PHYSICAL REVIEW A 106, 013526 (2022)

Multimode optomechanical cooling via general dark-mode control
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The dark-mode effect is a stubborn obstacle for ground-state cooling of multiple degenerate mechanical modes
optomechanically coupled to a common cavity-field mode. Here we propose an auxiliary-cavity-mode method
for simultaneous ground-state cooling of two degenerate or near-degenerate mechanical modes by breaking the
dark mode. We find that the introduction of the auxiliary cavity mode not only breaks the dark-mode effect,
but also provides a new cooling channel to extract the thermal excitations stored in the dark mode. Moreover,
we study the general physical-coupling configurations for breaking the dark mode in a generalized network-
coupled four-mode optomechanical system consisting of two cavity modes and two mechanical modes. We find
the analytical dark-mode-breaking condition in this system. This method is general and it can be generalized
to break the dark-mode effect and to realize the simultaneous ground-state cooling in a multiple-mechanical-
mode optomechanical system. We also demonstrate the physical mechanism behind the dark-mode breaking by
studying the breaking of dark-state effect in the N-type four-level atomic system. Our results not only provide a
general method to control various dark-mode and dark-state effects in physics, but also present an opportunity
to the study of macroscopic quantum phenomena and applications in multiple-mechanical-resonator systems.
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I. INTRODUCTION

Considerable recent interest in cavity optomechanics [1-3]
has been paid to multimode optomechanical systems involv-
ing two [4-14] or multiple [15-27] mechanical resonators;
in particular, the two-mechanical-mode optomechanical sys-
tems have been realized in several experimental platforms
[7-14]. The study of multiple-mechanical-mode optomechan-
ical systems has significance in both fundamental quantum
physics [28] and modern quantum technologies [3]. For exam-
ple, generation of macroscopic mechanical entanglement in
multimode optomechanical systems has been experimentally
demonstrated [10,11,13,14]. Multimode optomechanical sys-
tems have also been considered to study quantum many-body
effects [24-26], high performance sensors [29,30], precise
measurement [31], and nonreciprocal phonon or photon trans-
port [32-39].

The simultaneous ground-state cooling of multiple me-
chanical modes has become a desired task because it is a
prerequisite for the manipulation of macroscopic mechanical
coherence [28]. In particular, owing to the inherent struc-
tural features in multiple mechanical-mode optomechanical
systems, people prefer to implement the simultaneous cool-
ing of multiple mechanical resonators rather than to cool
these resonators one by one using the single-resonator cooling
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techniques. Though great success has been made in cool-
ing a single mechanical resonator in optomechanical systems
[40-51], it remains a great challenge to perform ground-
state cooling of multiple degenerate mechanical resonators
coupled to a common cavity field, due to the mechanical
dark-mode effect [7,52-55]. For the two-mechanical-mode
case, the dark-mode effect has been theoretically found [52]
and experimentally demonstrated [55]. Meanwhile, the dark
mode formed in optomechanical systems involving two cavity
modes and one mechanical mode has also been found [56-59].
So far, theoretical proposals for optomechanical cooling of
multiple mechanical resonators coupled in series have been
proposed [60,61] and cooling of multimodes in a resonator
have been analyzed with the cold-damping feedback method
[62,63]. In addition, ground-state cooling of multiple me-
chanical resonators has been proposed based on synthetic
magnetism [64] and reservoir engineering [65]. In particular
we mention that considerable attention [66—69] has been paid
to the suppression of optomechanical backaction and to the
improvement of restrictions for effective cooling in multi-
mode optomechanical systems.

In this paper we propose an auxiliary-cavity-mode method
for breaking the dark mode and further realizing ground-
state cooling of two degenerate mechanical modes. We also
explore the general coupling configurations for breaking
the dark mode in a generalized four-mode optomechanical
system, in which all the two-node couplings exist among
two cavity modes and two mechanical modes. We find the
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analytical general conditions for forming and breaking the
dark mode. Moreover, we extend this method to break the
dark modes and realize the ground-state cooling of the multi-
ple mechanical resonators. Correspondingly, our scheme can
also be used to cool multiple degenerate or near-degenerate
vibrational modes in a resonator. We also describe the phys-
ical mechanism for breaking the dark-state effect in the
N-type four-level atomic system. The physical mechanism of
our scheme is general and it can be generalized to control
other dark-mode and dark-state effects in various branches of
physics. In this sense, our results not only open up a different
route to the realization of simultaneous ground-state cooling
of two degenerate or near-degenerate mechanical resonators
and enrich the technique of few-body resonator cooling, but
also initiate advances in dark-state engineering [70].

The rest of this paper is organized as follows. In Sec. II
we introduce the physical model and present the quantum
Langevin equations. In Sec. III we study ground-state cool-
ing of the two mechanical modes by calculating the final
mean phonon numbers. In Sec. IV we obtain the universal
dark-mode-breaking conditions in a four-mode optomechani-
cal system consisting of two cavity modes and two mechanical
modes. We also analyze the quantum interference effect in
the energy-level transitions of the system. In Sec. V we study
the simultaneous ground-state cooling of multiple mechanical
modes and the dark-mode breaking in a multiple-mechanical-
mode optomechanical system. In Sec. VI we describe the
physical mechanism for breaking the dark-state effect in the
N-type four-level atomic system. We present a discussion of
the experimental implementation of our scheme in Sec. VII
and summarize this work in Sec. VIIL.

II. PHYSICAL MODEL AND EQUATIONS OF MOTION

We consider an N-type four-mode optomechanical system
consisting of two cavity modes (an intermediate cavity mode
a and an auxiliary cavity mode a,) and two mechanical modes
(by and by), as shown in Fig. 1(a). Here the intermediate
cavity mode is coupled to the two mechanical modes via
radiation-pressure interactions. When the frequencies of the
two mechanical modes are degenerate, a dark mode is formed
in this linearized optomechanical system [42]. This dark mode
decouples from the intermediate cavity mode and hence the
ground-state cooling of the two mechanical modes is largely
suppressed. To break the dark-mode effect, we introduce the
auxiliary cavity mode ay, which is optomechanically coupled
to the mechanical mode ;. Moreover, two driving fields are
applied to the cavity modes to control the optical and mechan-
ical degrees of freedom. In a rotating frame defined by the
operator exp[—i (wpa'a + a)da;fas )t], the system Hamiltonian
is given by (A = 1)

H =Ada+ Asa;fas + Z [a)lblTb; + glaTa(b}L + by)]
=12

+gaalab] + b)) + (' + Qual +He), (1)

where A, = o, — op (Ay = oy — wy) is the driving detuning
of the cavity frequency w. (ws) with respect to its driv-
ing frequency wy, (wg) and a (a%), ay (al), and bi_i» (b))
are the annihilation (creation) operators of the intermediate

(CYR

FIG. 1. (a) Schematic of the N-type four-mode optomechanical
system. An intermediate-coupling cavity mode a with the resonance
frequency w, is optomechanically coupled to two mechanical modes
by and b,, with the corresponding resonance frequencies w; and w,.
An auxiliary cavity mode a, with the resonance frequency w; is
optomechanically coupled to the mechanical mode b,. The coupling
strength between the cavity mode a (a;) and the mechanical mode
b1 (by)is denoted by g, » (g1). The cavity mode a (a;) is driven
with the driving frequency w; (w,) and the driving amplitude
(£2;). The decay rates of the intermediate cavity mode, the auxiliary
cavity mode, and the two mechanical modes are denoted by «, «;,
and y,_; », respectively. (b) Coupling configuration associated with
the approximate linearized Hamiltonian (11). The auxiliary cavity
mode a, (with driving detuning A}) is coupled to the two hybrid
mechanical modes By (with resonance frequency w.) via the ef-
fective coupling strengths G,.. The cavity mode da (with driving
detuning A!) is coupled to the hybrid mechanical mode B, via
the effective coupling strength G... The phonon-hopping interaction
between the two hybrid mechanical modes is denoted by ¢. In the
degenerate-mechanical-mode case and in the absence of auxiliary
cavity, i.e., { = 0 and Gy = 0, the hybrid mechanical mode B_ is
decoupled from both the cavity mode §a and the hybrid mechanical
mode B,

cavity mode, the auxiliary cavity mode, and the /th mechan-
ical mode, with the corresponding resonance frequencies w,,
wy, and wy, respectively. The g;—;, (g51) term describes the
optomechanical coupling between the mechanical mode b, »
(b1) and the cavity mode a (a,). The parameters w; (w,) and
Q () are the driving frequency and amplitude related to the
driving field of the cavity mode a (ay), respectively.

To include the dissipations in this system, we assume that
the two cavity fields are coupled to individual vacuum baths
and that the two mechanical modes are coupled to individual
heat baths. Then the evolution of this system is governed by
the quantum Langevin equations

a=—(A.+K)a—iQL—i Z g;a(bj + by) + 2k ai,

1=1,2
(2a)
s = —(iA + K)ag — i[Q + ga1as(b] + b))l + v/2k5a5 i,
(2b)
by = —(y + iw)by — i(g1d"a + gaalay) + /2y1b1n,
(20)
by = —(yy + iwy)by — igad’a + /2y2b in, (2d)
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where «, kg, and y;—;, are the decay rates of the interme-
diate cavity mode a, the auxiliary cavity mode a,, and the
/th mechanical mode, respectively. The operators aj, (aiTn),

Qs in (a;in), and by i, (b;in) are the noise operators associated
with the intermediate cavity mode, the auxiliary cavity mode,
and the /th mechanical mode, respectively. These noise opera-
tors have zero mean values and obey the correlation functions

[71,72]

(ain(t)al (1)) = 8(t — 1), (3a)
(aj (Dain(@)) =0, (3b)
(agin()al () = 8(t —1'), (30)
(@ n(agin(@)) =0, (3d)
(brin(0)D] (1)) = (A + DSt — 1), (3e)
(b} 1o Obrin (1)) = 78 — 1) (3

for / = 1,2, where 7, 5 is the average thermal-phonon oc-
cupation number associated with the /th mechanical mode.

To cool the mechanical modes, we assume that the two
cavity modes are driven strongly and then the mean pho-
ton numbers in the two cavities are large enough and
this four-mode optomechanical system can be processed
by the linearization procedure. In this way, the operators
0 € {a, aT,aS,aI,bl,blT} can be expressed as a summation
of steady-state average values and quantum fluctuation op-
erators, i.e., 0 = (0)ss + 0. By separating the steady-state
average values and the quantum fluctuation operators, we
can obtain the linearized Langevin equations for the quantum
fluctuation operators

Sa = —(c +iA)sa—i Y [G(8b + 8b))] + 2k i,
1=1,2

(4a)
iGs1(8by + 8b)) + v/ 2k in,
(4b)

8a; = — (ks +iA))sa; —

8by = —(iw; 4+ y1)8b) — iG8a — iG 8a’ — iG*,8a
— iGydal + /2y1b1 in, (4¢)
8by = —(iwy + 12)8by — iG8a — iGa8a’ + \/2y2by in,
(4d)

where the parameters A = A.+ 2g;Re(81) + 2g2Re($2)
and A, = A; + 2g;1Re(f)) are the effective driving detunings
of the cavity mode « and the auxiliary cavity mode ay, respec-
tively, with Re(B;= ») taking the real part of ;. The parameter
G = gia (G5 = gs105) is the linearized optomechanical-
coupling strength between the cavity mode a (a,) and the /th
mechanical mode (the mechanical mode b;). In the steady-
state case, the average values of the system operators can be
obtained as

() = — o2 (52)

o= (d)ss = N ) a
Kk +iA]
—iS2

s = slss — .. 5b

a5 = (as) PN (5b)

—igi |O‘|2 — igs1 |as|2

= (b)) = , 5
ﬁl < 1)55 ” ~|—ia)1 ( C)
—igsot|?
o= (ba)es = —20 (5d)
V2 + iws

For convenience, in the following we assume that the steady-
state values of « and o« are real by choosing proper phases
of the driving amplitudes € and €;; then the linearized
optomechanical-coupling strengths G;—;» and Gy are also
real.

Based on Eq. (4), we can derive an approximate linearized
Hamiltonian, which governs the dynamics of the system. To
implement the cooling scheme, the system should work in the
red-sideband-resonance regime, in which the rotating-wave
approximation can be safely made. By discarding the noise
terms, the linearized optomechanical Hamiltonian can be writ-
ten as

Hrwa = Al8a'sa + Alsal8a, + Gy (8a,8b] 4 8alsby)

+ ) " [wi8bj8b, + Gi(adb] + 8a’sb)].  (6)
=1,

To clearly see the dark-mode effect in this N-type four-
mode optomechanical system, we first consider the case where
the auxiliary cavity is absent, i.e., A; = 0 and G5; = 0. Then
Hamiltonian (6) becomes

Hiyp = ALda’8a+ Y [w8b]8b; + Gi(8ash] + 8a'sh))].
1=1,2
(7N

In this case, two hybrid mechanical modes B, and B_ can be
introduced as

B, = (G18b; + G28by), (8a)

VG + G
1
B_ = ——(G8b — G,8by). (8b)
VG + G

Here the new operators satisfy the bosonic commutation re-
lations [B., Bi] =1 and [B_, BT_] = 1. By substituting the
operators B (Bi) and B_ (B") into Eq. (7), the Hamiltonian
Hpya can be rewritten as
Hiwa = Al8a'6a +w BB, +w_B B_
+Gy(8aB’. + Bysa") + ¢(BLB_ + B By), (9)
where we introduce the resonance frequencies w. of the two

hybrid modes and the coupling strengths ¢ and G, which are
defined by

a)lG% + sz%

o= UDTER (10a)
G + inG?

o= 220 (10b)

G+ G
G, = /G + G, (10¢)
(01 — 02)G1Gy
_ o @)biGn 10d
‘=Tt a (100
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From Egs. (10) we can see that the two hybrid modes B_ and
B are decoupled from each other ({ = 0) when w; = w;.
Moreover, the hybrid mode B_ also decouples from the cavity
mode a, which means that the hybrid mode B_ becomes a
dark mode. At this time, the ground-state cooling of the two
mechanical modes is largely suppressed.

To break the dark-mode effect in this optomechanical sys-
tem, we introduce an auxiliary cavity mode, which is coupled
to the mechanical mode b; via the radiation-pressure inter-
action. By substituting operators B (Bi) and B_ (B') into
Eq. (6), the Hamiltonian Hrwa becomes

Hrwa = ALda'8a + Alsala, + a)+BiB+ +w_B' B_
+¢(B"B_+B'B.)+ G, (8aB" + B, 8a")
+ Gy (8a,BY. + 8aiB,) + Gs_(8aBT + 8alB_),

(11
where we introduce two new coupling strengths G and G,_,
Gy = & (12a)
JG1+G3
G, = GG (12b)

JGi+ G

The coupling configuration associated with the approximate
Hamiltonian (11) is described by Fig. 1(b). Here the couplings
are expressed in the representation of the mechanical hybrid
modes. We can see from Eqgs. (12) that G+ > 0, i.e., the
hybrid modes B, are always coupled with the auxiliary cavity
mode a,. Therefore, even if the hybrid mode B_ is decoupled
from both the intermediate cavity mode a and the hybrid mode
B, the ground-state cooling of the two mechanical modes can
also be achieved via the cooling channel associated with the
auxiliary cavity mode a;.

For studying quantum cooling of the mechanical modes,
we are interested in the steady-state properties of the sys-
tem. Therefore, we should analyze the stability condition of
this linearized system. To this end, we rewrite the linearized
Langevin equations (4) as the contact form

u(r) = Au(t) + N@t), (13)

where () = [8a, 8ay, 8by, 8by, 8a”, 8al, 8b], 8517 and
N@) = ﬁ[«/@dm, Vst in VD1 in, /V2bains VKaL,
Kxa;m, V1D s ,/yzb'zqin]T are the fluctuation operator
vector and noise operator vector, respectively, with the matrix
transpose notation 7. The coefficient matrix is defined by

A= (PE lg*), where
K+ iA’C 0 iGy iG,
_ 0 ks +IA] iGy 0
E=-1 i iGY, yitio 0 (14
ZG; 0 0 Vo +iws
and F is defined by the nonzero elements Fi3 = —iG, Fj4 =

—iGg, F23 = —iGSl, F31 = —iGl, F32 = —iGSl, and F41 =
—iG,. The eigensystem of the coefficient matrix A determines
the stability of the system. By using the Routh-Hurwitz crite-
rion [73], we can find the stability condition. In the following

derivation, all the parameters used satisfy the stability condi-
tions.

III. GROUND-STATE COOLING OF THE TWO
MECHANICAL MODES

In this section we study the cooling performance of the
two mechanical modes by calculating the final mean phonon
numbers. The formal solution of the linearized Langevin
equations (13) can be obtained as

u(t) = M()u(0) + / M(t — s)N(s)ds, 15)
0

where we introduce the matrix M(z) = exp(Ar). The final
mean phonon numbers of the two mechanical modes can be
calculated by solving the steady state of the system.

Based on Eq. (15), we can obtain the final mean phonon
numbers by solving the Lyapunov equation [74]. To this end,
we introduce the covariance matrix V of the system by defin-
ing the matrix elements as

Vij= %[(Ui(oo)“j(OO»
+ (uj(co)u;(c0))], i, j=1,...,8. (16

In the linearized optomechanical system, the covariance ma-
trix V satisfies the Lyapunov equation

AV + VAT = Q. (17)
Here the matrix Q is defined by
Q=3(C+Ch), (18)

where C is the correlation matrix related to the noise opera-
tors. The matrix elements of C are defined by

(Ne(9Ni(s)) = Cye18(s — ). 19)

In this work we consider the Markovian dissipation case.
Then the constant matrix C can be obtained with the nonzero
elements Ci5 = 2k, Cys = 2k5, C37 =2y1(1 + 1), Cyg =
2y2(y + 1), Cy3 = 2y711, and Cgy = 2y,ii5. By solving the
Lyapunov equation, we obtain the covariance matrix V de-
fined in Eq. (16). Then the final mean phonon numbers of the
two mechanical modes can be obtained as

n| = (8b}8by) = V73 — 1, (20a)

ny = (8b38by) = Vs — 1, (20b)

where V73 and Vg4 are the matrix elements of the covariance
matrix V.

Here we first consider the cooling performance in the
two-degenerate-resonator case (w; = wy). In Fig. 2 we plot
the final mean phonon numbers n{ and n{ as functions of the
scaled driving detuning A, /w; (A} /w;) and the scaled cavity-
field decay rate k /w; («s/w;). To better analyze the influence
of the driving detuning and the sideband-resolution condition
on the cooling performance, here we choose the mechanical
frequency w; as the scale unit. In Figs. 2(a) and 2(b) we can
see that ground-state cooling of the two mechanical modes
can be realized in the resolved-sideband limit (« /w; < 1) and
around A/ /w; ~ 1. Moreover, the cooling efficiency of the
first mechanical mode is much better than that of the second
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FIG. 2. Final mean phonon numbers (a) and (c) n{ and (b) and
(d) ng of the two mechanical modes versus the scaled driving de-
tuning (a) and (b) Al/w, and (c) and (d) A,/w; and the scaled
cavity-field decay rate (a) and (b) x/w; and (c) and (d) «;/w;. The
parameters are (a) and (b) A,/w; = 1 and «;/w; = 0.1 and (c) and
(d) Al /wy =1 and k/w; = 0.1. The other parameters are w,/w; =
Lyi/wr = 2/ = 107°, Gy /w; = Gy/w; = 0.05, G /w; = 0.08,
and 71, = 71, = 1000.

one even in unresolved-sideband limit (« /w; > 1). This is be-
cause the first mechanical mode is simultaneously connected
to two cooling channels and the coupling strength between
the auxiliary cavity mode and the first mechanical mode is
large enough (Gy1/w; = 0.08). For a given decay rate « /wy,
the optimal driving detuning is about A!/w; =1, which
corresponds to the red-sideband resonance. In Figs. 2(c) and
2(d) we can see that the ground-state cooling of the two
mechanical modes can be realized in the resolved-sideband
limit (k;/w; < 1) and the cooling performance is the best
at the optimal driving detuning A)/w; ~ 1. These results
are consistent with the sideband cooling results in typical
optomechanical systems [40,41,52]. In addition, we perform
numerical calculations with several sets of parameters
when A}/w; > 1 or ks/w; > 1. We find that though these
mechanical modes can be cooled significantly, but they cannot
be cooled to the ground state in the N-type optomechanical
system.

Next we analyze the influence of the frequency mis-
match between the two mechanical modes on the cooling
efficiency. In Figs. 3(a) and 3(b) we plot the phonon num-
bers nlf and ng versus the frequency ratio w,/w; and
the scaled cavity-field decay rate «/w; in the absence of
the auxiliary cavity mode (Gyi/w; = 0). Here we see that
the final mean phonon numbers in the two mechanical modes
cannot be efficiently decreased around w, = w;, which means
that the two mechanical modes cannot be cooled to their
ground states when their frequencies are degenerate or nearly
degenerate (in a finite-detuning window). This phenomenon
can be explained according to the dark-mode effect. In the
degenerate-resonator case (w; = w,), a bright mode and a
dark mode are formed in this optomechanical system. Phys-
ically, the two mechanical modes have an obvious spectral

i f
102{ @ "2 ) ’ n
10 10
1 1
1.5 12
0.8 ;
I Y LU g9 o0 06
wa Jwy K/wy wa/wy K/wy

0.24 4

Lo g9 o0
wa /wi kw1

0.9 0.1
K/wi

FIG. 3. Final mean phonon numbers n{ and ng versus the fre-
quency ratio w,/w; and the scaled cavity-field decay rate «/w; in
the cases of (a) and (b) dark-mode unbreaking (G, /w; = 0) and
(c) and (d) dark-mode breaking (Gy;/w; # 0). The other parameters
are A, = Al = wy, k;/wy =0.1,Gy/wy = Gy/w; =0.05, Gy /oy =
0.08, ]/1/(01 = ]/2/6()1 = 1075, and 1y = 1, = 1000.

overlap and become effectively degenerate in the presence
of dissipation; thus the dark-mode effect works in the near-
degenerate case. The dark mode decouples from both the
cavity mode and the bright mode, so the phonon excita-
tions stored in the dark mode cannot be extracted through
the optomechanical-cooling channel [64]. However, the dark-
mode effect disappears when the two mechanical modes
are far-off-resonance, thus achieving ground-state cooling. In
Figs. 3(c) and 3(d) we plot the phonon numbers nlf and nzf
versus the frequency ratio w,/w; and the scaled decay rate
k /w1, when the auxiliary cavity field is present (G /w; =
0.08). Here the ground-state cooling of the two mechanical
modes can be achieved (n{’2 « 1) when the system works
in the resolved-sideband regime (k < w;). Here the first me-
chanical resonator has a better cooling efficiency (n{ < n{ )
because it is connected to two cooling channels at the same
time.

Since the auxiliary cavity mode not only provides the direct
channel to extract the thermal excitations from the mechani-
cal mode b;, but also provides a cooling channel to extract
the thermal excitations from the mechanical mode b5, the
coupling strength between the auxiliary cavity mode a; and
the mechanical mode b; is an important factor to the cooling
efficiency. To see this effect more clearly, in Figs. 4(a) and
4(b) we plot the phonon numbers n{ and n’; as functions of
the linearized optomechanical-coupling strength G;; between
the auxiliary cavity mode a, and the mechanical mode b,
when the scaled cavity-field decay rate k;/w; takes various
values. Here we see that the phonon numbers decrease with
the increase of the coupling strength G, which means that
the increase of the coupling strength Gy is beneficial to
the ground-state cooling of the two mechanical resonators.
Moreover, the final mean phonon numbers are smaller for
smaller values of the decay rate /) for a certain parameter
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FIG. 4. Final mean phonon numbers (a) nlf and (b) nzf as func-
tions of Gy /w; when the scaled cavity-field decay rate takes various
values x;/w; = 0.4, 0.8, and 1.2. The insets show close-ups of the
final mean phonon numbers as functions of Gy /w;, with the hor-
izontal axis ranging from 0.05 to 0.3. The other parameters are
wy/or =1, Ajo; = Al/o; =1, /o) =0.1, yi/or =1/ =
1075, Gl/w1 = Gz/a)l = 005, and n =n = 1000.

range, which is consistent with the analyses of the cooling
efficiency on the sideband-resolution condition [40,41,52].
In addition, we can see from Fig. 4 that the ground-state
cooling can be realized in the N-type optomechanical sys-
tem and the cooling limit cannot be broken compared with
the single-resonator optomechanical system under the same
parameters.

IV. GROUND-STATE COOLING AND UNIVERSAL
DARK-MODE-BREAKING CONDITIONS IN THE
FOUR-MODE OPTOMECHANICAL SYSTEM

In previous sections we have shown that, by introduc-
ing an optomechanical coupling between the auxiliary cavity
mode a; and the mechanical mode b;, the dark mode in
this system can be broken and then ground-state cooling
of the two mechanical modes can be realized. However,
in practice, the diverse interactions among these degrees
of freedom in this system are more complicated [25], so
it is an interesting topic to study the universal condition
for breaking the dark-mode effect in a more general four-
mode optomechanical system. In this section we analyze
the parameter conditions under which the dark-mode ef-
fect works and study how to break the dark mode by
controlling the couplings in the four-mode optomechanical
system. We also analyze the interference effect by studying
the energy-level transition of this four-mode optomechanical
system.

A. Ground-state cooling in the general four-mode
optomechanical system

We now consider a network-coupled four-mode optome-
chanical system consisting of an intermediate-coupling cavity
mode and an auxiliary cavity mode, which are both coupled to
two mechanical modes via the radiation-pressure interaction.
Here the two cavity (mechanical) modes are coupled to each
other via a photon-hopping (phonon-hopping) interaction, as
shown in Fig. 5(a). In a rotating frame defined by the operator

yz b2

(]

FIG. 5. (a) Schematic of the network-coupled four-mode op-
tomechanical system consisting of two cavity modes and two
mechanical modes. In addition to the couplings and notation intro-
duced in Fig. 1(a), here we introduce three new couplings marked
by dashed lines: the phonon- and photon-hopping interactions with
the coupling strengths 1 and J, respectively, and the optomechanical-
coupling strength gy, between the auxiliary cavity mode a, and the
second mechanical mode b,. (b) Coupling configuration associated
with the approximate linearized Hamiltonian (26). Here we add a
tilde to the couplings and notation introduced in Fig. 1(b). We also
introduce the photon-hopping strength J between the two cavity
modes.

expl—i(wpa’a + wgalay)t] under wp = w,, the transformed
Hamiltonian becomes

H =Ad'a+ Asajas +Jata, + a:l'a) + U(bibz + b;b])

+ Y lwb]b + gia'a(b] + by) + gaalay(b] + b))
1=1,2

+(Qa" + Q,al +H.c.), (21)

where some operators and variables have been defined in
Eq. (1). We also introduce the g5, coupling term, the J cou-
pling term, and the 5 coupling term, which correspond to
the optomechanical coupling between modes a; and b,, the
photon-hopping coupling, and the phonon-hopping coupling,
respectively.

Based on the Hamiltonian (21), we can obtain the Langevin
equations by adding the decay and noise terms to the Heisen-
berg equations. Following a linearization procedure similar
to the one performed in Sec. II, we obtain the linearized
Langevin equations

Sa = —(k +iA))sa — iJay

—i Z [Gi(8b; + 8b])] + v 2k ain, (22a)
=12
Sa; = —(ks + iA))8a, — iJ8a
—i Y [Gy(8by + b)) + /2K, in, (22b)

1=1,2

8by = —(iwy + y1)8by — iG'8a — iG\8a" — iG*8a
—iGy8al — indby + /29161 in, (22c)
8by = —(iwy + y2)8by — iGda — iGr8a" — iGHyday

—iGgodal — indby + /2yabain, (22d)
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where A = A + 2g,Re(B1) + 2g,2Re(B,) is the renormal-
ized driving detuning of the auxiliary cavity mode a,. It
should be pointed out that the parameter A’ and the linearized
optomechanical-coupling strengths G; and Gy for [ = 1,2
have the same definition as those defined in Sec. II. However,
the coherent displacements of the steady state o, o, B, and
B in the network-coupled four-mode optomechanical system
should be replaced by the relations

—i(Joy + Q)
= = — 23

(24 (@)ss K+iA/C (23a)
—i(Jo + )

s = {ay)gg = ——————=, 23b

o (d )ss K+ IA/Y/ ( )

J

—(k +iAL) —iJ

—iJ —(A] + k5)
E = )

—iGj —iG},

—iG; —iG%,

and F' is defined by the nonzero elements Fi; = —iGy,

Fi4 = —iG;, Fo3 = —iGy1, Foy = —iGy, F31 = —iG, F3 =
_iGslv F41 = —iGz, and F42 = —l.ze.

Following the same procedure as that performed in Sec. III,
we can also obtain the steady-state expression of the co-
variance matrix V', which is defined by A'V’ + VAT =
—Q, where Q is given by Eq. (18). Then the final mean
phonon numbers in the two mechanical resonators can be
obtained.

To clearly analyze the influence of these couplings in the
four-mode optomechanical system on the ground-state cool-
ing, below we consider various cases of different coupling
configurations, as shown in Fig. 6. To analyze the dark-mode
effect in this system when the frequencies of the two me-
chanical modes are degenerate, we consider the case where
the two coupling channels g; and g, always exist. Then we
study various cases of coupling configurations by controlling
the four coupling channels J, g;1, g52, and 1. In Figs. 6(a)-6(d)
and Figs. 6(e)-6(j) we show that one or two coupling channels
of J, g1, 852, and 7 are closed, respectively. In Figs. 6(k)—6(n),
three of the four coupling channels J, g1, g, and n are
closed. Therefore, when the coupling channels g; and g, still
exist, there are 14 cases of coupling configurations, as shown
in Fig. 6.

Corresponding to the 14 cases depicted in Fig. 6, we plot
the final mean phonon numbers n{ and n£ as functions of the
scaled decay rate x /w; in Fig. 7. We can see from Figs. 7(a)
and 7(b) that ground-state cooling of the two mechanical
modes can (cannot) be realized in the cases of G;; =0 or
Gy =0 (J =0 or n =0), which implies that the dark mode
can (cannot) be broken. In Figs. 7(c) and 7(d) we plot the
phonon numbers n{ and ng as functions of k/w; when two
of the four coupling channels (J, g1, g, and n) are closed.
Based on the cooling performance, we know that the dark
mode cannot be broken when the coupling channels J = n =
Oor Gy = Gy, = 0.Inthe fourcasesJ = Gy =0,J = Gy, =
0, n=G,; =0, and n = Gy =0, the dark mode can be

_ —ips + g1l + gl )

= (b)) = , 23
B1 = (b1)ss P (230)
) 2 2
By = () = i(npi +g2|0[|. + gl ) (23d)

Y2 i

In the study of quantum cooling of the mechanical modes,
the linearized Langevin equations (22) can be written as a
compact form u(t) = A'u(t) + N(¢), where the form of the
fluctuation operator vector u(z) and the noise operator vector
N(?) is the same as those defined in Sec. III, while the coeffi-

. L. . E F
cient matrix is given by A’ = (g g.), Where

—iGy —iG,
- iGA‘] - iGsZ
. ) (24)
—(iw1 + 1) —in
—in —(iwy + 2)

(

broken. In Figs. 7(e) and 7(f) we also plot the phonon num-
bers nlf and ng versus k /w; when three of the four coupling
channels are closed, corresponding to the cases shown in
Figs. 6(k)-6(n). Here we can see that the dark mode cannot
be broken in the cases of / = Gy =Gy =0 or n =Gy =
G, = 0. However, in the two cases of /J =n = Gy =0 or
J =n = Gy = 0, the dark mode can be broken.

Based on the above discussion, we find that G;; and Gy,
play an important role in the breaking of the dark mode in
this system. Only when one of Gy and Gy, is closed, the dark
mode can be broken. When neither or both G,; and Gy, are
closed, the dark mode cannot be broken. In particular, the
breaking of the dark mode is independent of both the photon-
and phonon-coupling channels.

In order to better understand the influence of the linearized
optomechanical-coupling strengths G;; and Gy, on the final

mean phonon numbers, in Fig. 8(a) we plot the final mean

phonon numbers n{ and ng as functions of the scaled de-

cay rate k /w; when the linearized optomechanical-coupling
strengths take the values of Gy /w; = 4G, /w; = 0.08 and
Gs1/w1 = 4Gy /w; = 0.08. Here we can see that the ground-
state cooling of two mechanical modes can be realized in the

resolved-sideband regime. In addition, the values of n{ and

ng are approximately exchanged in these two cases, because

the parameters of Gy; and Gy, in these two cases are just

antisymmetric. In Fig. 8(b) we plot the final mean phonon

numbers n{ and ng as functions of the ratio Gy /Gy in

the case of the linearized optomechanical-coupling strength
Gs1/w1 = 0.08. When Gy»/Gy1 <1 (Gg/Gy1 2> 1), the final
mean phonon numbers of the two mechanical modes increase
(decrease) with the increase of the ratio Gy, /Gy, i.e., the
cooling performance of the two mechanical modes is ex-
changed at the point Gy,/Gy; = 1. Due to the dark-mode
effect, the ground-state cooling of the two mechanical modes
is unfeasible for finite values of the ratio Gy, /Gy;. In this
case, the ground-state cooling can be realized by choosing
GSQ/GS] < 04.
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8-

FIG. 6. Fourteen coupling configurations of the network-coupled four-mode optomechanical system, where J, g; (gy) (for / =1, 2), and
n are the photon-hopping coupling strength, the optomechanical-coupling strength between the intermediate (auxiliary) cavity mode and the
Ith mechanical mode, and the phonon-hopping coupling strength, respectively. Here the two optomechanical couplings between the cavity
mode a and the two mechanical modes b; and b, are kept and the other couplings can be closed on demand. Then there are 14 different
coupling configurations. Concretely, the one-coupling-closed cases include the following: (a) The coupling channel J is closed (J = 0), (b) the
coupling channel g; is closed (g,; = 0), (c) the coupling channel g, is closed (g,, = 0), and (d) the coupling channel 7 is closed (n = 0).
The two-coupling-closed cases include the following: (e) The coupling channels J and g;, are closed (J = g, = 0), () the coupling channels
J and gy, are closed (J = g, = 0), (g) the coupling channels J and n are closed (J = n = 0), (h) the coupling channels g;; and g, are
closed (gs1 = g2 = 0), (i) the coupling channels g;; and 5 are closed (g;; = n = 0), and (j) the coupling channels g, and 7 are closed
(g2 = n = 0). In addition, the cases in which three couplings are closed include the following: (k) The coupling channels J, g, and g, are
closed (J = g;1 = g2 = 0), (1) the coupling channels J, g, and n are closed (J = g;; = n = 0), (m) the coupling channels J, g, and n are
closed (J = g = n = 0), and (n) the coupling channels g, g, and 1 are closed (g,; = g,» = n = 0). We point out that the single-photon
optomechanical-coupling strengths g, g2, g1, and g, are related to the linearized optomechanical-coupling strengths G, G», Gy, and Gy, in
the four-mode optomechanical system.

B. Universal conditions for breaking the dark mode written as

In this section we analyze the parameter conditions

T A sat "s ot t i
under which the dark mode is formed in the network- Hrwa = Acda’da+ Ajdagda; + J(8a'das + dasda)

coupled optomechanical system. We also study the method + Z [a),(Sb;f(Sb, 4 G,((Saabj +8a'8b))

for breaking the dark-mode effect. Based on Egs. (22), =12

we can derive the approximate linearized Hamiltonian. By : + : ;
discarding the noise terms, the linearized optomechanical + Gy (8asdb; + 8agéb;)] + n(8by8by + 5b,8by).
Hamiltonian under the rotating-wave approximation can be (25)
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FIG. 7. Final mean phonon numbers nlf and nzf versus the scaled decay rate «k /w; in various coupling configurations: (a) and (b) cases
where one coupling is closed, i.e., J = 0 (blue solid curves), n = 0 (red circles), G,;; = 0 (cyan dash-dotted curves), and Gy, = 0 (green
dashed curves); (c) and (d) two-coupling-closed cases, i.e., J = n = 0 (blue solid curves), G;; = Gy, = 0 (red circles), n = G;; = 0 (green
dashed curves), J = G5; = 0 (cyan dash-dotted curves), J = Gy, = 0 (brown squares), and n = Gy, = 0 (purple triangles); and (e) and (f)
three-coupling-closed cases, i.e., J = Gy = Gy, = 0 (blue solid curves), n = Gy; = Gy, = 0 (red circles), J = n = G,; = 0 (brown dash-dot
curves), and J = n = Gy, = 0 (purple dashed curves). The other parameters are w,/w, = 1, yi/w) = yr/w; = 1073, k/w; = ks /w; = 0.1,
J/a)1 = 7’]/(1)1 = 003, A'C/wl = A;’/wl = 1, Gl/a)l = Gz/a)l = 005, Gsl/a)l = Gsz/a)l = 008, and ng =n, = 1000. Note that the values of
J, n, Gy, and G, presented here work when the corresponding coupling channels are open.

By substituting the operators B (Bl) and B_ (B') into
Eq. (25), the Hamiltonian Hrwa becomes [see Fig. 5(b)]
Hrwa = ALsa'8a + A!sasa; + J(8a' Sa, + 8alda)
+@,BiB,+® B'B_+7(B'B_+B'B,)
+ G (8aB} + By 8a") + G,y (8a,B". + 8alB.)

+G,_(8a,B" +8a’B_), (26)
@ 10°
1.0 ) . 102
el (——
XX }’l{ LN I’lé 1
0

0.1
06 0 04 08 1.2 1.6 2.0
G:"Z/Gs’l

0 0.2 0.4
KJw

FIG. 8. (a) Final mean phonon numbers n] and n] versus the
scaled decay rate «/w; in the cases of Gy /w; = 4G, /w; = 0.08
(blue dashed curve and red solid curve, respectively) and Gy /w; =
4Gy, /wy = 0.08 (red circles and blue squares, respectively). (b) Final
mean phonon numbers n{ (blue solid curves) and né (red dashed
curves) versus the ratio Gy, /G, when the linearized optomechanical-
coupling strength G /w; = 0.08. The other parameters used in this
system are w,/w; =1, y/w, = /w1 =107, k/w; = Kk,/w, =
O.I,J/a)l = 7]/(01 = 003, A’C/wl = A;’/wl = I,Gl/wl = Gg/a)l =
0.05, and 7i; = 71, = 1000.

where the resonance frequencies of the two hybrid modes
should be replaced by

CU]G% + a)zG% +21nG G,

oy = G , (27a)
2 2
o — a)1G2 + a)2G1 2nG G, ’ (27b)
G}

and the three new coupling strengths ¢, Gy, and G,_ are
defined by

(01 — 02)G1G> + n(G3 — G})

;= , 28
3 G+ G (282)
- GgG GG
G,y = 201G F OnGn (28b)
JG+ G
3 GGy — GG
G, = 12 T P21 (28¢)

G+ G}

From Eqgs. (26) and (28) we can see that the two hybrid
modes B_ and B, are decoupled from each other when w; =
wy and n = 0 (G} = G»). Moreover, the hybrid mode B_ also
decouples from the auxiliary cavity mode a; when G,_ = 0.
In this case, the hybrid mode B_ becomes a dark mode and
the ground-state cooling of the two mechanical modes cannot
be realized. All in all, the parameter conditions for the appear-
ance of the dark mode are E =0 and G,_ = 0, which lead to
the conditions

(@1 — @2)G1G> + (G} — G2) = 0,
GGy — GGy = 0.

(29a)
(29b)
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Therefore, the universal dark-mode-breaking condition is that
both Z and G,_ cannot be zero at the same time [see Fig. 5(b)].
In the following we analyze various cases in which the dark
mode appears or disappears in the degenerate-resonator case
(w1 = w2). ~

(1) In the case of n =0, i.e.,, £ =0, it can be seen from
Eq. (28) that when GG, — GG = 0 (G, /Gy = G1/Gy),
the hybrid mechanical mode B_ (the dark mode) decouples
from both the cavity mode a and the auxiliary cavity mode
a,. In this situation, the excitation energy is stored in the dark
mode and cannot be extracted through the cooling channel. In
this case, the parameter J has no effect on the breaking of the
dark-mode effect. This analysis is consistent with the results
obtained by numerical calculations in Sec. IV A.

(i) In the case of n # 0 and G| # G», i.e.,  # 0, we can
find that the dark mode can be broken regardless of whether
the auxiliary cavity mode appears or not (namely, there is no
dark mode).

(iii) In the case of n # 0 and G| = Gy, i.e., Z = 0, there
are two different situations. First, in the case of symmetric
coupling (G = Gy,), we can see from Eq. (28) that G,_ =0.
At this time, the hybrid mechanical mode B_ decouples from
both the cavity mode a and the auxiliary cavity mode aj, i.e.,
B_ becomes a dark mode. However, in the case of asymmetric
coupling (G4 # Gy), i.e., G,_ # 0, we can see that the two
hybrid mechanical modes B_ and B, are coupled with the
auxiliary cavity mode a;. Even if the hybrid mode B_ is
decoupled from both the cavity mode a and the hybrid mode
B, at the same time, the ground-state cooling of the two me-
chanical resonators becomes accessible through the cooling
channel associated with auxiliary cavity mode a,. Obviously,
when one of the two coupling strengths Gy; and Gy, is O,
the dark-mode effect can naturally be broken. This analysis is
consistent with the results we obtained in Sec. IV A. Generally
speaking, to break the dark mode formed in a three-mode
optomechanical system consisting of a cavity mode and two
mechanical modes, the easiest way is to introduce an auxiliary
cavity mode to couple with one of the two mechanical modes.

C. Analyzing the quantum interference effect in the
energy-level transitions of the optomechanical system

To clarify the physical mechanism behind the dark-mode
breaking, in this section we analyze the quantum interference
effect in the energy-level transitions of the system. For the
optomechanical system, the cavity modes provide the cooling
channels to extract the thermal excitations from the mechani-
cal resonators. However, when a single cavity mode is used to
cool multiple degenerate mechanical resonators, the phonon
modes decaying through the same cooling channel will inter-
fere with each other, similar to the quantum interference effect
in electromagnetic induced transparency [75,76]. In this case,
some of the mechanical normal modes are decoupled from the
cavity mode and then the cooling channel of these decoupled
modes (dark modes) is closed and the excitations stored in
these mechanical dark modes cannot be extracted. As a result,
these dark modes cannot be cooled to their ground states.
When multiple cooling channels exist, the phonon dissipation
prohibited by one cooling channel can take place via another
cooling channel; then the dark-mode effect is broken and the

(a) | WH'l,j,k)
G, K G,
@y,
LY Y.
mj+lk) Pm o Pm |myjktl)
0 |m.jik) 0
(b) |m+1,n,j,k ) |m,n+1,j,k )

| m,m,j,kc+1)

| m,nj,k)

FIG. 9. Part of the energy levels and transitions of the system in
either the (a) absence or (b) presence of the auxiliary cavity mode
a,. Here the states |m, j, k) and |m, n, j, k) correspond to the states
|m, j, k)ap, b, and |m, n, j, k) a,.b,.5,> respectively. The states |m),,
[1)a,» | )5, > and |k);, denote the number states of the cavity mode a,
auxiliary cavity mode a,, mechanical mode b,, and mechanical mode
b, respectively.

ground-state cooling of multiple mechanical resonators can be
realized.

To further understand the quantum interference effect in
the energy-level transitions of the optomechanical system,
in Figs. 9(a) and 9(b) we plot the energy levels and tran-
sitions of the system including two mechanical modes in
either the absence or presence of the auxiliary cavity mode a;.
For simplicity, we ignore the subscripts of the basis vectors,
i.e., we denote |m, j, k)qp,.b, (1M, 1, j, K)a.a,5,.,) Y |m, j, k)
(lm, n, j, k)). As shown in Fig. 9(a), under the red-sideband-
resonance condition A, = w,,, the transitions |m, j + 1, k) <
lm+1, j, k) and |m, j,k+ 1) < |m+ 1, j, k) are resonant
and the transition |m + 1, j, k) — |m, j, k) can further oc-
cur through the cavity-field decay «. When the mechanical
modes b; and b, are degenerate, the phonon modes decay-
ing through the same cooling channel (cavity mode a) will
interfere destructively with each other; then the ground-state
cooling of the two mechanical modes cannot be realized.
To break the dark-mode effect in this system, a natural
and simple method is to introduce another cooling chan-
nel to the mechanical resonators. As shown in Fig. 9(b),
under the red-sideband-resonance condition A, = w,,, €x-
cept for the transitions |m, n, j + 1, k) < |[m+ 1, n, j, k) and
|m,n, j,k+ 1) < |m+ 1, n, j, k) associated with the cavity
mode a, the transitions |m, n, j + 1, k) <> |m,n+ 1, j, k) and
m,n, j,k+1) < |m,n+ 1, j, k) associated with the auxil-
iary cavity mode a, can also occur. In this way, phonon
dissipation prohibited by the cooling channel a can be de-
cayed via a new cooling channel a;. Therefore, by introducing
the auxiliary cavity mode a;, the dark-mode effect can be
broken and the ground-state cooling of two mechanical res-
onators can be realized.

We point out that the main innovation in this work is
the breaking of the dark-mode effect via the auxiliary cavity
and that the underlying physical mechanism of this scheme
is the sideband cooling. Therefore, the system should work
in the resolved-sideband regime and a resonant red-sideband
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FIG. 10. (a) N-mechanical-mode optomechanical system con-
sisting of an intermediate cavity mode optomechanically coupled
to N mechanical modes. (b) Both the phonon-hopping interactions
between two neighboring mechanical modes and the optomechanical
interaction between the auxiliary cavity mode and the mechanical
mode b, are introduced into the N-mechanical-mode optomechanical
system.

driving is needed. In addition, though the dark mode appears
theoretically in the degenerate mechanical-resonator case, our
scheme works well even for near-degenerate resonators within
a detuning window with the width of the cavity-field decay
rate. Physically, the resonators with these detuned frequencies
cannot be distinguished via the cavity emission spectrum.

V. GROUND-STATE COOLING AND DARK-MODE
BREAKING IN A MULTIPLE-MECHANICAL-MODE
OPTOMECHANICAL SYSTEM

In this section we generalize the auxiliary-cavity-mode
method to realize the simultaneous ground-state cooling of
N mechanical modes in a multiple-mechanical-mode optome-
chanical system, in which an intermediate cavity mode is
coupled to N (N > 3) mechanical modes [see Fig. 10(a)].
Concretely, we introduce an auxiliary cavity mode optome-
chanically coupled to the first mechanical mode. We also
introduce the phonon-hopping coupling between all the neigh-
boring two mechanical modes [see Fig. 10(b)]. Moreover, we
analyze the parameter conditions for forming and breaking the
dark modes.

A. Simultaneous ground-state cooling of N mechanical modes

We consider a multiple-mechanical-mode optomechanical
system, which is composed of an intermediate cavity mode, an
auxiliary cavity mode, and N (N > 3) mechanical modes [see
Fig. 10(b)]. In a rotating frame defined by the transformation
operator exp[—i(w a’a + wgalas)t], the Hamiltonian of this
system is written as

N
Hy = Acd'a+ Yy [wbjb + gia'a(b] + b))
=1
N-1
+ Z (b} bisy +b), b)) + (Qa" +H.e.)
=1

+ Asalag + geala (b 4+ by) + (Qal +He), (30)

where the operators and variables for the cavity modes have
been defined before and b, (b;) are the annihilation (creation)
operators of the /th mechanical mode. The parameter g; (g)
denotes the single-photon optomechanical-coupling strength
between the intermediate (auxiliary) cavity mode and the /th
mechanical mode (mechanical mode b;). The cavity mode
a (ay) is strongly driven by the laser field with the driving
frequency w;, (w,) and the driving amplitude 2 (£2).

Similar to the two-mechanical-mode case, the two cavity
fields are strongly driven by two laser fields; then the dynam-
ics of this system can be treated by the linearization method.
Based on the Hamiltonian (30), the linearized Langevin equa-
tions for the quantum fluctuations are given by

= —(k +iA.)8a — i[g1(8b) + 8b))
+ 20(8by + 8bY) + - - - + igya(8by + 8b)]
+ 2k ain,
Sas = —(i + iA))Sas — igsa (8by + 8bT) +
8by = —(y1 + iw))8b; —
—igsaxéaj —in18by + \/ﬂbl,m,
8by = —(yy + iw))8by —
— in28b3 4 \/2y2bain,
8by = —(y3 + iw3)8bs —
— in38bs + v/2y3b3n.

2K‘vas,ina

igio*8a — igiada’ — igsotdag

igra*8a — igrada’ — in;8b,

igsa*Sa — igzada’ — in28by

8by_1 = —(yn_1 + iwy_1)8by_y — igy_12*8a — igy_ada’

—inn—28by_3 — iny_18by + /2YN_1DN_1 in,
Shy = —(yy + iwy)8by — igya*Sa — igyada’

—inn—18bn—1 + /2¥nbu,in, 3D

where Ac= Ao+ 3L 1B+ B (A = Ay +g,(Bi +
B)] is the effective driving detuning of the cavity mode
a (a;) and G; = g/la| (Gy = gslas|) is the linearized
optomechanical-coupling strength between the cavity mode a
(ay) and the /th mechanical mode (mechanical mode b, ).

Below we study the ground-state cooling of N mechanical
modes. The cooling performance of mechanical modes can
be verified by calculating the final mean phonon numbers.
Therefore, we rewrite the linearized Langevin equations (31)
as

() = Aii(r) + N@), (32)

where we introduce the vector of the quantum fluctuations
ii(t) = [8a, 8ay, 8by, ..., 8by_1, 8by, 8a',8al,8b%, ...,
8bl,_,,8b,1" and the vector of the quantum noise N(r) =
V2[/kai, WRstsin NYibLm o STV \/y—NbNm,
Vka 1n’\/_av1n’ \/_blm"' \/mbN Lin» V/VND) Nm

The corresponding coefficient matrix A = (F* _%*),
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where
K +iA, 0 iGy
0 ks +iA iG,
iGy_, 0 0
iGy, 0 0
and
0 0 —iGy
0 0 —iGy
- —iGy —iG, 0
F = . : :
—iGy_1 0 0
—iGy 0 0

The formal solution of Eq. (32) is given by

i(r) = M()a(0) + / M(t — s)N(s)ds,
0

iGy_1 iGy
0 0
0 0
(33)
N1 Fion-1  inN-1
InNN-1 YN + iwy
—iGy-1 —iGy
0 0
0 0
. (34)
0 0
0 0
(35)

where the matrix M(¢) = exp(At). Note that our simulations should satisfy the stability conditions, which can be obtain by

analyzing the Routh-Hurwitz criterion [73].

Based on Eq. (35), we can obtain the final mean phonon numbers by solving the Lyapunov equation. For this reason, we
introduce the covariance matrix V of the system by defining the matrix elements as

Vi = %[(ﬁi(oo)ﬁj(oo» + (@ (00)i;(00)) ].

(36)

Under the stability conditions, the covariance matrix V is determined by the Lyapunov equation

AV VAT = -Q.

where

Q=3(C+Ch,

(37

(38)

with the correlation matrix C related to the noise operators. In the Markovian-dissipation case, the correlation matrix C can be

obtained as C = 2(3 g), where

0 0
0 0
0 0 ym+1
P=
0 0 0
0 O 0
and
0 0 0 0 0
0 0 0 0 0
0 0 nl 0
R=|[, . "M . (40)
0 0 0 . YN-17N -1 0
0 0 0 0 )/Nle

According to the covariance matrix V defined in Eq. (36),
we can derive the final mean phonon numbers of the /th
mechanical mode as

(8b8by) = Vivirsais2 — (41)

1
27

0 0
0 0
(39)
yn—1(fin—1 + 1) 0
0 yn(iy + 1)

(

where V44,42 is the matrix element of the covariance
matrix V.

Below we study the cooling performance of the mechan-
ical modes when there are three or four mechanical modes
in the optomechanical system. For simplicity, we consider
that the resonance frequencies of all mechanical modes are
equal (w; = wy, for I =1,...,N). Similarly, the phonon-
hopping coupling strengths [, =n for I =1,..., (N —1)]
and optomechanical-coupling strengths (G; = G for [ =
1,..., N) are also the same.

As shown in Figs. 11(a) and 11(b), the final mean phonon

numbers n’ are plotted as functions of the scaled driv-

J
ing detuning A./w,, in both the dark-mode-breaking case
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FIG. 11. (a) and (b) Final mean phonon numbers n{ " as functions
of the scaled driving detuning A./w, in the dark-mode-unbreaking
(Gy/wy = 0and n;/w; = 0) or -breaking (G;/w; = 0.1 and n;/w; =
0.06) cases for (a) N =3 and (b) N =4. (¢) and (d) Final mean
phonon numbers n,’r as functions of the scaled cavity-field decay
rate k /w; for (c¢) N =3 and (d) N = 4. The other parameters are
w/or =1, Aoy =1, ks/wy = 0.1, n;/w; =0.06, y;/w = 1079,
G;/w, = 0.05, G;/w; = 0.1, i; = 1000, and (a) and (b) k /w; = 0.1
and () and (d) A, /w; = 1.

(Gs/w1 =0.1 and n;/w, =0.06) and the dark-mode-
unbreaking case (Gy = n; = 0). We can see that the ground-
state cooling cannot be realized for these mechanical modes
when the auxiliary cavity mode and phonon-hopping inter-
actions are absent (Gy = n; = 0) [see the upper curves in
Figs. 11(a) and 11(b)]. This is because the thermal excitations
stored in the dark modes cannot be extracted through the
cooling channel related to cavity mode a.

When the auxiliary cavity mode and the phonon-hopping
interactions are introduced, a new cooling channel is formed
and the dark modes are broken. Then the ground-state cooling
of multiple mechanical modes can be realized, as shown in
Figs. 11(a) and 11(b). Moreover, in Figs. 11(c) and 11(d) we
plot the final mean phonon numbers n{ as functions of the
cavity-field decay rate x /w;. We find that the cooling perfor-
mance of the first mechanical mode is the best, because it is
directly connected to the auxiliary cavity mode. The cooling
performance of other mechanical modes is almost the same,
because all the other mechanical modes have similar coupling
connections with the cooling baths.

B. Parameter conditions for breaking dark modes

To study the parameter conditions for breaking the dark
modes, we can derive the approximate linearized Hamil-
tonian, which governs the dynamics of the system. To
implement the cooling scheme, the system should work in the
red-sideband resonance regime, in which the rotating-wave
approximation can be safely performed. By discarding the
noise terms, the linearized optomechanical Hamiltonian is

given by

N N
Hy = A8a"8a+ ) wisbjsh; + Y Gi(8a'sb; + 8b]sa)
=1 =1
N—1
+ Alsalsa, + Y [mi(8bi8b], | + 8b115b])]
=1

+ G,(8al8b; + 8b3ay). (42)

To clearly see the dark-mode effect in the multiple-
mechanical-mode optomechanical system, we first consider
the situation where the auxiliary cavity and the phonon-
hopping interactions between two neighboring mechanical
modes are absent, i.e., A, =0, =0, and G, =0 [see
Fig. 10(a)]. Then the Hamiltonian (42) becomes

N N
Hj = Asba'sa+ Y 8b)sb + Y Gi(8a'8b; + 8b]da).
I=1 I=1

(43)
For simplicity, we consider that all the mechanical modes
have the same resonance frequencies (w; = w,,), and the
optomechanical-coupling strengths between the intermedi-
ate cavity mode and all mechanical modes are also the
same (G; = G). In this case, there are a bright mode B, =
Zf’zl 8b;/~/N and (N — 1) dark modes decoupled from the
intermediate cavity mode. Therefore, the thermal excitations
stored in the dark modes cannot be extracted though the
cooling channel of the cavity mode and then the ground-state
cooling of these mechanical modes cannot be realized.

To break the dark mode and achieve the ground-state cool-
ing of N mechanical modes, we introduce an auxiliary cavity
mode optomechanically coupled to the mechanical mode b,
and phonon-hopping interactions between the neighboring
mechanical modes, as shown in Fig. 10(b). For convenience,
we consider the case where all the phonon-hopping cou-
pling strengths are the same (1; = n). Thus, the Hamiltonian
associated with these coupled mechanical modes can be diag-
onalized as

N N—-1
Huph = @y Y 8b}8by +n Y _(8bi8b], + 8bi1118b])
=1 =1

N
= > uB|B. (44)
k=1

where €2 is the resonance frequency of the kth hybrid me-
chanical mode By and is defined by

ki
Q=w,+2 , k=1,2,3,...,N. 45
k= Wy + ncos(N+1> 45)

Meanwhile, the relationship between the hybrid mode B and
the mechanical mode 8b; can be expressed as

1 & Lk
Sby = — i B, 46
/ D;sm<N+])k (46)

with D = /(N + 1)/2. When the auxiliary cavity mode is ab-
sent, by substituting the hybrid mode By, into the Hamiltonian
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(42), we can obtain
N
H; = Ada 8a + Z Q«B, By + Hor, “47)
k=1
where the optomechanical-interaction Hamiltonian Hoy is
given by

Hop = Z[ Zsm(

k=1

)5an +H.c. ] (48)

From Eq. (48) we can see that the coupling strength between
the cavity mode a and the hybrid mode By is determined by
the coefficient %{Zﬁvzz sin[lkmw /(N + 1)]}. Hence, we next
analyze the dependence of this coefficient on the variables k
and N.

First, we consider the situation of N = 2. In this case, the
system is reduced to the two-mechanical-mode optomechan-
ical system, which has been analyzed in detail in previous
sections. When N = 2, the optomechanical interaction be-
comes

Hor = v2G8aB] + v2G*B,8a’. (49)

It is obvious that the hybrid mechanical mode B, be-
comes a dark mode, which decouples from both the cavity
mode a and the hybrid mechanical mode B;, so the
ground-state cooling of the two mechanical modes becomes
inaccessible.

In the case of N > 3, the coupling coefficient between the
cavity mode a and the kth hybrid mechanical mode By, defined
in Eq. (48) is given by g Zf’:l sin(li,k—fl). Since the forms of
the coupling coefficients are different when N is either an odd
number or an even number, below we will analyze two cases
corresponding to odd and even N, respectively. (i) When N is
an odd number, the form of the coupling coefficient depends

on k. If k is also an odd number, we get g Zf/:l sin(lf%) # 0.
Lk

If k is even, we obtain g Z;v:1 sin(N—H) = 0. (i1) For an even

. -G NN ok
N, when k is an odd number, we obtain 3 D e sm(N—j:I) # 0.

When £ is also an even number, we get g Z?[:l sin(j\l/k—fl) =0.

Based on the above discussion, we can find that for an
odd k, the coupling strength between the intermediate cavity
mode a and the kth hybrid mechanical mode By is nonzero.
However, when k is an even number, the intermediate cavity
mode a is decoupled from the kth hybrid mechanical mode
By.. In this situation, all the even hybrid mechanical modes
are decoupled from the intermediate cavity mode. Thus, the
ground-state cooling of multiple mechanical modes cannot be
realized under the influence of the dark-mode effect. Nev-
ertheless, we can introduce an auxiliary cavity mode a; to
break the dark-mode effect, which is coupled to the me-
chanical mode b; via the radiation-pressure interaction. By
substituting the hybrid mechanical modes By into the optome-
chanical Hamiltonian Hyom = G,(8al8b; + 8b}5a;), we can
get

gl

It can be seen from Eq. (50) that all the hybrid mechanical
modes By are coupled with the auxiliary cavity mode a;. Even

)MBk +H.c. } (50)

@ ®) Ey—=—1d)
E, N le) E, v le) ) 3
S, T
Q, /% 2 Q,/, @,
B/} E,——1f)
Eg 1g) Lg 1g)

FIG. 12. (a) Schematic of the three-level system, which consists
of three states |e), | f), and |g), with the corresponding energies E,,
Ey, and E,. The coupling strengthes of the transition processes |g) <>
le) and |f) <> |e) are denoted by 2, and €2, with the corresponding
detunings A, and A,, respectively. (b) Schematic of the N-type four-
level system. In addition to the couplings and states introduced in (a),
we introduce an auxiliary state |d) coupled to the lower state | /) with
the coupling strength Q23 and the detuning Aj.

when the even hybrid mechanical modes are decoupled from
the intermediate cavity mode a, the ground-state cooling of
the N mechanical modes can still be achieved through the
cooling channel associated with the auxiliary cavity mode a;.

VI. PHYSICAL MECHANISM FOR BREAKING THE
DARK-STATE EFFECT IN THE N-TYPE FOUR-LEVEL
ATOMIC SYSTEM

To further investigate the generality of the physical mech-
anism for breaking the dark-mode effect, in this section we
consider the dark-state effect in an atomic-level system. Con-
cretely, we demonstrate the dark-state effect in a A-type
three-level system and show how to break this dark-state
effect by introducing an auxiliary state coupled to one of
the two lower states, namely, forming an N-type four-level
system (Fig. 12). For the three-level system, the Hamiltonian
reads

Hyis(t) = E.le){e| + Ef|f){f| + E,lg) (gl
+ (1 ]e) (gle™ ™" + Qle)(fle” ™ +H.c.),
(1)

where E,, E¢, and E, denote the energies of energy levels

), |f), and |g), respectively. For convenience, hereafter we
assume that the energy of the ground state is 0 (E, = 0). The
two atomic transitions |g) <> |e) and |f) <> |e) are coupled
to the two monochromatic fields with the frequencies w; and
w, and the transition amplitudes 2; and €2,, respectively. In a
rotating frame with respect to w1 |e){e| + E¢|f)(f| + E¢lg) (gl
the Hamiltonian in Eq. (51) becomes

Vi = Aile){el + Qi (le) (gl + 1) (el) + La(le) (f1 + ) (el),
(52)

where A = E, — w; and Ay, = E, — E; — w, are the transi-
tion detunings.

To better study the eigenvalues and eigenstates of the
Hamiltonian (52), we introduce three basis states defined by
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the vectors
ley=1 0 0OF, /=0 1 0,
g =0 0 DT (53)

To demonstrate the dark-state effect in this three-level system,
we consider the single- and two-photon resonance cases, i.e.,
A = A, = 0. Then the Hamiltonian V; can be written as

0 1 &
Vvi=[1 0 o], (54)
£ 0 0

where £ = /€2, is the amplitude ratio.

The dark-state effect of this three-level system can be ana-
lyzed by calculating the eigensystem of the matrix V; given in
Eq. (54). The eigenequation of V; reads

Vilks) = Aslhs), s =1,2,3. (55)

The eigenvalues are given by A; =0, Ay = —Q/1 + &2,
and A3 = /1 + &2. The corresponding eigenstates can be
obtained as

1
A1) = ——=(0le) — ,
) = e 0le) = €117 +12)
1
M) = ———— (/1 + E2le) + | f) +£lg), (56
i) = —es (VTH Bl + 1)+ El8). 56)
1
h3) =~ (VT 82le) + 1) + E12).

V2(1+82)

To study the dark-state effect in this system, we can calculate
the probability of the excited state |e) in these eigenstates,

PI = |(e|r,) . (57)

By combining Eqgs. (56) and (57), we find that the probability
of the eigenstate |A;) is always zero, which means that the
eigenstate |1;) is the dark state.

To break the dark-state effect in the A-type three-level sys-
tem, we introduce an auxiliary state coupled to the lower states
| /), forming an N-type four-level system. The Hamiltonian of
this system can be expressed as

Hpis(t) = Hris(t) 4 Eqld)(d] + Q3(1d) (fle™ + H.c.),
(58)
where ws is the frequency of the monochromatic field and
|d) is the auxiliary state coupled to the lower state |f)
with the coupling strength Q3. In a rotating frame with

respect to wy |e)(e| + E¢|f)(f] + E;lg) (gl + (Ef + w3)|d)(d],
the Hamiltonian Hgp s becomes

V) = Atle)(el + Asld)(d] + Qi (le) (gl + [g){el)
+Qa(le) (f1 + ) (el) + Qa(Id) (f1 + 1 /)], (59)

where A3 = E; — Ey — w3 is the transition detuning.
By defining the four basis states with the vectors

Ify=@0 1 0 0,
dy=@© 0 0 1T, (60)

ley=(1 0 0 0),
lgg=@O 0 1 07,

0.512) 05 »@2‘ see pl
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FIG. 13. (a) Probability P'*! of the excited state |¢) in three eigen-
states versus the amplitude ratio €2,/€2, in the three-level system.
(b) Probability pl! of four eigenstates versus the amplitude ratio
Q23/€2; in the four-level system.

the Hamiltonian V; can be expressed as

~

1 0
I _ o 0 ‘§>:
v/ =Q 0 0 ©1)
0

0 1
1 0
1 0
0 & 0
Here we introduce the parameter € = Q; = Q' and
Q3/Q = &’ and consider the case A; = Az = 0. Following
the standard procedure as performed in the three-level system,
we can obtain the eigenvalues of the matrix V; as

, , 2+ 5/2 4 (2 + %-/2)2 _ 4%-/2
Am1234 = iQ\/ > . (62)

The corresponding eigenstates are given by

1AL) = I81[A (X5 — E%)le)
A0+ (M —E7)Ig + 1), (63)

where |87 = 1/[(A%s + 1)(WV%5 — §7)* + 22,02 + E7)] is
the normalization constant. To check the dark-state effect in
this system, we also calculate the probability of these eigen-
states,

PE = [ (el (64)

where p, is the probability of the excited state |e) in the
N-type four-level system.

In Fig. 13(a) we plot the probability P! of these three
eigenstates [A;) (s =1, 2, 3, and 4) as a function of the
amplitude ratio €2;/€2, in the three-level system. We can find
that the probability P! is always zero no matter how the
ratio changes, which means that the eigenstate |X,) is the dark
state. In Fig. 13(b) we plot the probability p*! of these four
eigenstates |A}) as a function of the amplitude ratio €3/,
in the N-type four-level system. Here we can see that the
probabilities pl!! and pl?! are zero when the amplitude ratio
Q3/€, = 0, which means that the two eigenstates |A}) and
|A;) are dark states when the transition channel between the
auxiliary state |d) and the lower state |f) is closed. How-
ever, with the increase of the ratio Q23/%2;, the excited-state
probability of the four eigenstates is nonzero, which means
that the dark-state effect is broken when the auxiliary state is
introduced to the system.
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TABLE I. Reported experimental parameters in the electromechanical system [11] and the scaled parameters used in our simulations.
Columns 1, 2, 3, and 4 present the notation, the definitions, the reported experimental parameters, and the scaled parameters used, respectively.

Notation Definition Parameters in Ref. [11] Parameters used
o) frequency of the first mechanical oscillator 2w x 10 MHz frequency scale
W frequency of the second mechanical oscillator 2w x 11.3 MHz wy/w; =1

K decay rate of the intermediate cavity field 2m x 1.38 MHz k/wy =0.1

K decay rate of the auxiliary cavity field Ks/wy; = 0.1
G effective optomechanical-coupling strength 2w x (0.1-0.5)MHz Gy 2)/w1 = 0.05
Gy (2) effective optomechanical-coupling strength Gy 2/ w1 = 0.08
nil phonon number in the first mechanical oscillator 41 1000

nil phonon number in the second mechanical oscillator 30 1000

Vi damping rate of the first mechanical oscillator 2w x 106 Hz yi/w; = 1073
Vs damping rate of the second mechanical oscillator 27 x 144 Hz v/wp = 1073

n phonon-hopping coupling strength n/w; = 0.03-0.06
J photon-hopping coupling strength J/w; =0.03

VII. DISCUSSION Of EXPERIMENT IMPLEMENTATION

In this section we present a discussion of the experimental
implementation of this scheme. This system only involves
the linearized optomechanical couplings and photon- or
phonon-hopping coupling, which are experimentally accessi-
ble in current optomechanical systems [2]. In the simulations,
we consider the model in the resolved-sideband regime
wi=1,2 > k() and take the linearized coupling strengths as
Gi/w; < 0.1 and Gy /w; < 0.1 for I = 1, 2, which have been
realized in many optomechanical systems [2]. The photon-
hopping and phonon-hopping interactions have been exper-
imentally realized in optomechanical crystal circuits [35]
and double-microdisk whispering-gallery resonators [77]. All
these advances confirm the experimental feasibility of this
scheme.

Next we present a parameter analysis based on the cir-
cuit electromechanical systems [11,13,14,44,55], where the
two effective microwave cavities are two superconducting
circuits on a quartz substrate. They have the same resonance
frequency w. = w; ~ 2w x 4.2 GHz. The two mechanical
modes are two drum resonators that function as compliant
capacitances in the circuit. The mechanical position can affect
the resonance frequency of microwave cavity; then the op-
tomechanical interaction can be realized. Note that one of the
two microwave cavities acts as the intermediate-coupling cav-
ity mode coupled to two mechanical modes, while the other
microwave cavity is only coupled to one of the two mechani-
cal modes. Here the mechanical modes of two drums have the
resonance frequency w; = w; & 27 x 10 MHz. The intrinsic
energy decay rates of two microwave cavities and two drum
resonators are k = k; ~ 2w x 1 MHz and y| = y, & 27 X
100 Hz, respectively. The effective coupling rates between
the intermediate-coupling microwave cavity and the two drum
resonators are G; = G, =~ 2w x 0.5 MHz and the effective
coupling rates between the auxiliary microwave cavity and
the two drum resonators are Gy = Gy ~ 27 x 0.8 MHz.
In Table I we present the reported experimental parameters
in the circuit electromechanical systems [11] and the scaled
parameters used in our simulations. By comparing these
scaled parameters and the experimental parameters, we find

that the experimental implementation of this scheme should
be within the reach of current or near-future experimental
conditions.

VIII. CONCLUSION

We have proposed an auxiliary-cavity-mode method to re-
alize simultaneous ground-state cooling of two degenerate or
nearly degenerate mechanical modes. We have also studied
the general physical coupling configuration for breaking the
dark mode in the network-coupled four-mode optomechanical
system. The analytical parameter conditions for breaking the
dark-mode effect have been found. Moreover, we have gener-
alized this method to realize ground-state cooling of multiple
mechanical modes, which was achieved by introducing the
auxiliary cavity mode and phonon-hopping couplings be-
tween nearest-neighbor mechanical modes. We also described
the physical mechanism for breaking the dark-state effect in
the N-type four-level atomic system. Our results pave a way
toward the demonstration of macroscopic quantum coherence
and quantum manipulation in multiple-mechanical-mode op-
tomechanical systems.
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