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Theory of multiqubit superradiance in a waveguide in the presence of finite delay
times and two quantum excitations
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We study the quantum nonlinear dynamics of multiple two-level atoms (qubits) in a waveguide quantum
electrodynamics system, with a focus on modified superradiance effects between two or four atoms with
finite delay times. Using a numerically exact matrix-product-states approach, we explore both Markovian and
non-Markovian regimes and highlight the significant influence of time-delayed feedback effects and the clear
breakdown of assuming instantaneous coupling dynamics. We first show a system composed of two spatially
separated qubits, prepared in a doubly excited state (both fully excited), and provide a comprehensive study
of how delayed feedback influences the collective system decay rates, as well as the quantum correlations
between waveguide photons, atoms, and between atoms and photons. The system is then extended to include
two additional qubits located next to the initial ones (four qubits in total), and we demonstrate, by manipulating
the initial excitations and the time-delay effects, how long-term quantum correlations and light-matter entangled

states can be established.
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I. INTRODUCTION

Collective effects of radiatively coupled atoms and pho-
ton emitters [1] are important for understanding fundamental
aspects of light-matter interactions beyond a single-dipole
decay and have applications for producing entangled states,
which is important for quantum technologies and quantum
information processing. Manifestations of collective effects
include the formation of Dicke states [2—4], Forster coupling,
and fluorescence resonance energy transfer [S—7]. One of the
most controlled environments for photon-coupled two-level
systems (TLSs) is through waveguide modes, in an architec-
ture known as waveguide quantum electrodynamics (QED)
[8-23]. Waveguide QED systems offer spatial and temporal
control over the interatom coupling rates and give rise to
interesting quantum optical effects, such as enhanced spon-
taneous emission (SE) [24-26], including superradiance and
directional emission control [27-30].

Many quantum optics models currently used to solve these
many-body waveguide systems rely on the Markov approx-
imation [31-35] and/or assume a weak-excitation regime
[36,37], and thus often neglect important nonlinear inter-
actions and atomic population effects [38-40], as well as
photon-matter entanglement (Markov regime). There are sev-
eral well-established approaches for accurately modeling
few-photon transport in waveguide QED, including scatter-
ing solutions and input-output theories that go beyond the
weak-excitation approximation (WEA) [36,41-50], but the
dynamical observables can be difficult to extract directly, and
often the Markov approximation is used to simplify calcula-
tions [51]. However, the neglect of time-retardation effects
cannot capture time-delayed feedback effects [52], where
more powerful techniques are needed, such as matrix product
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states [53], space-discretized quantum trajectories [54], or
analytical derivations of the differential equations for simpler
systems [55].

While non-Markovian delay effects are often neglected
for qubits in waveguides (instantaneous coupling), especially
when not invoking a WEA, it has been shown that delayed
feedback effects can greatly influence the TLS dynamics as
one increases the distance between atoms [53,56-58]. This
is especially noticeable when considering nonlinearities and
dealing with fully quantized input fields [59,60]. Modeling
such effects, i.e., including multiple quanta and finite time
delays, is computationally challenging since, as the distance
between the TLSs grows, so does the Hilbert space, and
one has to treat the photons exactly, i.e., as part of the
entire waveguide QED system.

The initial state in which correlated atoms are prepared
will also directly affect their behavior, e.g., it is known that a
pair of symmetrically entangled TLSs (superradiant state) [2,
61-64] will cause a faster SE decay of the atoms and
it has been shown that finite distances between them can
further enhance the atom SE decay, where a constructive
relative phase between the atoms can lead to a collective
emission higher than the usual superradiant one; this is the so-
called superduperradiance [65]. Thus, finite delay effects can
modify the usual understanding of Dicke states, where non-
Markovian feedback effects are not taken into account, and N
atoms starting in a symmetrical state have an initial temporal
burst, enhancing their collective decay. In the Markovian case,
a fully excited N-qubit system (i.e., starting with all atoms
excited) will have a collective decay rate of [2,61]

Wy =Ny, (D
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FIG. 1. (a) Schematic of two artificial atoms (treated as TLSs) in an infinite (open) waveguide, separated by a finite distance d. (b) Similar

system to (a) but now with four TLSs, two in each of the groups.

while a half excited symmetrical initial state, where N is an
even number, will have a decay rate of

W, —N N+1 2)
N/2—2 3 Vs

and in the limit where there is only one initial excitation, the
excitation will decay with

Wi = Ny. 3)

A. Finite delay effects in waveguide QED
with two quantum excitations

In this work we investigate waveguide QED finite delay
effects (yielding significant non-Markovian effects as expe-
rienced by the atoms) with a pair of TLSs prepared in an
initial state with two quantum excitations (thus, beyond a
simple linear response) and explore the role of finite delays
as well as the effects of adding extra TLSs next to the ini-
tial pair. This is a first step for investigating the interactions
between two clouds of TLSs separated by a finite distance.
To solve this complex many-body problem, we use a tensor
network approach [specifically, using matrix product states
(MPS)] [53,66-71], which allows us to decompose a large
Hilbert space into smaller subspaces and solve the problem in
a numerically exact and efficient way. Therefore, we can fully
include finite delay and feedback effects, nonlinearities, and
a higher number of quantized excitations and easily extract
useful information and observables for both the atoms and
fields (quantized waveguide photons).

Although the collective response of identical atoms is a
well-studied problem, it has been predominantly studied in
the Markovian regime, thus ignoring finite delay feedback
effects. These Markovian approaches fail when delay times
become comparable to the lifetime of the TLSs (and often
delay times with just a fraction of this lifetime can induce
fundamentally new correlation effects [54]), which can have a
pronounced effect on the quantum dynamics and quantum cor-
relation functions. Fully non-Markovian dynamics have been
studied mostly in the long-time limit [72,73] or considering a
single excitation [65] (WEA). However, recent work [74] has
exploited Laplace transform solutions to analytically solve the
time dynamics of two atoms initially excited, separated by a
distance d = tv,, where 7 is the delay time between them
and v, is the group velocity of the electromagnetic field; the
authors show the probability of having one excitation versus

time, as well as the concurrence (atom-atom entanglement)
and correlation between atomic dipoles. Although the feed-
back effects are clearly apparent in these three observables,
the work also assumes that the probability of having two
excitations is independent of the delay time. However, in our
work we show how the two-atom excitation probability does
depend on the finite feedback effects, and we significantly
extend the study of such a system to explore other observ-
ables, thus gaining a deeper understanding of this problem.
In addition, we also explore the role of adding in additional
atoms, as discussed below.

B. Pair of two-level systems separated by a finite distance

In our study we first consider two TLSs separated by a
finite distance d, shown in Fig. 1(a), where the two atoms
start in a two-excitation superradiant state, with a destructive
phase between both atoms; this case is intrinsically nonlinear.
To highlight the physics of the finite delay effects, we solve
the problem in two regimes, (i) in the Markovian limit (in-
stantaneous coupling regime) and (ii) in the non-Markovian
regime (with delayed feedback effects fully included), and
investigate how the distance between the atoms affects the
quantum dynamics.

We investigate not only the atom and field dynamics but
also the correlations between them, calculating correlations
between the two TLSs, field (photon) correlations and light-
matter correlations that give us a deeper understanding of
the dynamics, showing signatures of long-lasting light-matter
entangled states. We also explore how finite delays affect
the atomic excitations, modifying the doubly excited col-
lective decay, contrary to previous findings in the literature,
where the decay of a doubly excited state was independent
of the distance between TLSs [74].

C. Multiatom waveguide QED results

In addition, we study multiatom waveguide QED results
when the system is extended to include additional atoms
located close to each of the initial TLS pair, as shown in
Fig. 1(b), where we now have additional degrees of freedom
when choosing an initial state. We will demonstrate significant
deviations from the usual understanding of collective Dicke
states in a Markovian regime, such as population trapping of
the doubly excited state and photon trapping in the waveguide
region between the TLS pair, thus offering a much richer
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coupling regime with the non-Markovian coupling and con-
trol. We also show how adding one TLS next to each of
the initial atoms affects the collective emission of the sys-
tem. Here we can either add them as initial unexcited atoms
and thus start the system in a product state or, alternatively,
engineer new initial superradiant states, e.g., starting each
pair in an entangled state with a shared excitation, which
may enhance the collective SE decay rates, or maximize the
field entanglement. Moreover, we calculate various other use-
ful observables such as the transmitted or reflected photon
fluxes and light-matter quantum correlations, including emit-
ted spectra, to better understand the unique nature of these
complex quantum systems.

The rest of our paper is organized as follows. In Sec. II
we introduce our MPS theory, as well as the theoretical ap-
proach chosen to solve these waveguide QED problems, with
the solution for two TLSs in a waveguide in Sec. I A and
the extension to four TLSs (two pairs, spatially separated) in
Sec. II B. Section III studies the time dynamical results for
two TLSs, including a study of the delay dependence on the
probability of atomic excitations in Sec. III A. In Sec. III B
we further study the single atomic excitation as a function of
the delay times as well as the atom-atom correlations. The
role of the phase between atoms is investigated in Sec. III C.
Additional quantum observables are calculated in Sec. III D,
providing a comprehensive understanding of the system. In
Sec. IV we analyze the influence of adding two new TLSs
next to the previous ones, where we now have more degrees
of freedom starting with an initially doubly excited state. Here
we study again the collective decay rates and photon fluxes in
the non-Markovian regime, showing long-lasting light-matter
entangled states. We stress that all of our results are in the
nonlinear two-excitation regime, in contrast to many previ-
ous works that restrict the solution to a one-photon subspace
(which has a simple linear solution). In Sec. V we present a
summary and general conclusions.

II. THEORETICAL DESCRIPTION

A. Pair of two-level systems in an infinite waveguide

A system consisting of two TLSs in an infinite waveguide
[Fig. 1(a)] can be represented by the Hamiltonian [53] (units
of h=1)

H= Z HT(;")S-FHW + Hi, 4
n=1,2

where the first term represents the TLSs
=1,2 _
H'I(‘IIiS : = (,()nO’nJrO’n ’ (5)
with w, the transition frequency and o, and o, the relevant
Pauli operators for TLS n. The waveguide term is

Hy = Y / dw o b (0)by(w), (6)
B

a=L,R

where bL(a)) and b,(w) are the creation and annihilation
bosonic operators, respectively, for both right- and left-
moving photons, and B is the relevant bandwidth of interest
around the resonance frequency wy, in the rotating-wave ap-
proximation. Here we consider a waveguide initially in the
vacuum state, i.e., with no initial photons. Finally, the last term

represents the interaction between the photons and qubits,

1 .
H=—— [ do (/7L e/ br(w)o,t
i «/ﬂ/l;‘ (Z VL L(w)

n=1,2
+ SV, e Cbr(w)o ] + Hc) (7

where x; and x, are the locations of each TLS in the waveg-
uide, d = x, — x; is the distance between them, and t = d/c
is the delay time that it takes for a photon to travel from
one TLS to the other (when separated by a distance d). Here
we have assumed that the coupling frequency is close to the
TLSs frequency and that the decay rates y; and yr to the
left and right, respectively, do not depend on frequency. In
addition, we assume no losses due to radiation leakage or
qubit dephasing processes, which is a very good approxima-
tion when using semiconductor waveguides and circuit QED
waveguides [75,76], at low temperatures, especially photonic
crystal waveguides [26]. We also transform to the interaction
picture with a rotating frame in terms of wp. Next we trans-
form the Hamiltonian to the interaction picture with respect to
the free dynamics and then transform it to the time domain,
where we change accordingly the boson operators [53], and
use MPS to solve the problem, without performing any bath
approximations.

Matrix product states is an approach based on tensor net-
work methods that uses Schmidt decompositions or singular
value decompositions to decompose the large Hilbert space of
the entire system, including both the TLSs and the waveguide,
into smaller subspaces. The significant advantage of this ap-
proach is that, once we have these smaller subspaces, we can
apply the time-evolution operator only in the relevant parts of
the system at each time step [68,77,78].

To proceed, we discretize the waveguide in time into the so-
called time bins and write the discretized Hamiltonian in time
[53,79,80]. Thus, we can write the time-evolution operator for
each time step to evolve the whole system,

U(tya1, tr) = exp (—z‘/k+1 dt’H(t’)), (8)

1
which in this case can be written as
U (tit1, 1)
= exp (—{[/7L, ABL(tx) + /V&, ABr(ti—1)e 1o} + H.c.)
— i{[ /Y5, ABL(ti—1)e'” + /vr, ABr(t)]oy” + H.c.})
©))
where AB};’L = ftik“ dt’b};’L(t’) and ABg = ft;"“ dt'br ()
are the noise matrix product operators that create and annihi-

late, respectively, a photon in a time bin with a commutation
relation

[ABg L (t), ABy ; (t:)] = Aty idp L, (10)

and [ = t/At represents the number of time bins between
the two spatially-separated TLSs [53]. In the Markovian limit,
7 = 0, and everything is assumed to happen at the same time
step (instantaneous coupling regime). The propagation phase
¢ between the two TLSs, in the interaction picture, is defined
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as

¢ = —wyr. (11D

Unless there is an external pump field, the number of ex-
citations in the system should be conserved (at least within
a rotating-wave approximation); hence, a conservation rule
must be fulfilled. For example, considering two TLSs in the
Markovian regime, the total number of excitations N, (¢) for
all time ¢ is

t
Noota1(t) = nLs1(t) + nrisa () + / [ (") + ng" (t)]dr’
0

= nLsi (t) + nrisa(t) + NR™ (1) + NPM(1), (12)

where nris) = (o;70;") and nris; = (0,705 ) are the emitter
populations of the TLSs and n%”(‘L)(t) = (bje (L)(t)bR @)(1)) are
the instantaneous photon fluxes, and Ng'(; ) are the right (left)
integrated. For example, if we start with both TLSs excited
(o) = |ee)), then Ny (2) = 2 at all times.

In the non-Markovian regime, the conservation rule will
have two extra terms, since we now have to consider the
possibility of having photons within the feedback loop, i.e.,
in the waveguide space between the qubits, and we now have

t
Noota1 (1) = nrLs1(t) + nrisa(t) + / [n3"(¢') + ng™ (¢"))dt’
0

+ / [ (t) + np(t)]ar’

= nLsi(t) + nrLsa(t) + NR™(1)
+ NP™(t) + N2 (t) + Ni(2), (13)

where the new integral terms account for the photons within
the feedback loop V', . Once again, if we start with both fully
excited TLSs, N1 (1) = 2 at all times.

J

Next we define the time evolution of the probability of
having zero [P (¢)], one [PV (¢)], or two [P (¢)] atomic ex-
citations in the waveguide system, where P (¢) corresponds
to having both TLSs in the ground state, P")(¢) is the proba-
bility of having one of them excited while the other one stays
unpopulated, which in this case will be a combination of the
probability of having either the left or right TLS populated,
and P®(¢) corresponds to having both TLSs populated:

PO®t) = (o701 05 057) (1), (14)
PO(t) = (o) 0, 05 057) () + (0] 0, 0 07 ) (1), (15)
PO(t) = (o] 07 05705 ) (). (16)

We can again write the conservation rule now in terms of
these probabilities for the case with two excitations,

Nt (1) = PO(1) + 2P (1) + N (1) + N"(0)
+N;gn(t)+Nl]‘n(l)=2’ (17)

considering that in the Markovian limit N}, (1) = 0.

B. Two pairs of qubits (four TLSs) in an infinite waveguide

Next we consider two additional TLSs, next to the initial
TLSs that we previously had; thus the system is now formed
by two TLSs at each side [Fig. 1(b)], with four in total. The
complete system Hamiltonian is now

H = Z H%Z)S—FHW + Hi, (18)
n=1234

with the interaction term

1 i ' —iwxy /¢
Hy = = /B dw( > LV br(w)o, + rre bR(a))a:]—}—H.c.)

n=1,2

1 . .
v fB dw( 3 LT by (@), + TR br(w)o,t] + Hc) (19)

n=3,4

where x;, and xg represent the locations of the TLSs situated on the left and right, respectively, and d = xg — x;. is the distance

between the pairs (as before).
The modified time-evolution operator is

U(trs1, ti) = exp (— i{[ /Y, ABL(t) + /Y&, ABr(ti_1)e® 1o, + Hec.}
— i{[ /YL ABL() + /YR, ABr(tx—1)e? 10, + H.c.)
— i[5 ABL(ti—1)e” + /Vr, ABr(t)]os™ + H.c.)

— /YL ABL(t—1)e” + /YR, ABr(t)]o,” + H.c.}), (20)

and in the following sections we will consider identical atoms, with yg, = yr, = ¥ /2 (symmetric coupling), though this is not a

model requirement.

If we study the system in terms of atomic excitations, in the case of still having two total excitations, the conservation rule

still follows [Eq. (17)], but the atomic probabilities are now

PO@) = (Gl_of”az_afagoyojaf)(t), 2n
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FIG. 2. Emitter population dynamics of two TLSs, initially excited, solved (a) in the Markovian regime and (b) then with a delay time of
y7 = 0.5 and (c) with a delay time of y 7 = 2. Individual TLS populations are shown in blue (solid and dashed lines), the probability of two
atomic excitations P (¢) is in orange, and the analytical exponential decays for the Markovian regime are shown in (a), for reference, with the
gray dash-dotted line and maroon dotted line for one and two initial excitations, respectively). The gray shaded area in (b) and (c) indicates the

delay time T when the non-Markovian dynamics begins to occur.

1 R — — — R —
Pt )(t) = (alJrol o, 02+03 O'3+G4 a4+)(t) + (o, ofo;az lop O'3+U4 O'4+>(l‘)

+ (def’@‘dfdi"d{d[dj)(t) + (Ul_afrcr{crz 03_0;0:04_)@),

) (22)

2 _ - _ _ _ -
PO(t) = (0] 0 05 05 05 0570, 0,) ) + (0] 0,70, 05 05 05 07 0 ) (1)

+

+

+ (o7 0/ 0, 0y 05 05 0,70, )(t) + (0] 0 0y 0, 05 05 0 07 ) (1)

+ (orofcrz_(r;a;ra;%—aj’)(t) + (01_01““0;02_03_0;0;04_)0).

With our MPS approach, we note that this can be easily ex-
tended to include the addition of more pairs of atoms located
next to the current ones (or at other spatial locations as well).

In order to ensure numerical convergence in all of our
results, we have limited the maximum bond dimension to
d’N, where d is the dimension of each time bin and is squared
to account for the left- and right-moving photons. In all the
cases studied here, we have two excitations in the system at
all times; hence, the maximum bond dimension used is 8. The
time step used in all the calculations is y At = 0.02. Further
details of our MPS approach and comparison with alternative
techniques are discussed in detail in Ref. [53].

III. RESULTS FOR TWO COUPLED QUBITS
WITH TWO EXCITATIONS

A. Finite delay dependence on the probability of atomic
excitations with two qubits

We start by looking at two TLSs, initially excited, sep-
arated by a distance d [see Fig. 1(a)], and study the TLS
population dynamics as well as how feedback effects can
affect their decay rates.

In the Markovian regime, one has a traditional Dicke state
and, as mentioned above, the collective decay rate simply
depends on the number of TLSs and the initial number of ini-
tial excitations (with one excitation being inherently linear).
Here we have two TLSs, hence N = 2, and particularly in

(23)

(

this case, if the system starts with one excitation, following
Eq. (3), Wi = 2y; but if there are initially two excitations,
from Eq. (1), W, = 2y too. This means that in the case of one
excitation, the decay will be PO (@) = =2, and for two TLSs
initially excited there is a collective decay P (t) = e=2"".
Figure 2 shows the population dynamics of each atom
decaying from an initially doubly excited state (|¢pg) = |ee))
and the collective doubly excited atom decay [(P®(z)].
Figure 2(a) presents the Markovian dynamics matching the
analytical decay of 2y shown with the maroon dotted curve.
We then consider delay-induced feedback effects, for two
different delay times yt = 0.5 and 2 in Figs. 2(b) and
2(c), respectively, with a phase ¢ = 0 in both cases. With a
time-delayed feedback, we observe the trapping of the TLS
populations, and with the longer delay time, we can also
observe oscillations due to the partial reexcitation of the TLSs;
this oscillation time corresponds to the photon round-trip
time, which is clearly a significant delay-induced dynamic.
We also observe how the probability of having two atomic
excitations is highly affected by the feedback effects, even
with the shorter delay time. This is in contrast to previous
work reported in Ref. [74], which derives PAO(t) = e 2" and
states that the probability of having two atomic excitations
is independent of the delay between atoms. However, Fig. 2
clearly shows that it does depend on the delay times, and it
becomes significant for larger delay times. It is important to
also note that we have calculated the conservation rule, using
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FIG. 3. Time dynamics of two atoms initially excited. (a) Prob-
ability of having only one of the TLSs excited, i.e., probability of
one atomic excitation PV(¢), for different delay times, when the
system is initialized with both TLSs excited. (b) Close-up of the
reduced probability of having only one of the TLSs excited P} ()
on a logarithmic scale, for the different delay times plotted in (a).

both the individual TLS populations [see Eq. (13)] and the
collective atomic excitations [see Eq. (17)], in order to confirm
the validity of our results.

B. Further analysis of the one atomic excitation probability PV
and atom-atom correlations

To more fully explore the non-Markovian effects of our
system, we also search for interesting delay times (or atom
separations) that can lead to interesting temporal effects that
qualitatively change because of finite delay coupling regimes
between the emitters. In Ref. [74], for the case of two atoms
initially excited, the authors studied two specific lengths that
were cited to correspond to the largest instantaneous decay
rate (¥t = 0.375) and the maximum probability of having
one atomic excitation in the long-time limit, max P(l)(t —
o0) (yT = 0.895).

To have a more complete picture, we study P)(z) for a
number of different delay times in Fig. 3(a), including the
ones mentioned above. We observe that, as stated in Ref. [74],
yT = 0.895 indeed gives the highest value of P{(¢) at long
times. However, it is not clear that the delay time of yt =
0.375 yields the largest instantaneous decay rate, since in
Fig. 3(a) this does not appear to be the case.

In the Markovian regime, P(")(¢) has a known analytical so-
lution P(V(r) = 2yte=2"" [61]. Thus, we can define P} (1) =
PW(t)/2yt to extract its effective decay rate, which in this
case will be 2y . Of course, this assumes the solution remains
Markovian, so the results below are only for a qualitative
understanding of the effective decay rates. In Fig. 3(b) we
show Péflf) (t) for the same results shown in Fig. 3(a), on a log-
arithmic scale. First, we see how, as expected, the Markovian
result is a straight line with a slope of 2. Second, we observe
how feedback effects create new nonlinearities and the decay
rates are time dependent; however, we do not see an especially
faster decay for yt = 0.375.

To help study the underlying physics of these different de-
lays and how they affect the interemitter coupling, in Fig. 4 we
calculate the emitter-emitter correlation function, specifically
(0,705, )(t), in order to compare with and extend previous
atom-atom correlation results from Ref. [74]. We highlight
that our findings appear to differ from the ones reported in
[74]. Figure 4 shows the atomic correlations for two dif-
ferent delay times yt = 0.375 [Fig. 4(a)] and yt = 0.895
[Fig. 4(b)]. First, when we look at the y7 = 0.895 case with
¢ = (2n + 1)m solution, which corresponds to the blue solid
curve in Fig. 4(b); we observe different time dynamics, with
only positive values of the atomic correlations. However, if we
now calculate this atomic correlation function for yt = 0.375
[blue solid line in Fig. 4(a)], the time dynamics follow a
similar shape to the case reported in Ref. [74], Fig. 3(b)
therein, but with their simulated delay time of yt = 0.895.
In our Fig. 4, when considering yt = 0.375 with, say, ¢ = 7

0.151 0.151 0.151
0.10: 0.10: 0.107
o 0.05% 0.051 0051 £ o T
5 I/
>~ 0.007 e s XU & -'I/ ¢=(2n+1)m
v DWQT, 77 = 0.375
—0.051 —0.05 1 —0.051 === MPS, v7 =0.375
— e e DWQT, v = 0.895
—0.101 (a) v7 = 0.375 —0.10 1 (b) y7 = 0.895 —0.101 (c) === MPS, v7 = 0.895
0.0 2.5 5.0 75 0.0 2.5 5.0 75 0.0 2.5 5.0 75
vt vt vt

FIG. 4. Interemitter quantum correlations calculated using MPS for two TLSs separated by (a) y 7 = 0.375 and (b) yt = 0.895, where
we distinguish between even and odd multiples of 7 for the phase, ¢ = 2n7 and ¢ = (2n + 1)x. The Markov limit y7 — 0 is shown for
comparison. Since some of these results differ qualitatively from those in [74] (see the text for details), we have also computed some of these
observables with a completely different method, specifically a discretized waveguide quantum trajectory approach [53,54], and results are
shown in (c) for ¢ = (2n + 1)m, along with MPS results; the DWQT approach uses 20 000 quantum trajectories for averaging and clearly
yields the same answer (with some minor noise due to trajectory averaging).
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FIG. 5. Role of propagation phase on (a) collective decay P, (b) individual populations ryg, 12, and (c) atom-atom correlation (o, ;")
for a delay time of yt = 0.5 and three different phases ¢ = 0 (brown solid line), ¢ = /2 (green dashed line), and ¢ = 7 (blue dotted line).

The Markovian solution is plotted in orange for comparison.

(blue solid line), the atomic correlation goes to negative values
immediately after the finite delay time and then transitions
to positive values at longer times, similar to the solution
presented in Fig. 3(b) of [74], again with their longer delay
time of yt = 0.895, except for an earlier start (i.e., when we
first see a temporal change) in our results due to the shorter
delay time.

To further confirm that our simulations are correct, our
results have been benchmarked with an independent approach
using a discretized waveguide quantum trajectory (DWQT)
model [53,54]. Agreement between both methods, MPS and
DWAQT, is shown in Fig. 4(c) for the two delay times studied
in Figs. 4(a) and 4(b). Minor differences are caused by trajec-
tory averaging in the DWQT method, where we use 20 000
trajectories.

Furthermore, we note that one has to be careful when
choosing a value of m for the ¢ = mm phase. Here we find
that there is a difference in the results between an even or
odd value of m, with a flip on the sign when m is even. This
is shown in Fig. 4 with green dashed curves. Additionally,
for phases ¢ = (2'”# (red dash-dotted curves), there is no
emitter-emitter correlation and (01+ 0, )(t) = 0 at all times.

C. Phase dependence in the non-Markovian regime

In the regime of time-delayed feedback, the phase term
¢, defined earlier in Eq. (11), plays an important role in the
time dynamics of the system, since it can control the onset of
enhanced or suppressed atom decays. To appreciate the role of
¢, we have also investigated the impact on PP niisi /2, and
(0,7 0,) for a delay time of yt = 0.5 and compared with the
Markovian result.

First, in Fig. 5(a) we show collective decay P® for three
phases, ¢ = 0 (brown solid curve), ¢ = /2 (green dashed
curve), and ¢ = m (blue dotted curve), and compare it with
the results in the Markovian regime. As we already saw in
Sec. III A, P® depends on T in the non-Markovian regime
and thus it will also depend on ¢. Interestingly, we observe
how the collective decay is enhanced for a phase of ¢ = (m +

1/2)m, contrary to solutions with a single excitation, where
the superradiant state is enhanced for a phase ¢ = 2mm [65].

Figure 5(b) shows the individual populations nrisi;2,
where the dynamics remain the same for both atoms, since
they start in a symmetrical state and have symmetrical decay
rates. For this observable, the fastest decay is observed in the
Markovian solution, and ¢ = /2 does not decay faster than
the other phases. The main difference that can be observed
here is the population trapping for the phases ¢ = m and
¢ = 0, which is not present in the case of ¢ = 7 /2.

Finally, in Fig. 5(c) we show the time-dependent atom-
atom correlations (al+ o, ) for the same phases. In this case,
we see how atomic correlations are present even in the
Markovian regime, except for ¢ = /2, which shows a per-
fect cancellation of the correlations between atoms. This again
shows the dependence on the phase for the system evolutions,
in agreement with the results in Ref. [74].

D. Additional quantum observables and non-Markovian effects

To better appreciate the role of non-Markovian effects on
photons, we next extend our study to include observables
related to the explicit behavior of waveguide photons and
study both light-light and light-matter correlations.

In Fig. 6 we show a detailed summary of populations, cor-
relations, and entanglement entropies (introduced and defined
below), first starting in the Markovian regime [Figs. 6(a)—6(c)]
and then with three different finite delay times y T = 0.1 [Figs.
6(d)-6(f), yT = 0.5 [Figs. 6(g)-6(1)], and yt = 2 [Figs. 6(j)—
6(1)]. In the left column, the population dynamics are shown
for both individual TLSs and collective atomic excitations
P™ _Here we observe, as before, the pronounced time-delayed
feedback effects in the non-Markovian cases, where the atoms
decay individually until the delay time and then trapping of
the TLS populations appears for longer times. Once again,
with non-Markovian feedback, qualitatively different dynam-
ics are observed for all P©, P and P®. This is especially
noticeable in the last two longer-delay cases [Figs. 6(g) and
6(j)], where we have longer delay times yt = 0.5 and 2,
respectively.

063702-7



ARRANZ REGIDOR, NORI, AND HUGHES

PHYSICAL REVIEW A 112, 063702 (2025)

0 5 100

00 25 5 75 10

i vt

FIG. 6. Plot summarizing various important observables for four different cases, (a)—(c) the Markovian regime, (d)—(f) y7 = 0.1, (g)-(i)
yt = 0.5, and (j)—-(1) yt = 2, showing (a), (d), (g), and (j) the atomic population dynamics (single TLS decay represented with the gray
dash-dotted curve for reference); (b), (e), (h), and (k) photon fluxes and entanglement entropies; and (c), (f), (i), and (1) correlations between

operators in the system.

The middle column figures show the integrated output flux
of photons going to the left and right of the waveguide, Ng'f
(dark green line), and the photon flux within the feedback
loop, N}e’,‘L (pale pink line), defined in Eqs. (12) and (13).
In this case, there is symmetry in the system; hence, the
right- and left-moving photons will behave similarly. Here
we can see how, as the distance between the atoms increases
(longer delay times), the output photon flux gets smaller at

longer times. This is not only due to the trapped populations
in the atoms, but also due to emerging probabilities of photons
trapped in the feedback loop represented by N}Q“L. We stress
that this observation is unique to the non-Markovian regime,
since in the Markovian limit, the feedback loop is not consid-
ered.

In Figs. 6(b), 6(e), 6(h), and 6(k) we also show the entan-
glement entropy, which is calculated in two different ways.
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First, we define the entanglement entropy between the atomic
and the photonic part of the system, from [56]

Sa == Alsys) log, [A(sys)3]. (24)
B

where A(sys)g are the Schmidt coefficients corresponding
to the TLSs system bin, with S representing the position
of these coefficients, and the subscript a on S, stands for
atomic. To ensure a maximum value of 1, this is normalized as
Sa = Sa/Smax» Where Smax = nquviis 10g, 2. Second, we define
the entanglement entropy of the entire circuit S., which corre-
sponds to the entropy between the circuit considered (the two
TLSs plus the feedback or waveguide between them) and the
rest of the waveguide,

S. ==Y A(r)}log, [A(T)}]. (25)
B

where now A(7)g are the Schmidt coefficients of the feedback
bin, and follow the same normalization S, = S./Smax-

In the Markovian regime, both (entanglement) entropies
introduced above behave in the same manner because there
is no feedback loop, as shown in Fig. 6(b), and they simply
increase to a certain value and return to zero at sufficiently
long times. However, as the feedback delay times increase [see
Figs. 6(e), 6(h), and 6(k)] so does the difference between these
two observables, reflecting the increase in the probability of
having photons trapped between the two TLSs. Moreover,
the entropy values are no longer zero at long times, showing
long-term light-matter entanglement. We can also observe
oscillations in the entropy for long delay times (yt = 2),
becoming clearer for S,.

Figures 6(c), 6(f), 6(i), and 6(1) show different types of
quantum correlations. We first have the photonic correlations,
which are represented by the (one-time) first- and second-
order quantum correlation functions Gg)(t) and Gg) (t) of
the right output photons and the correlation between right-
and left-moving photons (beR)(t). In the Markov limit, the

first-order correlation function and (beR)(t) are the same
due to the symmetry of the system, but this is no longer the
case when there are finite delay feedback effects, where now
the system behaves like two separated single-excited TLSs
until the delay time t, giving rise to different dynamics. This
initial independent behavior is also reflected in the behavior
of Gg)(t), which remains zero until t = 7.

The two-atom correlation is also plotted in Figs. 6(c), 6(f),
6(1), and 6(1). Once again, here we can see the difference be-
tween the Markovian regime, where there is an instantaneous
correlation between the TLSs, and the non-Markovian one,
where the correlation between atoms does not start until the
delay time and shows different dynamics depending on the
atom distance, with negative correlation values for TLSs that
are further apart.

Finally, we highlight that there are two more impor-
tant observables shown in these figures, corresponding to
the light-matter correlations between the first TLS and the
right-moving photons, (o, bg), and the second TLS and the
right-moving photons, (o5 bg). These two observables remain
zero in the Markovian regime, where the light-matter entan-
glement is not present, and become different from zero when

the feedback effects come into place, even when considering
relatively short delay times like y T = 0.1. This reinforces the
fact that non-Markovian effects give rise to important light-
matter entanglement not captured when considering certain
approximations, and these can be measured from various cor-
relation functions.

IV. FOUR COUPLED QUBITS WITH TWO EXCITATIONS

Next we can extend our two-atom study by adding a new
pair of two TLSs, i.e., four TLSs in total, and investigate how
the dynamics differ from the previous cases. For this system,
we study a delay time of yt = 0.5, where the delay effects
are clearly visible but do not carry the oscillations of more
extreme delay cases.

In terms of the initial state, even if considering the same
number of initial excitations (two atomic excitations), there
are now several options for the initial quantum state of the
system since the two new TLSs add more degrees of freedom.
Here we choose three example initial quantum states that we
believe are especially interesting and relevant, but we remark
that we can easily initialize the TLSs with any product state
or entangled state containing two excitations or, in a more
general case, containing up to four excitations.

Initial state A (one specific left atom excited and one specific
right atom excited). Previously, for the case of two TLSs
separated by a delay time t, initially excited, we had an initial
atomic state |e., eg), where e, represented the excited TLS on
the left and eg the excited one on the right. Now we can add
two additional TLSs, both starting in the ground state, and see
how these affect the collective dynamics of the system. In this
case, we have the initial state

|po)a = leir, gar, €1r. &2R)- (26)

Initial state B (two left atoms excited). In the Markovian
regime, when considering that the phase between TLSs is
¢ = 0, there is no difference for an initial product state with
two excitations when choosing which two TLSs are excited.
However, this is no longer the case when considering delay
times. It is thus interesting to study the differences with an
initial state where the two atomic excitations are on the left
TLSs, since this case is only equivalent to the previous one
(state A) in the Markovian limit. Here we will have an initial
state

lpo)p = leir, ear, 1R, &2R)- 27

Initial state C (one unknown left atom excited and one
unknown right atom excited). In the previous examples, we
assume that we know what precise TLSs are excited, but what
happens if we only know that there is one excitation on the left
and one on the right? The initial state will be a combination
of all the possible initial states with two excitations,

1
l#o)c = 3 (leir, gar, €1r, §2r) + 1811, €L, €1R, §2R)

+ |g1L, eor, g1r, €2r) + leir, 821, &1k, €2r))- (28)

This case is particularly interesting since, if we rearrange
the terms, we can also write the initial state as

lpo)e = 3(leir. ga1) + Ig12. €21)) ® (ler, g2r) + |81r, €2r)).
(29)
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FIG. 7. (a) Probability of having one atomic excitation. (b) Probability of having two atomic excitations. (c) Integrated photon flux
transmitted to the right. (d) Photon probability between the left and right TLS pairs. Magenta lines correspond to state A (|¢),), green lines to
state B ((|¢)3)), orange lines to state C (|¢).), and black lines to the two-excitation two-TLS solution previously studied. In all cases, the solid
lines correspond to a delay time of y7 = 0.5 and the dotted lines are in the Markovian limit.

which corresponds to a product of a one-excitation superra-
diant state of the left TLSs and a one-excitation superradiant
state with the TLSs on the right, and we can observe superra-
diant features in the collective population dynamics.

The time-dependent quantum dynamics of these three
cases are summarized in Fig. 7, where state A (|¢),) is shown
in magenta, state B (|¢)z) in shown in green, and state C (|¢) )
is shown in orange. For comparison, the results for two TLSs
with two excitations are shown in black. Solid curves display
non-Markovian results and dashed lines display Markovian
results.

Several interesting features are observed. First, in Fig. 7(a)
we can see how |¢) behaves closer to the two-TLS case sep-
arated by a distance d [see Fig. 1(a)], in both the Markovian
and non-Markovian cases, where in the Markovian limit the
probability of one atomic excitation is zero in the long-time
limit, but it reaches a constant in the non-Markovian regime.
For the initial state |¢)., the dynamics are faster with four
TLSs, since this is a double superradiant state and, for the
same delay time, it reaches a higher constant value. However,
|¢)4 and |¢)p have totally different dynamics from the two-
TLS solution, both with and without considering the delay
times. As expected, in the Markovian limit, the dynamics of

|¢)4 and |¢)p are the same, but when feedback effects come
into place they deviate, with an increasing P! (¢) for |¢), and
decreasing values for |¢)p.

In Fig. 7(b) we first see how with two TLSs, the probability
of two atomic excitations is zero for long times (in both
regimes), since photons escape into the external waveguide
parts. However, when adding the extra two TLSs (four in
total), the two-excitation probability gets trapped in both the
Markovian and non-Markovian regimes, as some waveguide
photons are now trapped. This trapping in the Markovian
regime is due to the fact that with four TLSs, even if we con-
sider that their distance is small enough that we can disregard
the feedback effects, we are still distinguishing the left and
right pair of qubits. A fully superradiant state in which the
two excitations were unknown within the four TLSs would not
have long-lasting atomic excitations in the Markovian regime.
In these cases, even though there are superradiant features,
especially in state C, the distinction between pairs gives rise
to atomic excitation trapping, even in the Markov limit.

Interestingly, in all the Markovian cases, the constant
value for two atomic excitations at longer times is ex-
actly the same value P® = 0.33, although it initially decays
much faster if the initial state is |¢), since again this is
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a combination of superradiant states. However, when con-
sidering the time-delayed feedback, we have three different
collective decay rates. First, for |¢),, we have two sepa-
rated pairs of TLSs with one excitation on each side before
the delay time, which has the slowest rate, although this
rate is still faster than the Markovian regime equivalent,
and after the delay time both rates seem to become equal.
Second, |¢)p has the same dynamics as the two-TLS case
studied before (yt = 0.5), with a decay rate of 2y, since
both excitations are on the left atoms, and after this time,
the probability of having the two atomic excitations reaches
a constant, smaller than in the previous case. Finally, |¢) has
a decay rate of 4y, having the fastest dynamics, and it reaches
a trapped state after the delay time 7, similar to the previous
one.

Figures 7(c) and 7(d) show the photon dynamics of the
system, with Fig. 7(c) showing the right output photon flux
NR" and Fig. 7(d) the photon probability in the waveguide
part between the TLS pairs for the right-moving photons Ni,
defined previously. From the simulations with four TLSs, |¢) 4
has a low transmitted photon flux and the lowest probability of
having photons trapped between the TLS pairs, which agrees
with the fact that both the one- and two-atomic-excitation
probabilities are higher than in the rest of cases. In contrast,
|¢)p has fewer transmitted photons (with zero transmission
until the photons reach the right pair of atoms when consid-
ering feedback), but it has the highest probability of having
photons trapped between TLSs in the non-Markovian regime.
The last case studied corresponding to |¢). shows the largest
transmission, with an even higher value when considering
feedback effects, which, together with a high PV (r — o0)
and the lowest P?)(t — 00), makes it a good example of a
long-term light-matter entangled state.

V. CONCLUSION

Using a powerful MPS approach, we have studied the
effects of having finite delay times in the quantum dynamics
of waveguide QED systems with multiple two-level atoms,
with finite spatial separations, when they are prepared in su-
perradiant states containing two atomic excitations. This is an
intrinsically nonlinear problem, and we have shown how the
collective decay rates are significantly modified with larger
distances between atoms and studied the impact on various
light-matter correlations and the entanglement between the
TLSs and the field propagating in the waveguide. We have also
demonstrated the clear breakdown of assuming instantaneous
coupling rates, leading to much richer collective effects than
for a Markovian system.

Starting with two TLSs, we first studied the influence
of finite delay feedback effects on the double-excited state
dynamics (superradiance regime) and on the emitter-emitter
correlations. We showed how the superradiant coupling is de-
layed by the causality propagation time, manifesting in several
non-Markovian decay regimes and long-lived emitter-photon
decay rates. Our theory fully includes the waveguide photon
dynamics including the effects of round-trip photons and pop-
ulation trapped states.

We then extended our study to present a more detailed
analysis of the quantum dynamics by calculating other ob-

servables, including entanglement entropy and light-matter
correlations, and several of these correlations are unique only
in the non-Markovian regime, which is accessible in quan-
tum circuits. For example, photon-matter correlation effects
are zero for the Markovian coupling regime (which assumes
zero feedback time), but significant in the presence of finite
delays. In addition, the entanglement entropy between the
atomic and photonic part (S,) and the entanglement entropy
between the circuit considered and the rest of the waveg-
uide (S,) are equivalent in the Markovian regime, since the
photonic region between TLSs is not considered, but we
have shown how they qualitatively differ as delay times in-
crease and the probability of photons in that region becomes
larger.

Finally, to explore additional new waveguide QED super-
radiant regimes with more qubits, we then added two more
atoms to the waveguide, next to the original pair (thus having
four qubits in total), and we again investigated their time dy-
namics when finite delay feedback effects occur. Here we have
shown that, depending on the choice of our initial state, we
can achieve different quantum dynamics, including long-lived
light-matter entanglement. Here we found trapping of the col-
lective doubly excited state with finite values at long times, in
contrast to the two-TLS dynamics. We also observed trapping
of the photons located between the TLSs. We have shown how
these characteristics can be engineered with different initial
states, making this a very rich system for creating light-matter
entangled states.

We stress that our general theory can easily include addi-
tional photons and qubits, allowing us to explore waveguide-
mediated quantum coherence and entanglement generation
in multiatom waveguide QED systems, including cascaded
chiral systems [81].
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