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Enhanced-Fidelity Ultrafast Geometric Quantum Computation Using Strong
Classical Drives
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We propose a general approach to implement ultrafast nonadiabatic geometric single- and two-qubit
gates by employing counter-rotating effects. This protocol is compatible with most optimal control meth-
ods used in previous rotating-wave approximation (RWA) protocols; thus, it is as robust as (or even more
robust than) the RWA protocols. Using counter-rotating effects allows us to apply strong drives. There-
fore, we can improve the gate speed by 5–10 times compared to the RWA counterpart for implementing
high-fidelity (≥ 99.99%) gates. Such an ultrafast evolution (nanoseconds, even picoseconds) significantly
reduces the influence of decoherence (e.g., the qubit dissipation and dephasing). Moreover, because the
counter-rotating effects no longer induce a gate infidelity (in both the weak and strong driving regimes), we
can achieve a higher fidelity compared to the RWA protocols. Therefore, in the presence of decoherence,
one can implement ultrafast geometric quantum gates with ≥ 99% fidelities.

DOI: 10.1103/PhysRevApplied.18.064059

I. INTRODUCTION

Quantum computers promise to drastically outperform
classical computers on certain problems, such as fac-
toring, (approximate) optimization, boson sampling, or
unstructured database searching [1–7]. To realize a quan-
tum computer, one key ingredient is to realize high-
fidelity quantum gates, especially, single- and two-qubit
gates. This is because any unitary transformations, includ-
ing multiqubit gates, can be decomposed into a series
of single-qubit operations along with universal two-qubit
gates (see, e.g., Refs. [4,5,8–18]). However, gate infi-
delities, due to decoherence, impede the physical imple-
mentation of large-scale quantum computers [3]. Many
efforts have been made to solve the above problems.
Among them, quantum geometric gates [19–39], based on
Abelian [40] and non-Abelian [41,42] geometric phases,
have become promising because geometric phases are

*yehong.chen@riken.jp

determined by the global properties of the evolution paths
and are intrinsically noise resilient against certain types
of local noises. For instance, it has been demonstrated
[25,27,43] that geometric phases are robust against fluc-
tuations described as Ornstein-Uhlenbeck processes, i.e.,
stationary, Gaussian, and Markovian noises, which have a
Lorentzian spectrum.

However, a geometric gate is relatively slow because it
consumes extra resources to eliminate dynamical phases.
Noise may accumulate in a slow evolution, thus reduc-
ing the gate fidelity. Though some efforts have been made
[26,33,44–49], only little progress has been achieved in
speeding up the gates. In particular, working under the
rotating-wave approximation (RWA), it is challenging
to accelerate the gates using finite-interaction strengths,
which are much smaller than the qubit transition fre-
quency [39].

The above problem motivates us to employ counter-
rotating terms (which are usually neglected in many
previous protocols) for nonadiabatic geometric quantum
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computation (NGQC), so that one can apply strong
interactions to achieve ultrafast and high-fidelity compu-
tation [50–52].

In this paper, we propose a general approach for ultra-
fast NGQC using driven two-level systems. Using strong
drivings effectively shortens the gate time to nanoseconds
(even picoseconds), and, thus, significantly reduces the
influence of decoherence [53–59]. The effective Hamilto-
nian obtained by the Floquet theory [60,61] possesses a
RWA-like form. Thus it is compatible with most optimal
control methods [33,36–38,48,62–66], which have been
applied under the RWA, such as the recently developed
methods of super-robust geometric control [38] and doubly
geometric quantum control [37].

The proposed protocol can avoid the negative effects
caused by the counter-rotating (CR) interactions, includ-
ing the Bloch-Siegert (BS) shift, which may shift the
qubit transition frequency and induce additional systematic
noise in the system. Thus, this protocol can suppress sys-
tematic noise better than the usual RWA counterpart. We
also generalize the protocol to, e.g., two-qubit holonomic
gates, using strong qubit-qubit couplings. Therefore, this
protocol can be a possible replacement for conventional
RWA methods, and to improve the speed and fidelity of
the NGQC. Our approach is different from previous non-
RWA protocols, e.g., Refs. [50–52,67–69], which work for
specific targets.

II. EFFECTIVE HAMILTONIAN UNDER STRONG
DRIVES

We consider a two-level atom (with ground state |g〉
and excited state |e〉) driven by a two-tone drive with the
same frequency ω, different amplitudes �n(t), and phases
φn (n = 0, 1). The Hamiltonian reads (hereafter, � = 1)

H(t) = ωq

2
σz +

∑

n=0,1

�n(t) cos(ωt + φn)σx, (1)

where ση (η = x, y, z, +, −) are Pauli matrices. For weak
drivings (i.e., �n � ω,ωq), we can perform

HI = exp
(

i
2
ωtσz

) [
H(t)− ω

2
σz

]
exp

(
− i

2
ωtσz

)

=
∑

n

[
eiφn�n(t)

2
(
1 + e2iωt) σ− + h.c.

]
+ �q(t)

2
σz,

(2)

where �q = ωq − ω is the detuning. The fast-oscillating
term with exp(±2iωt) can be neglected under the RWA,
and the effective Hamiltonian becomes

HRWA(t) = �q(t)
2

σz +
∑

n

�n(t)
2

(
eiφnσ− + h.c.

)
. (3)

This Hamiltonian has been widely applied to holonomic
computation [39]. However, the condition �n � ω,ωq
limits the gate speed. When we choose a relatively strong
driving amplitude, e.g., �n ∼ 0.1ω, the neglected CR
effect (which includes the BS shift) can induce an infidelity
(see the black-dashed-dotted curve in Fig. 1). Here, the BS
shift calculated by the second-order process is

HBS = σz

∑

n

�2
n(t)

8ω
. (4)

Accordingly, the effective Hamiltonian becomes

HRWA-BS(t) = HRWA(t)+ HBS. (5)

For simplicity, the RWA-based protocol considering the
BS shift is denoted hereafter as the “RWA-BS” proto-
col. When this BS shift is considered, the phase mismatch
can be fixed (see the green-dotted curve in Fig. 1). How-
ever, the actual dynamics (red-solid curve) is still not in
good agreement with the effective dynamics (green-dotted
curve).

To implement NGQC with the CR terms, we trans-
form the Hamiltonian H(t) with a time-dependent
generator [60,61]

S(t) = exp
[

i
Z
2

sin(τ )σx

]
,

τ =ωt + φ0,
(6)

resulting in

H ′(t) = S(t)H(t)S†(t)− iS(t)Ṡ†(t)

= ωq

2
cos [Z sin(τ )] σz

+ ωq

2
sin [Z sin(τ )] σy

+
[
�0(t)− Z

2
(ω + φ̇0)

]
cos(τ )σx

− Ż
2

sin(τ )σx +�1(t) cos(ωt + φ1)σx,

with a real time-dependent parameter Z to be determined
below. The last-line expression in H ′(t) can be removed
by choosing �1 = Ż/2 and φ1 = φ0 − π/2. Then, using
the identity

exp [iZ sin(τ )] =
+∞∑

m=−∞
Jm(Z) exp(imτ), (7)

064059-2



ENHANCED-FIDELITY ULTRAFAST GEOMETRIC QUANTUM. . . PHYS. REV. APPLIED 18, 064059 (2022)

0 100 200 300 400 500
0.4

0.6

0.8

1.0

P
op

ul
at

io
n

of
|

Time (units of 1/ )

RWA-BS

RWA

440 450 460 470
0.4

0.6

0.8

1.0

10 20 30

0.5

0.6

0.7

0.8

Time (units of 1/ ) Time (units of 1/ )

0

0

0

P
op

ul
at

io
n

of
|

(a)

(b) (c)

FIG. 1. Population of the ground state |g〉 in the laboratory frame governed by the Hamiltonians under different approximation
protocols: H(t) in Eq. (1), HCHRW(t) in Eq. (12), HRWA(t) in Eq. (3), and HRWA-BS(t) in Eq. (4). We choose parameters �̃q = �q = 0.1ω,
�0 = 0.1ω, and �1 = 0. Note that each curve is calculated using the corresponding Hamiltonian after its transformation back to the
laboratory frame.

the Hamiltonian H ′(t) becomes

H ′(t) = H ′
0(t)+ H ′

1(t)+ H ′
2(t),

H ′
0(t) = ωq

2
J0(Z)σz,

H ′
1(t) = �̃0(t) cos(τ )σx + ωqJ1(Z) sin(τ )σy ,

H ′
2(t) = ωq

∞∑

m=1

J2m+1(Z) sin[(2m + 1)τ ]σy

+ ωq

∞∑

m=1

J2m(Z) cos(2mτ)σz, (8)

where Jm(Z) is the mth-order Bessel function of the first
kind and

�̃0(t) =
[
�0(t)− Z

2
(ω + φ̇0)

]
, (9)

is the effective driving amplitude. The Hamiltonian H ′
2(t)

includes all higher-order harmonic terms, which can be
neglected for Z ∈ [0, 1] [57]. Note that this transformation
is also valid for multilevel systems by defining a suitable
generator S(t) [53,56,59]. By assuming

�̃0(t) = ωqJ1(Z), (10)

the effective Hamiltonian for the system now reads

Heff(t) = H ′
0(t)+ H ′

1(t)

= ωq

2
J0(Z)σz + �̃0(t)

(
eiτ σ− + h.c.

)
, (11)

which possesses a RWA-like form. Because this Hamil-
tonian contains some counter-rotating terms, which are
neglected in the standard RWA protocols, we denote it
as a counter-rotating hybridized rotating wave (CHRW)
Hamiltonian [55,57]. By expanding exp[iωtσz/2], we
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obtain

HCHRW(t) =eiωtσz/2Heff(t)e−iωtσz/2

=�̃q(t)
2

σz + �̃0(t)
[
eiφ0σ− + h.c.

]
, (12)

which takes the same form as Eq. (3) assuming n = 0.
Here,

�̃q(t) = ωqJ0(Z)− ω, (13)

is the effective detuning, ωqJ0(Z) is the renormalized
transition frequency of the qubit, and �̃0(t) is the effec-
tive driving amplitude. The renormalized quantities in the
transformed Hamiltonian are directly induced by the CR
effects. As shown in Fig. 1, the dynamics of the CHRW
Hamiltonian HCHRW(t) (after its transformation back to the
laboratory frame) is mostly the same as that of the actual
Hamiltonian H(t).

According to Eqs. (8) and (10), the limitation on the
effective driving strength �̃0(t) is

�̃0(t) � Min
[

4J1(Z)mω
J2m(Z)

]
� 4ωJ1(1)

J2(1)
≈ 15ω, (14)

In contrast to Eq. (14), the limitation on the RWA proto-
col is

�0(t)
2

� 2ω. (15)

That is, the CHRW protocol can be approximately 7.5
times faster than the RWA protocol because the speed of
the protocol is inversely proportional to the effective driv-
ing strength (i.e., the left-hand sides of the inequalities).

To check the range of validity of the above approx-
imations, we define an initial-state-independent fidelity
[70,71]

F̄ = [
Tr(MM †)+ |Tr(M )|2] /(D2 + D),

where,

M = PcU†
eff(t)Uact(t)Pc, (16)

and Pc (D = 2) is the projector (dimension) of the qubit
subspace. The evolution operators Ueff(t) and Uact(t)
describe the effective and actual dynamical evolutions
governed by the approximate Hamiltonian [HRWA(t) or
HCHRW(t)] and the total Hamiltonian H(t), respectively.

Note that the CR effect always influences the system
dynamics. To show clearly such influences in a long-time
evolution, we define an average fidelity, F = 1/T

∫ T
0 dtF̄ ,

which averages the fidelities F̄ over time, where T is
the total evolution time. This average fidelity evaluates

1
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FIG. 2. Infidelities (1 − F) averaged over time of the CHRW,
RWA-BS, and RWA protocols for T = 100/�0 with Hamiltoni-
ans HCHRW(t) in Eq. (12), HRWA(t) in Eq. (3), and HRWA-BS(t)
in Eq. (4), respectively. We choose �0(t) = const, �q(t) =
�̃q(t) = 0.1ω, and φ0 = 0. For the RWA and RWA-BS pro-
tocols, we choose �1(t) = 0. Hereafter, all the yellow-shaded
areas in the figures correspond to high fidelities (� 99.99%); and
numerical results are calculated using the Hamiltonian H(t) in
Eq. (1).

well the error caused by the CR effect. Moreover, because
Uact(t) describes a set of universal quantum gates, F̄ is also
the average fidelity of this set of gates.

For F = 1, the effective dynamics is exactly the same as
the actual one. Using this definition, in Fig. 2, we show that
for �0(t) ∼ ω/2 (a strong driving), the CHRW protocol
(see the red-dotted curve) is valid to describe the system
dynamics, while the RWA (see the green-dashed curve) is
invalid even when the BS shift is considered (blue-solid
curve). Such a strong driving can significantly acceler-
ate the evolution, allowing ultrafast quantum computation.
Note that the BS shift obtained by the second-order pro-
cess is valid only for �0(t) � ω. For �0(t) > ω/2, it may
induce a greater infidelity [see the blue-solid curve in Fig.
1(a)] even compared to the RWA protocol.

III. IMPLEMENTING FAST NONADIABATIC
GEOMETRIC GATES

Obviously, HCHRW(t) in Eq. (12) has exactly the same
form as HRWA(t) in Eq. (3). Therefore, the proposed pro-
tocol is compatible with the majority of the pulse-design
methods [22,23,31,34,36–38], which have been applied for
geometric quantum computation under the RWA. For a
cyclic evolution, we can choose the gate time T = kπ/ω
(k = 1, 2, 3, . . .) and S(0) = S(T) = 1, so that the unitary
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transformations do not affect the geometric property of the
evolution [40–42].

According to the Lewis-Riesenfeld theory [72], the
evolution of the system governed by HCHRW(t) can be
described as [73–77] (see more details in Appendix A),

|φ+(t)〉 = eiR+(t) [ie−iα sin(β/2), cos (β/2)
]T , (17)

or its orthogonal counterpart

|φ−(t)〉 = eiR−(t) [cos(β/2), ieiα sin (β/2)
]T . (18)

Here, R±(t) are the Lewis-Riesenfeld phases, including
dynamical and geometric phases, α and β are auxiliary
parameters to be determined below, and the superscript “T”
is the transposition operator.

To eliminate the dynamical phase, we can choose the
parameters �̃q(t) = −α̇ sin2 β, and

�̃0(t) cosφ0 =1
4

[
α̇ sin(2β) sinα − 2β̇ cosα

]
,

�̃0(t) sinφ0 =1
4

[
α̇ sin(2β) cosα + 2β̇ sinα

]
,

(19)

resulting in

〈φ±(t)|HCHRW(t)|φ±(t)〉 = 0. (20)

Moreover, the equations of motion for the geometric
phases read

�̇±(t) = ±α̇ sin2 (β/2) . (21)

Hence, after a cyclic evolution, which is obtained by
choosing α(T) = α(0)± 2nαπ and β(T) = β(0)± 4nβπ
[nα(β) = 0, 1, 2, . . .], the evolution operator at the gate time
T becomes

Ueff(T) =
∑

k=±
exp [i�k(T)]|φk(0)〉〈φk(0)|, (22)

which is a universal single-qubit gate.
In this paper, we focus on how the CR effects can shorten

the gate time. Therefore, for simplicity, we choose time-
dependent parameters

α =α(0)+ π [1 − cos (π t/T)] ,

β =β(0)+
 sin2 (π t/T) ,
(23)

so that S(0) = S(T) = 1, where the parameter
 is numer-
ically obtained according to the geometric phases �±(T).
The parameters chosen for implementing some single-
qubit gates are listed in Table I. Thus, substituting Eq. (23)
into Eq. (19), we can numerically obtain the expressions

TABLE I. Parameters used for the examples implementing
single-qubit gates.

Gate α(0) β(0) �+(T) 


NOT π/2 π/2 π/2 0.8089
Hadamard π/2 π/4 π/2 0.3867
Phase π 0 0 π/2 1.4669

for Z and φ0, and, afterwards, the driving amplitudes�0(t)
and �1(t).

According to the fiber bundle theory, different frames
can have all well-defined geometric quantities [40–42].
Indeed, the geometric phases defined in different frames
satisfy the same property, which is essential to the
definition of geometric phases, i.e., they are invariant
under distinct connections and gauge potentials.

For instance, to implement the Hadamard gate using
the parameters listed in Table I, the numerical solutions
for Z and φ0 are shown in Fig. 3(a). Accordingly, we
show the driving amplitudes and detuning in Fig. 3(b).
For T = 5π/ω, the peak value of the driving amplitude
�0(t) is approximately 0.15ω. With such a strong driv-
ing, the RWA becomes invalid to obtain a high-fidelity
(F̄H � 99.99%) Hadamard gate [see the green-dashed and
blue-solid curves in Fig. 4]. Note that a functional quantum
gate should be very precise, typically with a relative error
� 10−4 [see the yellow-shaded area in Fig. 4] [78].

In contrast to this, the CHRW protocol can implement
high-fidelity quantum gates using strong drivings. As a
result, the gate time of the Hadamard gate can be short-
ened to T ∼ 5π/ω. Considering an implementation of the
CHRW protocol using natural or artificial atoms, the driv-
ing frequency is ω ∼ 2π × 5 GHz and the gate time is only
T ∼ 0.5 ns.

Note from Eqs. (19) and (23) that the effective driv-
ing amplitude �̃0(t) is inversely proportional to the gate
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FIG. 3. Implementations of the Hadamard gate using the
parameters in Table I. The parameters shown in (a),(b) are for the
CHRW protocol when T = 5π/ω. The driving amplitude �0(t)
is comparable to the qubit transition frequency ωq with these
parameters.
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FIG. 4. Comparisons of infidelities (1 − F̄H ) for the three pro-
tocols. For a fixed gate time T, the RWA protocol has the highest
infidelities, while the CHRW protocol has by far the lowest
infidelities. For the RWA and RWA-BS protocols, we choose
�1(t) = 0.

time T. Therefore, instead of discussing the driving ampli-
tude, analyzing the gate time can highlight the advantages
(e.g., speed) of the CHRW protocol. For implementing var-
ious quantum gates, the comparisons of the gate speeds
for the CHRW, RWA-BS, and RWA protocols are shown
in Table II. Generally, the shortest gate times to achieve
high-fidelity gates for the CHRW protocol are 5–10 times
shorter than those for the RWA protocol. The RWA-BS
protocol also can improve the gate speed by 3–4 times,
compared to the RWA protocol. These indicate that using
the CR effects can effectively improve the gate speed
for holonomic computation. For simplicity, the following
discussions focus on the Hadamard gate.

IV. ROBUSTNESS AGAINST PARAMETER
IMPERFECTIONS

Imperfections in the drives are a major source of
noise for the discussed system. The parameter X ∈[
�0,(1)(t),�q(t),φ0,(1), T

]
with these imperfections should

be corrected as X ′ = X (1 ± δX ), where δX denotes the

TABLE II. The shortest gate time T (in units of π/ω) required
to implement some high-fidelity (F̄ ≥ 99.99%) gates for different
protocols.

Protocol NOT Hadamard Phase π CNOT-like

CHRW ∼ 5 ∼ 6 ∼ 6 ∼ 5
RWA-BS ∼ 8 ∼ 10 ∼ 10 ∼ 8
RWA ∼ 34 ∼ 27 ∼ 48 ∼ 25
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FIG. 5. Gate infidelities (1 − F̄H ) of the CHRW, RWA-BS,
and RWA protocols for the Hadamard gate. (a) In the presence
of dynamical noise [i.e., δ�q(t) = δ�0(t) are constants]. (b) In
the presence of stochastic noise [i.e., |δ�q(t)|, |δ�0(t)| ≤ ε are
random numbers]. We choose the same gate time T = 16π/ω for
the three protocols, so that the driving amplitudes for different
protocols are similar to each others. Other parameters are listed
in Table I.

noise rates. For systematic noise, δX is a constant. For
simplicity, we consider that the noise rates for different
parameters are the same, i.e., δ�q(t) = δ�0(t). In the pres-
ence of systematic noise, the gate infidelities for the three
protocols are shown in Fig. 5(a), when choosing the same
gate time T = 16π/ω. As shown, for small noise rates, the
CHRW protocol can suppress systematic noise much bet-
ter than the RWA protocol; and better than the RWA-BS
protocol. Therefore, for small noise rates [e.g., δ�0(t) =
δδq(t) � ±0.01], it is still possible to implement quantum
gates with fidelities � 99.99%.

For stochastic noise, δX becomes a random number.
We can assume δX ∈ [−ε, ε] and numerically study its
influence, where ε denotes the peak noise rate. Same as
above, we now consider noise in �q(t) and �0(t), and
show the gate infidelites (1 − F̄H ) in Fig. 5(b). We find
that stochastic noise affects the protocols very weakly.
Such noise decreases the gate fidelities by approximately
10−4, approximately 10−5, and approximately 10−6 for the
RWA (green curve), RWA-BS (blue curve), and CHRW
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(red curve) protocols, respectively. This shows that all the
three protocols are robust against stochastic noise; and the
CHRW protocol can be more robust than the other two.

V. DECOHERENCE

Note that an ultrafast evolution can significantly reduce
the decoherence of a qubit. In the presence of decoherence
[79,80], the system dynamics is described by the master
equation

ρ̇ = −i[H(t), ρ] + γD[σ−]ρ + γφD[σz]ρ, (24)

where

D[o]ρ = oρo† − 1
2

(
o†oρ + ρo†o

)
(25)

is the standard Lindblad superoperator and γ (γφ) is the
spontaneous emission (dephasing) rate. The fidelity of an
output state |φout〉 is defined as Fout = 〈ψout|ρ(T)|ψout〉.
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FIG. 6. Gate infidelities: (a) 1 − F̄H (Hadamard gate) and (b)
1 − F̄CNOT (CNOT-like gate), averaged over 10 000 input states)
of the CHRW, RWA-BS, and RWA protocols in the presence of
decoherence. We choose the frequency ω = 2π × 5 GHz. Other
parameters are listed in Tables I and II.

Thus, we redefine the gate fidelity F̄ as the average value
of Fout over many possible input states.

We can choose the driving frequency ω = 5 GHz. In
the presence of decoherence, comparisons of gate fideli-
ties (averaged over 10 000 input states) among the three
protocols are shown in Fig. 6(a). These input states are
uniformly distributed over the Bloch sphere, which are
defined as

|ψ〉in = cos θin|g〉 + sin θineiϕin |e〉, (26)

where θin ∈ [0, 2π ] and ϕin ∈ [0, 2π ] are two parameters
determining the input state. For simplicity, we choose θin
and ϕin as arithmetic progressions in the range [0, 2π ]
and obtain the 10 000 input states. The comparison indi-
cates that the CHRW approach can achieve much higher
gate fidelities than the RWA-BS and the RWA proto-
cols. Also, the RWA-BS protocol has higher fidelities than
the RWA one. Moreover, for γ = γφ = 2π × 0.025 MHz
(which has been realized using superconducting qubits
[5,15,17,18,81,82]), the CHRW protocol can reach the
threshold of 10−4 required for quantum error correction
[83,84]. This is difficult for the RWA protocol to match
because reaching a higher fidelity requires a longer gate
time (see Fig. 4), which, however, increases the influence
of decoherence. This is one reason why it is still difficult to
experimentally realize a single-qubit geometric gate with
fidelity > 99.9% based on the RWA protocols [35,85,86]
(the coherence times of some superconducting qubits are
now reaching 1 ms, as shown in Table III).

VI. TWO-QUBIT GATES

Two-qubit gates can be implemented with the evolution
operator

Ũeff(t) = 1
2

(
1a + σ a

z

) ⊗ 1 + 1
2

(
1a − σ a

z

) ⊗ Ueff(t),

(27)

where 1 is the unit operator and the superscript a denotes
the additional qubit. The parameters used for the single-
qubit gates can be directly applied to the two-qubit gates.
Hence, when Ueff(T) = iσx, Ũeff(T) corresponds to a CNOT-
like gate. Based on the evolution operator Ũeff(t), we can
reversely deduce the corresponding effective Hamiltonian
as

H̃eff(t) = i ˙̃Ueff(t)Ũ
†
eff(t) = 1

2
(
1a − σ a

z

) ⊗ Heff(t). (28)

This effective Hamiltonian is an approximation of the
reference Hamiltonian

H̃(t) = 1
2

(
1a − σ a

z

) ⊗ H(t), (29)

which includes a dipole-dipole interaction σ a
z ⊗ σz [87–

89] and a tunable longitudinal coupling σ a
z ⊗ σx [90–95].
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TABLE III. Fidelities of geometric quantum gates using superconducting qubits. Coherence properties: energy relaxation time (T1 =
1/γ ) and dephasing time T∗

2 = 1/γφ . In our protocol, we calculate the gate fidelity by averaging over 10 000 input states, which are
uniformly distributed over the Bloch sphere.

Year & Ref. Gate type
ωq/2π
(GHz)

γ /2π
(kHz)

γφ/2π
(kHz) T1 (μs) T∗

2 (μs)
Gate

time (ns)
Fidelity

(%)

2020 [35] Single-qubit rotation gates ∼ 4.61 ∼ 10 ∼ 16 ∼ 16 ∼ 10 80 ∼ 99.77
Two-qubit rotation gates 112.8 ∼ 97.70

2021 [85] Single-qubit rotation gates ∼ 5.62 ∼ 15 ∼ 29 ∼ 10.5 ∼ 5.5 100 ∼ 99.50
2021 [86] Controlled-NOT gate ∼ 5.58 ∼ 12 ∼ 13 ∼ 2.1 ∼ 73 205 ∼ 90.50
Our protocol Single- and two-qubit gates ∼ 5 ∼ 25 ∼ 25 ∼ 6.4 ∼ 6.4 0.5 � 99.99

For the CNOT-like gate, the gate time to achieve a fidelity
≥ 99.99% is similar to that of the NOT gate, i.e., T ∼ 5π/ω
for the CHRW protocol (see Table II). In the presence
of decoherence, we assume that the two qubits have the
same dissipation rates and show the gate fidelities in Fig.
6(b). As shown, the CHRW and the RWA-BS protocols
have higher fidelities than those for the RWA protocol,
indicating that employing CR effects can enhance the gate
fidelities.

VII. DISCUSSIONS

The model discussed here is generic, so that the pro-
posed proposal can be realized in a wide range of physical
systems. One of the most promising devices to real-
ize the CHRW protocol can be superconducting circuits
[5,15,81,96–101], which have achieved strong interac-
tions [15,100–102]. The needed time-dependent detuning
or, equivalently, the time-dependent qubit transition fre-
quency ωq can be controlled in general, e.g., by Stark
shifts. The CHRW protocol has a higher speed and a

2 (units of )
0 10 20
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10
–3

10
–4
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Hadamard

In
fid

el
iti
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FIG. 7. Gate infidelities (1 − F̄) of the CHRW protocol when
the second-excited level (of frequency ω2) of the atom is consid-
ered. Parameters for the plot are listed in Tables I and II.

higher fidelity than those of the RWA-BS protocol, because
the effective Hamiltonian includes high-order terms in the
BS shift obtained by the Floquet theory [57,60,61]. As a
result, even in the weak-driving regime, i.e., �n(t) � ω,
the CHRW protocol can achieve a higher fidelity than that
for the RWA and RWA-BS protocols, as shown in Fig. 4.
Note that to avoid the possible excitations to higher-energy
levels, a system with strong anharmonicity should be used.
Figure 7 shows the gate infidelities versus the frequency
of the second-excited level of the atom. We can see that
to achieve ultrafast quantum geometric gates using our
CHRW protocol, a strong anharmonicity

ω2 − ωq � 10ω, (30)

is needed, where ω2 is the frequency of the second-excited
level of the atom. In general, such a strong anharmonicity
is possible using fluxonium and charge qubits [15,99–106].

VIII. POSSIBLE IMPLEMENTATION WITH
SUPERCONDUCTING CIRCUITS

We now present a possible implementation with super-
conducting circuits for single-qubit gates. We consider a
qubit circuit (see Fig. 8) formed by a capacitor C, an induc-
tor L, and a Josephson junction with Josephson energy EJ .
The qubit is controlled by an external current Iout(t), which
couples to the dimensionless flux variable � through a
mutual inductance M . The system Hamiltonian is

HSC =H0 + HD,

H0 =4ECQ2 + EL

2
�2 − EJ cos

(
�+ �e

�0

)
,

HD =MIout(t)�0

L
�,

(31)

where Q is the dimensionless charge operator, � is the
dimensionless flux operator, �0 = �/(2e) is the reduced
flux quantum, and M is the mutual inductance. Other
parameters are EC = e2/(2C) and EL = �2

0/L. Here, Q
and � satisfy the commutation relations [�, Q] = i. When
�e/�0 = π and EL < EJ , the anharmonicity of the Hamil-
tonian H0 is positive and can be adjusted to a large value
[104,107].
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Φ
out ( )

FIG. 8. Circuit of a fluxonium qubit, which is formed by
a capacitor C, an inductor L, and a Josephson junction with
Josephson energy EJ . The qubit is controlled by an external cur-
rent Iout(t), which couples to the dimensionless flux variable �
through a mutual inductance M .

According to the experiment in Ref. [104], we can
choose EJ /(2π) = 5 GHz, EC/(2π) = 0.8 GHz, and
EL/(2π) = 1.1 GHz, resulting inω01/(2π) = 0.3 GHz and
ω12/(2π) = 3.5 GHz, where ω01 (ω12) is the level tran-
sition frequency of the first (second) and second (third)
eigenstates of H0. The spontaneous emission and dephas-
ing rates are γ = 2π × 0.6 kHz and γφ = 2π × 1.1 kHz
[104], respectively. Then, by accordingly choosing the
parameters for the driving Hamiltonian HD(t), we can
obtain the total Hamiltonian in Eq. (1), and thus, to realize
our protocol.

IX. CONCLUSIONS AND OUTLOOK

We show that employing CR effects (using the CHRW
and the RWA-BS protocols) can effectively improve the
speed and fidelity of geometric quantum computation.
When CR effects are considered in implementing single-
and two-qubit gates, it is allowed to apply strong driving
fields with amplitudes, which are comparable to the atomic
transition frequencies. This significantly improves the gate
speed, and, thus, reducing the influence of decoherence.
Moreover, because the CR effects (e.g., the BS shift) are
not neglected, we can avoid the additional dynamical noise
induced by such an effect and further improve the gate
fidelity. No specific design for the driving fields is required
in the proposed protocol, and, thus, the protocol is com-
patible with most optimal control experimental methods
used in previous works. The proposed protocol also can
be generalized to multiqubit systems using strong cou-
plings. Another application of the proposed protocol can
be to multilevel (qudit) systems, such as a 
-type sys-
tem [33,48,64,65], which are compatible with other control
methods to improve the speed and fidelity of quantum
computation. All these advantages make our protocol pos-
sible to accelerate the previous RWA-based geometric and

holonomic quantum computation, so as to improve the
fidelity of the computation.
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APPENDIX A: INVARIANT-BASED
ENGINEERING

For an arbitrary Hamiltonian H(t), we can find a dynam-
ical invariant I(t) satisfying

i
∂I(t)
∂t

− [H(t), I(t)] = 0, (A1)

so that the expectation values of I(t) remain constant.
According to the Lewis-Risenfeld theory [72], the solution
of the Schrödinger equation

i
∂

∂t
|ψ(t)〉 = H(t)|ψ(t)〉, (A2)

can be expressed as a superposition of the eigenstates of
the invariant I(t) as

|ψ(t)〉 =
∑

n

cn exp [iRn(t)] |In(t)〉, (A3)
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where cn are time-independent amplitudes, |In〉 are the
eigenstates of I(t), and Rn(t) are the Lewis-Risenfeld
phases:

Rn(t) =
∫ t

0

〈
In(t′)

∣∣∣∣
∂

∂t′
− H(t′)

∣∣∣∣In(t′)
〉

dt′. (A4)

For the effective two-level Hamiltonians in Eqs. (3) and
(23), the invariant I(t) is found to be

I(t) = �0

[ − cosβ i sinβ exp(−iα)
−i sinβ exp(iα) cosβ

]
,

(A5)

where �0 is a constant to keep I(t) with dimensions of
frequency. The eigenstates of I(t) are

|I+(t)〉 =
⎡

⎣ i sin
(
β

2

)
exp(−iα)

cos
(
β

2

)

⎤

⎦ ,

|I−(t)〉 =
⎡

⎣ cos
(
β

2

)

i sin
(
β

2

)
exp(iα)

⎤

⎦ .

(A6)

Thus, we obtain the evolution paths in Eqs. (17) and (18),
which are

|φ±(t)〉 = exp[iR±(t)]|I±(t)〉. (A7)

The relationships of the parameters can be obtained by sub-
stituting Eqs. (3), (23), and (A5) into Eq. (A1). Thus, we
obtain Eqs. (17)–(19).
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