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Fundamental limits for reciprocal and nonreciprocal non-Hermitian quantum sensing
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Non-Hermitian dynamics has been widely studied to enhance the precision of quantum sensing; and non-
reciprocity can be a powerful resource for non-Hermitian quantum sensing, as nonreciprocity allows to arbitrarily
exceed the fundamental bound on the measurement rate of any reciprocal sensors. Here we establish fundamental
limits on signal-to-noise ratio for reciprocal and nonreciprocal non-Hermitian quantum sensing. In particular,
for two-mode linear systems with two coherent drives, an approximately attainable uniform bound on the best
possible measurement rate per photon is derived for both reciprocal and nonreciprocal sensors. This bound is only
related to the coupling coefficients and, in principle, can be made arbitrarily large. Our results thus demonstrate
that a conventional reciprocal sensor with two drives can simulate any nonreciprocal sensor. This work also
demonstrates a clear signature on how the excitation signals affect the signal-to-noise ratio in non-Hermitian

quantum sensing.
DOI: 10.1103/PhysRevA.103.042418

I. INTRODUCTION

An important task in quantum science and technology is to
investigate the precision limit of quantum sensing and devise
protocols to attain it. Non-Hermitian dynamics [1-24] has
attracted much interest in recent years for their possibility in
enhancing quantum sensing. Most of the key results refer to
the intriguing non-Hermitian degeneracy property known as
the exceptional point (EP), at which not only the eigenenergies
but also the eigenstates coalesce [25-42]. Near the EP, the
eigenenergies have a diverging susceptibility on small param-
eter changes, which is leveraged for sensing weak signals.
When utilizing EP sensors, fine tunings of the system parame-
ters are needed. Moreover, the real effect of EP sensors should
be assessed by taking full account of noise effects and/or
realistic measurements owing to the fact that the coalescence
of eigenstates may suppress the diverging susceptibility of
eigenenergies [8—10].

Recently there have been several theoretical results calcu-
lating the signal-to-noise ratio (SNR) and the quantum Fisher
information of EP sensors [7—10]. It has been demonstrated in
Ref. [8] that amplification or gain is a necessary ingredient for
enhancing signal powers but there is no fundamental utility
using an EP sensor. Furthermore, nonreciprocity [8,43—48],
where the magnitude of the coupling between two modes has
directionality, was demonstrated to be a powerful resource
for quantum sensing. This was concluded by first deriving
fundamental bounds on the measurement rate that constrains
any reciprocal two-mode systems including reciprocal EP sen-
sors, and then demonstrating that breaking reciprocity allows
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to arbitrarily exceed the bounds restricting reciprocal sensors
[8]. It is worth stressing that nonreciprocity has nothing to do
with EP.

Inspired by Ref. [8], we derive fundamental bounds on
the SNR for linear coupled-mode non-Hermitian systems with
two coherent drives, instead of the one drive used in previous
works. Focusing on two-mode systems, we show that with
two coherent drives, a uniform bound on the best possible
measurement rate per photon, which determines the best pos-
sible rate of SNR growing in time per photon, can be derived
for both reciprocal and nonreciprocal sensors. This bound
is approximately attainable and only related to the coupling
coefficients and can, in principle, be made arbitrarily large.
Our results show that conventional reciprocal sensors with
two coherent drives, which can be relatively easy to imple-
ment with current technology, can simulate any nonreciprocal
sensor. Moreover, the introduction of two drives provides a
clear signature on understanding how the SNR relates to the
excitation signals.

The paper is organized as follows. In Sec. II, we describe
the generic non-Hermitian setup in terms of the Heisenberg-
Langevin equations and depict the SNR and the measurement
rate per photon to be used explicitly. A general bound on
non-Hermitian sensing is derived in Sec. III, and then we
apply the result to two-mode systems in Sec. IV. We then
investigate how the drive frequencies affect the measurement
rate per photon in Sec. V. Section VI concludes the paper.

II. NON-HERMITIAN SENSING

A. A generic non-Hermitian setup

A generic linear non-Hermitian sensing setup is shown
in Fig. 1. This is a generalized version of non-Hermitian

©2021 American Physical Society
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FIG. 1. A generic non-Hermitian linear mode setup. The circles
denote resonant linear modes that interact according to the effective
non-Hermitian Hamiltonian H[e], where the parameter € is an in-
finitesimal disturbance to be measured. The linear modes are coupled
to dissipative baths via gain (red) and loss (blue) processes. Two
coherent drives are injected into mode 1 (&;) and mode 2 (a;) through
two waveguides, respectively. The reflected field from mode 1 is
measured by a homodyne detection.

sensing systems in previous works [1,2,8,35,40,41], which
takes into account the noise effects associated with the dis-
sipative dynamics and a realistic measurement process. We
sketch the main dynamics as follows, and details can be found
in Appendix A.

Let a; denote the canonical bosonic annihilation operator
of the ith mode, i =1, 2,..., N. The N x N matrix H[e¢]
denotes the effective non-Hermitian Hamiltonian of N reso-
nant modes, where the parameter ¢ describes an infinitesimal
change in the effective Hamiltonian H[e]. The aim of em-
ploying non-Hermitian dynamics is to sense this infinitesimal
change €.

Without loss of generality, we couple the modes i (i =
1, 2) to a transmission line or a waveguide, respectively,
through which a coherent drive with amplitude §; and fre-
quency wqr,; is injected. The coupling coefficient between
mode i and the corresponding waveguide is k;, for i = 1, 2.
We now assume that wgr; = wqr. First, work in a rotat-
ing frame at the drive frequency wyqr 1, and let a; = &;e"’”d“" .
Then choose a frequency reference such that the real part
of H,;[0] = 0. The full dynamics can be described by the
Heisenberg-Langevin equations [8,49]:

. ~ k k
21,' = l'Afli — ZZ (H,‘j[é] — iil(sil(sj] — i—25,‘23]‘2)&j
J

2
— isiuvki 1 — i8i/ka o
- i5i1\/kil§i1n - i5i2\/k72§i2n

Ny Nz
—i«/i(ZYijé}nT-i-ZZijDAijn). (1)
j=1 j=1

Here, B; can be taken real and positive without loss of general-
ity, and A depicts the detuning of the drive frequency from the
mode 1 resonance frequency w,,. The terms on the third line
and fourth line in Eq. (1) describe the noise effects. The noises
Bi]f‘ (j =1, 2) denote the accompanied quantum noises of the
coherent drives coming from the input-output wave guides,
whereas C'}” (ﬁijf‘) are quantum noises arising from dissipative
baths depicting the gain (loss) processes with specific mode-
bath coupling coefficients described by the matrix Y (Z).

To ensure linearity and the Markovian nature of the full dy-
namics, BN, €M and D' are assumed to be quantum Gaussian
white noises [49]. We thus have

(WO () = (A +1)8(t — 1),
(Q"(H0(") = ags —1'),
and

(QH01)) =0,

where Q € {B", C‘}”, Dijf‘}, and there are no correlations be-
tween different noise operators. The average (-) represents
the mean over the state of the bath degrees of freedom, and
ﬁté‘ represents the average thermal occupancy of bath Q. In

the following, we focus on the vacuum noise, i.e., ﬁ‘é‘ =0,
while the formalism can be generalized to classical cases with
~th

ng > 1.

B. SNR AND MEASUREMENT RATE

As in Ref. [8], we take the standard figure of merit SNR
or the equivalent measurement rate per photon, which deter-
mines the rate of SNR growing in time per photon to evaluate
the sensitivity of measuring €. We start with specifying the ho-
modyne measurement [20,50] which has been demonstrated
being an optimal strategy if the driving field is sufficiently
large [8].

The reflected field in the waveguide coupling to mode 1 is
described by B°“, and from the standard input-output theory
[49] it obeys

Bty = By 4+ B (1) — ivkian (1),

where B°U(r) is related to a;(r) with a dissipative rate k.
Since we have assumed that the parameter change € is small,
the dependence of the mean value of the output field B°U(r)
on € is linear. Here, we focus on the steady state values of
the averages, by assuming that the measurement duration is
sufficiently long such that any transient effects can be ignored
or averaged out. We thus have

(B, = (B + Ae, )

where A is to be determined and possibly complex, and (-),
denotes the average calculated using Eq. (1), and (-)¢ denotes
the average calculated using Eq. (1) with € = 0.

The homodyne detection is employed to extract the in-
formation of € from the output field B°(¢). The homodyne
current operator is

) 2 \/g (€ B (1) + e P BOUY (1)), 3)
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We choose the phase ¢ as ¢ = —arg A, following Ref. [8].
This smart choice makes all the information of € be contained
in the real part of ¢/?B°!t, and thus intuitively it is the best to
measure the corresponding quadrature described by Eq. (3).
In practice, we prefer to integrate the homodyne current 1)
to average away the effects of noise, denoting this as

m(t) £ / ' dti(t).
0

For the steady-state averages in the long-t limit, from
Egs. (2) and (3), the signal power of the small parameter
change € is

S = [(M(T)e — (D))o = 2ki€? |22, “4)

Since we are interested in an infinitesimal parameter
change, as long as the non-Hermitian parameter change van-
ishes in the limit of € — 0, the noise power of the integrated
homodyne current in the long-time t limit can be defined as

N £ (8im(T)8im(t))o,

where

8 = m — ().

Note that what we are really interested in is the SNR, given

a fixed number of photons used in the measurement. We thus

define the measurement rate per photon I'meas, Which quanti-

fies the resolving power of weak continuous measurement in
terms of the SNR per photon as

S 1 , € Tieas o €

N Aot kAo klztrmeas’ ©)
where 7ir 2 Zi(&j) (a;) denotes the total average photon
number in all modes. Note that we have neglected the incoher-
ent photons injected by the bath. This is reasonable because,
on the one hand, the injected incoherent photons are indepen-
dent of the coherent drives; on the other hand, if the coherent
drives are sufficiently large, then the coherent drive-induced
photons dominate the total photon number. The appearance
of the factor k;° % in Eq. (5) is mainly for the the convenience
of comparison with results in Ref. [8] [see Eq. (16) therein].
From Eq. (5), it can be seen that in the long-time limit, the
SNR per photon grows linearly with time t in terms of the
measurement rate per photon 'meas.

III. GENERAL BOUND OF NON-HERMITIAN SENSING

For stable non-Hermitian dynamics, we can derive a
general limit on the measurement rate per photon or the cor-
responding SNR per photon whose details can be found in
Appendix B.

Without loss of generality, we assume that the parameter-
ized non-Hermitian Hamiltonian has the form

Hle]l = H[O] + €V, (6)

where V is an N x N matrix which describes the coupling of
the parameter € to the unperturbed non-Hermitian Hamilto-
nian H[O0].

If the dynamics is stable, then it is convenient to solve
Eq. (1) in the frequency domain in terms of the zero-frequency

transfer matrix

~ K K\ !
)~(A(e)£ikl<AI—H[e]+i71+,‘72> ,

where

Klij = k18i18j1 and K2ij = k28i28j2.

Define the unperturbed transfer matrix
X% £ 320,

As demonstrated in Refs. [8,10], to obtain a full analysis of the
sensitivity, not only the divergent eigenenergy susceptibility
of H[e] on € should be considered, but also the left and
right eigenvectors of HJe] have to be taken into account, as
the coalescence of the different eigenvectors may suppress or
even cancel out the singular behavior of the divergence of the
eigenenergy susceptibility.

From Egs. (1) and (2), the linear response coefficient A can
be derived as

k
k:i&(xAVXA)u-H —ZE(XAVXA)IZ. (7)
ki ki ky

Combining Egs. (4) and (7), the signal power becomes

2

ka B2 ®)

S = 2k;€%1? k—lk—l(XAVXA)lz

@uAVXA)n +
ki

The noise power can be calculated from the quantum Gaus-
sian white noise properties as

N=k‘—’<1+i(xAYY*x“>n>. ©)
2 ki
The first term here is the unavoidable shot noise, while the
second term depends on how the gain processes are realized
with coupling to dissipative baths.

We can optimize the mode-bath coupling matrices to min-
imize the noise power. The minimized noise power can be
found as

Niin = leT(l +2EO(E)), (10

where

2

)

k
E(A) 2 —(xh + x57) + XA + k—?|X1Az

and O(-) is the Heaviside step function. Note that our aim is to
investigate the best possible measurement rate per photon in
non-Hermitian sensing. In Ref. [8], it has been proved that for
any fixed A[0], one can always construct mode-bath couplings
(Y and Z) to attain the minimum noise power. A possible
realization was also proposed, e.g., a two-mode nonreciprocal
sensor can be implemented by coupling to an effective chiral
waveguide which can be realized by using dynamic modula-
tion and engineered dissipation [47,48,51-53].
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From Eq. (1), the fotal average photon number in all modes
induced by the coherent drives is

1 . k N
Tot = k—ﬂlz(XA'XA)n + k—iﬁzz(XMXA)zz
1 1

Jhik )
+ L BB e+ 0T (D
1

By combining Eq. (5§) with Egs. (8)-(11), we obtain a general
bound for the measurement rate per photon:

_ _ K S 11
lﬂmeasgropt: ! I

12)
|

€2 Nin T Tigot

| + xa ] + 2mpRe [ (e + x3) (B2 + xb )} + 0P x + xiixdl” k

With this fundamental bound I_‘Opt one can compare the best
possible performance of sensors with different non-Hermitian
Hamiltonians.

IV. TWO-MODE NON-HERMITIAN SENSORS

Now we apply the general bound Eq. (12) on several typ-
ical kinds of two-mode systems which have been extensively
studied in the context of EP sensors [40—42]. However, we
stress that our results have nothing to do with EP.

Suppose that the coupling matrix in Eq. (6) is V = %Ux,

with o, being the usual Pauli matrix (? (1)). The best possible

measurement rate per photon of two-mode sensors F2-0pt can
be straightforwardly calculated from Egs. (8)—(12) as

A1+ XA+ 2 mpRe{x Bt + xi xd ) + 02 (kb + [xA])

where p = £2 is the ratio of the amplitudes of the coherent

=
drives, and = %

If there is only one drive involved as the case in Ref. [8],
then p = 0 and n = 0. From Eq. (13) we can obtain the main
result in Ref. [8] [see Eq. (27) therein]. However, if there are
two coherent drives, then the amplitude ratio p can be made
arbitrarily large and is independent of Xi?. Thus, from Eq. (13)

we have

i+ i ke
Ixélz + |x2A2|2 1 +2EO(E)

Doopt — asp — oo.

(14
Note that if the non-Hermitian sensor is reciprocal, then the
magnitudes of the coupling between the two modes are the
same, i.e., |[Hi2| = |Ha|, and this implies that |x{3| = | x4 1.
For nonreciprocal sensors, |Hy2| # |Ha1| and |x53| # |x41s
accordingly. From Eq. (14), it can be seen that there is no
term x3, involved. Thus, as long as the amplitude ratio p is
sufficiently large, a unified form of the bound on the best pos-
sible measurement rate per photon can be derived no matter
whether the non-Hermitian sensor is reciprocal or nonrecipro-
cal.
The bound in Eq. (14) can be further simplified under the
condition |x{3| > max{|x{}|, |xs!, 1}. This can be seen as

2+ x| ke
|X1A2|2 + |X2A2|2 1 +2EO(E)

_ |  xfidl ki
AP+l 1+2(— 2Re{xi )+ |xa [ +nlxd))
11

— > —ki,

27

A
as x| — oo.
In practice, to approximately attain the uniform bound

1—‘2—opt = E_kl (15)

, 13
1 +2EO(E) (13)

(

for non-Hermitian sensing, one can first choose physical pa-
rameters such that

xiz| 3> max {[xii, |xs, 1) (16)
holds. Then choose p such that
P> [l (x| + 1)) a7

to ensure the limit p — oo in Eq. (14) being valid.

It can be seen that f‘g-opt in Eq. (15) depending on the ratio
of the coupling coefficients k; and k,, can, in principle, be
made arbitrarily large. This is quite different from the results
in Ref. [8], where the measurement rate of reciprocal systems
with only one coherent drive is fundamentally bounded. In
this sense, we demonstrate that nonreciprocal sensors, which
are viewed as powerful resources for quantum sensing, can
be simulated by conventional reciprocal sensors with two
coherent drives. In practice, reciprocal sensors may be much
easier to implement than nonreciprocal sensors.

Now let us first account for the condition Eq. (17). Note
that the optimal measurement rate in Ref. [8] is given under
the situation where the measurement noise is at the shot noise
level. However, it can be calculated that in attaining fg_opt,
the measurement noise is no longer shot noise, but contains
noise emanating from the coupling between the coherent drive
and mode 2. Thus, to ensure that fg-opt exceeds the optimal
bound in Ref. [8], on the one hand, the ratio k; /k, should be
large. On the other hand, the coupling coefficient k, should
be small while p = % sufficiently large, so that little noise
is introduced through mode 2, while the excitation signals
through mode 2 dominate in the total signal power.

To see how the condition Eq. (16) relates to physical pa-
rameters, such as the detuning, dissipative rates and coupling
coefficients explicitly, we consider typical non-Hermitian
mode systems which have been studied extensively in the
literature.
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FIG. 2. The measurement rate per photon [o.qpt/k; versus the
detuning A/k,. Blue dashed: one-drive reciprocal system with
gain, described by Eq. (18) with k, =0, y; = —0.99%,, y, =
—0.011ky, and J = 0.16k;. Red solid: two-drive reciprocal system
with gain, described by Eq. (18) with k, = 0.01k,, y1 = —0.99%,,
y, = —0.011k,, J = 0.16k,, and B,/B; = 30.

A. Reciprocal case

First, we consider a reciprocal system in the form

N —iu g
Hrecip[o] = ( ;2 _iﬁ)9 (18)
2

where J is the Hermitian coupling between the modes, while
y; (i =1, 2) describe the possible gain/loss processes (de-
pending on the sign) acting locally on each mode. It can be
verified that if

A0, k+y~0, (19)

and

ki > |J| > max{|Al, |k + ]} (fori=1,2), (20)
the condition Eq. (16) holds. Details can be found in
Appendix C. This corresponds to a setup where the coher-
ent drives are resonant with the linear modes, the Hermitian
coupling J between the modes is relatively weak, and the two
modes are locally subject to gain, where y; < 0 and y; ~ —k;.

A concrete example is illustrated in Fig. 2 for f‘g-opt /ki,
which, around the resonant frequency, exceeds the fundamen-
tal limit for reciprocal systems with only a single drive in
Ref. [8]. However, for a fixed non-Hermitian system with
y1 =0, y» = 0.2k;, and J = 0.2k;, no matter how k, and
B>/ B are adjusted, the performance of the measurement rate
with only one drive cannot be improved by rwo excitation
drives. The main reason is that amplification or gain from a
local bath is a necessary ingredient for amplifying the signal
power in the reciprocal case [8]. If there is no gain, only with
additional coherent drives, no enhancement can be achieved.
The details can be found in Appendix C.

-0.8 -0.4 0 0.4 0.8
A/kl

FIG. 3. The measurement rate per photon l;z_opt /ki. Blue dashed:
one-drive nonreciprocal system described by Eq. (21) with k, = 0,
y1 = ki, y» = 0.5k, v, =0, and J = 1.5k;. Red solid: two-drive
nonreciprocal system described by Eq. (21) with k, = 0.001ky, y, =
kl, V2= 0.5](1, V) = 0, J = 1.5k1, and ,32//31 =5.

B. Fully nonreciprocal case

Now consider a fully nonreciprocal Hamiltonian

~ —i% J

Hnon-recil0] = < 0 vy — i%)’ 21
where v, is the frequency detuning of the two modes, and
J quantifies the nonreciprocal mode-mode coupling. It can
be verified that, as long as the nonreciprocal coupling |J]| is
sufficiently large, then condition Eq. (16) holds. Thus, the
amplification or gain from the local bath is not a necessary
ingredient for nonreciprocal sensors.

As an illustration, we specialize the system with param-
eters y; = ky, y» = 0.5k;, v, =0, and J = 1.5k;. Note that
there is no coupling to gain baths. Let k;/k; = 0.001 and
B2/B1 = 5. The measurement rates per photon are shown in
Fig. 3. It can be seen that in contrast to the reciprocal case,
with two coherent drives the performance of the measurement
rate per photon can be greatly improved for the nonreciprocal
sensor even though there is no amplification or gain from the
bath. The improvement is due to the fact that signals from the
mode 2 dominate in the total signal power.

Combined with the reciprocal case, it is worth pointing out
that although the best possible measurement rate per photon
is limited by the same bound as in Eq. (15), the parameters
(e.g., J) attaining this bound are quite different in reciprocal
and nonreciprocal sensors. In the reciprocal case, the physical
parameters should satisfy conditions (19) and (20), while in
the nonreciprocal case one just ensures |J| to be sufficiently
large, which allows more degrees of freedom for other param-
eters. Moreover, from Figs. 2 and 3, one can see that fz-opt /ki
decreases more quickly as the detuning A deviates from 0 in
the reciprocal case than that in the nonreciprocal case. Thus,
we claim that nonreciprocity provides advantages for quantum
sensing.

There have been several ways of realizing nonrecipro-
cal interactions, ranging from photonic setups [54-56] and
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optomechanical systems [45,46] to classical microwave
[57,58] and superconducting circuits [59,60]. Although these
experiments were designed to build circulators and isolators,
such systems could be exploited for enhanced sensing [8].

V. MEASUREMENT RATE WITH DIFFERENT
DRIVE FREQUENCIES

In the above analysis, we have assumed that the frequencies
of the two coherent drives satisfy wgr,; = wqar2. Now we
consider how the coherent drive frequencies affect the best
possible performance of the measurement rate per photon. To
be specific, we focus on the following two typical cases where

[War,1 — War,2| > Al

for i =1 and 2, respectively. Here, A; = wqr; — w,, repre-
sents the detuning of the drive frequency wg, ; from the mode
1 resonance frequency w,,.

First, suppose that |wqr,; — wqr2| > |Aq]. In this case, it
is convenient to first work in a rotating frame at the drive
frequency wqr,1, and then choose a frequency reference such
that the real part of H,1[0] = 0. The Heisenberg-Langevin
equations become

. ~ k k
CAl,‘ = iAla,-—i Z ([‘Iij[E]—i?l(Sil(sj‘] _i§5i28ﬂ>&j
J

— i8i3/ki 1 — i8i2y/ky By W1 T2t
— i85y ki B — i812/ko BT

Ny Nz
—iv2 ( DY+ >z, ,bij”) . (22)
j=1 j=1
It can be seen that under the following condition:

lwar,1 — war.2| > max{| A, 1A, ki, Vkipi} (fori = 1,2),

the rapid oscillation signal B exp{i(wgr,; — wqr2)t} from
drive 2 can be averaged out in the long-time average limit due
to the rotating-wave approximation (RWA). This leads to (see
Appendix D)

41(x 2V x AP

3. 17
(XA x A0

Fmeas X

which does not exceed (and in general is smaller than) the
fundamental bound in Ref. [8]. This is because in this situation
(although the rapid oscillation signal from drive 2 has been
averaged out owing to the RWA) the injected photons through
mode 2 still contribute to the total number of photons, and the
unavoidable accompanied quantum noise remains in the noise
power.

Let us turn to the second case where |wqr,1 — wqr2| >
|Az]. Now it is convenient to work in a rotating frame at
the drive frequency wgr 2, and choose a frequency reference
such that the real part of H,1[0] = 0, then the corresponding

Heisenberg-Langevin equations become

. ~ k k;
fl,‘ = iAchli—l. Z ([‘Iij[G]—iil(S“(Sj] —izzaiz(gjz)&j
J

. i5i1\/Hﬁlei(wdr'z_wdr‘l)t _ 1.81'2\/]?2,32
— 81k B — i812/ka BY

Ny Ny
— lﬁ( Z Y,'jé}m- + Z Zij[jijn> . (23)
j=1 j=1

Similarly, under the RWA condition

lwar,1 — War.2| > max{|Aal, 1A, ki, ki) (for i = 1,2),

the rapid oscillation excitation B; exp{i(wgr,2 — Wqr,1)¢} from
drive 1 can be averaged out. However, it can be found in
Appendix D that if the conditions Egs. (16) and (17) hold with
A being replaced by A,, the same bound as Eq. (15) can be
established for two-mode non-Hermitian systems as

- 1k

F2-opt = Eékl-
This is the situation where the excitation from mode 2 domi-
nates in the total signal power. More importantly, the resulting
signal power gain prevails in the competition with the noise
power enhancement induced by the unavoidable associated
noise. To sum up, when utilizing two coherent drives whose
frequencies are quite different, it is better to adjust the fre-
quency of drive 2 to be near the resonance frequency of
mode 1.

VI. CONCLUSION AND DISCUSSION

We have established a uniform bound for the best possible
SNR or measurement rate per photon for reciprocal and non-
reciprocal non-Hermitian quantum sensing with two coherent
drives. The bound is only related to the coupling coefficients
between the modes and coherent drives, and it constrains
sensors no matter whether they are at EP or not. The bound
can be made arbitrarily large in principle and is approximately
attainable. Our results highlight how the coherent excitation
drives affect the SNR and show that with two drives conven-
tional reciprocal sensors, which are easy to implement with
current technology, can simulate nonreciprocal sensors and
enhance the performance of sensing.
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APPENDICES

In the Appendices we demonstrate the detailed description
of the non-Hermitian setup and derivations of the bound on the
best possible measurement rate per photon. The Appendices
are organized as follows. In Appendix A we describe in detail
the terms in the Heisenberg-Langevin equations which depict
the dynamics of the full non-Hermitian setup. In Appendix B
we present the derivations of the signal power, noise power
and the measurement rate per photon. We then consider the
two-mode non-Hermitian systems in Appendix C. In Ap-
pendix D we consider the case where the frequencies of the
two coherent drives are different and discuss how to obtain a
better SNR by working in an appropriate rotating frame.

APPENDIX A: GENERAL NON-HERMITIAN SETUP

To make the paper self-contained, we describe the details
of the non-Hermitian linear coupled modes in this section.

In many works, the dynamics of N resonant modes is de-
scribed by the linear equations:

&i(t) = —iwndi(t) —i Y _ Hijlela; ),
J

where &;(t) is the amplitude of mode j, w,, is the mode 1 reso-
nance frequency, and the N x N matrix H denotes an effective
non-Hermitian Hamiltonian depicting both coherent and dis-
sipative dynamics. The parameter € in the non-Hermitian
Hamiltonian describes an infinitesimal perturbation, and our
aim is to sense this infinitesimal change.

To measure the perturbation, a general idea is to couple one
of the modes, say mode 1, to an input-output waveguide. On
the one hand, we can use this port to excite the system with
a coherent drive. On the other hand, the reflected signal can
be measured to estimate €. Unlike previous studies with one
drive, we also couple mode 2 to another waveguide through
which only the excitation signal is injected but without mea-
surement. Coupling to the waveguide results in extra damping,
and accordingly

H;; — H;j — i(k1/2)818;1 — i(k2/2)8128 2.

where k; (i = 1, 2) is the coupling rate between mode i and
the corresponding waveguide. Now the system with coherent
drives is described by the coupling-mode equations

a(t) =—
- zZ ( jlel—
1511\/>/31€_'w"'"—1512\/772526_’w“’2f

1w, 0;(1)
ko -
115,1 25i25j2 a;(r)

(AD)

where B; (wqr ;) is the amplitude (frequency) of the ith coher-
ent drive fori =1, 2.

Since the dissipative dynamics is encoded in the anti-
Hermitian part of H which can be described as

g _ah=yyt t

—(H-H"Y=YY'-ZZ7",

2i
where the matrix YY" describes gain processes and ZZ" repre-
sents loss processes. Let Y be an N x Ny matrix, and Z be an
N x Nz matrix, i.e., the non-Hermitian dynamics is generated
by coupling to Ny + N7 distinct baths with the corresponding
coupling constants described by Y and Z.

Equation (Al) can be viewed as a noise-averaged dy-
namics. Now we describe the whole dynamics including the
consistent noise processes as the Heisenberg-Langevin equa-
tions:

Al . Al . k Al
aiz—zwmai—tij:( ile]l — 8,18]1 —128,28]2>aj
— i8i1y/ky Bre T wt — i85k fre 2!
- i5i1\//?133n —idp kzéizn

Ny NZ
— iﬁ(z Y, + Zz,-,zjip).
j=1 j=1

Here a; denotes the canonical bosonic annihilation operator
of the ith mode, i = 1, 2, ..., N. Note that the terms in the
first two lines are in the same form as those in Eq. (Al),
while the terms in the last two lines describe zero-mean noise
effects. The quantum noises Bi” (j =1, 2) come from the

(A2)

input-output waveguide, Whereas C n (D'”) are quantum noises
arising from dissipative baths used to reahze the gain (loss)
parts of the dynamics with specific mode-bath coupling co-
efficients described by the matrix Y (Z). The quantum noises
B'n C'M and D']n are assumed to be quantum Gaussian white

J
n01ses which satisfy

Q') = (A + 1) — 1),
(0" Q") = igs — 1),
and
(01O =0,

where Q € {Bij”, CA'}”, DA_i;‘}, and the correlations between dif-
ferent noise operators vanish.

Assume wqr,j=wyqr 2. First, work in a rotating frame at the
drive frequency wgr,;, and let a; = &’e“"d”t Then choose a
frequency reference such that the real part of H,1[0] = 0. The
Heisenberg-Langevin Eqs. (A2) become

= iAG—i Z (Hlj[e] —8u8j1—
- ia,-l\/kTﬁl — iov/kaB2

- i5i1\/EBi1n — i8i2y/ ko BY

Ny Nz
- iﬁ( > v e+ Zzi,-[)ijn)
j=1 j=1

o) .
2 8i28j2 aj

(A3)
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where A represents the detuning of the drive frequency from the mode 1 resonance frequency. Here we still adopt the same
symbols for the annihilation operators and noises.

APPENDIX B: DERIVATIONS OF THE SNR AND MEASUREMENT RATE

In this section, we present the detailed calculation in deriving the SNR and measurement rate per photon.
Without loss of generality we assume that the parameterized non-Hermitian Hamiltonian is in the form

Hle]l = H[0] + €V,

where V is an N x N matrix which describes the coupling of the parameter € to the unperturbed non-Hermitian Hamiltonian
H[O0]. If the non-Hermitian dynamics Eq. (A3) is stable, then it is convenient to transfer into the frequency domain to solve
Eq. (A3) in terms of the zero-frequency transfer matrix

. K K\
XA(e)éikl<A1—H[e]+i7‘+i72) , (B1)

where
Kiij =ki616j1 and Kzi; = k28268 .
Moreover, define the unperturbed transfer matrix as
X2 350

To be specific, from Eq. (1) or Eq. (A3), if the time ¢ is sufficiently large, then the annihilation operator of the mode [/ can be
described as

f f VE pnoa VR, L NP egdg) D
ﬁl i+ ﬂz S+ i B'n i+ — i, 'n z%"‘ Z( AY)le}n +Z(XAZ)1jD']-n )

Jj=1
Thus, the reflected field

B = B, + BN (1) — ivkia (t)

k k
=(1- )81 — \/g)?ﬁﬂz +(1- \/>2 BBy — (Z(XAY) C —l—Z(XAZ)l/Dm)

Since we are considering an infinitesimal perturbation €, the change of the mean of the reflected field can be represented as

o o —1
(B, — (BN = —[7{(€) — XHO)]Vki i + [xlz(e) 750)Vkapo = he,

Vki

- \/7,32 Xi12(€)
e=0

According to the definition of the signal power in Eq. (4),

f

_ b SV +z\/;ﬁ2(xAvXA>lz
e=0 1

where

,31 X]](E)

2
k
5=2 P eyt (2 B2 vy, (B2)
ki ki ki
The total photon number in all modes is described by
_ R 1 + k . ki

ntot=2<a?><a,~>=aﬁ%(xA X+ 3B A + o & BBl )12 + A AP, (B3)

1

The noise power N is defined as
N £ (8rm(T)8mm(T))o,
where

Sim(t) £ m(t) — (m(t))o,

and

m(r) & / ' def ().
0
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Combining Egs. (1)—-(3), we have

/ / dt{ Xll B'n+(l Xll |n. / 2 1AzB l 2 A*BImL l Z (XAY)IJCIM‘F(XAY)UCI”]

2
Z X“2);D + <xAZ>1,D'”T]},
j=1

where the phase ¢ in Eq. (3) has been included in the noise operators. Employing the properties of quantum Gaussian white
noise, the noise power is

kit 2 2
N=— {}1— il + 2|xé} +k—[(xAYY*x“m+<xAzz*x“)u]}. (B4)
1 1
From Eq. (B1), we have

2 L1 1
AT+ = —k—<YYT — 27" - SKi - —K2>.
1

2
Thus,
A Ax 2 Avyt AT Arri o AT 1 N A2
XX == | GEYY D =225 = sk | = Skl | (BS)
This is combined with Eq. (B4), and we have the noise power as
kit
N == [1+—(XAYY XA%] (B6)
From Eqs. (B5) and (B6) and the fact that ZZ" is positive semidefinite, the minimized noise power can be found as
kit
Niin = —-[1+ 28 - ©(@)], (B7)

where

)

E(A)é—()(ﬁ-i-)(n)'|'|X11| + T|X1A22

and ©() is the Heaviside step function. It is worth stressing that for any fixed H[0], one can always construct mode-bath couplings
(Y and Z) to attain the minimum possible noise power.

Now it is straightforward to combine Egs. (5), (B2), (B3), (B6), and (B7) to derive a general bound for the measurement rate
per photon as

2
ki - 4BV X+ R BV X |

{BEOCT X + BB M )m + 2, £ B1BaRel (XA x )} [T+ £ AYY T 2]

Imeas =

k- 4B GV X+ 2B AV x|
(BROCAT XA + 2 B AT A on + 2,2 1 BaRel (x4 x ) ial 1 + 28 - O(E)]

= Topi, (B8)

N

where Re{-} denotes the real part of the variable. With this fundamental bound we can compare the best possible performance of
senors with different non-Hermitian Hamiltonians.

APPENDIX C: TWO-MODE NON-HERMITIAN SENSORS

1. Physical parameter conditions

Now consider the physical parameter conditions satisfying Eq. (16) for two-mode reciprocal and nonreciprocal sensors,
respectively.
First, consider a reciprocal system in the form of

~ L g
Hrecip[o] = ( J2 _iﬁ>7

042418-9
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where J is the Hermitian coupling between the modes, while y; (i = 1, 2) describe the possible gain/loss processes (depending
on the sign) acting locally on each mode. The corresponding matrix Xr%cip is

ﬁ(A—l-%(kz-H/z) J )
g J A+ 5k +y)’

where
G=-r+ [A oy + yl)} [A 5+ 7/2)]-
It can be verified that if
A0, ki+y;=0,
and

ki > |71 > max{|Al, |k + yil} (for i=1,2),

the condition Eq. (16) holds.
Similarly, consider a fully nonreciprocal system in the form

~ —iu J
Hrecip[o] = ( (1)2 _iﬁ)-

The corresponding matrix X, recip 15

1 J
i <A+;(k1+y1> [A+;(k1+y1)J[A+;(kz+yz>])
1 0 1 .

A+L(ka+ys)

It can be seen that the condition Eq. (16) can be ensured as long as |J| is sufficiently large.

2. Case with no gain in reciprocal sensors

In the paper, we have accounted for the uniform bound Eq. (15) and the two conditions explicitly. Here we consider the case
where there is no gain in the reciprocal process. Consider a reciprocal system in the form

~ —iu J
Hrecip[o] = ( ‘llz —i&)'
2

If one y; satisfies y; < 0, then there is a local gain from the bath.

Suppose that the reciprocal system has parameters y; = 0, y» = 0.2k;, and J = 0.2k;. It can be verified that with only a single
drive, the measurement rate per photon f‘opt,singb /ki is approximately equal to 5.67003. We wonder that with an additional drive
whether the performance of the measurement rate per photon can be improved. Since the measurement rate per photon I /k;
in this case is a function of n = k; /k;, p = B2/ and the detuning A, the question can be converted into whether the solution
set of the following inequalities is empty:

Copt(A
Opl( > 1, P) 2 W,
ki

p =0,
n =0

VoWV

’

where  is set to be 5.67003. It can be verified that no matter how 7, p and A are adjusted, one cannot improve the performance
of the measurement rate corresponding to the case where there is only a single drive on mode 1. The main reason is that for
reciprocal systems, amplification or gain from local bath is a necessary ingredient for amplifying the signal power. If there is no
gain, only with additional coherent drives, no enhancement can be achieved.

APPENDIX D: DIFFERENT DRIVE FREQUENCIES

First, consider the case where |wgr 1 — war 2| > |A1]. Itis convenient to work in a rotating frame at the drive frequency wyqr ;.
From Eq. (22), if we consider the long-time average, under the following RWA condition

lwar,1 — war.2| > max{| A, |H|, ki, Vkifi} (for i = 1,2),

042418-10
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the excitation containing the rapid oscillation +/k> 8 exp{i(wgr,1 — wdr2)¢} can be averaged out. Thus, for sufficiently large ¢, the
annihilation operator of the mode / is described as

ky k
at) = \/_ﬂ1~A1+\/k_—B|n lA1|+‘/I€_ZB|n~A| “/_(Z(~A1Y) C'm-i-Z(f(A‘Z)l,D'")

j=1

where the transfer matrix ¥ 2 is defined in Eq. (B1).
Based on this and following a similar analysis to that in Appendix B, the parameter A is described as

A=iﬁ<xA'VxAl>n.
ki

Thus, the signal power is

S= 26%2/3‘ GVl (D1)

It only contains the signals from mode 1, as the signals from mode 2 have been averaged out in the long-time limit.
The total number of photons is

_ Bt k3 ,
fitot = —(xAlT A+ =52 e (XM %), (D2)
where A} = A| — wgr,1 + War,2.
In contrast to the signal power, the photons injected through mode 2 still contribute to the total number of photons. Thus, the

signal power per photon is reduced compared to the case where there is only one drive coupling with mode 1.
Moreover, we have the noise power as

N —k”[ - kil(xAlYY*x“)n}. (D3)

From Egs. (D1), (D2), and (D3), the measurement rate per photon is described as

4 AV xAHul? < AV xAHnl?

l:‘measzkl 2 XX K1 A
N s Ty A
((XA”LXA‘)H+%%(XA"XA‘)zz)(l-i-%(XAIYY'XA“)H) x*x®n

In general, in this situation the measurement rate per photon is not greater than the bound where there is only one drive coupling
with mode 1.
Second, consider the case where |wgr,; — Wqr2| > |Az]. Similarly, under the RWA condition

war.1 — waral 3> max{| Ayl [1H ], ki, Vi) (for i =1,2),

the signals containing the rapid oscillation +/k; 81 exp{i(wdr2 — wqr,1)t} from mode 1 can be averaged out in the long-time limit.
From Eq. (23), if ¢ is sufficiently large, then the annihilation operator of the mode / is described as

ky k>
&() «/_IBZ~A2 ‘i/k—BlnXAz_i_ ‘/k—Blanéo_i_ ‘/_|:Z()~(A2y) Clm‘_’_Z(XAzZ)llen:|

j=l1

Following a similar analysis to that in Appendix B, we have
ka
§= 26272k—12ﬁ22|(XA2VXA2)12|2, (D4)

which only contains the signals from mode 2.
The total number of photons is

ka ﬂz( Aoty Bay, (D5)

2
fltot = 'B—I(XA&I-XAQ)H +
ki k2

where A, = Ay — wgr2 + wqr,1- It contains the photons injected through mode 1 and mode 2.
Moreover, the noise power is described as

k 4 s
N:%[Hk—(ﬁzyrﬁz')n}. (D6)
1
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From Egs. (D4)—(D6), the measurement rate per photon is described as
2
4zl oVt
xs ! o) 2 3
(AT x2m + 213 e A )m][1+ 2y Y]
2
42BN 0c vt

! ALt A ko [B2|2(y sty A 2). 5]
[(x2:7x D+ E’ (x2Fx2)p][1 +260(8) - E]

I_ﬂmeas = kl

2
B

(D7)

where B(Az) = — (x> + X7 + X712+ %|X1A22|2-

For two-mode sensors, if the coupling matrix is V = %(Tx as in Sec. IV, from Eq. (D7) we have the best possible measurement
rate per photon as
k| B |2 Ar2 Ar A2
ﬁ fs_f| }XIZZ + X1’ X2

[+ [+ 215 (i3] + [ )]0+ 20@) - &1

I_*2-opt = kl

Since we have assumed that
|wdr,1 - wdr,2| > 1,

when | X]Azz | becomes large, the elements of the transfer matrix x> keep small. Thus, it can be verified that if conditions Eqgs. (16)
and (17) hold with A being replaced by A,, then

This means that the excitation from mode 2 dominates in the total signal power and the signal power gain from mode 2 prevails

in the competition with the noise enhancement induced by the unavoidable associated noise.
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