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We investigate a hybrid quantum system where an ensemble of nitrogen-vacancy (NV) centers in
diamond is interfaced with a piezomagnetic superlattice that supports surface-phonon polaritons (SPHPs).
We show that the strong magnetic coupling between the collective spin waves in the NV spin ensemble
and the quantized SPHPs can be realized, due to the subwavelength nature of the SPHPs and relatively
long spin-coherence times. The magnon-polariton coupling allows diﬀerent modes of the SPHPs to be
mapped and orthogonally stored in diﬀerent spatial modes of excitation in the solid medium. Because of
its easy implementation and high tunability, the proposed hybrid structure with NV spins and piezoactive
superlattices could be used for quantum memory and quantum computation.
DOI: 10.1103/PhysRevApplied.10.024011

I. INTRODUCTION
Electron spins in solids are promising candidates for
quantum memory and quantum computation because of
their long coherence time and perfect compatibility with
other solid-state setups [1–9]. In hybrid quantum systems,
coherent coupling between ensembles of nitrogen-vacancy
(NV) centers in diamond and superconducting quantum
circuits has been demonstrated [10–14]. To further explore
the potential of spin ensembles, spatial modes of collective
spin excitations can be used to encode a register of qubits
[15–17], which allows the implementation of holographic
quantum computing [18]. However, for superconducting
quantum circuits, due to the long wavelength nature of
microwave ﬁelds, they can only directly couple to collective spin excitations with a vanishing phase variation. This
directly limits the ability to process quantum information
in a spin ensemble via microwave photons. To make the
best use of holographic techniques in spin ensembles, it
is very appealing to coherently couple single microwave
photons with collective spin-wave excitations. This is quite
challenging in current experiments involving superconducting cavities, since the free wavelength of microwave
photons is always much larger than the dimensions of
spin ensembles. Here, we propose a protocol for this problem by coupling an ensemble of NV spins in diamond
to surface-phonon polaritons (SPHPs) in piezomagnetic
superlattices.
*
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SPHPs are electromagnetic surface modes resulting
from the coupling between crystal vibrations and electromagnetic ﬁelds [19–23]. Analogous to surface-plasmon
polaritons [24–35], SPHPs tightly bound to the surface
of a dielectric material often have a subwavelength conﬁnement [36–38]. A piezoactive superlattice is a type of
ordered microstructure, where the piezoelectric or piezomagnetic coeﬃcient is periodically modulated [39–43].
SPHPs in piezoactive superlattices can be tailored with
engineered frequencies and bandwidths via a suitable
design of the superlattice [43,44]. This opens the possibility for generating SPHPs of microwave frequencies that
can interact with ensembles of NV spins.
We show that there indeed exist SPHPs conﬁned near
the surface of a piezomagnetic superlattice formed by
alternating layers of piezomagnetic materials. Then we
provide a full quantum theory to describe the magnetic coupling between the collective spin-wave excitations of the NV spin ensemble and the quantized SPHP
modes in the piezomagnetic superlattice. When taking
into account the dissipations of SPHPs and NV centers,
coherent couplings can dominate the interactions and the
strong coupling regime can be realized. The achieved
coupling strength can be the same order of magnitude
as that associated with superconducting quantum circuits
[10–14]. Unlike earlier work employing superconducting qubits or resonators, this hybrid structure exploits the
magnon-SPHP coupling, and takes advantage of the subwavelength nature of SPHPs and the excellent tunability
and scalability of piezoactive superlattices [39–43]. This
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FIG. 1. (a) Schematic of an ensemble of NV centers in a
diamond crystal located on the surface of a piezomagnetic superlattice with a period L = 2d, and dimensions 50 × 2 × 0.5 mm3 .
The surface lies in the x-y plane, while the SPHPs propagate
along the x direction, where x, y, and z are the principle axes of
the piezomagnetic crystal. Because a uniaxial material is used,
we assume that the z axis is the optical axis, which deﬁnes
μ(x) = μ(y) = μ⊥ , and μ(z) = μ . (b) Schematic of a NV center with its vacancy (V) and nitrogen atom (N), as well as three
neighboring carbon atoms (left); energy level diagram of the NV
center (right).

strong, and tunable magnon-polariton coupling allows the
implementation of holographic techniques with this hybrid
structure [15–17]. The combined NV spin and piezomagnetic superlattice approach opens routes for constructing
hybrid quantum devices [45–54] with solid-state artiﬁcial structures, and could have wide applications in a
range of ﬁelds: from nanophotonics [55–59] to quantuminformation processing [60–63].
II. SETUP
As sketched in Fig. 1(a), an ensemble of NV centers
in a diamond crystal is positioned above the surface of
a semi-inﬁnite periodic structure composed of alternating
layers of piezomagnetic materials such as Terfenol-D or
CoFe2 O4 . This kind of periodic artiﬁcial structure, with
the piezomagnetic coeﬃcient being periodically modulated, forms the so-called piezomagnetic superlattice [42].
In this setup, a negative permeability can be realized, and
a type of phonon polariton typically bound to the interface
between the surrounding medium and the piezomagnetic
material can be created [64]. A semi-inﬁnite gold (Au) ﬁlm
is deposited on top of the superlattice, which is used as a
broadband antenna for converting the incident microwave
ﬁeld into strongly conﬁned near ﬁelds at the gold edge
[36,65].
We consider a piezomagnetic superlattice formed by
Terfenol-D with a period of 1 μm. Figures 2(a) and 2(b)
display the calculated eﬀective permeability μ⊥ and μ ,
respectively, of the piezomagnetic superlattice [64]. As
seen, for frequencies ω⊥L < ω < ω⊥o , the eﬀective permeability μ⊥ is negative, while μ is positive. The permeability tensor is invariant with respect to rotations about
the z axis. If we then consider the frequency of a surface polariton of propagation vector kp , the presence of
the rotational symmetry of the permeability tensor means
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FIG. 2. (a),(b) Calculated eﬀective permeability in the piezomagnetic superlattice formed by Terfenol-D with a period of
1 μm. (c),(d) Dispersion relation of SPHPs on a plane interface
between vacuum and the piezomagnetic superlattice.

that the frequency must be independent of the orientation of the in-plane wavevector kp relative to the x and
y axes [20,23]. Therefore, the surface-polariton dispersion
relation is independent of the direction of kp .
To derive the form of the dispersion relation, with no
loss of generality, we may assume that the propagation
vector kp lies along the x direction [20,23]. Figures 2(c)
and 2(d) show the dispersion relation for SPHPs propagating along the interface between vacuum and the piezomagnetic superlattice [64]. We ﬁnd that, in the spectral gap, the
in-plane wavevector is purely real, while the wave vector
normal to the surface is purely imaginary [66,67]. Thus,
the ﬁelds remain localized and only propagate along the
interface. Based on the results in Fig. 2(d), we estimate
that the wavelength for the SPHP of frequency ω ∼ 2π ×
3.4 GHz is about λp ∼ 6 mm, which is about one order
smaller than the free-space wavelength (λ0 ∼ 9 cm) or that
of microwave photons in a superconducting cavity. In this
case, the eﬀective volume of the electromagnetic ﬁelds can
be signiﬁcantly reduced near the SPHP resonance, which
leads to a strong ﬁeld enhancement.
We assume the SPHPs propagate along the x direction
with the surface normal along the z axis. The SPHPs can
be approximated as TE ﬁelds with the magnetic ﬁeld in the
x-z plane. In this case, the quantized magnetic ﬁeld of the
SPHP with mode k becomes [64]

 k =
B

 0
ω(k)μ

bk (z)âk eikp x−iω(k)t + H.c.,
2S

(1)

 is the frequency, S is the quantization area, and
where ω(k)
 The polarization
âk is the destruction operator for mode k.
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vector bk (z) is given by [64]


 −Im(kz )z ex − kp ez .
b (z) = L−1/2 (k)e
k
kz

(2)

 is the eﬀective length of the mode, which
Here L(k)
depends on the geometry and magnetic response of the
superlattice, and ex and ez are the unit vectors in the x and
z directions.
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with a ﬁxed quantization axis pointing along one of the
four possible crystallographic directions. If the orientations
are equally distributed among the four possibilities, and the
external ﬁeld is homogeneous, then a quarter of the NV
spins can be made resonant with the SPHP mode. In such
a case, we have the following Hamiltonian for N NV spins
in the resonant subensemble interacting with the quantized

surface mode k:

ĤkN =

i=1

III. COUPLING SPHP MODES TO SPIN WAVES
We now proceed to consider the coupling between NV
spins and SPHPs. NV centers in diamond consist of a substitutional nitrogen atom and an adjacent vacancy, which
have a spin S = 1 ground state, with zero-ﬁeld splitting
D = 2π × 2.87 GHz, between the |ms = ±1 and |ms =
0 states. For moderate applied magnetic ﬁelds (Bz about
several millitesla, and compatible with the SPHP modes),
which cause Zeeman shifts of the states |ms = ±1, one of
the spin transitions of the NV center can be tuned into resonance with the SPHP mode. This allows us to isolate a
two-level subsystem comprising |ms = 0 and |ms = +1,
as shown in Fig. 1(b).
The interaction of a single NV center located at r0 with
the total magnetic ﬁeld can be written as
ˆ
 k (r0 ) · S,
ĤNV = DŜ 2z + μB gs Bz Ŝ z + μB gs B

(3)

with gs = 2 the Landé factor of the NV center, μB the
Bohr magneton, and Sˆ the spin operator of the NV cen  /2, with
ter. Under the condition |/2 + D − ω(k)|
 = 2μB gs Bz /, we can neglect the state |ms = −1, due
to the external ﬁeld moving it far out of resonance. Then
we can derive the following Hamiltonian that describes the
interaction between a single NV spin and a SPHP mode
k [64]:
1
 † â
Ĥk = ω0 σ̂z + ω(k)â
k k
2
 z0 )
gμ (k,
+
σ̂+ âk eikp x0 + H.c.,
√
S

(4)

with σ̂z = |+1 +1| − |0 0|, σ̂+ = |+1 0|, ω0 = D +
μB gs Bz , and
 z0 ) =
gμ (k,

μB gs
2



 0
ω(k)μ
e−Im(kz )z0 .

L(k)

N

1

2

 † â
ωi σ̂zi + ω(k)â
k k

N

 zi )
gμ (k,
+
(σ̂+i âk eikp xi + H.c.),
√
S
i=1

(6)

where ωi = ω0 + δi , and δi are random oﬀsets accounting
for the inhomogeneous broadening of the spin ensemble.
These inhomogeneous broadening terms are usually on the
order of megahertzs, whose eﬀect can be described by spin
dephasing.
To further simplify the model, we introduce the collective operators for the spin-wave modes in the NV
ensemble
†
Ŝk

=√

1

N gμN (k)

N


 zi )σ̂+i eikp xi ,
gμ (k,

(7)

i=1


N
2
 =

with gμN (k)
i=1 |gμ (k, zi )| /N . These spin-wave
modes are orthogonal if the size of the diamond is
much larger than the wavelength of the SPHP modes,
and the separation between the NV spins is smaller
than the SPHP wavelength. We consider the commutator
†
[Ŝki , Ŝk ] ≡ D(kj − ki ) in the fully polarized limit. We ﬁnd
j

that


1 l/2 −i(kp,i −kp,j )x


D(kj − ki ) ∼
e
dx,
(8)
N −l/2
with l the extent of the sample along the x direction.
When k = kp,i − kp,j = 2π/l, the mode overlap D(kj −
ki ) = 0, which means the spin-wave modes in the strongly
polarized limit are orthogonal.
Then we have the following eﬀective interaction Hamiltonian between the SPHP mode âk and the spin wave
Ŝk :
 Ŝ † â + H.c.).
ĤI = GNμ (k)(
(9)
k

k k

Here the collective coupling strength is given by
(5)

We now consider the coupling between the NV spin
ensemble and the SPHP modes. As depicted in Fig. 1(a),
an ensemble of NV centers is doped into a diamond crystal
of thickness h, and located at positions ri , each of which
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 = gμN (k)
 N = 1
 zi )|2
GNμ (k)
|gμ (k,
S
S i=1

 h
1
 z)|2 dz,
=
n
|gμ (k,
2
0
N

(10)

P.-B. LI AND F. NORI

PHYS. REV. APPLIED 10, 024011 (2018)

where we assume a continuum of layers in the z direction
with a thickness h, and a volume density of NV spins
n = 4N /(Sh). Obviously, the eﬀective coupling strength
between the NV spins and √
the quantized surface ﬁeld
is enhanced by a factor of n. According to Eq. (9),
the SPHP mode and the spin-wave mode behave as two
 This
coupled oscillators with a coupling strength GNμ (k).
allows any states of the two systems to be interchangeably
mapped between them.
It is very useful to compare the coupling between NV
spins and SPHPs with that between spin ensembles and
other setups [10–12,14]. In this hybrid system, the surfacepolariton modes are coupled to collective electron-spinwave excitations in the spin ensemble, in direct contrast
with other setups involving superconducting qubits or resonators [10–12,14]. For the latter, only the collective spin
excitations with a vanishing phase variation are employed,
because of the long wavelength nature of microwave ﬁelds.
However, in our proposed device, even though it works in
the microwave range, the spatial modes of spin excitations
must be considered, due to the subwavelength nature of the
SPHPs. This will be very useful for holographic quantum
computation with spin ensembles, which employs collective spin-wave excitations to encode a register of qubits
[15–18].
In Fig. 3, we plot the calculated single-spin coupling
 z) and the collective coupling GNμ (k)
 as a
constant gμ (k,
function of the frequency within the negative gap. From
Fig. 3(a), we ﬁnd that obviously gμ varies with the distance
z and decreases as z increases, which indicates that the
SPHP modes decay exponentially along the direction normal to the interface. Figure 3(b) shows that the collective
 depends strongly on the thickness
coupling strength GNμ (k)
h but tends to saturate for thick enough crystals. When
ω ∼ 2π × 3.4 GHz, the collective coupling strength can
reach 2π × 9 MHz. This coupling strength is comparable

 z) of a single NV spin
FIG. 3. (a) Coupling constant gμ (k,
for diﬀerent positions z interacting with a SPHP mode with the
 of a NV
 (b) Collective coupling constant GNμ (k)
wavevector k.
center ensemble in a diamond crystal with dimensions 20 × 2 ×
h mm3 and a density of n ∼ 2 × 106 μm−3 (about 6 ppm) [10,12]
for diﬀerent values of thickness h. Other parameters are chosen
as those in Fig. 2.

to that of a NV spin ensemble coupled to a superconducting
ﬂux qubit [11,14] or a coplanar waveguide cavity
[10,12].
In actual crystals, due to scattering, absorption, and
other process, the decay of the SPHP mode (κSPHP ) should
be taken into consideration [64]. It has been shown [20]
that the decay of the SPHP mode is frequency dependent, and near the SPHP resonance frequency, the SPHP
decay is approximately equal to the damping constant of
the crystal. For piezomagnetic crystals like Terfenol-D or
CoFe2 O4 , the damping constant can be approximated as
∼ 0.001ω0 [41], with ω0 the resonance frequency for
the SPHP mode. In this case, we can estimate the decay
of the SPHP mode as κSPHP ∼ 2π × 3.4 MHz. To further increase the Q factor of the surface modes so that
the strong-coupling regime can be entered more easily,
two main strategies can be pursued. The ﬁrst concentrates on reducing the damping of the material. The second
exploits cavities incorporated into superlattice structures
[57,58,61], which can combine the beneﬁts of a high Q
factor and small mode volume.
For NV spins, the T2 time for a spin ensemble may be
reduced to T2∗ because of interactions with nearby lattice
nuclei and paramagnetic impurities [64]. The hyperﬁne
interaction with lattice 13 C will be detrimental to the electron spin coherence, but this can be overcome when using
isotopically puriﬁed 12 C diamond. For 14 N nuclear spin,
due to its long relaxation time, the nuclear spin does not
lead to decoherence but can actually be used as a resource
for quantum memory. Recent experiments demonstrate
that the dephasing time for a NV spin ensemble is still
in the microsecond range, with γs ∼ 2π × 3 MHz [10]. If
other methods, such as the spin-echo techniques, are used
[68], then the spin-dephasing time will be extended from
T2∗ to T2 , which is close to the intrinsic spin-coherence time
(on the order of kilohertz).
A useful measure of the coupling eﬃciency is the
cooperativity C = (GNμ )2 /(γs κSPHP ). The strong coupling
regime can be reached if the collective coupling strength
 exceeds both the electronic spin-dephasing rate γs
GNμ (k)
and the intrinsic damping rate of the SPHP mode κSPHP ,
 > {γs , κSPHP }, i.e., C > 1. Figure 4(a) shows the
GNμ (k)
cooperativity decreasing as the superlattice period L =
2d increases. In our hybrid magnon-polariton system, we
choose L = 2d = 1 μm, and obtain C ∼ 90 with a moderate spin-dephasing rate. Moreover, in Fig. 4(b), we plot
the eigenfrequencies ω± of the coupled magnon-polariton
system as the spin-transition frequency is varied through
resonance with the SPHP mode by changing the Zeeman
splitting. The avoided crossing with a clear splitting shows
that the magnon mode strongly couples to the SPHP mode.
We now consider the preparation and detection of the
relevant states of the hybrid system. NV centers can be
prepared in their ground spin state |ms = 0 by using
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the collective spin-wave modes Ŝk1 and Ŝk2 , through the
−iĤI T

/

swap gate Ûsw = e k π/2 , with Tπ/2 = π/(2GNμ ). In
principle, the above procedure can apply to the general
multimode storage case.
V. CONCLUSIONS

FIG. 4. (a) Cooperativity C as a function of the superlattice
period L = 2d. Here κSPHP ∼ 0.001ω⊥L , and h = 1 mm. Other
parameters are chosen the same as those in Fig. 3. (b) Eigenfrequencies of the coupled magnon-polariton system. Here GNμ =
2π × 9 MHz, γs ∼ 0.2 GNμ , and κSPHP ∼ 0.3 GNμ .

the spin-selective optical-pumping method [17]. As for
SPHPs, it is possible to excite a SPHP mode with a
ﬁxed wave vector by applying the edge-launching or edgecoupling method [36,69]. Actually, a recent experiment
[65], has demonstrated that SPHPs with the plane-wave
propagation can be launched at the edge of a semi-inﬁnite
gold ﬁlm deposited on top of a hexagonal boron nitride
slab. Therefore, we may envision that, in principle, the
same approach can be used in our setup to excite a planewave SPHP mode in a piezomagnetic superlattice. In this
way, the SPHP mode with the propagating wave vector
kp can produce a continuous-wave magnetic ﬁeld near the
surface, which will strongly couple to the collective spinwave mode described by Ŝk . Then, the state of a SPHP
mode will be mapped to a speciﬁc spin wave. Excitations
stored in this way may be detected by applying a gradient
pulse that converts a particular spin wave back into a uniform transverse magnetization [15–17]. As demonstrated
in recent experiments [9,70], a direct measurement of the
spin polarization can be realized by optically detected
magnetic resonance.
IV. STORAGE OF DIFFERENT SPHP MODES
Since the k modes of the spin ensemble in the strongly
polarized limit behave as a large number of independent
harmonic oscillators, it is possible to orthogonally store
multiple SPHP modes in these spin-wave modes with the
magnon-polariton coupling. We consider the storage of
two diﬀerent SPHP modes with the propagation vectors
k1 and k2 , and the polariton operators âk1 and âk2 . As
described above, the propagation vectors should satisfy
|k1 − k2 | = 2π/l ∼ 314 to ensure that the corresponding
spin-wave modes are orthogonal. Based on the results
given in Figs. 2(b) and 3(b), we ﬁnd that these modes exist
and can strongly couple to the spin waves. So if the SPHP
modes k1 and k2 are excited by, for instance, the edgelaunching method, then with the interaction described by
Eq. (9), we can map the states of the SPHP modes into

We propose a hybrid quantum device where an ensemble of NV centers in a diamond crystal is interfaced with
a piezomagnetic superlattice supporting SPHPs. We show
that the magnetic coupling between the collective spin
waves and SPHPs can be tailored through a suitable design
of the piezomagnetic superlattice. This strong magnonpolariton coupling allows us to implement the holographic
techniques with this hybrid device. Such a device could
also be used as a coherent interface for other quantum systems such as superconducting qubits, cold atoms, and polar
molecules.
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APPENDIX A: THEORY OF SURFACE-PHONON
POLARITONS IN PIEZOMAGNETIC
SUPERLATTICES
1. Phonon polaritons in a piezomagnetic superlattice
We study electromagnetic waves propagating in a semiinﬁnite periodic structure composed of alternating layers of
piezomagnetic materials such as Terfenol-D or CoFe2 O4 .
This kind of periodic artiﬁcial structure, with the piezomagnetic coeﬃcient being periodically modulated, forms
the so-called piezomagnetic superlattice [42]. In this artiﬁcial microstructure, the lattice vibrations will induce
spin waves because of the piezomagnetic eﬀect. Because
the produced spin waves will in turn emit electromagnetic waves that interfere with the original electromagnetic
waves, the lattice vibration will couple strongly with the
electromagnetic waves, leading to polariton excitations.
Near the piezomagnetic polariton resonance, an eﬀective
negative permeability can be implemented.

024011-5

P.-B. LI AND F. NORI

PHYS. REV. APPLIED 10, 024011 (2018)

As displayed in Fig. 1, the piezomagnetic superlattice is arranged along the x axis, and we assume the
transverse dimensions are very large compared with an
acoustic wavelength so that a one-dimensional model is
valid. The piezomagnetic equations describing the interaction between electromagnetic waves and acoustic waves
are [42,71,72]

generalized to a more general case. The piezomagnetic
equations pertaining to this case are

Tij = cijkl ukl + qijk Hk ,

(A1)

B3 = μs11 H3 − q31 (x)u11 ,

Bi = μsik Hk − qikl ukl ,

(A2)

where Tij , Bi , Hk are the stress tensor, magnetic displacement, and magnetic ﬁeld; cijkl , ukl , qijk are the elastic tensor,
strain tensor, and piezomagnetic coeﬃcient; μsik is the
static magnetic permeability. The piezomagnetic coeﬃcient is periodically modulated with the form
+q
−q

in positive domains (0 ≤ x < d),
in negative domains (d ≤ x < 2d).
(A3)
From Newton’s law ρ∂ 2 uj /∂t2 = (∂/∂xi )Tij , we have
q(x) =

ρ

∂ 2 uj
∂[qijk (x)Hk ]
∂ 2 uk
=
c
+
,
ijkl
2
∂t
∂xi ∂xl
∂xi

T11 = c11 u11 + q31 H3 = c11

ρ

⎜
⎜
⎜
C=⎜
⎜
⎝

c11
c12
c13
0
0
0

c12
c11
c13
0
0
0

c13
c13
c33
0
0
0

0
0
0
c44
0
0

0
0
0
0
c44
0

0
0
0
0
0
c66

u1 (x, t) =

H3 (x, t) =
q31 (x) =

μs11

μ=⎝ 0
0

0
μs11
0

=

 i(1 − cos mπ )
mπ



Fm q31 e−iGm x

m=0

q31 e−iGm x
π
where Gm = m , (A11)
d

we have


(ρω2 − c11 q2 )u(q)e−qx dq



∂ 
−iGm x
−ikx
=−
Fm q31 e
H (k)e dk
∂x m
 
=−
Fm q31 (−i)(k + Gm )H (k)e−i(k+Gm )x dk.
m

(A12)

(A6)

For photons with long wavelength k → 0 or k  Gm , Eq.
(A12) becomes


(ρω2 − c11 q2 )u(q)e−qx dq
=

⎞

0
0 ⎠.
μs33

H (k)ei(ωt−kx) dk,

m=0

The static magnetic permeability tensor is
⎛

(A10)

u(q)ei(ωt−qx) dq,

⎞
⎟
⎟
⎟
⎟.
⎟
⎠

(A9)



and the elastic coeﬃcient has the form [42,71,72]
⎛

∂ 2 u1 ∂[q31 (x)H3 ]
∂ 2 u1
=
c
+
.
11
∂t2
∂x2
∂x

(A8)

By using the Fourier transformation

(A4)

with uj being the displacement along the Cartesian coordinate xj (x1 = x, x2 = y, x3 = z), and ρ the mass density. If
the x1 -x2 plane is taken as the isotropic plane of materials,
the piezomagnetic tensor matrix can be written in the Voigt
form [42,71,72]
⎛
⎞
0
0
0
0 q15 0
0
0 q15 0 0 ⎠
q=⎝ 0
(A5)
q31 q31 q33 0
0 0

∂u1
+ q31 (x)H3 ,
∂x



iFm q31 Gm H (k)e−i(k+Gm )x .

(A13)

m

(A7)

In order to make the two sides equal, q = k + Gm must be
satisﬁed. Then we have

With the above equations we can solve the piezomagnetic problem by using the Fourier transformation. First,
we solve a simple one-dimensional model, which can be
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2. The surface-phonon-polariton dispersion relation

 
u11 (x, t) =
Fm q31
= Fm q31


G2m
i(ωt−kx) −iGm x
dk
H (k)e
e
ρω2 − c11 G2m

G2m
e−iGm x H3 (x, t)
ρω2 − c11 G2m

= ϕ(x)H3 (x, t).

(A15)

Substituting Eq. (A15) into Eq. (A10), we have
B3 = μs11 H3 − q31 (x)ϕ(x)H3 (x, t)
= μ(x)μ0 H3 (x, t).

(A16)

For long wavelength k → 0, the piezomagnetic superlattice can be assumed to be homogeneous, and the space
average value of μ(x) should be used [40]:
μ̃⊥ (ω) = μ⊥ (ω)μ0



2d

= μs11 +

1
2d

= μs11 +

q231 /d2 ρ
2
ω⊥L
− ω2

= μs11

μ(x)dx

0

We now discuss the electromagnetic waves propagating
at the boundary between vacuum (1 = 1, μ1 = 1) and the
piezomagnetic superlattice (2 , μ⊥ , μ ). The permeability
tensor is invariant with respect to rotations about the z axis.
If we consider the frequency of a surface polariton of propagation vector kp , the presence of the rotational symmetry
of the permeability tensor means that the frequency must
be independent of the orientation of the in-plane wavevector kp relative to the x and y axes [20,23]. Therefore, the
surface-polariton dispersion relation is independent of the
direction of kp . We consider the interface described in Fig.
1, where the surface lies in the x-y plane. To derive the
form of the dispersion relation, with no loss of generality,
we may assume that the propagation vector kp lies along
the x direction [20,23], and look for TE wave solutions of
Maxwell’s equations in which the magnetic ﬁelds vary as
the following form in both media [23]:
⎞
⎛
H1x
 1 = ⎝ 0 ⎠ eikp1 x−iωt eik1z z ,
H
(A24)
H1z
⎞
H2x
 2 = ⎝ 0 ⎠ eikp2 x−iωt eik2z z
H
H2z
⎛

2
ω⊥o
− ω2
,
2
ω⊥L
− ω2

(A17)

with
2
ω⊥L
= c11 π 2 /ρd2 ,

(A18)

2
2
ω⊥o
= ω⊥L
+ q231 /d2 ρμs11 .

(A19)

and the electric ﬁelds are in the y direction:
⎛
⎞
0
 1 = ⎝ E1y ⎠ eikp1 x−iωt eik1z z ,
E
0

2
ωo
− ω2
2
ωL
−ω

,
2

2
ωL
= c33 π 2 /ρd2 ,

2
2
ωo
= ωL
+ q233 /d2 ρμs33 .

(A20)

⎞
0
 2 = ⎝ E2y ⎠ eikp2 x−iωt eik2z z .
E
0

 1 ) = 0, we have
2 − H
From the boundary condition n × (H

μ⊥ (ω)
0
μ(ω) = ⎝
0

0
μ⊥ (ω)
0

⎞
0
⎠.
0
μ (ω)

2
kp2 + k1z
= 1 μ1 k02 =

(A23)

(A29)

The wave numbers in medium 1 satisfy

Therefore, the eﬀective magnetic permeability tensor is
⎛

(A28)

H1x = H2x = Hx .
(A22)

(A27)

The k vector parallel to the interface is conserved,
kp1 = kp2 = kp .

(A21)

(A26)

⎛

Based on the same reasoning [42], we obtain the following
relations:
μ (ω) = μs33 /μ0

(A25)

ω2
.
c2

(A30)

 = 0, we have
From ∇ · B
kp Hx + k1z H1z = 0.
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In the magnetic superlattice, we have the following relations [23]:
kp2
k2
+ 2z = k02 2 ,
(A32)
μ
μ⊥
kp μ⊥ Hx + k2z μ H2z = 0.

(A33)

With Eqs. (A28) to (A33), we can obtain the following
relations for the wave numbers [20,73]:
(μ1 2 − μ⊥ )μ μ1 2
k0 ,
μ21 − μ⊥ μ

(A34)

2
=
k1z

μ1 − μ 2 2 2
k μ,
μ21 − μ⊥ μ 0 1

(A35)

2
k2z
=

μ1 − μ 2 2 2
k μ .
μ21 − μ⊥ μ 0 ⊥

(A36)

kp2 =

Based on Eqs. (A34)–(A36), and using the material parameters given in Table I [74,75], we can investigate the
dispersion relation of SPHPs in the piezomagnetic superlattice. We ﬁnd that there indeed exist SPHPs that
propagate along the interface between vacuum and the
piezomagnetic superlattice over a range of frequencies,
within which the permeability μ⊥ along the propagation
direction is negative, and μ is positive, leading to the
formation of a piezomagnetic superlattice. The numerical
results are given in Fig. 2 in the main text. Through Eqs.
(A28)–(A36), we can also obtain the relation between the
ﬁeld components:
k2
|Hx |2
μ1 (μ1 − μ 2 )
= − 1z2 = −
,
|H1z |
kp
μ (μ1 2 − μ⊥ )

(A37)

TABLE I. Material parameters for Terfenol-D considered in
this work (see [74,75]).
Term

Value

Mass density ρ
c11
c33
c44
q13
q33
μs11
μs33
2

9.23 × 10
5.5 × 1010
5.5 × 1010
1.2 × 1010
−200
400
6.23 × 10−6
6.23 × 10−6
103

|H1z |2 =

|H2z |2 =

Units
3

kg/m3
N/m2
N/m2
N/m2
N/Am
N/Am
N2 /A
N2 /A
···

|H1 |2 μ (μ1 2 − μ⊥ )
,
2μ1 μ 2 − μ21 − μ μ⊥

|H2 |2 μ1 (μ1 2 − μ⊥ )
.
μ1 (μ1 2 − μ⊥ ) − μ (μ1 − μ 2 )

(A42)

(A43)

To obtain the relation for the electric ﬁeld components, we
employ Maxwell’s equation
=
E

i

∇ ×H
ω

(A44)

and derive the following relations:
E1y = E2y =

μ0 c2
(k1z Hx − kp H1z ),
ω

(A45)

μ (2μ1 μ 2 − μ μ⊥ − μ21 )
|H1 |2
, (A46)
=
|H2 |2
μ1 [μ1 (μ1 2 − μ⊥ ) − μ (μ1 − μ 2 )]
|E|2 = |E1y |2 = |E2y |2 = μ20 c2 |H1 |2 μ1

2
μ2 k2z
|Hx |2
μ (μ1 − μ 2 )
=− 2 2 =−
.
|H2z |
μ1 (μ1 2 − μ⊥ )
μ⊥ kp

×

(A38)

If we deﬁne

=−

(A47)

3. Energy density
|Hx |2 + |H1z |2 = |H1 |2 ,

(A39)

|Hx |2 + |H2z |2 = |H2 |2 ,

(A40)

then we can obtain
|Hx |2 = −

μ21 − μ⊥ μ
.
2μ1 μ 2 − μ⊥ μ − μ21

The density of electromagnetic ﬁeld energy in a dispersive medium is given by [76]


1
∂(ω) 2
∂(ωμ) 2
0
E + μ0
H .
U=
(A48)
2
∂ω
∂ω
Then in the upper space z > 0, we have

|H1 | μ1 (μ1 − μ 2 )
2μ1 μ 2 − μ21 − μ μ⊥
2

|H2 |2 μ (μ1 − μ 2 )
,
μ1 (μ1 2 − μ⊥ ) − μ (μ1 − μ 2 )

1
(0 |E1 |2 + μ0 μ1 |H1 |2 )e−2|k1z |z
4
μ1 μ (μ1 2 − μ⊥ )
1
= μ0 |H1 |2
e−2|k1z |z . (A49)
2
2
2μ1 μ 2 − μ⊥ μ − μ1

U1 =
(A41)
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In the superlattice z < 0, the electromagnetic density is

4. Quantization of the surface fields

1
(μ0 μ⊥ |Hx |2 + μ0 μ |H2z |2
4
∂μ⊥
∂μ
+ μ0 ω
|Hx |2 + μ0 ω
|H2z |2 + 2 0 |E|2 )e2|k2z |z
∂ω
∂ω

2μ1 μ (μ1 2 − μ⊥ )
1
2
= μ0 |H2 |
4
μ1 (μ1 2 − μ⊥ ) − μ (μ1 − μ 2 )

U2 =

∂μ⊥
ωμ (μ1 − μ 2 )
μ1 (μ1 2 − μ⊥ ) − μ (μ1 − μ 2 ) ∂ω

∂μ 2|k2z |z
ωμ1 (μ1 2 − μ⊥ )
.
e
+
μ1 (μ1 2 − μ⊥ ) − μ (μ1 − μ 2 ) ∂ω
(A50)
−

The total energy density associated with the SPHPs is
determined by integration over z [20],


∞

U1  + U2  =


U1 dz +

0

=

So far we treat the electric and magnetic ﬁelds with
respect to surface-phonon polariotons as classical variables. The magnetic ﬁeld in medium 1 is given by
 1 = A1k u1k eikp x−iωt eik1z z + c.c.
H

−∞



kp
1
ex −
ez .
(A55)
u1k = √
k1z
L
A1k is the amplitude that is related to the destruction
operator for photons [77], and L has the dimension of a
length and will be ﬁxed later to normalize the energy of
each mode [77].
The total energy of the surface waves is
1 |H1 |2
S( U1  + U2 ) = S μ0
F
8
|k1z |



|kp |2
1 4|A1k |2 1
1+
F
= S μ0
8
|k1z | L
|k1z |2

U2 dz

= 2μ0 S|A1k |2 = μ0 SA∗1k A1k + μ0 SA1k A∗1k .
(A56)

1 |H2 |2
μ0
M (μ1 , μ⊥ , μ , ω, 2 )
8
|k2z |
(A51)

We use the degree of freedom to set L to simplify the above
equation, i.e., we choose


|kp |2
1 F
L=
1+
4 |k1z |
|k1z |2
μ1 (μ 2 − μ1 ) + μ (μ1 2 − μ⊥ )
=
F.
4|k1z |μ1 (μ 2 − μ1 )

with
M (μ1 , μ⊥ , μ , ω, 2 )
2μ21 μ (μ1 2 − μ⊥ ) − 2μ2 μ⊥ (μ1 2 − μ⊥ )

(A57)

Then we ﬁnd that the expression for the surface-wave
energy (A56) has the structure of the energy of a harmonic
oscillator. By taking the equivalence

μ1 [μ1 (μ1 2 − μ⊥ ) − μ (μ1 − μ 2 )]
−

(A54)

with

0

1 |H1 |2
= μ0
F(μ1 , μ⊥ , μ , ω, 2 ),
8
|k1z |

=
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∂μ⊥
ωμ (μ1 − μ 2 )
μ1 (μ1 2 − μ⊥ ) − μ (μ1 − μ 2 ) ∂ω


A1k →

∂μ
ωμ1 (μ1 2 − μ⊥ )
, (A52)
+
μ1 (μ1 2 − μ⊥ ) − μ (μ1 − μ 2 ) ∂ω


ω(k)
â
2μ0 S k


A∗1k →

 †
ω(k)
â ,
2μ0 S k

(A58)

we can obtain the quantized Hamiltonian of the surface

wave with mode vector k,

and

Ĥ =

F(μ1 , μ⊥ , μ , ω, 2 )
=

2μ1 μ⊥ μ (μ1 2 − μ⊥ ) − 2μ31 (μ1 2 − μ⊥ )
μ⊥ (2μ1 μ 2 − μ⊥ μ − μ21 )
+

ωμ21 μ (μ1 − μ 2 )
∂μ⊥
2 ∂ω
μ⊥ μ (2μ1 μ 2 − μ⊥ μ − μ1 )

−

ωμ31 (μ1 2 − μ⊥ )
∂μ
.
2 ∂ω
μ⊥ μ (2μ1 μ 2 − μ⊥ μ − μ1 )

(A53)



1
 â† â + â â† .
ω(k)
k k
k k
2

(A59)

The surface-wave ﬁeld is thus quantized by association of

a quantum-mechanical harmonic oscillator to each mode k.
†
The operators âk and âk are annihilation and creation operators which destroy and create a quantum of SPHPs with
 and obey bosonic commutation relations
energy ω(k),
†
[âk , â  ] = δkk . A single quantized surface-phonon polarik

†

ton excitation is written as |1k = âk |0k , with |0k the
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vacuum state of the system. Furthermore, the ﬁeld operator
for the magnetic ﬁeld in the upper space is given by

ω
1 =
B
μ1 μ0 âk u1k eikp x−iωt e−Im(k1z )z + H.c. (A60)
2μ0 S

the basis deﬁned by the eigenstates of Ŝz , i.e., {|ms , ms =
0, ±1}, with Ŝz |ms  = ms |ms , we get
ĤNV =

ms

This ﬁeld operator will be used to investigate the magnetic
coupling between NV spins and the SPHPs, which allows
us to provide a quantum theory to describe the coupling
between the NV spin ensemble and the quantized SPHPs.
Note that Ref. [42] studies the classical theory, while
here we study the quantum theory of SPHPs. Also, Ref.
[42] focuses on bulk modes, while here we focus on
surface modes. Other studies focus on piezoelectric superlattices, while here we focus on piezomagnetic ones.

+

(A61)

For the surface-phonon polaritons in the presence of damping, a proper damping constant between κ ∼ 0.001ω⊥L and
κ ∼ 0.01ω⊥L can be chosen [78,79]. Another useful ﬁgure
of merit is the propagation length LSPHP , which can be
−1
calculated from the decay time τSPHP ∼ κSPHP
and group
velocity vg , i.e., LSPHP = vg /κSPHP . It is usually larger than
the wavelength of SPHP modes in the low dissipation
case [43].

=


ms

+

ˆ s }|ms  ms |
 · S|m
{ ms |μB gs B

{Dm2s + μB gs Bz ms }|ms  ms |



μB gs B̂x ms |Ŝx |ms |ms  ms |

ms ,ms

+



μB gs ms B̂z |ms  ms |

= (D + μB gs Bz )| + 1 +1| + (D − μB gs Bz )| − 1
× −1| + μB gs Bz0 (| + 1 + 1| − | − 1 −1|)
√
2
†
†
× (âk + âk ) +
μB gs Bx0 (âk + âk )(|0 +1| + |
2
√
2
†
+ 1 0|) +
μB gs Bx0 (âk + âk )
2
× (|0 −1| + | − 1 0|).
(B2)
  /2, with  =
Under the condition |/2 + D − ω(k)|
2μB gs Bz /, we can neglect the state |ms = −1, due to the
external ﬁeld moving it far out of resonance. The static
magnetic ﬁeld Bz is about 3 mT that can make the above
assumptions valid. This magnetic ﬁeld is not a strong ﬁeld,
under which the lineal magnetic response of the system
still holds. In this case, the static eﬀect of the system is
described by the static permeability μs11 and μs33 . So the
static magnetic ﬁeld applied to split the NV spin states
can be compatible with the piezomagnetic superlattice, and
will not aﬀect the SPHP modes. Then under the rotatingwave approximation we can get the following Hamiltonian
that describes the interaction between a single NV spin and

a SPHP mode k,
1
 † â
Ĥ = ω0 σ̂z + ω(k)â
k k
2
 z0 )
gμ (k,
+
σ̂+ âk eikp x0 + H.c.
√
S

APPENDIX B: AN ENSEMBLE OF NV CENTERS
INTERACTING WITH THE QUANTIZED MODES
OF SPHPS
1. A single NV spin interacting with a single SPHP
mode
The interaction of a single NV center located at r0 with
the total magnetic ﬁeld can be written as
ˆ
 (r0 ) · S,
ĤNV = DŜ 2z + μB gs Bz Ŝ z + μB gs B



ms

We consider the SPHP damping associated with the nonradiative loss to the crystal. SPHPs decay nonradiatively
due to interacting with the material in the form of phonon
scattering, defect scattering, etc, which generally depends
on the temperature and the composition of the crystals. The
decay of the SPHP mode is frequency dependent, and near
the SPHP resonance frequency the SPHP decay is approximately equal to the damping constant of the crystal [20].
If the damping of the material is taken into account, without loss of generality we can add a damping term to the
piezomagnetic equations, in which case the permeability
function could be written in the form [78,79]
2
ω⊥o
− ω2 − iκω
.
2
ω⊥L
− ω2 − iκω

{ ms |[DŜz2 + μB gs Bz Ŝz ]|ms }|ms  ms |

ms ,ms

5. Damping of the SPHPs

μ⊥ (ω) = μs11



(B1)

with gs = 2 the Landé factor of the NV center, μB the Bohr
magneton, and Sˆ the spin operator of the NV center. In

(B3)

2. A NV spin ensemble interacting with the SPHP
modes
We now consider the interaction between an ensemble
of NV centers and the SPHP modes. As depicted in Fig.
1(a), an ensemble of NV centers is doped into a diamond
crystal of thickness h, and located at positions ri , each of
which with a ﬁxed quantization axis pointing along one of
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the four possible crystallographic directions. If the orientations are equally distributed among the four possibilities,
and the external ﬁeld is homogeneous, then a quarter of
the NV spins can be made resonant with the SPHP mode.
In such a case, we have the following Hamiltonian for N
NV spins in the resonant subensemble interacting with the

quantized surface mode k,

ĤkN =

N

1
i=1

+

2

 † â
ωi σ̂zi + ω(k)â
k k

N


 zi )
gμ (k,
(σ̂+i âk eikp xi + H.c.),
√
S

(B4)

where ωi = ω0 + δi  ω0 , and δi are random oﬀsets
accounting for the inhomogeneous broadening of the spin
ensemble.
We introduce the collective operators for the spin-wave
modes in the NV ensemble
1

†

Ŝk = √

N



N gμN (k)
i=1

 zi )σ̂+i eikp xi ,
gμ (k,

(B5)

†

Hspin = 

i,i


N
1  gμ2 i(kp −kp )xi
1 l/2 i(kp −kp )x
=
e
∼
e
dx,
N i (gμN )2
N −l/2
(B6)
with l the extent of the sample along the x direction. When
k = kp − kp = 2π/l, the mode overlap D(kj − ki ) = 0,
which means the spin-wave modes in the strongly polarized limit are orthogonal. We ﬁnally get the interaction
Hamiltonian for the collective NV spin mode Ŝk coupled
to the SPHP mode âk ,


 Ŝ † â + H.c. .
ĤkI = GNμ (k)
k k

(B7)

Sj ,z Djk · ek,z Sk,z .

(B8)

The dipole interaction vector is given by
μ0 gs2 μ2B 3(ejk · ez )ejk − ez
,
4π 
r3jk

(B9)

with ez the unit vector for the z axis set by the NV crystal axis, rjk the distance between the two spins, and ejk a
unit vector between them. We can estimate the dephasing
for a given spin bath. For a given nitrogen spin density nN , the typical strength of the spin-spin interaction
is about μ0 gs2 μ2B nN /4π . This gives the typical dephasing rate of γs ∼ 2 MHz for a high nitrogen spin density of
nN = 1019 cm−3 . Local strain and hyperﬁne interactions
with nearby nuclear spins will also induce dephasing for
the NV spins. The typical value of spin dephasing rate
for this case is on the order of magnitude less than MHz.
Current experiments demonstrate that the dephasing time
for a NV spin ensemble is in the microsecond range, with
γs /2π ∼ 3 MHz.
4. The master equation

i=1

N
 zi )
1  gμ (k , zi )gμ (k,
 

[σ̂−i , σ̂+i ]e−ikp xi eikp xi
N
2

N 
[gμ (k)]


j ,k


N

 zi )|2 /N . Consider the com|gμ (k,
†
 in the fully polarized limit:
mutator [Ŝk , Ŝk ] ≡ D(k − k)
[Ŝk , Ŝk ] =

is [11]

Djk =

i=1

 =
with gμN (k)
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The full dynamics of our system that takes these incoherent processes into account is described by the master
equation [35]
dρ̂(t)
i
†
= − [ĤkI , ρ̂] + γs D[Ŝk Ŝk ]ρ̂ + κSPHP D[âk ]ρ̂,
dt

(B10)
with D[ô]ρ̂ = ôρ̂ ô† − 12 ô† ôρ̂ − 12 ρ̂ ô† ô for a given operator ô. We assume that the sample is strongly polarized,
which can be easily implemented by spin-selective optical pumping, and the number of spin excitations is small
compared to N . In the low-excitation limit, the collective
spin-wave mode Ŝk behaves as bosons, i.e., magnons. The
lowest two magnon states are the state with all NV spins
pointing down, |0Magn = |01 02 · · · 0N , and the state with
†
a single magnon excitation |1k Magn = Ŝk |0Magn . Then
under the Hamiltonian (9), the system exchanges energy
coherently between a quantum of the SPHP mode and a
magnon before the decoherence processes dominate the
interaction.

3. Decoherence of the NV centers
We now consider the decoherence of NV centers in a
diamond crystal. In the case of an ensemble of NV centers,
there will be magnetic dipole-dipole interactions with other
spins like paramagnetic impurities in the diamond crystal,
resulting in large dephasing of the NV spins. The coupling
of NV spins (Sj ) with the surrounding impurity spins (Sk )

5. Eigenfrequencies of the coupled magnon-polariton
system
The coupling between the spin-wave mode and the
SPHP mode can be determined directly by looking at the
eigenfrequencies of the coupled system while the spin
ensemble is tuned into resonance with the SPHP mode.
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To obtain the system eigenvalues, we consider the nonHermitian Hamiltonian
†
 − iκSPHP ]â† â
Ĥn-H = (ωk − iγs )Ŝk Ŝk + [ω(k)
k k

 Ŝ â + H.c.).
+ GNμ (k)(
k k
†

(B11)

Using the non-Hermitian Hamiltonian where the decays
are taken into account, the eigenenergies and the broadenings of the coupled system can be obtained as the real
and imaginary parts of the eigenvalues, respectively. The
eigenvalues of Ĥn-H are given by

±

E =

 − i(γs + κSPHP )
ωk + ω(k)
2

1
 − i(γs + κSPHP )]2
± (GNμ )2 + [ωk − ω(k)
4

1/2 
.
(B12)

Then we obtain the eigenfrequencies of the coupled
magnon-polariton system ω± = Re(E ± )/.
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