates can be
robustly trained via the current model. Therefore, it is pos-
sible to achieve any multiqubit quantum gate in a robust
manner using a universal gate set formed by high-fidelity
CNOT and single-qubit gates.

VI. CONCLUSION

In conclusion, we have proposed a supervised learn-
ing model used for implementing robust quantum control
in composite-pulse systems. We first constructed the cost
function for this model, and demonstrated how this model
works. By introducing two types of virtual variables, we
put forward a modified gradient descent algorithm to train
phase parameters. We found that the robustness depends
heavily on sampling methods. To be specific, the aver-
age infidelity tends to enlarge as the sampling range
increases, and different sampling distributions result in
different robust performances.

Afterwards, we characterized the generalization abil-
ity of this model. The results demonstrate that robust-
ness is not greatly improved when the sampling range is
too small, whereas robustness is poor once the sampling
range exceeds a certain threshold. In particular, there is
a corresponding strengthening of the generalization abil-
ity when increasing the model complexity (i.e., increasing
the pulse number). Therefore, for a given pulse number,
a suitable sampling range is conducive to maximizing the
generalization ability of the model.

Finally, we demonstrated a wide range of applications
for the current model, e.g., robust realization of arbitrary
superposition states as well as general single-qubit gates.
Specifically, the phase parameters learned from this model
perform very well in robustness with respect to various

systematic errors, such as single error, multiple errors, and
time-varying errors. It is particularly important that all
kinds of situations (including single, multiple, and time-
varying errors) can be well tackled in the same model, and
the only difference lies in the dimension of the samples.
To implement general single-qubit gates in a robust man-
ner, we proposed two different methods, the state-based
and evolution operator-based methods, to train the phase
parameters with the model’s robust property relying on the
sampling distribution. Moreover, this model can be applied
in higher-dimensional Hilbert spaces, and is suitable for
training any physical parameters to attain robust quantum
control. It is believed that this supervised learning model
provides a universal and high-efficiency plateau for real-
izing reliable quantum information processing in different
quantum systems.
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APPENDIX A: SEARCH FOR OPTIMAL
SOLUTIONS BY THE ESCAPING METHOD

In this appendix, we mainly demonstrate how to
search the optimal solutions by the escaping method, a
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synthesis of the modified GRAPE and simulated anneal-
ing [124,125]. First, we employ the modified GRAPE
algorithm for learning M groups of phase parameters θm as
a starting point, where m = 1, . . . , M . To escape the locally
optimal solution, we artificially add a random value to each
phase so as to generate new input variables. By making
use of the modified GRAPE algorithm again, we obtain the
new learned parameters θ ′m and the corresponding average
fidelity F̄ ′m(ε−, ε+), where the subscript m represents the
mth group of training sets. If F̄ ′m(ε−, ε+) ≤ F̄m(ε−, ε+) then
the new learned parameters θ ′m are not as good as the old
ones. However, we accept these new learned parameters
θ ′m with probability

pc = exp
[
− F̄m(ε−, ε+)− F̄ ′m(ε−, ε+)

Tj

]
, (A1)

where the sequence {Tj } (j = 1, . . . , J ) is monotoni-
cally decreasing, and Tj > 0 denotes the temperature in
simulated annealing [124,125]. On the other hand, if
F̄ ′m(ε−, ε+) > F̄m(ε−, ε+), it indicates that the solution has
jumped out of locally optimal regions, and thus we accept
the new ones. After updating each training group J times,
we next calculate the total average fidelity for all training
groups,

F̄tot = 1
M

M∑
m=1

F̄m(ε−, ε+). (A2)

Then, the learned parameters whose average fidelities are
lower than F̄tot are discarded. This iteration process con-
tinues until the threshold of the total average fidelity is
reached; see Algorithm 2 for details. At the end, the
optimal solutions for robust quantum control are left.

ALGORITHM 2. Escape-based GRAPE algorithm.

1. Use the modified GRAPE algorithm to learn M group
parameters θm and calculate the average fidelity
F̄m(ε−, ε+).

2. Add random values δθm
n to the phase parameters:

θm
n ← θm

n + δθm
n , the new input variables.

3. Reuse the modified GRAPE algorithm to learn new
parameters θ ′m and the average fidelity F̄ ′m(ε−, ε+).

4. If F̄m(ε−, ε+) < F̄ ′m(ε−, ε+) then θm ← θ ′m and
F̄m(ε−, ε+)← F̄ ′m(ε−, ε+). Otherwise, accept θ ′m with
probability pc in Eq. (A1).

5. Repeat steps 2 through 4 J times.
6. Calculate the total average fidelity F̄tot.
7. Discard learned parameters θm when F̄m(ε−, ε+) < F̄tot.
8. Go to step 2 until (max{F̄m(ε−, ε+)} − F̄tot) < ε.

APPENDIX B: COMMON SAMPLING
DISTRIBUTIONS

This appendix briefly introduces several common sam-
pling distributions.

(i) Uniform distribution U(ε−, ε+). The probability den-
sity function of the uniform distribution reads

ρu(ε) =
⎧⎨
⎩

1
ε+−ε− , ε ∈ [ε−, ε+],

0, otherwise,
(B1)

with sampling interval [ε−, ε+]. The expectation and vari-
ance are

E(ε) = ε++ε−
2

, D(ε) = (ε+−ε−)2
12

. (B2)

(ii) Gaussian distribution G(μ, ν). The probability density
function of the Gaussian distribution reads

ρg(ε) = 1√
2πν

exp
[
− (ε − μ)

2

2ν2

]
. (B3)

The expectation and variance are

E(ε) = μ, D(ε) = ν2. (B4)

(iii) Exponential distribution E(λ). The probability density
function of the exponential distribution reads

ρe(ε) =
⎧⎨
⎩

1
λ

exp
(
− ε
λ

)
, ε ≥ 0,

0, ε < 0,
(B5)

with rate parameter λ. The expectation and variance are

E(ε) = λ, D(ε) = λ2. (B6)

(iv) Beta distribution B(α,β). The probability density
function of the beta distribution reads

ρb(ε) = �(α + β)
�(α)�(β)

εα−1(1− ε)β−1, (B7)

where �(·) is the gamma function. The expectation and
variance are

E(ε) = α

α + β , D(ε) = αβ

(α + β)2(α + β + 1)
.

(B8)
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