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Optimal control of linear Gaussian quantum systems via quantum learning control
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Efficiently controlling linear Gaussian quantum (LGQ) systems is a significant task in both the study of
fundamental quantum theory and the development of modern quantum technology. Here, we propose a gen-
eral quantum-learning-control method for optimally controlling LGQ systems based on the gradient-descent
algorithm. Our approach flexibly designs the loss function for diverse tasks by utilizing first- and second-order
moments that completely describe the quantum state of LGQ systems. We demonstrate both deep optomechanical
cooling and large optomechanical entanglement using this approach. Our approach enables the fast and deep
ground-state cooling of a mechanical resonator within a short time, surpassing the limitations of sideband cooling
in the continuous-wave driven strong-coupling regime. Furthermore, optomechanical entanglement could be
generated remarkably fast and surpass several times the corresponding steady-state entanglement, even when the
thermal phonon occupation reaches one hundred. This work will not only broaden the application of quantum
learning control, but also open an avenue for optimal control of LGQ systems.

DOI: 10.1103/PhysRevA.109.063508

I. INTRODUCTION

Linear Gaussian quantum (LGQ) systems [1–4], charac-
terized by both linear dynamics and Gaussian characteristic
functions [5], play a crucial role in quantum physics [6],
quantum control theory [7], and quantum information science
[5,8,9]. The LGQ systems can be used to describe various
bosonic-mode systems, including optomechanical systems
[10–12], optical fields [5,13], atomic ensembles [14,15], and
Bose-Einstein condensates [16,17]. In fact, the LGQ systems
represent a kind of important and typical quantum systems in
physics. Consequently, the optimal control of LGQ systems is
essential for both deepening the understanding of fundamen-
tal quantum physics [6] and promoting the development of
quantum technology [18,19].

Currently, several methods have been proposed to effec-
tively control LGQ systems, such as quantum Kalman filtering
[3,4,20], quantum linear quadratic Gaussian control [3,21,22],
and feedback control [23–25]. These methods have found
applications in various optimization tasks, such as seeking for
optimal unravellings [1], optimizing quantum state elimina-
tion [26], enhancing entanglement [27,28] and cooling effects
[29–32], and deterministic quantum state preparation [33].

*Corresponding author: jqliao@hunnu.edu.cn

Recently, quantum learning control [34–36] has become a
powerful approach for many complex quantum control tasks,
and it has been widely used in molecular laser control and
achieving superior control outcomes [36–40]. Nevertheless,
the applicability of the quantum-learning-control method for
optimal control of the LGQ systems remains unclear.

In this work, we develop a general quantum-learning-
control method for LGQ systems to improve the output.
Concretely, we apply the dynamic equations of first- and
second-order moments to design the loss function for various
control goals. These first- and second-order moments can
completely reconstruct the quantum states of LGQ systems,
which allows us to fully control the LGQ systems. We also
give the gradient relationship between the control function
and loss function using the variational chain rule. In particular,
we apply the method to optimally control linearized optome-
chanical systems, which has received widespread attention
due to its scientific significance in the study of macroscopic
quantum effects [41,42] and quantum precision measurements
[43–45]. We derive how to achieve optimal optomechanical
cooling of the mechanical resonator [46–58] and optimal gen-
eration of optomechanical entanglement [59–69], which are
two critical goals in cavity optomechanics. Remarkably, our
cooling results break the single-cavity sideband-cooling limit,
and the generated optomechanical entanglement exceeds
several times the corresponding steady-state entanglement,
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demonstrating the great potential of our method in optimal
control of LGQ systems.

The rest of this paper is organized as follows. In Sec. II, we
introduce the LGQ systems and present the quantum-learning-
control method. In Sec. III, we apply the quantum-learning-
control method to the linearized optomechanical system and
use it to optimize optomechanical cooling and optomechani-
cal entanglement. In Sec. IV, we present some discussions on
the dynamics of both the displacement amplitude and normal-
ized detuning, impact of laser amplitude and phase noises on
the cooling and entanglement performances, deeper optome-
chanical cooling and larger optomechanical entanglement,
and experimental implementation of our scheme. Finally, we
conclude this work in Sec. V.

II. LINEAR GAUSSIAN QUANTUM SYSTEMS
AND QUANTUM LEARNING CONTROL

Consider an LGQ system consisting of N bosonic modes,
described by the quadrature operators

x̂ = (q̂1, p̂1, . . . , q̂N , p̂N )T , (1)

where “T ” denotes matrix transpose. The quadrature opera-
tors obey the commutation relation (h̄ = 1)

[x̂ j, x̂k] = i� jk, (2)

where � is a 2N × 2N symplectic matrix defined by the
elements

� jk = 1
2δ j+1,k[1 − (−1) j] − 1

2δ j,k+1[1 + (−1) j], (3)

with the Kronecker delta function δ jk . The state of the LGQ
system can be described by both the mean vector

〈x̂〉 = Tr(x̂ρ̂ ), (4)

and the covariance matrix

V = 1
2 Tr[{x̂ − 〈x̂〉, (x̂ − 〈x̂〉)T}ρ̂], (5)

related to the first- and second-order moments respectively,
where ρ̂ is the density operator of the system and {·, ·} denotes
the anticommutator.

We focus on the dynamics of the LGQ system governed by
a general Hamiltonian with linear and quadratic terms [1]

Ĥ (t ) = 1
2 x̂TG(t )x̂ − x̂T� u(t ), (6)

where G(t ) is a time-dependent 2N × 2N matrix, while u(t )
is a 2N-dimensional vector. Both G(t ) and u(t ) are the control
parameters. Including weak dissipations, the evolution of the
system can be governed by the Lindblad master equation

˙̂ρ = −i[Ĥ (t ), ρ̂] + D(ρ̂), (7)

where D(ρ̂) ≡ ∑M
j=1(L̂ j ρ̂L̂†

j − {L̂†
j L̂ j, ρ}/2), with L̂ j =∑2N

k=1(d j )k x̂k (d j denotes 2N-dimensional complex vectors).
Based on the quantum master equation (7) and the relation

d

dt
〈Ô〉 = Tr[Ô ˙̂ρ], (8)

we can obtain the derivatives of the first-order moment and
covariance matrix as

d〈x̂(t )〉
dt

= A(t )〈x̂(t )〉 + u(t ), (9a)

dV(t )

dt
= A(t )V(t ) + V(t )AT(t ) + E, (9b)

where we introduce the drift matrix

A(t ) = �[G(t ) + Im[D†D]] (10)

and the diffusion matrix

E = �Re[D†D]�T, (11)

with D = (d1, d2, . . . , dM )T being an M × 2N complex dissi-
pation matrix.

The primary goal in controlling the LGQ systems is to opti-
mize their dynamics for specific tasks by iteratively adjusting
the control parameters with the gradient-descent algorithm.
The core of this optimization is to minimize the loss function,
denoted as C(〈x̂〉, V), which is a complex function of 〈x̂〉 and
V. Note that we can flexibly design the loss functions to meet
the specific requirements of different control tasks. To this
end, we use the gradient-descent algorithm

Ql+1 = Ql − χQ
δC(〈x̂〉, V)

δQl
, (12)

where Q represents the control parameters, l indicates the
iteration number, and χQ is the learning rate. The variation
operation δC(〈x̂〉, V)/δQ follows the chain rule

δC(〈x̂〉, V)

δQ = δC(〈x̂〉, V)

δ〈x̂〉
δ〈x̂〉
δQ + δC(〈x̂〉, V)

δV
δV
δQ , (13)

where δC(〈x̂〉, V)/δ〈x̂〉 and δC(〈x̂〉, V)/δV can be derived
from the explicit expression of C(〈x̂〉, V), while δ〈x̂〉/δQ and
δV/δQ are obtained by taking variation for both sides of
Eqs. (9a) and (9b). A minimization of C(〈x̂〉, V) is achieved
with the optimization method when a satisfactory result is
obtained.

For the first-order moment 〈x̂〉, we take the variation with
respect to Q(s) for both sides of Eq. (9a) and obtain

δ〈 ˙̂x(t )〉
δQ(s)

= A(t )
δ〈x̂(t )〉
δQ(s)

+ δA(t )

δQ(s)
〈x̂(t )〉 + δu(t )

δQ(s)
. (14)

Since Q(s) is a function of s, then δ〈 ˙̂x(t )〉
δQ(s) can be

changed to d
dt

δ〈x̂(t )〉
δQ(s) [70]. For the initial condition 〈x̂(0)〉 =

(C1, . . . ,C2N )T
2N×1, the variation of 〈x̂(0)〉 with respect to Q(s)

is

δ〈x̂(0)〉
δQ(s)

= (0, . . . , 0)T
2N×1, (15)

and the solution of Eq. (14) at the target time T is given by

δ〈x̂(T )〉
δQ(s)

= U(T )U−1(s)

[
δA(s)

δQ(s)
〈x̂(s)〉 + δu(s)

δQ(s)

]
, (16)
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where U(t ) satisfies U̇(t ) = A(t )U(t ), with the initial identity
matrix U(0) = I2N×2N . In the above calculations, we use the
property δQ(τ )/δQ(s) = δ(τ − s) [70]. Note that the value
of δA(s)/δQ(s) and δu(s)/δQ(s) can be accurately obtained
according to the specific expressions of A(s) and u(s).

Further, we vectorize the covariance matrix V(t ) to find the
variation of V(t ) versus Q(s) [71]. By vectorizing both sides
of Eq. (9b), we obtain

vec[V̇(t )] = vec[A(t )V(t )] + vec[V(t )AT(t )] + vec(E)

= [I ⊗ A(t ) + A(t ) ⊗ I]vec[V(t )] + vec(E),

(17)

with

vec[V] = (V11, . . . , V1N , . . . , V2N2N )T. (18)

In the above calculations, we use the property vec(XYZ) =
(ZT ⊗

X)vec(Y) [71]. To better understand Eq. (17), we de-
fine J(t ) = I ⊗ A(t ) + A(t ) ⊗ I, K(t ) = vec[V(t )], and L =
vec(E), then we have

K̇(t ) = J(t )K(t ) + L, (19)

which has the same form as Eq. (9a). In the same way, we
obtain

d

dt

[
δK(t )

δQ(s)

]
= J(t )

δK(t )

δQ(s)
+ δJ(t )

δQ(s)
K(t ), (20)

and the solution of Eq. (20) at the target time T is

δK(T )

δQ(s)
= R(T )R−1(s)

δJ(s)

δQ(s)
K(s), (21)

where R(t ) satisfies Ṙ(t ) = J(t )R(t ), with the initial identity
matrix R(0) = I′

4N2×4N2 . The value of δJ(s)/δQ(s) can also
be calculated with the specific expressions of J(s). Equa-
tions (16) and (21) give the variation relations for the elements
of 〈x̂(T )〉 and V(T ) with respect to the control function
Q(s), and the loss function C(〈x̂〉, V) is a complex function
of 〈x̂(T )〉 and V(T ). Therefore, we establish the variational
relation between the loss function and the control function,
then the gradient-descent algorithm can be used to achieve
iterative optimization.

III. APPLICATION OF THE CONTROL METHOD
TO OPTOMECHANICAL SYSTEMS

As an application of the general quantum-learning-control
theory, we consider optimal optomechanical cooling and en-
tanglement in a cavity optomechanical system.

A. Linearized optomechanical Hamiltonian
and its quadrature representation

In a rotating frame defined by the unitary operator
exp(−iωLt â†â) (ωL is the carrier frequency of the pulsed
drive), the Hamiltonian of the optomechanical system reads
(h̄ = 1)

Ĥopt (t ) = �câ†â + ωmb̂†b̂ − g0â†â(b̂† + b̂)

+�(t )e−iφ(t )â† + �(t )eiφ(t )â, (22)

where â (â†) and b̂ (b̂†) are the annihilation (creation) opera-
tors of the cavity field (with resonance frequency ωc) and the
mechanical resonator (ωm), respectively. Here, �c = ωc − ωL

is the detuning of the cavity frequency ωc with respect to the
carrier frequency ωL of the driving pulse. The g0 term de-
scribes the optomechanical coupling between the cavity field
and the mechanical resonator, with g0 being the single-photon
optomechanical-coupling strength. The �(t )e±iφ(t ) terms de-
note the pulsed drive of the cavity field, with �(t ) and φ(t )
being the driving amplitude and phase, respectively.

For open quantum systems, we assume that the cavity field
is connected to a vacuum bath, and the mechanical resonator is
coupled to a heat bath. Considering the Markovian-dissipation
case, the evolution of the system is governed by the following
quantum master equation:

˙̂ρ(t ) = i[ρ̂(t ), Ĥopt (t )] + κD[â]ρ̂(t )

+ γm(n̄m + 1)D[b̂]ρ̂(t ) + γmn̄mD[b̂†]ρ̂(t ), (23)

where ρ̂(t ) is the density matrix of the optomechanical
system, Ĥopt (t ) is given by Eq. (22), and D[ô]ρ̂ = ôρ̂ô† −
(ô†ôρ̂ + ρ̂ô†ô)/2 (for ô = â, â†, b̂, and b̂†) are the stan-
dard Lindblad superoperators [72,73]. The parameters κ and
γm are the decay rates of the cavity field and the me-
chanical resonator, respectively, and n̄m is the environmental
thermal-excitation occupation associated with the mechanical
resonator.

To eliminate the driving terms of the operators â and b̂ (the
g0 term can be understood as an effective drive to mode b̂), we
make the displacement transformations Da(α) = exp(αâ† −
α∗â) and Db(β ) = exp(βb̂† − β∗b̂) for the density operator
ρ̂(t ), namely,

ρ̂ ′(t ) = Da(α)Db(β )ρ̂(t )D†
b(β )D†

a(α). (24)

Here, ρ̂ ′(t ) is the density matrix of the optomechanical sys-
tem in the displacement representation, α(t ) and β(t ) are the
displacement amplitudes of the cavity field and the mechan-
ical motion, respectively. The values of α(t ) and β(t ) are
determined by the equations of motion for the semiclassical
motion. By substituting ρ(t ) = D†

b(β )D†
a(α)ρ ′(t )Da(α)Db(β )

into Eq. (23) and setting the coefficient of the driving terms
to be zero, we obtain the quantum master equation in the
displacement representation

˙̂ρ ′(t ) = i[ρ̂ ′(t ), Ĥdis(t )] + κD[â]ρ̂ ′(t )

+ γm(n̄m + 1)D[b̂]ρ̂ ′(t ) + γmn̄mD[b̂†]ρ̂ ′(t ), (25)

where we introduce the Hamiltonian in the displacement rep-
resentation as

Ĥdis(t ) = �(t )â†â − g0â†â(b̂ + b̂†) + ωmb̂†b̂

+ [G(t )â† + G∗(t )â](b̂ + b̂†). (26)

In Eq. (26), we introduce the normalized detuning �(t ) ≡
�c + g0[β(t ) + β∗(t )] and the linearized optomechanical
coupling strength G(t ) ≡ g0α(t ). The �(t ) and G(t ) provide
the physical feature of the pulsed optomechanics [63,65,74–
83].

We consider the strong-driving case such that |α(t )| �
1, then the trilinear term (i.e., the g0 term) in Eq. (26)
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can be safely omitted. As a result, we obtain the linearized
optomechanical Hamiltonian

Ĥlin(t ) = �(t )â†â + ωmb̂†b̂ + [G(t )â† + G∗(t )â](b̂† + b̂).
(27)

Mathematically, the linearization Hamiltonian Ĥlin(t ) is bilin-
ear, and hence both the equations of motion for the first- and
second-order moments will be closed.

To better apply the quantum-learning-control method, we
transform the Hamiltonian Eq. (27) into the quadrature repre-
sentation, namely,

ĤOM(t ) = 1

2
x̂T

OM

(
�(t )I S(t )
S†(t ) ωmI

)
x̂OM − �(t ) + ωm

2
, (28)

where x̂OM = (q̂a, p̂a, q̂b, p̂b)T is the quadrature opera-
tor vector with q̂o = (ô† + ô)/

√
2 and p̂o = i(ô† − ô)/

√
2

for o = a, b. The matrices I and S(t ) are defined as
a 2 × 2 identity matrix and a 2 × 2 matrix with the
form [2G(t ), 0; −2iG(t ), 0], respectively. Note that the term
[�(t ) + ωm]/2 can be ignored since it has no influence on the
dynamics of the system, merely introducing an energy shift.

To obtain the quantum master equation in the displacement
representation, we assume the coefficients of the driving terms
to be zero. Then we obtain the equations of motion for the
displacement amplitudes α(t ) and β(t ),

α̇(t ) = −
[
i�(t ) + κ

2

]
α(t ) + i�(t )e−iφ(t ), (29a)

β̇(t ) = −
(

iωm + γm

2

)
β(t ) − ig0|α(t )|2. (29b)

Particularly, Eqs. (29a) and (29b) determine the relationship
between the pulsed driving field [amplitude �(t ) and phase
φ(t )] and the displacement amplitudes [α(t ) and β(t )], which
indicates that the dynamic evolution of the system can be con-
trolled by adjusting the pulsed driving amplitude and phase.

Based on the Hamiltonian ĤOM(t ), we can obtain the matri-
ces u(t ), A(t ), and E for optomechanical systems. By solving
Eqs. (9a) and (9b) with specified initial conditions, we obtain
the dynamical evolution of 〈x̂〉 and V. In modern experimental
platforms, the linearized optomechanical system is mainly
controlled by the driving field via u(t ) and A(t ). Therefore,
we choose the optical drives as the control parameters, and
the dynamic connection between the optical drives and G(t )
is determined by Eqs. (29a) and (29b). Below, we show the
optimal control of optomechanical cooling and entanglement.

B. Fast and deep optomechanical cooling

In optomechanical systems, the cooling performance is
characterized by the mean phonon number 〈b̂†b̂〉. For a given
target time T , the smaller the value of 〈b̂†b̂(T )〉, the better the
cooling performance. Therefore, 〈b̂†b̂(T )〉 is the loss function
for the cooling problem. The mathematical expression of the
gradient-descent algorithm for the cooling process can be

written as

Ql+1(s) = Ql (s) − χQ
δ〈b̂†b̂(T )〉
δQl (s)

. (30)

Considering the initial condition 〈â(0)〉 = 〈â†(0)〉 =
〈b̂(0)〉 = 〈b̂†(0)〉 = 0, then all the elements of the first-order
moment 〈x̂(s)〉 are always zero. Therefore, we can reexpress
〈b̂†b̂〉 as a function of the covariance matrix elements, defined
as

〈b̂†b̂〉 = 1
2 (V33 + V44 − 1). (31)

The value of δ〈b̂†b̂(T )〉/δQ(s) can be further written as

δ〈b̂†b̂(T )〉
δQ(s)

= δV33(T )

2δQ(s)
+ δV44(T )

2δQ(s)
, (32)

which is a function of δV33(T )/δQ(s) and δV44(T )/δQ(s).
The values of δV33(T )/δQ(s) and δV44(T )/δQ(s) can be
obtained based on Eq. (21), but we need to find the matrix
J(s) for the cavity optomechanical systems.

The complex dissipation matrix D for the optomechanical
system can be written as

D =

⎛
⎜⎜⎝

√
κ
2 i

√
κ
2 0 0

0 0
√

γm (n̄m+1)
2 i

√
γm (n̄m+1)

2

0 0
√

γm n̄m

2 −i
√

γm n̄m

2

⎞
⎟⎟⎠. (33)

Then we can obtain

E = 1

2

⎛
⎜⎜⎝

κ 0 0 0
0 κ 0 0
0 0 γm(2n̄m + 1) 0
0 0 0 γm(2n̄m + 1)

⎞
⎟⎟⎠. (34)

Combined with Hamiltonian (28), we further obtain the coef-
ficient matrix

A(t ) =

⎛
⎜⎜⎝

− κ
2 �(t ) −2iG(t ) 0

−�(t ) − κ
2 −2G(t ) 0

0 0 − γm

2 ωm

−2G∗(t ) −2iG∗(t ) −ωm − γm

2

⎞
⎟⎟⎠. (35)

Using the relation J(t ) = I ⊗ A(t ) + A(t ) ⊗ I, we obtain the
coefficient matrix J(t ) for the optomechanical system as

J(t ) = (B C), (36)
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with

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−κ �(t ) −2iG(t ) 0 �(t ) 0 0 0
−�(t ) −κ −2G(t ) 0 0 �(t ) 0 0

0 0 −(κ + γm )/2 ωm 0 0 �(t ) 0
−2G∗(t ) −2iG∗(t ) −ωm −(κ + γm )/2 0 0 0 �(t )
−�(t ) 0 0 0 −κ �(t ) −2iG(t ) 0

0 −�(t ) 0 0 −�(t ) −κ −2G(t ) 0
0 0 −�(t ) 0 0 0 −(κ + γm )/2 ωm

0 0 0 −�(t ) −2G∗(t ) −2iG∗(t ) −ωm −(κ + γm )/2
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

−2G∗(t ) 0 0 0 −2iG∗(t ) 0 0 0
0 −2G∗(t ) 0 0 0 −2iG∗(t ) 0 0
0 0 −2G∗(t ) 0 0 0 −2iG∗(t ) 0
0 0 0 −2G∗(t ) 0 0 0 −2iG∗(t )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(37a)

C =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−2iG(t ) 0 0 0 0 0 0 0
0 −2iG(t ) 0 0 0 0 0 0
0 0 −2iG(t ) 0 0 0 0 0
0 0 0 −2iG(t ) 0 0 0 0

−2G(t ) 0 0 0 0 0 0 0
0 −2G(t ) 0 0 0 0 0 0
0 0 −2G(t ) 0 0 0 0 0
0 0 0 −2G(t ) 0 0 0 0

−(κ + γm )/2 �(t ) −2iG(t ) 0 ωm 0 0 0
−�(t ) −(κ + γm )/2 −2G(t ) 0 0 ωm 0 0

0 0 −γm ωm 0 0 ωm 0
−2G∗(t ) −2iG∗(t ) −ωm −γm 0 0 0 ωm

−ωm 0 0 0 −(κ + γm )/2 �(t ) −2iG(t ) 0
0 −ωm 0 0 −�(t ) −(κ + γm )/2 −2G(t ) 0
0 0 −ωm 0 0 0 −γm ωm

0 0 0 −ωm −2G∗(t ) −2iG∗(t ) −ωm −γm

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (37b)

The coefficient matrix J(t ) depends on the displacement am-
plitudes α(t ) and β(t ) [�(t ) = �c + g0[β(t ) + β∗(t )] and
G(t ) = g0α(t )], such that the variation of J(s) with respect
to Q(s) is actually calculated by solving the variation of α(s)
and β(s) with respect to Q(s).

Taking the variation with respect to Q(s) on both sides
of Eqs. (29a) and (29b) as well as their Hermitian conjugate
equations, we have [70]

Ṗ(t ) = W(t )P(t ) + Q(t ), (38)

where

P(t ) =
(

δα(t )

δQ(s)
,

δβ(t )

δQ(s)
,
δα∗(t )

δQ(s)
,
δβ∗(t )

δQ(s)

)T

, (39)

W(t )

=

⎛
⎜⎜⎝

−i�(t ) − κ
2 0 −ig0α(t ) −ig0α(t )

−ig0α
∗(t ) −ig0α(t ) −iωm − γm

2 0
0 i�(t ) − κ

2 ig0α
∗(t ) ig0α

∗(t )
ig0α

∗(t ) ig0α(t ) 0 iωm − γm

2

⎞
⎟⎟⎠,

(40)

and

Q(t ) =

⎛
⎜⎜⎜⎝

i δ�(t )
δQ(s) e

−iφ(t ) + i�(t ) δ[e−iφ(t )]
δQ(s)

0
−i δ�(t )

δQ(s) e
iφ(t ) − i�(t ) δ[eiφ(t )]

δQ(s)
0

⎞
⎟⎟⎟⎠. (41)

The solution to Eq. (38) is

P(t ) = �(t )P(0) + �(t )
∫ t

0
�−1(τ )Q(τ )dτ, (42)

where P(0) = (0, 0, 0, 0)T, and �(t ) satisfies the equa-
tion �̇(t ) = W(t )�(t ) with the initial value �(0) = I. Then,
we have

PQ=�(s) = (
1
2 ie−iφ(s), 0,− 1

2 ieiφ(s), 0
)T

, (43a)

PQ=φ (s) = (
1
2�(s)e−iφ(s), 0, 1

2�(s)eiφ(s), 0
)T

. (43b)

Thus, we obtain the variation of the displacement amplitudes
α(s) and β(s) with respect to the driving amplitude �(s)
and phase φ(s). The term δK(s)/δQ(s) in Eq. (21) gives
the variation of all covariance-matrix elements with respect
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FIG. 1. (a) Mean phonon number N̄b versus the scaled evolution
time ωmt for different iteration numbers m = 0, 15, 26, 36, and 45.
The curve in the yz plane shows N̄b at the target time T versus m.
(b) Scaled driving amplitude �(t )/ωm and (c) phase φ(t )/2π versus
ωmt , obtained after the last iteration (m = 45). (d) The influence
of the driving amplitude and (e) phase deviations on the cooling
performance at T . (f) Dynamic evolution of N̄b after removing the
pulsed drive. The gray dashed line marks the threshold for N̄b = 1.
Other parameters are g0/ωm = 4 × 10−5, κ/ωm = 0.02, γm/ωm =
3 × 10−6, T = 38ω−1

m , �c/ωm = 1, and n̄m = 103.

to Q(s), and the value of δ〈b†b(T )〉/δQ(s) can be obtained.
Based on the variation of 〈b̂†b̂(T )〉 with respect to the drive
parameters �(s) and φ(s), the gradient-descent algorithm is
executed until 〈b̂†b̂(T )〉 converges to a stable value.

In Fig. 1(a) we show the cooling process for different
iteration numbers. Here we see that the increase of the it-
eration number will improve the cooling performance; for
example, we have N̄b = 29.33 for m = 0 and N̄b < 1 for
m = 26. In particular, the system enters the strong-coupling
regime [|G| > {κ, γm} → |α| > max{{κ, γm}/g0} = 500] in
most of the duration. The cooling result (N̄b = 0.15 for m =
36) can break the single-cavity sideband-cooling limit (nf =
n̄mγm/κ ≈ 0.15 [51,84] with n̄m being the environmental
thermal-excitation occupation associated with the mechani-
cal resonator) in the strong-coupling regime, and a deeper
ground-state cooling of the mechanical mode can be realized
(N̄b = 0.05 for m = 45). Note that we assume the mechan-
ical resonator is initially in a thermal state with the same
temperature as its heat bath. The density matrix of the ther-
mal state is ρ̂th = ∑∞

n=0 Pn|n〉〈n|, where Pn = n̄n
th/(n̄th + 1)n+1

is the probability distribution. The mean phonon number is
given by n̄th = 〈n̂〉 = Tr(ρ̂thn̂) = 1/(eh̄ωm/kBT − 1). This im-
plies that the initial thermal state of the mechanical resonator
can be characterized using the mean phonon number.

We display in Figs. 1(b) and 1(c) both the amplitude �(t )
and phase φ(t ) obtained after the last iteration (m = 45). It
can be found that �(t ) and φ(t ) are moderate in magnitude
and continuous and smooth in shape, which confirms the ex-
perimental implementation [φ(t ) can always be renormalized
into the interval [0, 2π ]]. To investigate the influence of the
deviation of �(t ) and φ(t ) on the cooling performance, we
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FIG. 2. (a) Mean phonon number N̄b versus ωmt in one mechan-
ical oscillation period (T = 6ω−1

m ) for m = 1890. The inset shows
N̄b(T = 6ω−1

m ) versus the iteration number m. (b) �(t )/ωm and
(c) φ(t )/2π versus ωmt obtained after the last iteration (m = 1890)
in (a). (d) N̄b versus ωmt for different sideband-resolution parameters
κ/ωm = 0.5, 1, and 1.5 when N̄b(T = 38ω−1

m ) = 1. (e) �(t )/ωm and
(f) φ(t )/2π versus ωmt corresponding to panel (d). Other parameters
are the same as those in Fig. 1.

introduce the relative deviation ζ = (Qr − Qt )/Qt , for Q = �

or φ, where Qr and Qt are, respectively, the realistic used pa-
rameters and the learned theoretical parameters. In Figs. 1(d)
and 1(e), we show N̄b(T ) versus ζ , and see that a slight
deviation from ζ = 0 will cause a worse mechanical cooling
for both the amplitude and phase. Meanwhile, the cooling
performance has a weaker dependence on the phase deviation
than the amplitude derivation. We analyze in Fig. 1(f) the
effect of the environment on the cooling performance after
removing the pulsed drive at T = 38ω−1

m . The N̄b will revert
from 0.05 to 20 due to the action of the heat bath, and it
will oscillate and approach equilibrium N̄b ≈ 9.7 due to the
optomechanical coupling. After the photons in the cavity are
completely dissipated, the optomechanical interaction will no
longer work, and the mean phonon number of the resonator
will eventually be thermalized to 103.

We also study the ultrafast cooling of the mechanical
mode [85] by investigating the cooling within one mechan-
ical oscillation period [Fig. 2(a)]. Here we can see that
the phonon occupation can be reduced from 103 to 0.05
within one oscillation period. The ultrafast cooling perfor-
mance can also be improved by increasing the iteration
number (see inset). In Figs. 2(b) and 2(c), we exhibit the
waveforms of the driving amplitude and phase correspond-
ing to Fig. 2(a). We can see that a larger amplitude is
required while the phase has no definite rules for the ground-
state cooling within one mechanical oscillation period. In
addition, we study the dependence of cooling on the sideband-
resolution condition. Figure 2(d) shows that N̄b consistently
decreases from 103 to 1 for different sideband-resolution
parameters. The deterioration of the sideband-resolution pa-
rameter requires a larger amplitude [Fig. 2(e)] and has no
clear phase feature [Fig. 2(f)]. The results indicate that the
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method works well in both the resolved-sideband and shallow
unresolved-sideband regimes. Note that a large κ/ωm will dis-
sipate the photons in the cavity within a short period of time,
thus affecting the optomechanical interaction and causing the
failure of ground-state cooling.

C. Large optomechanical entanglement

The optomechanical entanglement can be quantified by the
logarithmic negativity [86,87]

EN = max[0,− ln(2η−)], (44)

where η− = 1√
2
[�(V) −

√
�(V)2 − 4 det V]1/2 is the small-

est eigenvalue of the partial transpose of the covariance matrix
V = [(VA, VC ); (VT

C, VB)], with �(V) = det VA + det VB −
2 det VC . A reduction in η− corresponds to an increase of the
optomechanical entanglement. Therefore, the loss function is
η−(T ) for the entanglement problem, and the expression of
the gradient-descent algorithm can be written as

Ql+1(s) = Ql (s) − χQ
δη−(T )

δQl (s)
. (45)

Here, the variation of η−(T ) with respect to Q(s) is given by

δη−(T )

δQ(s)
= 1

4η−(T )Z (T )

{
λ(T )

δ
∑

[V(T )]

δQ(s)
+ 2δ det V(T )

δQ(s)

}
,

(46)

with

Z (T ) =
√

�[V(T )]2 − 4 det V(T ), (47a)

λ(T ) = Z (T ) −
∑

[V(T )]. (47b)

Then, we need to calculate the values of δ
∑

[V(T )]/δQ(s)
and δ[det V(T )]/δQ(s), which are essentially the variation
of each covariance-matrix element with respect to Q(s). As
mentioned before, the term δK(s)/δQ(s) in Eq. (21) gives
the variation of all covariance-matrix elements with respect
to Q(s), and the value of δη−(T )/δQ(s) can also be obtained.
At this point, the gradient-descent algorithm can be executed
until η−(T ) approaches a stable value. Note that the elements
of V are transiently measurable in quadrature representation
[61,88,89], which allows us to experimentally obtain the tran-
sient optomechanical entanglement.

In Fig. 3(a), we show the evolution of EN for differ-
ent iteration numbers. Here, EN increases from a negligible
value to 0.6 as the iteration number increases. In particu-
lar, the environmental thermal-excitation occupation of the
mechanical resonator is n̄m = 100, indicating the thermal-
noise resistance of the entanglement-preparation scheme. The
waveforms of the pulse drive corresponding to EN = 0.6
is shown in Figs. 3(b) and 3(c). The entanglement EN =
0.6 is about two to four times over the previously reported
steady-state entanglement [59–61,68,69] (about 0.15 to 0.3)
with experimentally accessible drives. Note that a larger op-
tomechanical entanglement can be achieved by varying the
iteration parameters, and the numerical results show that
this requires a larger driving amplitude [EN = 0.9 requires
|�max|/ωm ≈ 4330; see Sec. IV(C) for details].

The influence of the driving parameter deviation of the
drive on the entanglement performance is shown in Fig. 3(d).
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FIG. 3. (a) Logarithmic negativity EN versus ωmt for different
iteration numbers m = 0, 5, 13, 24, and 40. The solid circles in the
yz plane show EN (T ) versus m. (b) �(t )/ωm and (c) φ(t )/2π versus
ωmt obtained after the last iteration (m = 40). (d) The influence
of the driving amplitude and phase deviations on the entanglement
performance at T . (e) Dynamic evolution of EN after removing the
pulsed drive. The gray dashed line marks the maximum entangle-
ment value. Other parameters are g0/ωm = 4 × 10−5, κ/ωm = 0.2,
γm/ωm = 3 × 10−6, T = 80ω−1

m , �c/ωm = 1, and n̄m = 100.

Here, we can see that the dependences of EN on both the
amplitude and phase show similar trends. For the relative
deviation ζ ∈ [−0.1, 0.1], EN is an increasing function of ζ .
In particular, the rate of change in the lower deviation region
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FIG. 4. (a) Logarithmic negativity EN versus ωmt in one me-
chanical oscillation period (T = 6ω−1

m ) under n̄m = 10 for m = 800.
The inset shows EN (T = 6ω−1

m ) as a function of iteration num-
ber m. (b) �(t )/ωm and (c) φ(t )/2π versuss ωmt obtained after
the last iteration (m = 800) in (a). (d) EN versuss ωmt for differ-
ent sideband-resolution parameters κ/ωm = 0.5, 1, and 1.5 under
EN (T = 80ω−1

m ) = 0.3. (e) Evolution of �(t )/ωm and (f) φ(t )/2π

corresponding to panel (d). Other parameters are the same as those
in Fig. 3.
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m ), for κ/ωm = 0.02. Other parameters are
g0/ωm = 4 × 10−5, γm/ωm = 3 × 10−6, �c/ωm = 1, and n̄m = 103. [(k)–(n)] Modulus of the cavity-field displacement amplitude |α(t )| and
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(ζ < 0) are much steeper than that in the upper deviation
(ζ > 0). Figure 3(e) shows the action of the environment
on entanglement after removing the pulsed drive. The EN
goes from 0.6 to 0 very fast (30ω−1

m ) because the mechanical
resonator is heated.

An ultrafast entanglement generation (EN = 0.3) within
one mechanical oscillation period can also be realized with
the optimization approach [Fig. 4(a)]. The entanglement can
also be improved by increasing the iteration number (see
inset). Note that here the EN is almost zero when m � 180.
In Figs. 4(b) and 4(c), we show the waveforms of the driv-
ing amplitude and phase corresponding to the dynamics of
EN in Fig. 4(a), which are moderate in size and continuous
in shape. We also show the evolution of EN for different
sideband-resolution parameters in Fig. 4(d), and the deteriora-
tion of sideband-resolution parameter requires a large driving
amplitude to achieve EN = 0.3 [Fig. 4(e)], while the phase
dependence has no specific feature [Fig. 4(f)]. The results
indicate that the quantum-learning-control method is valid
in generating optomechanical entanglement in both resolved-
sideband and shallow unresolved-sideband regimes.

IV. DISCUSSIONS

In this section, we present some discussions on the
dynamics of both the displacement amplitude and nor-
malized detuning, impact of laser amplitude and phase
noises on the cooling and entanglement performances, deeper
optomechanical cooling and larger optomechanical entangle-
ment, and experimental implementation of our scheme.

A. Dynamics of both the displacement amplitude
and the normalized detuning

Unlike the sideband-cooling case, the present displace-
ment amplitude α(t ) and normalized detuning �(t ) of the
cavity field take transient values. To verify the lineariza-
tion condition and the red-sideband resonance condition, we
plot in Fig. 5 the dynamic evolution of the displacement
amplitude α(t ) and the normalized detuning �(t ) for op-
tomechanical cooling and optomechanical entanglement. As
shown in Figs. 5(a)–5(e) and 5(k)–5(o), the modulus of the
cavity-field displacement amplitude |α(t )| for optomechanical
cooling and entanglement is much larger than the one in the
time domain. Thus, the linearization conditions are satisfied
in both the cooling and entanglement schemes for our pa-
rameters. In particular, the system enters the strong-coupling
regime, |G| > {κ, γm} → |α| > max{{κ, γm}/g0} = 500, in
most of the duration. Additionally, the normalized detuning
�(t )/ωm oscillates gradually and moves away from 1 as
the sideband-resolution condition is not satisfied [Figs. 5(f)–
5(i) and 5(p)–5(s)]. Similarly, the �(t )/ωm corresponding to
optomechanical cooling and entanglement within one me-
chanical oscillation period also deviates from 1 [Figs. 5(j)
and 5(t)].

B. Impact of laser amplitude and phase noises on the cooling
and entanglement performances

In realistic cases, the classical driving lasers inevitably
have phase and amplitude noises. In particular, numerous
studies demonstrated that phase noise has destructive effects
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FIG. 6. The mean phonon number N̄b as a function of the scaled
evolution time ωmt after adding (a) laser amplitude and (b) phase
noises. The driving amplitude is added to the random number of
a normal distribution with an average value of 0 and a standard
deviation of 200; while the driving phase is added to the random
number of a normal distribution with an average value of 0 and a
standard deviation of 0.1. Other parameters used are the same as
in Fig. 1. The logarithmic negativity EN versus ωmt after adding
(c) laser amplitude and (d) phase noise. The driving amplitude is
incorporated to the random number of a normal distribution with an
average value of 0 and a standard deviation of 200; while the driving
phase is added to the random number of a normal distribution with an
average value of 0 and a standard deviation of 0.2. Other parameters
used are the same as in Fig. 3.

on quantum phenomena [81,90–92]. To assess the influence
of laser amplitude and phase noises on the cooling and en-
tanglement performance, we evaluate the influence of laser
amplitude and phase noises by adding Gaussian random num-
bers (white noise) to each time of the resulting pulse drive
amplitude and phase. In Figs. 6(a) and 6(b), we show the
mean phonon number N̄b versus the scaled evolution time
ωmt after adding Gaussian random numbers to the driving
amplitude and phase, respectively. The ten solid lines repre-
sent the evolution of N̄b under ten distinct random conditions,
while the red dotted line represents the average of these ten
evolutions. It is evident that the presence of random laser noise
minimally impacts the cooling results, proving that laser noise
affects the cooling performance but not significantly. Simi-
larly, we display in Figs. 6(c) and 6(d) the dynamic evolution
the logarithmic negativity EN with the incorporation of Gaus-
sian random numbers into the driving amplitude and phase,
respectively. These results reveal the robustness of optome-
chanical entanglement with respect to random laser amplitude
and phase noises. Note that the laser phase noise acts on the
mechanical resonator as an additional heating noise propor-
tional to the intracavity field amplitude, which means that we
can consider the optical heating effect together with the phase
noise [93].

C. Deeper optomechanical cooling and larger
optomechanical entanglement

In this subsection, we discuss the conditions for achiev-
ing deeper optomechanical cooling and larger optomechanical
entanglement. Concretely, we present the dynamic evolution
of both the mean phonon number N̄b and the logarithmic
negativity EN under different given targets. We also show the
waveforms of the driving amplitude and phase corresponding
to these cases.

In Fig. 7(a), we plot the N̄b as a function of the normalized
evolution time ωmt for different given cooling targets. It can
be seen from the inset in Fig. 7(a) that different cooling targets
[N̄b(T ) = 0.5, 0.1, 0.05] are achieved at the target time T =
38ω−1

m , which proves that the deeper ground-state cooling of
the mechanical resonator can be realized using the quantum-
learning-control method. The corresponding waveforms of the
driving amplitude and phase used to realize the cooling target
in Fig. 7(a) are shown in Figs. 7(b)–7(d) and 7(e)–7(g). It can
be seen that, for a deeper cooling of the mechanical resonator,
a larger driving amplitude is needed [Figs. 7(b)–7(d)] while
the phase varies irregularly [Figs. 7(e)–7(g)]. We can under-
stand this point from the perspective of energy. For the same
target time T , it needs much energy to achieve a better cooling
target. Since the driving amplitude and driving power of the
pulse field satisfy the relationship |�| = √

2Pκ/h̄ωL (P is the
driving power of the pulse field), then the better the cooling
target, the larger the pulsed field amplitude.

To verify the linearization condition and the red-sideband
resonance condition, we numerically simulate the dynamic
evolution of both the displacement amplitude α(t ) and the
normalized detuning �(t ) corresponding to the pulsed drive in
Figs. 7(b)–7(d) and 7(e)–7(g). At this time, the displacement
amplitude |α(t )| of the cavity field can be considered to be
much larger than one in the time domain [Figs. 7(h)–7(j)],
and the normalized detuning �(t )/ωm oscillates around 1
[Figs. 7(k)–7(m)]. Hence, both the linearization condition and
the red-sideband resonance condition are satisfied approxi-
mately for the parameters used here.

Figure 7(n) shows the EN as a function of the normal-
ized evolution time ωmt for different given entanglement
degrees. We can see that different degrees of optomechanical
entanglement [EN (T ) = 0.7, 0.8, and 0.9] can be achieved
at the target time T = 80ω−1

m through the quantum-learning-
control method. We also present the waveforms of the driving
amplitude and phase used to generate the optomechanical
entanglement in Fig. 7(n), as shown in Figs. 7(o)–7(q) and
7(r)–7(t). It can be seen that the increase of the optomechan-
ical entanglement requires an increasing driving amplitude,
while the phase has small change. This is because the en-
tanglement depends strongly on the driving amplitude with
the enhancement of the entanglement degree, so the phase
correction is small. In particular, the optomechanical entan-
glement can reach EN = 0.9 when the driving amplitude
reaches |�max|/ωm ≈ 4330. Similar to the cooling case, we
can also explain why the increase of optomechanical entan-
glement requires a large driving amplitude from the viewpoint
of energy. In addition, we show the modulus of the dis-
placement amplitude |α(t )| and the normalized detuning
�(t )/ωm as functions of ωmt , corresponding to the entangle-
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ment degrees in Fig. 7(n). In this case, both the linearization
condition [Figs. 7(u)–7(w)] and the red-sideband resonance
condition are approximately satisfied [Figs. 7(x)–7(z)] as the
entanglement increases.

D. Experimental implementation

Finally, we present some discussions on the experimen-
tal implementation of our scheme. The optimization method
works for a general LGQ system and hence it can be widely
used in various linear physical setups. In particular, our pro-
posed optimized optomechanical cooling and entanglement
methods can be demonstrated in various experimental sys-
tems [11], such as photonic crystal nanobeams [53,62,94,95],
electromechanical systems [54,61,96–98], optical microres-
onators [99–101], and Fabry-Pérot cavities [46–48,102].
Currently, the linearized optomechanical systems have been
implemented in many experimental setups. To control the
optomechanical system, pulsed fields are usually introduced
to drive the optomechanical cavity. The suggested drive pulses
used in our scheme are continuous and smooth, and hence
are experimentally accessible. The above analyses indicate
that our scheme should be within the reach of the current
experimental conditions.

V. CONCLUSION

In conclusion, we proposed a general optimal control
method for LGQ systems based on the gradient-descent al-
gorithm. This approach has been successfully applied to
cavity optomechanical systems, demonstrating the realization

of both deep optomechanical cooling and large optomechani-
cal entanglement. The optomechanical cooling can exceed the
sideband-cooling limit in the continuous-wave-driven strong-
coupling case, and the optomechanical entanglement can
surpass several times the corresponding steady-state entan-
glement under dozens of thermal phonons. We also obtained
the optimal driving amplitude and phase. This work opens an
avenue for quantum learning control of LGQ systems, and
possesses a wide application in modern quantum science.
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