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I. EFFECTIVE NON-HERMITIAN BATH IN SINGLE-EXCITATION SUBSPACE

As shown in the main text, we consider a set of N identical atoms, as quantum emitters, coupled to a 1D Su-
Schrieffer—Heeger (SSH) photonic chain with L unit cells. The photonic chain consists of coupled cavities subjected to
engineered nonlocal dissipation, as shown in Fig. 1 in the main text. Each two-level atom, with ground state |g) and
excited state |e), is coupled to each cavity in the lattice. Under the Markovian and rotating-wave approximations,
the dissipative dynamics of the system (in the rotating frame) is governed by the Lindblad master equation®' 5*:
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where the Hamiltonians of atoms 7—26, photonic SSH bath 7:lp and photon-emitter interaction ’Hint are written as
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Here, 6;, = (6;7)" = |gn){en| is the pseudospin ladder operator of the nth atom, A is frequency detuning of the
atom with respect to the cavity frequency, a; and Bj annihilate photons at sublattices a and b of the jth unit cell (see
Fig. 1 in the main text), g is the photon-emitter interacting strength, and j, labels the unit cell at which the nth
atom is located. Moreover, j is the system density matrix, the Lindblad superoperator D[L]p = LpLT — {LTL, p}/2
represents atomic and photonic dissipation, 7 is the atomic decay rate, and « denotes the photonic loss. In this work,
we consider the nonlocal photon decay between two sublattices a and b in each unit cell with ij =a; — zl;] This type
of nonlocal dissipation has been extensively studied in theoretical frameworks®> 7, and demonstrated in experimental
settings®®. The nonlocal dissipation of the photonic waveguide can be realized by coupling it to an auxiliary bath,
When the auxiliary bath operates under conditions of large detunlng or strong dissipation, it can be adiabatically
eliminated, effectively implementing the desired nonlocal dissipation L =a; — zb 59,

We consider the single-excitation subspace with an initial state WO) =6 ]9)® \Vac>, here |g) = |g1g2-..gn) and
[vac) is the photon vacuum state, and so as the initial density matrix po = [¢0){%o|. Then, the master equation in
Eq. (S1) can be solved as®? 512
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with

pr=1— Tr[e_iﬁeﬂtﬁoeiﬁiﬁt]. (S6)



Therefore, when focusing only on the single-excitation subspace, the system’s dynamics is governed by the effective
non-Hermitian Hamiltonian

Her = He + Hp + Hine — iv/2> 656, —ir/2> _ LIL;. (S7)
n J

Under periodic boundary conditions (PBCs), and using &, = L~!/2 > e~*ia; (a = a,b), the momentum-space
Hamiltonian becomes

N N
Hop(k) = A;&;ff + Y i+ % 3

k n=1

2}; (&;alglm + H.c.) : (S8)

where A = Ag —iv/2, d = [ar, b]T, gh,, = [gae ", gre= ™17 with ga, gy € {0, g}, and the Bloch Hamiltonian of
the non-Hermitian SSH bath H,(k) is

Hk = —ig’To + (Jl + J2 COS k) Ty + (JQ sink — ZH/Q) Ty, (SQ)

with Pauli matrices 7; (i = ,y, z) and identity matrix 7p.

II. BULK-BOUNDARY CORRESPONDENCE OF A NON-HERMITIAN SSH BATH

As shown in Eq. (S9), the Bloch Hamiltonian of the non-Hermitian SSH bath is rewritten as
Hy, = Hi —i(k/2)10, with Hjp = (J1 + Jocosk) 7, + (Jasink —ik/2) 7, (S10)

where the Hamiltonians Hy, and Hj, are topologically equivalent. The non-Hermitian skin effect leads to the breakdown
of the conventional bulk-boundary correspondence. The topological-phase boundary can be recovered by the non-
Bloch theory®'3, where the non-Bloch Hamiltonian for H}, reads

0 Ji— 5+ 57t
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One can obtain the eigenvalue equation for 8 as det[Hg — E] = 0. Therefore, we have

(- 5) 7] [0+ ] = - o1

This leads to two solutions

(B2 4+ K24 — J2 — J2 £ [E? + K2/4 — J? — J3]2 — 4J2(J} — Kk2/4)

E) = S13
fr.2(E) 2J5(J1 — K/2) ’ (S13)
where +(—) corresponds to 31 (82). Then, we obtain
J1+ K/Q
== S14
B152 /2 (S14)
According to the generalized Bloch band theory®'*, we require |3;| = |32|. This leads to
811 = 1ol = || L2 (s15)
= 2= Jl - H/Q ’

Due to chiral symmetry, we can obtain a generalized @ matrix®'?, defined as

Q) = (8D ()]~ o wn (3 = (2 §). (510
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where |1g(8)) = o.|Yr(B)) and [ (8)) = o.|1r(B)), with the right and left eigenvectors given by the following
eigenequations

Hplvr(B) = E(B)Yr(B), Hilwr(B)) = E*(B)[vr(8)). (S17)
The non-Bloch winding number W is given by
_i [ da
W= 2m /GBZ q’ (818)

where GBZ denotes the generalized Brillouin zone.
According to Egs. (S16-S18), the true topological-phase transition points in the presence of non-Hermitian skin

effects are given by
Ji = 4/ J2 + K2/4, (S19)

where the SSH bath is topologically nontrivial when J; € (—\/J3 + r2/4, \/J3 + k2/4).
This indicates that the bath is topologically trivial for Jo = J; — /2 with J; > /2 due to k > 0, where we explore
this regime for chiral-extended photon-emitter dressed states.

III. CHIRAL AND HIDDEN BOUND STATES

Due to the particle number conservation of the system Hamiltonian 7:leff(/€) in Eq. (S8), in the single-excitation
subspace, the bound state can be written as

N
1 . N
|Yp) = (\@ PSS ce,na:> lg) ® |vac), (S20)
k n=1
with ¢k = [ck.a, ckp]?, which satisfies 7—263(/{) |tn) = By, |¢p). Then, we obtain

Ac, + % Z glck = Fyc., and Hyck + gice = Epcy, (S21)
k
for V k, where c. = [ce.1, Ce2y---y Cen]T, and g, = [81s Skas- -y Sinl-
According to Egs. (521), we have
[Ey — A =X (Ep)]ce =0, (522)
and for photon-emitter bound states, we require ¢, # 0. This yields
det [Ey, — A — X (Ey,)] =0, (S23)

where ¥ (2) is the self-energy of the emitters, given by
1 _
E(z):ngL (z — Hy) lgk. (S24)
k

We then can determine the atomic and photonic weights as

1 q _ 8rCe
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(S25)

‘C6|2 =

In this section, we are interest in a single emitter coupled to the sublattice a or b within the unit cell jy of the
bath, and study the bound states with its eigenenergy lying within the regimes of both line and point gaps of the
non-Hermitian SSH bath. In this work, unless otherwise specified, we assume v = k.



A. Line gap and chiral bound state

In the presence of the line gap for the bath Hamiltonian Hj, to have a simple form of the analytical solution for

the bound-state wavefunction in Eq. (S25), we solve the bound state for E, = —ir/2.
According to Eqs. (523) and (S24), for Ey, = —ik/2, we immediately have
Y(Ep) =0, and A= —ix/2. (S26)

Then, according to Eq. (S25), the atomic weight |ce|2 for the emitter coupled to the sublattice a or b is, respectively,
derived as

1
|C@»a|2 = 2 . 9 (827)
L+ &5 |1+ Jaem i — k)2
or
) 1
|Ce,b = PE ” 5 (828)
L+ %50 |1+ Jeetk + 5 /2]
(i) When the emitter is coupled to the sublattice a, the photonic weight ¢y, o (o = a,b) for A = —ix/2 in momentum
space is obtained as
Cka =0, and cgp = JkCe.a (529)

T+ Jaem R — k)2

where g;, = ge~"*J0. The real-space photonic profile can be obtained by the inverse Fourier transformation of Eq. (S29).
This leads to ¢j,, = 0, and

ik(i—jo) 3—jo
gCe.a e gCe,a Y
L= — 2 - = — 2 d . S3O
Cib L Zk Ty + JpeiF — & i ?ély_l YTy + (Ji —w/2)y (S30)

According to Eq. (S30), for |J2| < |J1 — k/2|, where the PBC spectrum of the SSH bath Hamiltonian Hj, exhibits
a line gap, we obtain

J—Jjo
_ _9YCe,a _ Jo - .
07 .] < jO'
(ii) When the emitter is coupled to the sublattice b, the photonic weight cq 1 (o = a,b) for A = —ix/2 in momentum
space is obtained as
. gkCe b
J1+ Jzeik + I<L/27
The real-space photonic profile is obtained by the inverse Fourier transformation of Eq. (S32). This leads to ¢;, =0,
and

Cha = and ¢ = 0. (S32)

ik(j—Jo) J—Jjo—1
9Ce b € 9Ceyd Yy
Cig=—"F . === dy—————. S33
5 L zk: Ji + Jaetk + 5 271 fy|_1 ngy +J1+K/2 (833)

According to Eq. (S33), for |Jz| < |J1 + /2|, where the PBC spectrum exhibits a line gap of the SSH bath
Hamiltonian Hj, we obtain

O, ] >j07

Cig= Jj—Jjo—1
J,a gCe b Ji+rK/2 . .
T (_ T2 ) » o J = Jo-

(S34)

The above analytical results show that the bound state, with its eigenenergy lying inside the line gap, has its
eigenstate located on just the left or right side of the emitter, depending on the sublattice a or b to which the emitter
is coupled, for A = —ir/2, as shown in Fig. S1(a,bl). As explained in the main text, such a chiral bound state has a
topological origin, which can be interpreted as the effective domain-wall state between two semi-infinite chains with
different topology.

In spite of the nonreciprocal hopping, the bound state inside the line gap behaves more like conventional Hermitian
bound states for A = —ix/25!°. When the detuning A is deviated from the —ix/2, the chirality of the bound states
inside the line gap decreases due to coupling with the bulk bands of the bath, as shown in Fig. S1(b2). Outside the
eigenenergy-spectrum range (i.e., above or below the two bands), the bound states do not exhibit chirality due to the
absence of topological protection [see Fig. S1(b3)].
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FIG. S1. Single-excitation line-gap spectrum (blue loops) of the bath Hj under PBCs for Ji/J2 = 2.5, The markers denote
the eigenenergies of the bound states of a single emitter coupled to the bath for different A. The corresponding site-resolved
photon weights |c;|* are shown in (b1-b3), where the emitter is coupled to the sublattice a (b), denoted by the red asterisk, for
the top (bottom) plot. The other parameters used are x/Jz = 1.2.

B. Point gap and hidden bound state

We now consider the bound state with its eigenenergy enclosed by the point gap of the bath Hamiltonian Hy. To
have a simple form of the analytical solution for the bound-state wavefunction in Eq. (S25), we solve the bound state
for J; = k/2. In this case, the eigenenergy of the bath Hamiltonian Hy in Eq. (S9) reads

By = —i(r/2) £ [Ja(Ja + e~ %) 72 (935)

According to Eq. (S24), the self energy of the bound state is written as

S(Ey)

ik 2(Ep+i8) .
e f{ By + & _{ LB k| < | JE = (B +ik/2)2), (536)
ly

-9 dy TR B g |
21 Jiy =1 [(Eb +ir/2)? — Jg} y—Jor |0, ko] > |2 = (By +ir/2)?].
It turns out that the self-energy vanishes when the F}, lies inside the loop of the point-gap spectrum. We will reveal
that such a bound state shows a skin-mode-like photonic profile resulting from the nontrivial point-gap topology,
dubbed hidden bound state S'1:512,
(i) When the emitter is coupled to the sublattice a, the photonic weight ci o (o0 = @,b) in momentum space is
obtained as

ik J2 4 kJye
Ck,a = Ce,aJk {Eb - -

(Ey + i /2)? ]
2 Ey+ir/2 Jae ; (S37)

-1
and Crp = Ce.aGk -
:| ) N e,ag F.'/+J2elk

where gi, = ge~"*0. The real-space photonic profile can be obtained by the inverse Fourier transformation of Eq. (S37).
This leads to

gCe,a(Eb =+ m) eik(j*jo) gce,a(Eb + m)yA yj*jo
Cj,a = T 2 Z o 5 - — 5l J 2 dy , (838)
k [(Eb+§) 7J2] */‘EJQG TiKJo ly|=1 y—n
and
c o gce,a (/ﬁ: + J26ik)eik(.j7j0) B gce7a77 f dy Hyj7J0 + JQyjfj[)Jrl (839)
b = ik e . N
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where n = (kJ2)/[(Ep + ir/2)? — J3].
We consider the Ey, lies inside the loop of the point-gap spectrum with |kJa| > [J3 — (Ey +ir/2)?|. According to
Egs. (S38) and (S39), we obtain the real-space photonic profile as

Oa .7 2 jOa
Cja=1< _ . J—do+1 T (S40)
J,a { gce,a(Eb:%]fz/Q)n . <o,



and
O, j > jOv
o= —IE j=7do—1, (S41)
Jj—jo+1 Jj—jo+2 . .
,yce,av?b . gcc,anfC L <jo—1.

(ii) When the emitter is coupled to the sublattice b, the photonic weight ¢y o (@ = a,b) in momentum space is
obtained as

Jae” ™ Cep(Bp + &
Cha = gzc:bz = 2 ;and cpp = . i:(z : 22) : (S42)
(By+ F)2 = J5 — KkJa (By + )2 — J2 — kJo
The real-space photonic profile is obtained by the inverse Fourier transformation of Eq. (S42). This leads to
J: ik(j—jo—1) 3 -1
Cja = flondz inez 2 ik 7z ,‘b77 y{ dyy7> (S43)
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and
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E, lies inside the loop of the point-gap spectrum for |kJz| > |J3 — (E, + ir/2)?|. According to Eqgs. (S43) and
(S44), we obtain the real-space photonic profile as

07 .7 > jOv
Cja = G-io) (545)
{gce,an y I < Jos
and
07 .] Z jOa
Cjb = inyp(i—do+1) . ) (546)
J {_gce,b(Eb+K2Jz)77 e .7 < o

The above analytical results show that the bound state, with its eigenenergy lying inside the point gap, has its
eigenstate located on only the left side of the emitter, no matter if the emitter is coupled to the sublattice a or b.
Such a bound state behaves like the skin modes. Figure S2(a,bl,b2) plot the bound states and site-resolved photon
weight for J; = k/2. In spite of the detuning A, the eigenstates are located on only the left side of the emitter due to
the NHSE. While, outside the loop of the point gap, the bound state behaves like the conventional Hermitian bound
states [see Figure S2(b3)]. In addition, in spite of the coexistence of point gap and line gap, bound states inside the
point gap behave like skin modes, as shown in Fig. S2(c,d)

C. Atomic weight

The atomic weight can be directly solved out using Eq. (S25). To have a simple form of the analytical solution for
the bound-state wavefunction in Eq. (S25), we solve out the bound state for J; = x/2. When the emitter is coupled
to the sublattice a, the photonic weight reads

4g%2  gP(4J2K2°% + ugzy + 4J9K) G2 (4J3k22 + ugz + 4Jak) !
2 + 2
a2 = 1+ 2 (1 — 01 — |~ . (S47
[ce.al * w * 4Jokvzy (24 — 2-) (1= leel) + 4Jskvz_(2- — z4) (1=l=-D (547)
where

Ug = 4J2 — 2iEyk + 552 + 4| By)? + 2ik B, (S48)

. 2
w=4J2 + K2 + 4ivE; — 4(E7)?, and v =J2— (Eb + Z;) , (S49)
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FIG. S2. Single-excitation point-gap spectrum (blue loops) of the bath under PBCs (a) for J1/J2 = 2.5, and (c) for J1/J2 = 0.6.
The markers denote the eigenenergies of the bound states of a single emitter coupled to the bath for different A. The
corresponding site-resolved photon weights |¢;|* are shown in (b1-b3) and (d), where the emitter is coupled to the sublattice a
(b), denoted by the red asterisk, for the top (bottom) plot. The other parameters used are x/J2 = 1.2.

—p+\/p? — 16J3Kk%vw

p=4Jik* +vw, and 24 = g (S50)
When the emitter is coupled to the sublattice b, the photonic weight reads
2 g*up g°up o
|cep|” = |1+ me(l = [z4]) + I aro(z — z+)9(1 —lz=D| (S51)
where
up = 4J2 — 2iEByk + K2 + 4By | + 2iKE;. (S52)

In Fig. S3, we calculate the dependence of the atomic weights |ce q| and |cep| of the hidden (blue curves) and
Hermitian-like (red curves) bound states on the coupling strength g under PBCs for J; = k/2, where the emitter is
coupled to the sublattice a or b. The emergence of hidden bound states with eigenenergies inside the point gap does
not rely on the coupling strength g. In contrast, the conventional bound states with energies outside the point gap
only appear for sufficiently large ¢ [see also Fig. S2(a,b1-b3)].

IV. EFFECTS OF DISORDER ON CHIRAL AND EXTENDED PHOTON-EMITTER DRESSED STATES

The chiral-extended photon-emitter dressed state has the topological origin, and it is thus robust against the
disorder. To illustrate this, we investigate the effect of two types of disorders: (a) the random cavity frequencies with

the addition of the diagonal terms to the original Hamiltonian Heff — Heff + ”Hdlag, and (b) the random hopping
between cavities with the addition of the off-diagonal terms to the original Hamiltonian Hetr — Hosr + Homr. The
Hamiltonians Hgiag and Hog are written as

L

ﬁdiag = Z (aljaTa] + sb]b b )

j=1

(S53)
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FIG. S3. Dependence of the atomic weights |ce,qo| and |cep| of the hidden (blue curves) and Hermitian-like (red curves) bound
states on the coupling strength g under PBCs for J; = /2, where the emitter is coupled to the sublattice a or b. The parameters
used are A/Jy = 0.2 — 0.44.

and

ﬂoﬂzi( 130}, + He.) + Z(EQJb 541+ He.), (S54)

j=1 j=1

where €, ;, €p,j, €1,; and €2 ; are taken from a uniform distribution within the range [—V/2, V/2] with the disorder
strength V.

We consider a single emitter coupled to the sublattice a of the disordered SSH bath. Figure S4(a-d) plots the
real part of the complex eigenspectrum FE and the corresponding site-resolved photon weights |cj|2 for randomly
disordered cavity frequencies (diagonal disorder). The chirality of the in-gap dressed photon-emitter state, along with
its extended photon profile, remains remarkably robust even under strong disorder.

Figure S4(e-h) shows the real part of the complex eigenspectrum E and the corresponding site-resolved photon
weights |C]'|2 for the random hopping between cavities (off-diagonal disorder). The chirality and extended photon
profile of the dressed state remain remarkably robust even in the presence of strong off-diagonal disorder caused by
random hopping between cavities.
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FIG. S4. Real part of the complex eigenspectrum E and the corresponding site-resolved photon weights |c; |2 at the transition
point Jo = J1 —k/2 under OBCs as a function of the disorder strength V', where a single emitter is coupled to the sublattice a of
the disordered bath. The in-gap modes are the dressed photon-emitter state. (a-d) Disorder is applied to the cavity frequencies
(diagonal disorder), and (e-h) the disorder is applied to the intercell couplings between cavities (off-diagonal disorder). The
results are averaged over 1000 random realizations. The other parameters used are A/J; = —0.6i, g/J> = 0.5, k/J2 = 1.2,
Ji/J2 = 1.6 and L = 40.



V. ANALYTICAL SOLUTION OF CHIRAL-EXTENDED PHOTON-EMITTER DRESSED STATES
A. Single Emitter

We now counsider a single emitter coupled to the sublattice a € {a, b} of the unit cell jo. In the single-excitation
subspace, spanned by {|e) |vac), |g)|j,a),|g) |7,b)} with j € [1, L], and under the open boundary condition (OBC),
the Hamiltonian of the photon-emitter hybrid system is written as

AV,
Hy = : (S55)
Vi H,

where a = a, b, indicating the sublattice a or b to which the emitter is coupled, the coupling vector
Va = (Oa Oa Oa Oa Tty géa,aa g(sa,av 07 07 Tty O)a (856)

and the Hamiltonian matrix of the SSH chain H, becomes

—i% -5 0 0 0 0
J1 + % —ig Ja 0 0 0
0 Jy i -t 0 0
Hy=1 0 0 JLi+f% —if .0 0o |- (S57)
0 0 0 0 - —if J-f
0 0 0 0 - Ji+s i

We first discuss the emitter coupled to the sublattice @ = a. We implement a similarity transformation to the
Hamiltonian H, in Eq. (S55) with

Ho = S, "HaSa, (S58)

where S, is a diagonal matrix whose diagonal elements are

{1 r—(jo—l) rl—(jo—l) rl—(jo—l) r2—(j0—1) . TL—l—(]'o—l) TL—l—(jo—l) TL—(jo—l)} with r = Ji+ %
b) b b b b) ) b b) b) Jl _ %
(S59)
Then, the H, is written as
_ AV,
7'la = _ ) (860)
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where H,, reads

-5 0 0 0 0
Joo—if Jy 0 0 0
0 Jo —if Iy 0 0
Hy=|0 o0 J —i%-- 0 0 [ (S61)
0O 0 0 0 —i%
0O 0 0 0 i ik

with J; = \/(J1 — k/2)(J1 + K/2). After the similarity transformation, the photon-emitter Hamiltonian #, describes
a Hermitian system subject to the uniform local dissipation with rate /2.

When the emitter is coupled to the sublattice a = b, we can also implement a similarity transformation to the
Hamiltonian H,, in Eq. (S55) with

Hy = S, HaSh, (S62)

where S} is a diagonal matrix whose diagonal elements are

{17 r—jo7 Tl_j07 rl—jo’ ,r.2—jo7 e TL—l—jo7 TL—l—jo’ T.L—jo}. (863)
Then, H, is written as
_ AV
Hy = ", (S64)
v H,

After the similarity transformation, the photon-emitter Hamiltonian H; also describes a Hermitian system subjected
to the uniform local dissipation with rate x/2.

According to the Hamiltonian H, in Eq. (S60) or H; in Eq. (S64), in the single-excitation subspace, spanned
by {le) [vac), |[g)|j,a),lg)|j,b)} with the similarity-transformed basis |g)[j, &) (@ = @,b) and j € [1, L], the
eigenequation for the photon-emitter dressed states reads

H|ha) = (Ho + He + Vo) [a) = E|tha), (S65)

with the eigenenergy of the dressed state being Eqg = E — ix/2, and

L
Ho = (Ji5:0) Gral + J213,b) G + 1] + Hee), (S66)
He = Ao le) (e, (S67)
Vo = g (le) (o, &l + Lo, @) (el).- (S68)

The Hermitian SSH Hamiltonian Hg for Jo = J; — /2 (topological trivial phase) under OBCs can be solved out
5516

2L

7:[0 = Z Em |30m> <50m| ) (869)

m=1
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where the eigenvalue reads

Em = (—1)m\/2j1J2 o8 O, + JE + J3, (S70)
with 6, being a real number satisfying
Jisin[(L + 1)8,,] + Josin[L6,,] = 0, (S71)
and the eigenvectors are
1 & -
|90m = Z Pm, a |]7 + SDmyb(]) |], b>) . (872)
m j=1
Here, N,, is the normalized constant for |¢,,), and the amplitudes ¢, () and @, ,(j) are given by>1°
) o Jo oo
#m.a(j) = sinljon] + F sinl(j = 1)0n], (S73)
. Em . .
(pm,b(]) = JTI SIH[]GTYL]' (874)

Utilizing the eigenvector {|¢.,)}, we rewrite the Hamiltonian V, in Eq. (S68) as

2L
Va=g (Z l€) (o, &lem) (om] +H-C-> ;

m=1

_g(z mea]() (Pm|+HC> (875)

Therefore, in the single-excitation subspace, spanned by {|e) |vac), |g)|om)} with m € [1, 2L], we would like to
consider the dressed state

2L

Pa) = Y Eml9) lom) + & |e) [vac) , (S76)

m=1
that satisfies the eigenequation in Eq. (S65) with total Hamiltonian H in the new basis {|¢,,)}. Then we obtain
_ gsp;kn,a (jO)Ee

EmCm + = FE¢,, Vm, ST
VN 570
Pmalio)en | Ao~ p,. (S78)

VN

m=1

According to Eq. (S77), the photon profile of the dressed state can be given by

_ gcp;kn a(jo) _
Cm = ———=—————Co, (S79)
V ; ;m(E - 5m)
where the atom profile ¢, can be determined by the normalization of the dressed state as
Plena(io) B
_ 2 97 1¥Pm,alJo
J= |1 . S80
ol = |14 3 e lematil (0
Inserting Eq. (S79) into Eq. (S78) to eliminate &, yields
E— AO 2 Z |Spm a(]O)' é, = 0. (881)
- 5m)~/\/m

According to Egs. (S79)-(S81), we can solve E, ¢, and ¢.. Then, at the basis {|e) |vac), |g)|j,a),|g)|j,0)}, we
obtain the wavefunction of the dressed state ¢, = Sq¥q, Where

1/7}01 = [66a¢17¢27"' 7¢m7"' 7¢2L]T; with Qsm: <g,§0m|'(/;a> (882)
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B. Two Emitters

We now consider two emitters (]g1),le1)) and (]g2),|e2)) coupled to site (a1, j1) and (asg, j2) of the same
SSH bath, respectively. In this subsection, we focus on the situation when the atom-photon interaction strength
between both emitters and the SSH bath is set as g1 = g2 = ¢. In the single-excitation subspace, spanned by
{le1) [vac), lea) [vac), |g)|j,a),|g)|j, by} with j € [1, L], and under OBCs, the system Hamiltonian reads

A 0 V,
HOQOLQ = 0 A Va2 . (883)
%A B VOL H,
Then the eigenequation for the photon-emitter dressed states becomes

H|Wara,) = (Hp + Hey + Hey + Vayas) [Yaras) = Ea[Waya,) ; (584)

with the eigenenergy of the dressed state being Fq, and

Hy = i[(m 5 )16 Goal + (1 = ) liva) G

J

)
—

L—1
+ 57 (J1,6) G+ 1yal + a1 + 1,a) (j, bl)
Jj=1

L .
ZKJ . .
j=1
He="MHe, +MHe, = A[er) (e1]| + |e2) (e2]) , (S86)
Varas = g(l€1) (1, a1l + [j1, an) {ex]) + g(le2) (J2, az| + [j2, a2) (e2]). (S87)

Due to the non-Hermiticity of the bath Hamiltonian #,, in Eq. (S85), the right and left eigenstates of H, can be
defined as

Hylom) = o), Hhlen) =E |on). (S88)
Whose blorthogonal conditions and completeness conditions are given by <<p }g@n> = <gpfn|<p§> = Ompn and
Dom |<pm> <<pm| => . |<pm> <<pm| = 1, respectively. Using these relations, the bath Hamiltonian H, can be expressed

in terms of quasi-particle energy bands as

2L
’szz(g >y S (ot (S89)
m=1
and the right and left eigenvectors are given by
1 L
’%0117%1> = 7—2(()0171 a( )‘jva’> +@1§L,b(]) |J7b>)’ (890)
N =
L
’@m - Z Qama ‘]7 +901lq/1,b(]) |J7b>) (891)

ﬁ

Here, N,, is the normalized constant in the biorthogonal condition. By utilizing the inverse of the similarity
transformation to Eqs. (S73) and (S74), the amplitudes of gpﬁ{ 2(j) and Rk (j) are given by

m,b

o W) = (if:@ " (sinfjn] + 2 (s~ 16, (592)
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@ﬁ,b(j) =7 E_mﬁ/2 (Jl j:g) ’ sin[j0,], (593)
eha) = (G0 ) i) + 2 sinl(i = 16, (594

Em (Jl—/’ﬁ/Z

L N ER
@m,b(]) - J1+I€/2 J1+I<C/2> Sll’l[jem]. (895)

Utilizing the completeness condition Zile ’gpﬁ> <goﬁ1‘ = 1, we rewrite the atom-photon interaction Hamiltonian
Vosas in Eq. (S87) as

oL 907%(1 ( @m Fm,a V1)1 .71
VO&1062 =9 Z T | + Z \/7 |(pm> <61|

m=1 m=1
tg <2ZL: @ﬁ,ai(.]Q |+ Z (pm ¥Fm,ax\J2/] .]2 ‘4,0 ><62|> (896)
m=1 V Mn m m=1 \% m "

We employ the resolvent method to solve the evolution dynamics of two emitters coupled to the topological
bath®1751% " Using the Hamiltonian H = H, + He, + He, + Vara, in Egs. (S86), (S89) and (S96), the resolvent
operator of the whole system is defined as

1 1
9(2) = — 7~ Hye — Varag | (897)

where
Hpe = Hp + He, + He,- (S98)

We now consider the single-excitation spanned by the emitter and bath Hamiltonian #,., which consists of the
atomic excitation {|e1) [vac), |ez)|vac)}, and the quasi-particle excitation {|g) |¢f)} with m € [1, 2L]. The photon-

emitter interaction term Vi, o, describes the coupling between the subspaces {|e1) [vac) , |e2) [vac)} and {|g) |¢2)}. In
the following, we use the following notations |e1) := |e1) [vac), |e2) := |e2) |vac) and |} := |g) |@[ ) for convenience.
Then, we define the projector operator

P = lex) (e1]| + |e2) (e, (S99)
and its complementary
2L
Q=2 lon) (enl- (S100)
m=1

Therefore, the constrained propagator G,(z) is written as
Gp(2) = PG(2)P. (S101)

Starting from (z — H)G(z) = 1, and manipulating it on the right by P and on the left by P or Q, the constrained
propagator can be derived as

P

= 5102
950 = = Py (5102)

where Y(2) is called the level-shift operator®!”, defined as

Q
E zZ) = Valozz + Valag Valaz,
( ) <z = QHpeQ - Qvalazg

Q
= Valoé’z Vcnazivalaga S103
* z—Hp ( )
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with
o S D e
+ :Zz g%ﬁﬁ,az(j_z)g[:,aozi(;;)]*//\/m o) (eal. s

We now proceed to calculate the non-unitary real-time dynamics governed by [¢;) = e~ et [hq) for two emitters
(labeled as 1 and 2) coupled to sites j1,q, and j2 o, (1,2 = a or b) of the bath with j2 o, > j1,a,, respectively. The
initial state is chosen as one excited emitter |e1) or |ea) with |¢)g) = |e,) [vac) (n =1 or 2), and the time-evolved state
can be expanded as

m=1

2N 2
|the) = (Z cm(t) 1) (vacl + ) ce, (1) len) <9> l99) ® |vac) . (S105)
n=1
Then, the component P |¢;) can be evaluated by the resolvent method®'” as

P|¢>—i/+oodEg (E +i0T) e7iE
t) = » i0%) e ) - (S106)

27 J_ o

Using Eq. (S106), we can express c.(t) = [ce, (1), ce, ()] as

. +o00
ce(t) Z/ dEG, (E +i0") e~"F'c.(0), (S107)

:5 .

where, according to Eqgs. (S102)-(S104), we explicitly write G, (z) as

1 1
gp (E) — E—A—T(Otl,()él) E—]:(Oél,az)T(Oq,Otz) , (8108)
1 1
E—F(asz,a1)T (a1,02) E—A—T (az,a2)

where
= Py (1) Pm.az (F2.5)
2 m,o1 \J1,a1 m,ag \J2,a0
= , S109
T(a1;a2) g Tnz::l (E—Em—i—ZK/Q)Nm ( )
and
J / Saq,b 7 / Sag,b J / J1,a1 92,09
+ K/2 2 1— K 2 2 1+ K 2 2

Flag,ag) = (2= e AT A . S110
(a1, ) (Jlf‘é/?) (J1+"E/2) (Jll‘é/2> (3110)
We assume a small g, a large band gap of the topological bath under OBCs and A = —ix/2. According to
Egs. (S107)-(S110) and Eq. (S81), the main contribution from the diagonal elements of the Green function G, (z) to
the time evolution is the dressed state for small g and A = —ix/2. The off-diagonal elements contribute to the state

exchanges between two emitters. Remarkably, such state exchange is asymmetric [see Eq. (S110)]. To be specific,
when the emitter at the site ja o, is initially excited, there is no excitation transferred to the emitter at site j; o, for
the large distance |j1,a, — j2,a,| between them, due to the power-law decay of F(aq,as). In principle, according to
Eq. (S110), as the J; approaches /2 (while ensuring J; # k/2), the directional long-range emitter-emitter interaction
is enhanced. However, as J; gets closer to /2, the band gap of the open-boundary condition (OBC) spectrum of
the SSH bath diminishes. A smaller band gap reduces the robustness of the system against disorder and increases
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the likelihood of coupling between the emitters and the bulk modes, which can undermine the desired directional
transport properties.
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