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This document consists of ten parts: (I) The dark-mode effect and its breaking in a two-mechanical-resonator op-
tomechanical system; (II) Ground-state cooling of the two mechanical resonators; (III) Phonon scattering probability
and nonreciprocal phonon transfer; (IV) Derivation of the cooling limits of the two mechanical resonators; (V) Analyz-
ing the dark-mode effect and breaking the dark-mode effect in a multi-mechanical-resonator optomechanical system:;
(VI) Ground-state cooling of the multiple mechanical resonators; (VII) Discussions on the justification of performing
the rotating-wave approximation (RWA); (VIII) Simultaneous cooling of the mechanical supermodes; (IX) Physi-
cal mechanism for breaking the dark-state effect in a Lambda-type three-level system; (X) A possible experimental
realization and derivation of a phase-dependent phonon-hopping interaction between two mechanical resonators.

I. THE DARK-MODE EFFECT AND ITS BREAKING IN A TWO-MECHANICAL-RESONATOR
OPTOMECHANICAL SYSTEM

In this section, we analyze the dark-mode effect in a two-mechanical-resonator optomechanical system, which is
composed of one cavity-field mode and two mechanical resonators. Note that here we only consider one mechanical
mode in each mechanical resonator. We also show that the dark-mode effect can be broken by introducing a phase-
dependent phonon-exchange interaction between the two mechanical resonators. In a rotating frame defined by the
transform operator exp(—iwrta’a), the total Hamiltonian of the system reads (h = 1)

H; = Acata+wiblby + woblby + grata(by +b1) + gaala(by + bl) + (Qa + Q*a®) + n(e®blby + e~ blby), (S1)

where A, = w, — wy, is the detuning of the cavity-field resonance frequency w,. with respect to the cavity-field driving
frequency wy,. The operators a (a) and bj—; o (b;r) are, respectively, the annihilation (creation) operators of the cavity-
field mode and the Ith mechanical resonator, with the corresponding resonance frequencies w, and w;. The g; and
g2 terms in Hamiltonian (S1) describe the optomechanical coupling between the cavity mode and the Ith mechanical
resonator, with g;—; 2 being the single-photon optomechanical-coupling strength. The 2 term denotes the cavity-field
driving with the driving amplitude 2. To control the energy exchange between the two mechanical resonators, we
introduce a phase-dependent phonon-exchange interaction between the two mechanical resonators, with the coupling
strength 1 and the phase 6.

According to Hamiltonian (S1), the Langevin equations for the annihilation operators of the optical and mechanical
modes can be obtained by phenologically adding the dissipation and noise terms into the Heisenberg equations of
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motion as
a=—{k+i[Ac+g1(b1 + b];) + ga(ba + b;)}}a — Q% + V2kain, (S2a)
by = — (y1 +iw1)by — igiata — ine™by + /271 b1 jin, (82b)
i)Q = — (")/2 + iLOQ)bQ — iggaTa — ineiiobl + \/ 272b2,in7 (SQC)

where £ and ;=12 are the decay rates of the cavity-field mode and the /th mechanical resonator, respectively.
The operators ai, and bj—1,2,in (afn and blT’in) are the noise operators associated with the cavity-field mode and the
Ith mechanical resonator, respectively. These noise operators have zero mean values and the following correlation

functions,

(am(t)af, (') =6(t — 1), (S3a)
(al, (t)aim (') =0, (S3b)
(brin (Db 1, () =( + 1)3(t — 1), (S3c)
(b] 1 (DbLin (1)) =m0 (t 1), (S3d)

where n—; o is the average thermal-phonon occupation number associated with the heat bath of the ith mechanical
resonator. In this paper we consider a vacuum bath for the cavity field and a heat bath (with 7;—1 ) for each
mechanical resonator. The vacuum bath of the cavity field provides the cooling reservoir to absorb the thermal
excitations extracted from the two mechanical resonators.

To cool the mechanical resonators, we consider the strong-driving regime of the cavity such that the average
photon number in the cavity is sufficiently large and then the linearization procedure can be used to simplify the
physical model. To this end, we expand the quantum fluctuations of the system around their steady-state values and
express the operators in Eq. (S2) as a summation of their steady-state mean values and quantum fluctuations, namely
0 = (0)ss + 00 for operators o = a, al, bi=1,2, and blT:1,2~ By separating the classical motion and quantum fluctuations,
the linearized equations of motion for quantum fluctuations can be written as

6 = — (k4 iA)da — iGy (6by + 6b1) — iGo(8by + 6bY) + V2kam, (S4a)
6by = — iGoa — (71 + iw1)0by — ine'?dby — iG1dat + \/271b1 jn, (S4b)
562 = — ZG;(S(I — in67i05b1 - (")/2 + iWQ)6b2 - ’L'GQ(SU,T + \/ 2’)/2b2,ina (S4C)

where A = A. + 2(g1Re[B1] + g2Re[B2]) is the normalized driving detuning of the cavity field with Re[8;] extracting
the real part of 5;, and Gj=1 2 = g is the strength of the linearized optomechanical coupling between the cavity field
and the {th mechanical resonator. Here, the steady-state solutions of the classical motion (namely the steady-state
average values of the operators of the system) can be obtained as

—iQ*
a=(a)s = PERYN (Sha)
—i (g1]al* + ne?Bo)
=(b1)gs = - S5b
B1 =(b1) P (S5b)
_ ~ —i(galal* +ne~p)
ﬁQ :<b2>ss = Yo + iwo . (SBC)

For simplicity, in the following discussions we consider the case where « is real, which is accessible by choosing a
proper driving amplitude 2. Then the linearized optomechanical coupling strengths G; and G5 are real.

A linearized optomechanical Hamiltonian can be inferred according to Egs. (S4). For studying quantum cooling of
the two mechanical resonators, the beam-splitting-type interactions (i.e., the rotating-wave interaction term) between
these bosonic modes are expected to dominate the linearized couplings in this system, and hence we can simplify
the Hamiltonian of the system by making the rotating-wave approximation (RWA). The linearized optomechanical
Hamiltonian in the RWA takes the following form (discarding the noise terms)

Hpwa = Ada'da + wi6bioby + wabbldby + Gy (8adbl + 6b1da’) + Ga(6adbl, + dbydat) + n(e? bl by + e~ blob, ),
(S6)

where §a (6a') and 6bj—1 2 (5blT) are the fluctuation operators of the cavity-field mode and the /th mechanical resonator,
respectively.



To see the dark-mode effect in this two-mechanical-resonator optomechanical system, we first consider the case
where the phase-dependent phonon-exchange interaction between the two mechanical resonators is absent, i.e., 7 = 0.
In this case, the coupled two-mechanical-mode system forms two hybrid mechanical modes: a bright mode and a dark
mode, which are expressed by the new annihilation operators as

1

B+ :\/ﬁ<016b1 + G26b2), (S?a)
1
Bf :m(Ggébl - G15b2) (S?b)
These new operators satisfy the bosonic commutation relations [B., BIF] = 1and [B_,B'] = 1. In the absence of the

phonon-exchange interaction (n = 0), the Hamiltonian in Eq. (S6) can be rewritten with the two hybrid modes as
Hyg, = Ada'da+w BiB, +w BB +¢(BIB_+B'By)+ G, (6aBl. + B, éal), (S8)
where we introduce the resonance frequencies wi and the coupling strengths ¢ and G4

. G%wl + G%(JJQ

Wy =—>— 2% (S9a)
G216l
G%wl + G%(JJQ
=== S9b
v GZ+GE (S9b)
_ G1Ga(wr — wo)
C - G% ¥ G% ) (89(3)

Gy =\/G2 + G2 (S9d)

When w; = ws, the two hybrid modes are decoupled from each other due to ( = 0, and the mode B_ becomes a dark
mode in the sense that it is decoupled from both the cavity mode a and the other hybrid mode By.

In order to break the dark-mode effect, we introduce a phase-dependent phonon-exchange interaction (i.e., the 7
term) between the two mechanical resonators. By introducing two new bosonic modes B, and B_ defined by

6by =fB, +ehB_, (S10a)
oby =— e nB, + fB_, (S10b)

Hamiltonian (S6) becomes
Hpwa = Ada’da+ @, BIB, + & BB+ (G%éaBl + G, B da") + (G*6aB! +G_B_sa"),  (S11)

where we introduce the resonance frequencies @4 and the coupling strengths G+ as

Q4 %(wl 4w £ v/ (w1 — wy)? + 42), (S12a)
Gy =fGy — e hGy, (S12b)
G_ =e"hG, + fGo, (S12c)
with
Ww_ —wq
= (JJ_ — w1)2|+ = (S13a)
h :#fwl. (S13b)

In the degenerate-resonator case, namely when the two mechanical resonators have the same resonance frequencies
W1 = Wy = Wy, the coupling strengths in Eq. (S12) can be simplified as

Gy =(Gy +e79Gy) V2, (S14a)
é_ Z(GQ — ewGl)/\/i. (Sl4b)



We proceed to analyze the dependence of the dark-mode effect on the coupling strengths G; and G5. Concretely, we
will consider three special cases.
(i) In the symmetric-coupling case: G; = G2 = G, we obtain the relations
G =G(1+e)/V2, (S15a)
G_ =G - e /V2. (S15b)
It can be seen from Eq. (S15) that, when 6 = nz for an integer n, one of the two hybrid mechanical modes (the
dark mode) will be decoupled from the cavity-field mode. In this case, the excitation energy stored in the dark mode
cannot be extracted through the optomechanical-cooling channel. In general cases of 6 # nm, the dark-mode effect is
broken and then ground-state cooling of the two mechanical resonators becomes accessible under proper parameter
conditions.
(ii) In the case § = nz for an even number n, Eq. (S14) becomes
G =(G1+Go) V2, (S16)
G_ =(Gs— Gy)/V2. (S16b)
We can see that the dark mode (i.e., the mode B_ in this case) can be broken when the two optomechanical coupling
strengths are different G; # Go. In this case, our numerical simulation indicates that simultaneous ground-state

cooing of the two mechanical resonators can be realized when G2/G; < 1.
(iii) In the case § = nx for an odd number n, we have

G, =(G) — Ga)/V2, (S17a)
G_ =(Gy+ G1)/V2. (S17b)

In this case, the mode B+ becomes the dark mode when G; = G5. The simultaneous ground-state cooing of the two
mechanical resonators can be realized when G5/G; < 1, as shown by Fig. S2(d).

II. GROUND-STATE COOLING OF THE TWO MECHANICAL RESONATORS

In this section, we study the cooling performance in this system by evaluating the final average phonon numbers
in the two mechanical resonators. To this end, we proceed to rewrite the linearized Langevin equations (S4) as the
following compact form

u(t) = Au(t) + N(2), (S18)

where the fluctuation operator vector u(t), the noise operator vector N(t), and the coefficient matrix A are defined
as

u(t) = [6a(t), dby (t), 6ba(t), dal (t), dbl (), 665 ()7, (S19)

N(t) = [V2Rain(t), V2911 (1), V27202, (), V2Ral, (£), V/2710] 1, (8), /2730 5, (0] (520)

and
—(KJ + ZA) —iGl —iGQ 0 —iGl —iGQ
—iGY —(7y1 +iwn) —ine®? —1Gy 0 0
B —iG3 —ine” 0 —(y2+iws)  —iGo 0 0
A= 0 iG iGs —(k—id) Gl e (821)
iG3 0 0 iG1 —(m —iw) ine="?
iG3 0 0 iGa ine®? — (2 — iws)

The formal solution of the linearized Langevin equation (S18) can be written as

a(t) = M(#)u(0) + /O M(t — 5)N(s)ds, (522)



where the matrix M(t) is defined by M(¢) = exp(At). Based on the solution, we can calculate the steady-state average
phonon numbers in the two mechanical resonators by solving the Lyapunov equation. Note that the parameters used
in the following calculations satisfy the stability conditions derived from the Routh-Hurwitz criterion. Namely, the
real parts of all the eigenvalues of the coefficient matrix A are negative.

For studying quantum cooling of the two mechanical resonators, we focus on the final average phonon numbers in
the two mechanical resonators by calculating the steady-state value of the covariance matrix V, which is defined by
the matrix elements

Vi = l{mieo)u;(00)) + (s (o)miloo)),  ij=1-6. (523
In the linearized optomechanical system, the covariance matrix V satisfies the Lyapunov equation
AV + VAT = —Q, (S24)
where “T” denotes the matrix transpose operation and the matrix Q is defined by
Q= %(C +C7), (S25)
with C being the noise correlation matrix defined by the matrix elements
(Nk(s)Ny(s")) = Cgid(s — §'). (526)

For the Markovian baths considered in this work, the constant matrix C is given by

0 O 0 2k 0 0
0 0 0 0 2y(ny+1) 0
1o o 0 0 0 279(72 + 1)
C= 0 0 0 0 0 0 (827)
0 2’717_11 0 0 0 0
0 0 2y 0 0 0

Based on the covariance matrix V, the final average phonon numbers in the two mechanical resonators are obtained
by

”{ =(6b16b1) = V55 — 5, (S28a)

nd =(6bhdbs) = Vs — =, (S28b)
where V52 and Vg3 can be obtained by solving the Lyapunov equation (524).

In Figs. Sl(a) and S1(b), we plot the final average phonon numbers n{ and né as functions of the ratio wq/wq
(the resonance frequency of the second mechanical resonator over that of the first mechanical resonator) and the
scaled cavity-field decay rate x/w; when the phase-dependent phonon-exchange coupling is absent (n = 0), i.e., in the
dark-mode-unbreaking case. Here, we can see that there exists a peak around ws = wj, which means that the two
mechanical resonators cannot be cooled in the degenerate and near-degenerate two-resonator cases. This phenomenon
can be clearly explained based on the dark-mode effect. When w; = ws, the two mechanical resonators form two hybrid
mechanical modes: a bright mode and a dark mode. The dark mode is decoupled from both the cavity-field mode and
the bright mechanical mode and hence the excitation energy stored in the dark mode cannot be extracted through the
optomechanical-cooling channel. When the two mechanical resonators are far-off-resonant with each other, there is
no dark mode, then the ground-state cooling can be realized when this system works in the resolved-sideband regime
and under proper driving condition (red-sideband resonance).

The dark-mode effect can be broken by introducing a phase-dependent phonon-exchange interaction between the
two mechanical resonators, and then the ground-state cooling can be realized in the degenerate and near-degenerate
two-mechanical-resonator cases. In Figs. S1(c) and S1(d), we plot the final average phonon numbers n{ and ng in
the two mechanical resonators as functions of the ratio we/w; and the scaled cavity-field decay rate x/w; in the
dark-mode-breaking case (n/w; = 0.05 and § = 7/2). Different from the results in Figs. S1(a) and S1(b), here we can
see that the simutaneous ground-state cooling can be realized (nf , < 1) in the resolved-sideband regime (k < wi),
which is consistent with the sideband-cooling results in a typical 6ptomechanical system. In addition, simultaneous
ground-state cooling of the two mechanical resonators can be reached in a wide parameter range of wy/w;. We also
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FIG. S1: (Color online) The final average phonon numbers n/ and nJ versus the resonance-frequency ratio ws /w1 and the cavity-
field decay rate k scaled by wi in both (a,b) the dark-mode-unbreaking case (n/wi = 0) and (c,d) the dark-mode-breaking
case (n/wi = 0.05 and § = 7/2). (e) The final average phonon numbers nJ (blue curves) and n} (red curves) as functions of
wz/wy in both the dark-mode-unbreaking case (n/wi = 0, solid curves) and the dark-mode-breaking case (n/wi = 0.05 and
0 = 7/2, dashed curves) under either x/wi = 0.2 or k/wi = 1.2. (f) The final average phonon numbers n{ (blue curves) and
n} (red curves) versus /wi in both the dark-mode-unbreaking case (1/wi = 0, solid curves) and the dark-mode-breaking case
(n/w1 = 0.05 and @ = /2, dashed curves) when wi = wz. Here, we consider red-sideband resonance driving A = w;. Other
used parameters are given by G1/wi = Ga/w1 = 0.1, y1/w1 = Y2/wi = 1075, and A1 = ng = 10°.

see that the cooling performance of the first resonator is better than that of the second resonator (n{ < ng ). This is
because the phase 6 = 7/2 is chosen in this case. As we will see in the following section, the nonreciprocal phonon
transfer is more helpful to cool the first (second) resonator when 0 < 6 < 7 (7 < 6 < 27).

We note that though the dark mode exists theoretically only in the degenerate-resonator case of this optomechanical
system, i.e., w1 = ws, the dark-mode effect works within a finite parameter range of the near-degenerate-resonator
case. To know the width of the frequency-detuning window associated with the dark-mode effect, in Fig. S1(e) we
show the final average phonon numbers n{ and ng as functions of the ratio wa/wy in both the dark-mode-unbreaking
(n/wi = 0) and -breaking (n/w; = 0.05 and § = 7/2) cases. For the dark-mode-unbreaking case, the ground-state
cooling cannot be reached in the degenerate and near-degenerate-resonator cases, as marked by the shadow area. The
width of the shadow area can be characterized by the effective mechanical linewidth (Aw = |wa—w1| < T = YV+Y1,0pt)-
This is because the cooling of the two mechanical resonators is suppressed in this region, i.e., the two mechanical
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FIG. S2: (Color online) The final average phonon numbers nJ (blue solid curves) and n) (red dashed curves) as functions of
the ratio G2/G1 when the phonon-exchange coupling parameters 6 and 7 take various values: (a) n/wy =0, (b-f) n/w1 = 0.05
and 0 = 7/2, 0.97, 7, 1.1w, and 37/2. Here we choose the optimal driving A = w1 = w2 = Wm, K/wm = 0.2, G1/wm = 0.1,
Y1 /Wm = Y2 /wm = 1075, and 71y = A = 103,

resonators have significant spectral overlap and become effectively degenerate. In the dark-mode-breaking case, we can
see that the ground-state cooling can be realized irrespective of the value of the ratio ws/w; in the resolved-sideband
regime (k/w; = 0.2). When the phonon sidebands cannot be resolved, the ground-state cooling is unaccessible in
this system (see the curves corresponding to x/w; = 1.2). Especially, in this shadow area shown in Fig. S1(e), the
emergences of a small valley (the blue dashed curve) and a small hill (the red dashed curve) can be explained based
on the nonreciprocical phonon transfer. At an optimal nonreciprocical phonon-transfer point (wy = wa, 0 = 7/2),
the phonons in the first mechanical resonator are extracted through both the optomechanical-cooling channel and
the phonon-exchange channel, while the phonons in the second mechanical resonator are extracted only through the
optomechanical-cooling channel. This is because the phonon transmission rate from modes by (b1) to by (bs) is zero
(a finite value) in this case.

We also investigate the influence of the cavity-field decay rate x on the cooling efficiency in both the dark-mode-
breaking and -unbreaking cases. In Fig. S1(f), we plot the final average phonon numbers n{ and ng as functions of the
scaled cavity-field decay rate x/w; in both the dark-mode-unbreaking and -breaking cases when the two mechanical
resonators have the same resonance frequencies w; = ws. Here, we can see that, in the dark-mode-unbreaking case,
the final phonon numbers n{ and ng are approximately 500. This is because the energy (half of the thermal phonons)
stored in the dark mode cannot be extracted and hence the mechanical resonators cannot be cooled. In the dark-
mode-breaking case, the ground-state cooling can be reached when the system works in the resolved-sideband regime.
The optimal working parameter of the cavity-field decay rate (corresponding to the minimal value of the final mean
phonon numbers) is around k/w; =~ 0.2. This optimal value is reached under the combined competition between the
optomechanical-cooling rate (i.e., the excitation-energy extraction efficiency through the cavity-field decay channel)
and the phonon-sideband resolution condition.

In the above discussions concerning Fig. S1, we only consider the symmetric-coupling case, i.e., G; = G3. To better
understand quantum cooling in this system, we also investigate the dependence of the final average phonon numbers

n{ and ng on the linearized optomechanical-coupling strengths G; and Gs5. In Fig. S2, we plot the final average

phonon numbers n{ and n{ as functions of the ratio Go/G1 when the phonon-exchange coupling parameters 1 and
6 take various values: (a) n/w;, = 0, (b-f) n/w,; = 0.05 and § = x/2, 0.97, w, 1.17, and 37/2. When the phonon-
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FIG. S3: (Color online) The final average phonon numbers (a,c) nJ and (b,d) nJ versus either (a,b) the coupling strength 7
at 0 = w/2 or (c,d) the phase 8 at 7 = 0.05w,, when the cavity-field decay rate takes various values: k/w, = 0.2, 1, and 1.5.
Here we choose A = w1 = w2 = W, G1/wm = Ga/wm = 0.1, 1 /wm = Y2/wm = 107°, and 71 = fp = 10°.

exchange coupling is absent, i.e., n = 0 [Fig. S2(a)], the final average phonon number in the first (second) mechanical
resonator increases (decreases) with the increase of Go/G1. However, we point out that, due to the dark-mode effect,
the ground-state cooling of the two mechanical resonators are unfeasible for finite values of the ratio Go/G1. When
G2/Gy < 1, the bright mechanical mode is dominated by mode b;. When G2/G; > 1, the bright mechanical mode is
dominated by mode by. As a result, the cooling efficiency of the first mechanical resonator is better (worse) than that
of the second one in the parameter range G3/G1 < 1 (G2/G1 > 1). The cooling performance of the two resonators
is exchanged when the value of the ratio Go/G; changes across the point G2/G; = 1. In the symmetric-coupling
case G /Gy = 1, the same cooling performance is achieved for the two mechanical resonators (n] = nJ ~ 500). The
physical reason is that the optomechanical-cooling channels for the two mechanical resonators take the same role
when G; = G3. At this point, the superposition amplitudes of the two mechanical modes b; and by in the bright and
dark modes are the same, as shown in Eq. (S7b). In the presence of the phonon-exchange coupling, the ground-state
cooling can be realized in a wide parameter range of the ansymmetric couplings G2 # G; when 6 # nr for integer
n. In addition, we can see a similar intersection phenomenon for the cooling performance of the two resonators with
the increase of the ratio G3/G1. However, the location of the intersection point moves to the right (left) from the
point G3/G1 = 1 when the phase 6 takes the value in the range 0 < § < 7w (7 < 6 < 27). This shift is caused by the
phase-dependent phonon-exchange coupling between the two mechanical resonators. When 0 < 6 < 7, the phonon-
exchange coupling assists the cooling of the first mechanical resonator (i.e., decreasing n{ and increasing ng) Hence
the phonon-exchange coupling pushes the intersection point moving right. When 7m < 6 < 27, the phonon-exchange
coupling assists the cooling of the second mechanical resonator (i.e., decreasing ng and increasing n{ ). As a result,
the phonon-exchange coupling pushes the intersection point moving left. At § = 7 [panel (d)], the dark mode appears
in this system when G; = G2, then the two mechanical modes cannot be cooled. In this case, the dark-mode effect
can be broken by choosing different values of the coupling strengths G; # G, i.e., simultaneous ground-state cooling
of the two mechanical resonators can only be realized when G2/G; < 0.5.

The phase-dependent phonon-exchange interaction plays a critical role in the ground-state cooling of the multiple
mechanical resonators. Below we investigate the dependence of the cooling performance on the coupling parameters
1 and 6 of the phase-dependent phonon-exchange interaction between the two mechanical resonators. In Figs. S3(a)
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FIG. S4: (Color online) The final average phonon numbers n/ (blue solid curves) and n} (red dashed curves) versus the phase 0
and the phonon-exchange coupling strength 7 in the nondegenerate two-resonator cases (a,b) wes = 0.8w1 and (c,d) w2 = 1.2w; .
Here we choose A = wy, G1 /w1 = Ga/w1 = 0.1, k/w1 = 0.2, 71 /w1 = y2 /w1 = 1072, and 71 = fe = 10°.

and S3(b), we plot the final average phonon numbers n{ and ng as functions of the coupling strength n and phase
6 when the cavity-field decay rate takes various values: r/w, = 0.2, 1, and 1.5. Here, we can see that the two
mechanical resonators can be cooled efficiently (from the initial phonon number 1000 to the final phonon number
below 10) when n/w,, > 0.02. In addition, the cooling performance becomes worse for a larger value of the cavity-
field decay rate k. The ground-state cooling can only be realized in the resolved-sideband regime k/w,, < 1. We

also show the dependence of the final average phonon numbers n{ and ng on the phase 6 for several values of k/wy,,

as shown in Figs. S3(c) and S3(d). The plots show that the cooling performance depends on the phase 6. The final

average phonon numbers n{ and ng can be largely decreased when 0 < § < w and © < 6 < 2w. When 0 = nz for

an integer n, the two mechanical resonators cannot be cooled due to the dark-mode effect. The cooling performance
becomes worse with the increase of the cavity-field decay rate. In addition, the results show that n{ < ng (n{c > ng )
in the parameter range 0 < 6 < 7 (7w < 6 < 2m), which can be explained based on the nonreciprocal phonon transfer
induced by quantum interference in the loop-coupled system.

In Fig. S3, we have investigated the dependence of the final average phonon numbers n{ and ng on the phonon-
exchange coupling parameters 1 and 6 in the degenerate two-mechanical-resonator case, i.e., w1 = ws. In the following
we also consider a nondegenerate mechanical-resonator case. In Fig. S4 we plot the final average phonon numbers
n{ and ng versus the parameters n and 6 in the nondegenerate two-resonator cases, i.e., wo = 0.8w; or wy = 1.2w;.
The plots show that the simultaneous ground-state cooling of the two mechanical resonators can be realized in the

nondegenerate mechanical-resonator case. In both the cases wo = 0.8w; and ws = 1.2wq, the dependence of n{ and

ng on the phase § has an inverse tendency, as shown in Figs. S4(a) and S4(c). In addition, the dependence of nlle 5

on the phase 6 in the case ws = 0.8w; is inverse to that in the case of wy = 1.2w;. In Figs. S4(b) and S4(d), we can

see n{ < ng and the dependence of ”{:1 , on the coupling strength n has a similar tendency for the cases wy = 0.8w;

and wy = 1.2w;. In the nondegenerate-resonator case, the cooling performance can be controlled by choosing proper
phonon-exchange coupling parameters n and 6. The same value of the final phonon numbers n{ and ng can be

obtained by choosing the intersection points in Figs. S4(a) and S4(c).
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(b) O=n/2

05 . k

(¢) 6=3m/2

(d) 6=37/2
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FIG. S5: (Color online) The final average phonon numbers n] and n) as functions of (a,c) 71 and (b,d) 72 when the phase 6
takes different values: (a,b) @ = 7/2 and (c,d) @ = 37/2. In panels (a,c) and (b,d), we choose v2/wi = 1075 and ~; /w1 = 1077,
respectively. Other used parameters are A = w1 = w2 = Wm, Gi/wm = G2/wm = 0.1, n/wm = 0.05, kK/wm, = 0.2, and
niy =ne = 103.

In quantum cooling of the mechanical resonators, the optomechanical cavity and its vacuum bath provide the
cooling channel to extract the excitation energy in the mechanical resonators. Here, the mechanical resonators are
thermalized by their thermal baths through the mechanical dissipation channels. As a result, the final average phonon

numbers n{ and ng in the two mechanical resonators depend on the mechanical decay rates ; and ~». In Fig. S5,

we show the final average phonon numbers n{ and ng as functions of the decay rates 7; and .. We can see that n{

and ng increase with the increase of the mechanical decay rates. This is because the energy exchange rates between
the mechanical resonators and their heat baths are faster for larger values of the decay rates, and then the thermal
excitation in the heat baths will raise the total phonon numbers in the mechanical resonators. In Figs. S5(a) and
S5(b), we have n{ < n%c because the phase angle § = 7/2 is taken, then the cooling performance of the first resonator
is better than that of the second resonator. However, an opposite cooling effect compared with the case of 6 = /2
emerges when 6 = 37/2, as shown in Figs. S5(c) and S5(d). These interesting cooling phenomena can be explained
according to the phonon scattering process between the two mechanical resonators, which will be studied in the next
section.

III. PHONON SCATTERING PROBABILITY AND NONRECIPROCAL PHONON TRANSFER

In this section, we study the scattering probabilities of the phonon transport between the two mechanical resonators
coupled by a phase-dependent phonon-exchange interaction. We calculate the transmission spectrum of the phonon
transport based on the Langevin equation (S18). To this end, we rewrite the matrix N(¢) defined in Eq. (S20) as

N(t) = Tuin(t), (529)
where the damping matrix I is defined as

I'= diag[\/ﬂ7 V 2717 V 2727 \/ﬂv V 2717 V 2’72}7 (SBO)
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with diag[z] giving a matrix with the elements of the list 2 on the leading diagonal, and 0 elsewhere. The input noise
vector uj, (¢) in Eq. (S29) is given by

Wi (t) = [ain (1), b1in(t), ba,in (), al, (1), b 1, (), b1 5, ()] (S31)

Making use of the Fourier transformation for operator r € {da, 6b1, 0ba, dain, 0b1 in, 6b2in } and its conjugate rt

#w) =2i / ¢ty (#)dt, (S32a)
T J_co
1 R

~1 _ iwt .t

7(w) o [we r1(t)dt, (S32b)

the solutions to the linearized quantum Langevin equation (S18) in the frequency domain can be obtained as
fi(w) = (—iwl — A) "' Dy, (w), (S33)

where @(w) and G, (w) are, respectively, the Fourier transformation of the operator vectors u(t) defined in Eq. (S19)
and ui, (t) defined in Eq. (S31). The matrix I in Eq. (S33) is an identity matrix. Using the input-output relation

Oin + Oout = /27,00 (S34)

for o € {a,b1,b2} and v, € {k,71,72}, we obtain the output field in the frequency domain as

Uyt (w) = U(w) i (w), (S35)
where the transformation matrix is given by
U(w) = D(—iwl — A)7'T — 1, (S36)
and
Tout (@) = [dout (), 1,00t (), b2,00t (), @b (), B] ot (), B e ()] (S37)

denotes the Fourier transformation of ugy(t).
To analyze the excitation energy transfer in this system, we introduce the spectra for the input and output signals
as

Sin(w) =[Sa,in(w), 5b,,in (W), Spy,in ()], (S38a)
Sout(@) =[5a.0ut (@), b, out (W), 8y 0ut (@)] (S38b)
where the elements are defined by
(68 4t (0 )Oout (W) =So,0utd(w + '), (S39a)
(01,(w)Bin(w)) =50,mb(w +w), (S39b)
(610 (W )8l () =(1+ 50,m)d(w + ). (S39¢)

We also define the spectrum for the input vacuum noise as

Svac(w) = [sa,vac(w)a Sbl,vac(w)y Sby,vac (w)]Ty (840)
with
Sa,vac(w) =[U14(w)[* + [Ur5(w)|* + [Urs(w) [, (S4la)
8ty vac (W) =[Uaa(w)[* + [Uszs ()] + |Uas (w) |, (S41b)
8y vac (W) =[Usa(w)[* + [Uss ()] + |Uss (w) > (S41c)

Then the relation between these spectra can be obtained as

Sout(w) = T(w)Sin(w) + Syac(w), (S42)



12

where the transmission matrix T(w) is defined by

Taa (w) Tabl (w) Tabz (OJ)
T(w) = Toya (w) Ty, (w) T, b, (UJ) ) (843)
sza (LU) Tb2b1 (w) szbz (UJ)

with these matrix elements

Toa(w) = [Un (W) + [Ura(w)]?,
Tap, (W) = |Ura(w)? + U5 (w)]?,
Tab, (W) = |Urs(w)? + |Urs(w)]?,
Tpa(w) = |Ua1(w)]? + |Uaa(w)]?,
To,p, (w) = |Unz(w)]* + [Uas(w)]?,
Thyby(w) = |Uas(w)]* + |[Uzs(w)]?,
Thra(w) = |Us1(w)? + |Usa(w)]?,
Top, (W) = |Usz(w)]* + |Uss(w)]?,
Thppy (W) = |Uss(w)|* + |Use(w)]?. (S44)

The element Ty (w) (v, w € {a, by, ba}) denotes the transmittance from the input mode w to the output mode v. To
explore the phonon-transfer nonreciprocity between the two mechanical modes, we only focus on the transmittance
Ty, b, (w) and Tp,p, (w) between the two mechanical modes. Then, we numerically evaluate the transmittance between
the two mechanical modes to show the nonreciprocal phonon transfer. Physically, the transmittance Ty,p,(w) and
T}, (w) can be used to analyze the thermal excitations extracted from one mechanical mode to the other one.

The above results concerning the phonon transmission are exact. Below we derive some approximate analytical
results under the RWA and the resonance condition A = w; = wy = w,,. Note that under the RWA, we have the
approximate relations Ty, 5, (w) ~ |Uzz(w)|? and Ty, (w) = |Usa(w)|?. In particular, we focus on the resonant phonon
transmission at the mechanical frequency w,,, then an analytical transmittance between the two mechanical modes
can be obtained as

47172[(G1G2)? + (kn)? — 2G1Gokn sin 0]
(G371 + G3y2 + ka2 + £n?)? + 4(G1Gancos 0)?
4(C1C2 +C3 — QWSIH 9)

Thib, ~|Uss|* =

- 4
(C1 +Co+C5+1)2 +4C1C2C5 cos2 6’ (S45a)
Ty, ~|U. |2 _ 49172[(G1G2)? + (kn)? + 2G1 Gk sin 0]
baby 32 (G371 + G392 + k7172 + £n?)2 + 4(G1Gan cos 0)?
4(C1Cy + C3 + 24/C1CC5sin ) (Si5)

T (C1+Cy+Cs5+ 1)2 + 4C1CoC5 cos2 6

where we introduce the cooperativities between any two subsystems in this two-mechanical-mode optomechanical
system as

2
G :i, (S46a)
MK
2
Co :@, (S46b)
Yok
772
Cy =——. (S46c¢)
Y172

According to Egs. (S45a) and (S45b), the maximum transmittance for either § = 7/2 or § = 37/2 can be obtained as

4(v/C1Cs 4 1/C5)?

T max = (11 max — . S47
( b2b1) ( b1bz) (Cl T Cy+Cst 1)2 ( )
By introducing a relative phonon-scattering rate from the mechanical modes w to v as
va - va
Ao = ————, (S48)

(va)max
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FIG. S6: (Color online) (a,b) The relative phonon-scattering rate Ap,p, (blue curves) and Ap,p, (red curves) as functions of
w when the phase 0 takes different values: (a) # = 7/2 and (b) 6 = 37/2. In panels (a,b), we choose the phonon-exchange
coupling n/wm = 0.05. (c,d) The exact (solid/dashed lines) and approximate (symbols) relative resonant-phonon-scattering
rates Ap,p, and Ap,p, vs (c) the phonon-exchange coupling n when 6 = 7/2 and (d) the phase # when 7/w,, = 0.05 under the
parameter w 3= wm. Here we take A = w1 = w2 = wm, G1/wm = G2/wm = 0.1, K/wm = 0.2, Y1 /Wm = Y2 /wWm = 1075, and
N1 = g = 10°.

we can then obtain the rates between the two mechanical modes b; and by as

A _ Toopy, — Toyb, 4+/C1CyC5sin 6
bgbl -

T - 4C1CyC5 00520\ (549a)
oI (VCIG + V0o (1+ fiSiSget)
T — T
Apy b, ol “hab —Ap,p, - (S49b)

(Tbl bo )max

In Figs. S6(a) and S6(b), the relative phonon-scattering rates Ap,p, (blue curves) and Ay, (red curves) are plotted
as functions of the scaled frequency w/w,, when the phase 6 takes different values: (a) 8 = 7/2 and (b) 6 = 37/2.
It is obviously shown that the reciprocity of the phonon transfer between the two mechanical resonators is broken
(Ap,p, # 0) in a wide range of w and the phonon transfer exhibits a perfect nonreciprocal response when 6 = 7/2 and
0 =3m/2. When 0 = 7/2 (6 = 37/2), we have Tp,p, > 0 and Tp,p, < 0 (Tpyp, < 0 and Tp,p, > 0). In particular, when
w = wy, and 0 = 7/2, we have Ay, = 1, i.e., Ty, p, = 0. This means that the unidirectional flow of the phonons from
b1 to b is achieved. When w = w,, and 6 = 37/2, we have Ay p, = 1, i.e., Tp,p, = 0. This means the phonons can
only be transferred from by to b;. Based on the above results, we can see that the phase-dependent phonon-exchange
coupling plays an effective role on the relative phonon scattering between the two mechanical resonators. In Figs. S6(c)
and S6(d), we show the dependence of the relative resonant-phonon-scattering rates on the phonon-exchange coupling
parameters 1 and 6. The results indicate that a perfect nonreciprocal phonon transfer requires both 1 ~ 0.05w,, and
6 = /2 or 37 /2. Moreover, the exact calculations and the approximate analytical results match well with each other.
Here, the solid (Ap,p, ) and dashed lines (Ap,s,) are plotted using the exact solutions, while the symbols are based on
the analytical calculations given in Eqgs. (S49a) and (S49b). In Fig. S6(d), when 0 < 6 < 7, it shows Ay,p, > 0, i.e.,
To,p, > Thyp,. In the region m < 6 < 2, it exhibits Ay, > 0, i.e., Ty, 5, > Tp,p, - Meanwhile, the phonon transmission
satisfies the reciprocity [Ap,p, = Apb, = 0, i.€., Tob, = Thop,] at 6 = nw. Moreover, the transmittance is optimal for
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FIG. S7: (Color online) Dependence of the relative phonon-scattering rates (a) Ap,p, and (b) App, on the phase 6§ when
w = wy, and the optomechanical cooperativity takes various values: II = 0.1,0.5, and 1. The relative phonon-scattering rates
(¢) Apyp, and (d) A, versus the ratio of the optomechanical cooperativities IT when # = 7/2 and 6 = 37/2. Here we take
A =wi =w2 = wWm, G1/wm = G2/wm = 0.1, kK/wm = 0.2, y1/wm = Y2/wm = 1075, and A1y = A = 10%.

the process from by (b2) to by (b1) and is zero for the opposite process when 6 = 7/2 (0 = 37/2), namely, Ty, = 0
and Tp,p, =0 at 0 = 7/2 and 6 = 37/2, respectively.

In order to analyze the optomechanical cooperativities among the two subsystems in this three-mode optome-
chanical system, we introduce a new parameter defined by IT = C3/(C1Cs), which is the ratio of the optomechanical
cooperativities. Thus, the analytical solutions given in Eqs. (S49a) and (S49b) become

4+/Tlsin

Apyp, = ;
1+( 411 cos? 6 ]

(Sh0a)
(14 V)2

Ci+Co+1 2
C1C2 +H)

Ablbg = - Ab2b1. (S50b)

It can be seen from Egs. (S50a) and (S50b) that the relative nonreciprocal phonon transfer Ap,p, = 1 (Ap,p, = 1)
is obtained at II = 1 and § = 7/2 (37/2). In Figs. S7(a) and S7(b), we plot the relative phonon-scattering rates
Ap,p, and Ay p, as functions of the phase # when II takes various values: II = 0.1,0.5, and 1. The results show
that the optimal nonreciprocity appears at II = 1 and either § = 7/2 or 37/2. When II # 1, the absolute value of
the relative phonon-scattering rate will be decreased at a given phase 6. We also plot the relative phonon-scattering
rates Apyp, and Ay, p, versus the ratio IT when the phase takes § = m/2 (solid lines) and 6 = 37/2 (dashed lines), as
shown in Figs. S7(c) and S7(d). In the region 0 < IT < 1, the nonreciprocal phonon-transfer rate Ap,p, increases with
the increase of II. In the region II > 1, the relative nonreciprocal phonon-transfer rate is suppressed. The optimal
nonreciprocity emerges at II = 1, which indicates directional flow of phonons between the two mechanical resonators.
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IV. THE COOLING LIMITS OF THE TWO MECHANICAL RESONATORS

In this section, we present a detailed derivation of the cooling limits of the two mechanical resonators, which are
obtained by adiabatically eliminating the cavity-field mode in the large cavity-field decay regime. In this case, the
system is reduced to a two-coupled mechanical resonator system. The derivation of the cooling limits is based on
the Langevin equations (S4) for the quantum fluctuations of the system operators. To obtain the cooling limits, we
consider the case where the linearized optomechanical coupling strengths G 2 are real and the system works in the
parameter regime:

Wiz > K> G1,2 > 7,2- (851)

In this case, the cavity field can be eliminated adiabatically, and then the solution of the cavity-field fluctuation
operator da(t) at the time scale ¢ > 1/k can be obtained as

iGl t ZGl ZGQ + ZG2
da(t) m ————————0b1(t) — ——————0b1(t) — ——————0b)(t) — ————ba(t) + Fuin(t),
a(t) rrid o0 0T A —ey O T A 1o ) T A — ) 20 F Fenld)
(S52)
where we introduce the new noise operator
t
Foin(t) = 2%6_(R+iA)t/ ain(5)e PR3 s, (S53)
0
Substitution of Eq. (S52) into Egs. (S4b) and (S4c) leads to the equations of motion
; G? G? G3 G?
8b1(t) = L — L 3bi (t 1 - L — jwi) ) 6bs (t
1) <n—i(A—w1) n—l—i(A—i—wl)) 1()+(ﬁ—i(A+w1) K+ i(A—w) (’Ylerl)) 1)
G1Go G1Go i G1Go G1Go g
* (/{—z’(A—wQ) /s—i—i(A—i—wg))(SbQ(t)_'— <n—i(A+w2) K+ (A — ws) ine’ ) oba(t)
— iG1 Fan(t) — iG1LE] () + v/271b1n (1), (SH4a)

G1G, G1G, )) 5bJ{(t)+< G1Ga G1G,

ba(t) = </1—i(A—w1) k(A +w k—i(A+w) K+i(A—w) _me_i9> 06 (?)

+ Gs — G3 b3(t) + ( — (72 + iws) + G - G3 Sbo(t)
k—1(A—wy) K+i(A+ws) 2 s 2 k—i(A4+wy) K+i(A—wy) 2
— G Fan(t) — iG2F (1) + /272b2,in (). (S54b)
By making the RWA in Egs. (S54a) and (S54b), we have
(561 (t) = — (Fl + ZQl)(Sb1 (t) + fldbg(t) — Z.GlFa,in(t) — Z.GlF;r,in(t) =+ \/ 2’}/1b17in(t), (8553)
(562 (t) =£001 (t) - (PQ + 292)6b2 (t) - iGgFa’in(t) — iGQF{I,in(t) + v/272b2,in (t)7 (S55b)

where we introduce the effective resonance frequency §2; and decay rate I'; for the /th mechanical resonator

Q =w; — Wi opt s (8568,)
L't =%+ Yi,0pt> (S56b)
with
. G%(A+wl) G%(A*(.«)l)
et T (At w)? | R4 (A —w)? (8572)
2 2
Gir Grr 1=1,2. (S57b)

Vi,0pt :H2+(A—wl)2_l€2+(A+wl)27 )

Here, wiopt and 7 opt denote the resonance frequency shift and the additional energy decay rate induced by the
optomechanical couplings, respectively. We also introduce the effective coupling strengths between the two mechanical
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modes by and by after adiabatically eliminating the cavity mode as

G1Galk +i(A+ws)]  G1Galk —i(A — wy)]

— _ it

S=—2 + (A + ws)? K2 + (A — wo)? e (5582)
_G1G2[1‘€+Z(A+UJ1)} . Gng[n—i(A—wl)] o —if

& = (A + o) P y—r ine . (S58b)

Under the parameter condition w2 > & > G 2 and at resonance A = w; = wy, we have

€~ — |:G1G2 i (new _ G1G2>} 7 (S59a)
K 2wy
£y~ — {G1G2 Ly (ne_w _ Gle)] , (S59b)
KR 2(4]1
and
G2
Yi,0opt %?l7 (8603)
G2
Wl opt %27(;[7 l= 17 2. (SGOb)

The final average phonon numbers (namely the steady-state values of the phonon numbers) can be obtained by solving
Eq. (S55). To be concise, we reexpress Eq. (S55) as

v(t) = —Mv(t) + N(t), (S61)
where v(t) = (dby(t),6b2(t))T, M is defined by

T+ =&
M= ( & ot ) : (562)

and N(t) reads

Ny = [ 1 Eamll) i ‘%”‘(t) TVIbna(6) ) (S63)
_ZGQFa’in(t) — ’LGQFa m(t) + \/2'72bin,2 (t)
The formal solution of Eq. (S61) can be expressed as
t
v(t) = e Miv(0) + eth/ eMSN(s)ds. (S64)
0

The final average phonon numbers can be obtained by calculating the elements of the variance matrix. By a lengthy
calculation, we obtain the approximate analytical expressions for the final average phonon numbers as

f ’}/17_11 |[U*F1+F2*Z‘(91792)”2 [’U,*7F1+F2+Z‘(91792)HU+F17F2+Z‘(91792)]
ny = +2Re{ }

2|u|2 AT+ M AT+ A2
N[O Y PR ) A B \[qu‘leFgfi(Qlng)]F( 1 1 )

A5+ Ao 4|ul? A*+)\1 K+ A +iIA K+ AT —iA
+2Re{[u* — Fl —|—F2 +l(Ql — QQ)][U+F1 FQ —|—Z Ql ( 1 ):|

AT+ A2 /<;+)\2—|—1A K+ Af — 1A

+‘[U+F1—F2+i(91—§22)]|2( 1 n

A5+ Ao K+ Ay +1A /<;+)\*sz

1

L€ 2
P [ [A*iA1<H+AI+m+m+A;—m> 2Re[/\’{+/\2(li+>\i+iA+K+)\%—iA)}

(S65)

L1 ( Lo )}+2 ( 1 1 Lo, )
n - - )
N+ A\t Ao +iA R+ A — A PN ANt Ae MM A+ A
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and
= _ . _ 2 * _ s _ _ s _
nl = Yoo |U+F1 F2—|—Z(Q1 Qg)‘ +2Re[[u +I'y -1 ’L(Q1 Qg)][u I'i+1% Z(Ql QQ)]:|
2[ul? AT+ M AT+ Ay
+‘U—F1 +F2—i(Q1—Qg)|2 + G% ‘U+F1—F2+i(Q1—Qg)|2( 1 + 1 )
X+ A 4uf? XNt A KT M A  RE N —iA
[U — Pl + FQ — Z(Ql — Qz)][u* + Fl — FQ — Z(Ql — QQ)] 1 1
2
+Re[ N+ Ao <H+A2+m+m+x;—mﬂ
— Ty +T5 —i(Q — Q)2 1 1
Jlu= T+ T =i — ) ( . _ )
A5+ Ao K4+ A +i1A K4+ —iA

1&)% | 5 1 1 1 1 1 1
—2R
T | )\T+)\1(n+)\1+iA+n+AT—iA) e[/\2+)\’{<n+>\2+iA+n+)\f—iA)]

+/\§i/\2<n+)\i+iA * H+)\;—iA>:| +2%ﬁ1</\*1‘41—/\1 - x;-lmg - /\541”\1 - A;ixg) . (866)
where A1 and Ay (A} and A} being complex conjugate) are the eigenvalues of the coefficient matrix M,
M :é[rl 4T (2 + Q) — ), (S67a)
Mo :%[rl + T 4 i( + Q) + 4] (S67b)
where
u=/4&& + [T —Ta +i(Q — Q)% (568)

For the case wi ~ ws and I'; = 'y, the approximate analytical expressions of the final average phonon numbers can
be reduced as

" 2 (AHM+ Re[)\f+)\2]+)\§+)\2 A A;+A1(H+A1+m+m+x;—m>

1 1 1 1 1 1
ey (T ) . =)
+ e)\i—l—)\g /€+A2+1A+R+A{—2A +)\§+)\2 /€+)\2+’LA+/€+)\§—ZA

|€1]
41&,|

* Gg{x;ih(wmjjtm+K+A%—m)QRQ[A;}LAQ(F;JFA;ZA*n+x11—m>]

: (569)

1 | 1 1 1 1
2o ( - — 2Re| ]
+A§+A2<K+A2+ZA+/€+X§—Z‘A)]+ W”(AHAI I+ +>\§+>\2)

and

VY S 1 G 1 1 1
"N (X{+>\1+ e[)\>{+>\2}+/\§+/\2 A /\T+/\1<m+>\1+iA+n+/\T—iA>

+2Re[ ! ( ! + ! )}+ = ( ! + ! )
PV Vi Py Wy Ny vy W (L VI Y QPTG Wiy LIS Y
&l [ L] 1 1 1 1 1 1
-2
T X{—i—)\l(m+/\1+iA+m+X{—iA) Re{)\"l‘—l—)\g(m%-/\g—f—iAJrfi—i—)ﬁ{—z‘A)}

. (S70)

1 1 1 1 1 1
- )| (i~ e )
+)\3+)\2</€+/\2+2A+H+)\§—1A)]+ AT T T ) T e

By substituting Eq. (S67) into Egs. (S69) and (S70) and considering the parameters relations wi o > k > G2 >
{71,opt ~ ’}/270pt} > 71,2, the final average phonon numbers can be simplified as

nf ~ Y1 + Y1,0pt Mopt + (*1)%1\/%(\/ X1Mx1 = / X2nx2) (871)
=2 Ty + x4 Ty + x- ’
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FIG. S8: (Color online) The final average phonon numbers n! and n} are plotted as functions of x/w,, when the phase 0 takes
the values: (a) # = 7/2 and (b) 8 = 37 /2. The exact results are given by Eq. (528) (solid curves) and the approximate results
obtained by the adiabatic elimination method are given by Eq. (S71) (symbols). Here, the used parameters are A = w1 = wp =
Wi, G1/wm = G2/wm = 0.08, n/wm = 0.05, 1 /wm = Y2/wm = 1077, and A1 = Az = 1000.

where we introduce the following variables

Nopt :(erim)?’ (S72a)
oy =2 o) (5720)
X+ =F vXixz — Re [Fffzm] , (S72¢)
Xi=1,2 :I‘llg«lfI‘Q' (S72d)

Here, nopt stands for the effective phonon number in the optomechanical cooling bath, and x; and 2 are the effective
phonon-transfer rates from by to b; and from by to by, respectively. The corresponding cooling limits (nf™, ni™) are
obtained by taking the optimal driving detuning A = w; in Eq. (S71). In particular, the first term in Eq. (S71) is
contributed by the thermal bath and the effective optical bath connected by the {th mechanical resonator, while the
phonon extraction contribution induced by the phonon-exchange channel is presented by the last term. Physically,
the nonreciprocity of the phonon transfer is decided by the phonon-exchange rate x; which depends on the phase 6.
In the case n1 ~ ng and v1 & 72, we have n,, = ny, = n, and thus (\/X17y, — /X27x.) & (/X1 — /X2)7y- In the
region 0 < 0 < 7 (7 < 6 < 27), we obtain \/x1 < /X2 (/X1 > v/X2). This means that the phonon-transfer rate from

by (b) to by (by) is larger than that for the opposite case. According to Eq. (S71), we then have the relation nd < nJ
(n] > nl) in the region 0 < 0 < 7 (7 < 0 < 27). When 0 = 7/2 (37/2) and +/C:C3 = /Cs, the unidirectional flow of
the phonons between the two mechanical resonators is achieved [x1 ~ 0 (x2 ~ 0)]. For § = nm, the phonon transfer
between the two mechanical resonators is reciprocal (\/x1 = y/X2), due to the emergence of the dark mode. Once
the phonon-transfer channel is turned off (n = 0), the ground-state cooling is unfeasible owing to the invalid effective

cooling channel (I'; + x4+ — ;). In the absence of the optomechanical cooling channels (G712 = 0), Eq. (S71) becomes
nlf:L2 N+ (—1)l_1(nX1 — Ny, )/2, which indicates quantum thermalization in this coupled mechanical system.

Moreover, both the exact and approximate final average phonon numbers n{ and ng are plotted in Fig. S8 as
functions of the cavity-field decay rate s at the optimal driving detuning A = w,, when the modulation phase 6 takes
various values: (a) @ = /2 and (b) 6 = 37/2. Here, the blue solid curves (nf) and the red dashed curves (n}) are
plotted using the exact solutions given in Eq. (S28), while the symbols are based on the analytical calculations given
in Eq. (S71). We can see from Fig. S8 that the analytical cooling limits and the exact results match well with each
other when k/w,, < 0.4, and the difference between the numerical simulation and approximate results increases when
K/wpm > 0.4. This means that the cooling performances of the two mechanical resonators are excellent in the resolved-
sideband regime (k < wsy,). This result is consistent with the sideband cooling results in the typical optomechanical

systems. We also see from Fig. S8(a) that the cooling performance of the first resonator is better than that of the

f f f f)

second resonator (n] < mj) when 6 = 7/2. However, when 6 = 37/2, the opposite cooling performance (n] > nj
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has been displayed in comparison with the case of § = /2, as shown in Fig. S8(b). Physically, the nonreciprocal
phonon-transfer mechanism is more helpful to cool the first (second) resonator when 0 < 6 < 7 (7 < 6 < 27).
In particular, the optimal cooling performances of the two mechanical resonators require that the working value of
cavity-field decay rate is around k/w,, = 0.1 ~ 0.2, as shown in Fig. S8. This is a result of the competition between the
efficiency of extraction of the thermal excitations and the phonon-sideband resolution condition. When k/w,, < 0.1,
the cooling performances of the two mechanical resonators become worse. Physically, the vacuum bath of the cavity
field extracts the thermal excitations in the two mechanical resonators through a manner of nonequilibrium dynamics,
and then the total system reaches a steady state. When the cavity-field decay rate x is equal to 0, the vacuum bath
cannot extract the thermal phonons in these two mechanical resonators, and then this system will be thermalized to
a thermal equilibrium state.

V. THE DARK-MODE EFFECT AND ITS BREAKING IN A
MULTIPLE-MECHANICAL-RESONATOR OPTOMECHANICAL SYSTEM

In this section, we study the dark-mode effect in a multiple-mechanical-resonator optomechanical system, which
consists of one cavity mode and N (N > 3) mechanical resonators [see Figs. S9(a) and S9(b)]. The Hamiltonian of
this system can be written in a frame rotating at the driving frequency wy, as

N N N-1
H; = Auafa+ ijb;bj + ZgjaTa(bj + bj) + (Qa + Q*a’) + Z nj(eiefb}bj+1 +H.c.), (S73)
j=1 j=1 j=1

where A, = w.—wy, is the detuning of the cavity-field resonance frequency w, with respect to the driving frequency wr,.
The operators a (a') and b; (bj) are, respectively, the annihilation (creation) operators of the cavity-field mode and the
jth mechanical resonator (with the resonance frequency w;). The optomechanical interactions between the cavity mode
and the jth mechanical resonator are described by the g; terms (with g; being the single-photon optomechanical-
coupling strength). The cavity-field driving is denoted by the Q term (with Q being the driving amplitude). To
manipulate the energy exchange between the neighboring mechanical resonators, we introduce a phase-dependent
phonon-exchange interaction between the neighboring mechanical resonators, with the coupling strength n; and the
phase 6;. By phenomenologically adding the damping and noise terms into the Heisenberg equations obtained based
on the Hamiltonian in Eq. (S73), the quantum Langevin equations for the operators of the optical and mechanical
modes can be obtained as

@ = —ialAc+ g1(by +b]) + ga(ba + b)) + -+ + gn (b + bY)] — iQ — Ka + V2haun,
by = —(71 +iwq)by — igrata — imewle + \/Ebmn,
by = —(72 +iwa)by — igaaa — ime by — in2e®bs + \/272b2 i,
by = —(73 + iws3)bs — igsa’a — inoe™"2by — inze™by + /2733 in,
by = —(ya+iws)by —igsa’a — inze™ by — inge®bs + \/274b4 sn,
by_1 = —(yv_1 +iwn_1)bn_1 —ign_1aTa —iny_2eTV2bn o —iny_ 1€V 1bx + /27N _ 1N 1.in;
by = —(yn +iwn)by —ignata —iny 17V 1bn ) 4+ /298Dy in. (S74)

To cool the mechanical resonators, we consider the strong-driving regime of the cavity field such that the average
photon number in the cavity is sufficiently large and then the linearization procedure can be used to simplify the
physical model. To this end, we express the operators in Eq. (S74) as the sum of their steady-state mean values and

quantum fluctuations, namely o = (o) + do for operators a, a', bj—1—n, and b;». By separating the classical motion
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and the quantum fluctuation, the linearized equations of motion for the quantum fluctuations can be written as

%&L = —(k+iA)da —iafgi(6by 4 6b1) + ga(dby 4 6bL) + - + gn_1(8by_1 + 6bl_))
+gn (0bn + b)) + V2K ai,
%51)1 = —(71 +iw1)ob; —ig1a*da — igloz(SaT - imewlébQ + \/ﬁblvin,
%51)2 = —(y2 + iwg)dbs — iga*da — iggoz(SaT - ime*wlébl - i7726w2663 + \/Rbgmm
%553 = —(73 +iws)dbs — igsa*da — igsada’ — inae ™" Gby — inse'® 5by + \/2v3b3 1,
%5174 = (4 + iwy)dby — igaa*da — igsadal —inze %2 5by — inye’®4Sbs + \/27v4bsin
d . . ) . )
%C%N—l = —(yNn-1 +iwn_1)0bNy_1 — ign_1070a — ng_laéaT —inN_oe€ WON—25p
—inN—1%"16bn + /2YN—1DN -1 in,
%(5()1\; = —(yn§ + iwn)dby — igya*da — ignadal —iny_1e N -16bn_1 + \/2’y7NbN7in. (S75)

Based on Egs. (S75), we adopt the same procedure as that used in the two-mechanical-resonator case to infer a lin-
earized optomechanical Hamiltonian governing the evolution of quantum fluctuations. For studying quantum cooling
of these mechanical resonators, we focus on the beam-splitting-type interactions (i.e., the rotating-wave interaction
term) between these bosonic modes because these terms dominate the linearized couplings in this system, and hence
we can simplify the Hamiltonian of the system by making the RWA. The linearized optomechanical Hamiltonian under
the RWA is given by

Hy = Adatda+w; 0L 6b5ob; + Y1 G(daldb; + bi6a) + Hinre, (S76)

where A = A, + Zj\’=1 9;(Bj + B7) is the normalized driving detuning after the linearization, and G; = g;|a| is the
linearized optomechanical coupling strength between the jth mechanical resonator and the cavity-field mode. The
interaction Hamiltonians between the neighboring mechanical resonators are given by

Hype = Y00 H; (S77)
with
Hj = n;(e”8b;6b’ | + e 5bj10b]), (S78)

which describes the phonon-exchange interaction between the jth resonator and the (j + 1)th resonator.

In order to investigate the dark-mode effect in the N-mechanical-resonator optomechanical system, we firstly
consider the case where the phonon-exchange interaction between the neighbouring mechanical resonators is absent,
i.e., Hpre = 0, as shown in Fig. S9(a). For convenience, we assume that all the mechanical resonators have the same
resonance frequencies (w; = w,,) and optomechanical coupling strengths (G; = G). In this system, there exists a
bright mode B} = Z;\f:l 6b;j/V/N and (N —1) dark modes which decouple from the cavity-field mode. As a result, the
phonons stored in these dark modes cannot be extracted though the optomechanical cooling channel, and then these
mechanical resonators cannot be cooled to their quantum ground states. Here, we can obtain the cooling limits of the
N mechanical resonators, which are given by (N — 1)/N. The result shows that in the presence of the dark-mode
effect, the final average phonon numbers in these mechanical resonators depend on the number of the mechanical
resonators. In this case, the ground-state cooling cannot be realized in these mechanical resonators. In particular,
the final average phonon numbers in these mechanical resonators are approximately equal to the thermal excitations
in their heat baths when N > 1 and hence #(N — 1)/N =~ 7.

To break the dark-mode effect and realize the simultaneous ground-state cooling in the N-mechanical-resonator
optomechanical system, the phase-dependent phonon-exchange interaction Hy,,. should be introduced, as shown in
Fig. S9(b). Without loss of generality, we assume that all the coupling strengths of the phonon-exchange interactions
are same 7); = 7. Thus, we can diagonalize the Hamiltonian of these coupled mechanical resonators as

N N—-1 N
Hyyy = wny 3065805 +1 ) (e7"%6b;8b% | + €"%6b;10b1) =Y " QuBi By, (S79)
j=1 j=1 k=1
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FIG. S9: (Color online) (a) The N-mechanical-resonator optomechanical system: a cavity-field mode simultaneously couples
to N mechanical resonators through the optomechanical interactions. (b) The phonon-exchange interactions between two
neighboring mechanical resonators are introduced into the N-mechanical-resonator optomechanical system described by panel
(a). Note that there is no direct coupling between the first resonator and the Nth resonator.

where By, is the kth mechanical normal mode with the resonance frequency 2 given by

k
Ok = Wy + 217 cOS (NL) k=1,2,3,..N. (S80)
The relationship between the mechanical modes §b; and the normal modes By, is given by

N . k ]
s { % Zk:]. sin (ﬁ) Bk, ] = 15
;= . j—1 N . 1 y
LemiXumi0s 3 sin (%) By, J=z2,

A ,/%. (582)

The Hamiltonian in Eq. (S76) can be rewritten with these mechanical normal modes as

(S81)

where we introduce the variable

Hy = Aba'da+ Y n_, Bl By + Hom, (S83)

where the optomechanical Hamiltonian H,,, reads

o km N i1 jkm
_ : iy 7100 1
Hyy = kE 1 sin (N 1) + JE_2 e 1% gin (N 1) aB;, +H.c.. (S84)

It can be seen from Eq. (S84) that the function of these phases in the optomechanical interactions is determined by

the term Z]u;ll 0,. Hence, we can apply a single phase to realize the dark-mode-breaking task. For simplicity, we
assume 6; = 0 for j = 2-(N — 1) in the following discussions.

As a special case, we first analyze the case of N = 2. In this case, the multiple-mechanical-resonator optomechanical
system is reduced to the two-mechanical-resonator optomechanical system, which has been analyzed before. When
N = 2, the optomechanical interaction reads

2 )
Hom = 7\/7G(1 +€l€1)a

Bl 4 Y
2 ! 2

(1 —e“)aB) + Hec.. (S85)

It is obvious that when § = nx for an integer n, the cavity field is decoupled from one of the two hybrid mechanical
modes: either By or By. This hybrid mechanical mode decoupled from the cavity mode is the dark mode. However,
in a general case 6 # nm, the dark-mode effect is broken, and then the ground-state cooling becomes accessible under
proper parameter conditions.
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For the case of N > 3, the effective coupling coefficient between the cavity-field mode a and the kth normal mode

By in Eq. (S84) can be expressed as
N .
G km i1 Jjkm
= sin [ 22— i22,-1 00 g
A Sln<N+1)+JZ_2€ Sln(N+1)

k , 2% , K
_ j[sin (Z\H_ﬂ-1> + 6191 sin (ZV—:‘—I> + 61(914-92) sin <]\:;)—;T1> 4+ ..

-2 N N-1 N1 NE
k7r> + e 05 0 gin <N n 1k7r> + e T05 b gin (N +7T1> }

“ ! 05 N : 2 e
= A{[Sin (N—&—lkﬂ-) —&-eZZiV:lle sin<N+1k7r>} + {e“"l sin <N—|—1 71-) +€2211’Vl26"sin(

_ikﬁ)}—i—"'}.

Below, we consider two cases corresponding to odd and even numbers N, respectively.
(i) For an odd number N and 6; = 0 (for j = 2-(N — 1)), the coefficient becomes

On one hand, if k£ is an odd number, we have

G km jkm
— 1 - 121/ 16
SIH<N+1>+E [ Sln<N >

= % {(1 + ¢) sin <N—7|i > + 2¢'% sin < > + 2¢% gin <]?+7r1> 4. 4+ ef1gin (

On the other hand, if k£ is an even number, we have

G Jkm G km

il i021 00 = 2 (1 — ¢t

1 sm< >+Ze 1 sm<N+1> A(l )sm(N+1>.

(ii) For an even number N and 6; = 0 (for j = 2-(N — 1)), the coefficient can be simplified as
G km jkm
il i30210,
A 51n<N+1>—|—Ze -1 sm<N+ >
g in kiﬂ- + € sin e |sin %i + sin V-l
AL \Nx1) T ANT) TN
4% |sin 31{771- + sin N - k7r + -
N+1 N+1 ’

In this case, when k is an odd number, we have
sin + Z et X021 0 gip Jkn
N+1

. km - 3km
101 : 101 101
[(1—1—6 )sm( 1 )—i—?e sm< )+26 Sln< +1)+

=R =R

+ ¢ |sin 2k + sin N_lkﬂ'
N+1 N+1

i)

]

N -1
N +

1

lmr) |

(S86)

(S87)

(S88)

(S89)

(S90)

(S91)
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In addition, when k is an even number, we have

G km N e ke G ; km
: 10710, o J — 10, :
— |sin (N 1) + jgzz e sin (N 1) — (1 —¢€")sin (N 1) . (S92)

According to Eqgs. (S87-S92), we can see that for odd numbers k, the coupling strength between the cavity-field
mode and the kth normal mode By is nonzero. However, for even numbers k, the coupling strength between the
cavity-field mode and the kth normal mode By can be expressed as

_G i01Y o km f —
Hy = 1 [(1 ') sin <N n 1)} aB) +H.c., k = even number. (593)

Obviously, when 6; = 2nm, the coupling strength between the kth mechanical normal mode (Bg—even) and the cavity
mode (a) is equal to zero. In this case, all the even normal modes are decoupled from the cavity field. Then ground-
state cooling cannot be realized in this system due to the dark-mode effect. Nevertheless, we can cool these mechanical
resonators by choosing proper parameters to break the dark-mode effect (61 # 2n).

VI. GROUND-STATE COOLING OF THE MULTIPLE MECHANICAL RESONATORS

In this section, we study the simultaneous cooling of multiple mechanical resonators in the N-mechanical-resonator
optomechanical system. To evaluate the cooling performance of the multiple mechanical resonators, we calculate the
final average phonon numbers in these mechanical resonators. To this end, we re-express the linearized quantum
Langevin equations (S75) as

u(t) = Au(t) + N(¢t), (S94)
where we introduce the vectors of the system operators
ll(t) = [6a(t)7 5b1 (t)v 5b2 (t)a T 5bN(t)7 50’T (t)v 5b]{ (t)v 6b; (t)a Ty 5bJII\/(t)]T’ (895)

the vector of the noise operators

N(t) == \/ﬁ[\/gain (t)a ﬁbl,in(t)a \/%bQ,in(t)a Tty mbN,in (t)a \/EaiTn (t)ﬂ \/ﬁbi,in(t)’ \/%b;in (t)a Tty mij,in (t)}Ta

(S96)
and the coefficient matrix
—(k +1iA) —iGh —iG e —iGn 0 —iG1 —iGa e —iGn
—iG7 —(n+ ig.)l) —in e’ —inn_1e N1 —iGy 0 0 e 0
—iG3 —ime 1 —(yo 4 iw) --- 0 —iGs 0 0 . 0
A —iGYy  —inn_1eN-1 0 o —(yN Fiwn) —iGy 0 0 . 0
- 0 iG; Gy iGy —(k —iA) iG; iGy - Gy
iG; 0 0 0 iGh —(n —iw)  ime inn_1eN -1
ZG; 0 0 0 ’iGQ 17716291 7(’}/2 — iUJQ) e 0
iGNy 0 0 0 iGN inN_le_igN*I 0 oo —(ynv —twn)
(S97)
The formal solution of the linearized quantum Langevin equations Eq. (S94) can be obtained as
t
u(t) = M(¢)u(0) + / M(t — s)N(s)ds, (S98)
0

where the matrix M(t) is given by M(t) = exp(At), and hence the stability conditions derived from the Routh-
Hurwitz criterion have satisfied. Note that in our simulations the real part of the eigenvalues of the coeflicient matrix
A is negative.
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FIG. S10: (Color online) The final average phonon numbers nf in these mechanical resonators as functions of the effective

driving detuning A in the dark-mode-unbreaking case (n; = n = 0) and the dark-mode-breaking case (7;/wm = 1n/wm = 0.1,
61 =7/2,and 041 = 0) for N = 3 and N = 4. Here we take G /wm = G/wm = 0.1, k/wm = 0.2, v; /wm = 1077, and 7; = 10°.

For studying the quantum cooling of these mechanical resonators, we calculate the steady-state average phonon
numbers in these mechanical resonators. This can be realized by calculating the steady-state values of the covariance
matrix V, which is defined by the matrix elements

1
Vij = 5 [{ui(co)u;(00)) + (u;(c0)us(c0))]. (599)
In the linearized optomechanical system, the covariance matrix V satisfies the Lyapunov equation

AV + VAT = —Q, (S100)

where
Q- %(c +cn), (S101)
Here C is the noise correlation matrix which is defined by the elements
(Nk(s)Ny(s")) = Cgid(s — §'). (5102)

For the Markovian baths as considered in this work, we have C(s,s’) = Cd(s — s’), where the constant matrix C is
given by

0 0 0 0 2 0 0 0

0 0 0 -« 0 0 2y(m+1) 0 0

0 0 -« 0 0 0 2y (7ig +1) - 0

. o . . . . .

o o 0 0 0 0 0 2yn (Ay + 1)

C=lo o 0 0 0 0 0 0 : (5103)

0 2yn 0 0 0 0 0 0

0 0 270 0 0 0 0 0

0 0 0 - 2yvAy O 0 0 0

Based on the covariance matrix V, the final average phonon number in the jth mechanical resonator can be obtained
as
1

(b50b;) = Vo441 — 3 (5104)

where V42 j4+1 can be obtained by solving the Lyapunov equation.
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FIG. S11: (Color online) The final average phonon numbers nf in these mechanical resonators are plotted in the dark-mode-
unbreaking [n; = 0 (orange bars)] and -breaking [n; = 0.1w,, and 6; = 7/2 (blue bars)] cases for (a) N = 3 and (b) N = 4.
Here A = wy,, and other used parameters are the same as those given in Fig. S10.

Below we simulate the cooling performance of the mechanical resonators for the cases of N = 3 and 4. For
convenience, we assume that all the mechanical resonators have the same resonance frequencies (w; = wy, for j = 1-
N), optomechanical coupling strengths (G; = G for j = 1-N), and phonon-exchange coupling strengths [n; = n for
j = 1-(N — 1)]. Moreover, we consider the case of §; = 7/2 and #;52 = 0. In Fig. S10, we plot the final average
phonon numbers n; in these mechanical resonators as functions of the scaled driving detuning A/w,, in both the
dark-mode-breaking (n; = 0.lw,, and 61 = 7/2) and -unbreaking (n; = n = 0) cases. The results show that the
ground-state cooling is unfeasible for these mechanical resonators when the phonon-exchange interactions are absent
(n; =n = 0) [the upper curves in Figs. S10(a) and S10(b)]. This is because the phonon excitation energy stored in
the dark modes cannot be extracted through the optomechanical cooling channel. When the couplings among these
mechanical resonators are introduced, the dark modes are broken and then the ground-state cooling can be realized,
as shown in Figs. S10(a) and S10(b). In particular, the optimal driving detuning is located at A &~ w,,, in consistent
with the resolved-sideband cooling case.

To see the cooling performance more clearly, we compare the cooling results of these mechanical resonators in
the presence of mechanical couplings with the results corresponding to the absence of the mechanical couplings. In
Fig. S11, we plot the final average phonon numbers of these mechanical resonators in the two cases. Here we can see
that final average phonon numbers could be smaller than 1 when the mechanical couplings are introduced into the
system, which means that the simultaneous ground-state cooling of these mechanical resonators can be achieved by
breaking the dark-mode effect.

We also investigate the dependence of the cooling performance on the mechanical coupling parameters n and 6. In

Fig. S12, we plot the final average phonon numbers nj in these mechanical resonators as functions of the phase 6 and

T 3
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FIG. S12: (Color online) The final average phonon numbers n; in the mechanical resonators as functions of (a) the phase 61
when 7/w,, = 0.1 and (b) the phonon-exchange coupling n when 6; = 7/2 for N = 4. Here G /wm = G/wm = 0.1. Other used
parameters are the same as those given in Fig. S10.
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FIG. S13: (Color online) The final average phonon numbers 7/ and nj versus (a) the cavity-field decay rate £ when 1 = 0.05wn,
and (b) the phonon-phonon coupling strength n when x = 0.2w,,. Here the symbols and the solid curves correspond to the
Hamiltonian under the RWA and the full Hamiltonian, respectively. Other parameters used are given by ws = w1 = wm,
A=wn, 0 =7/2, Gi = G2 =0.1lwm, 1 =72 = 10 %wm, and 71y = ne = 10°.

the scaled phonon-exchange coupling strength 7/w,,. The results show that ground-state cooling can be realized for
proper values of the phase 6, # 2nm when n = 0.1w,, [Fig. S12(a)]. In addition, the cooling efficiency of the multiple
mechanical resonators can be controlled by tuning the phonon-exchange interaction strength n when the phase is fixed
at 01 = w/2 [Fig. S12(b)]. Under these parameters, the dark-mode effect is broken and then the thermal occupations
can be extracted through the optomechanical-cooling channels.

VII. DISCUSSIONS ON THE JUSTIFICATION OF PERFORMING THE RWA

In our model, we consider an excitation-number-conservation-type phonon-phonon interaction n(eieb]; bs + e‘ieb;bl),
which is obtained by making the rotating-wave approximation (RWA) in the full phonon-exchange interaction Hamil-
tonian n(ewa{ + efwbl)(bg + b2). To evaluate the validity of the RWA, we compare the results obtained based on the
approximate Hamiltonian and the full Hamiltonian including the counterrotating term. In Figs. S13(a) and S13(b),
we show the final average phonon numbers n{ and ng as functions of the cavity-field decay rate x and the mechanical
coupling strength 7. Here, the symbols and the solid curves correspond to the Hamiltonian under the RWA and the
full Hamiltonian, respectively. Figure S13(a) shows an excellent agreement between the results obtained with the
approximate Hamiltonian and the full Hamiltonian in both the resolved- and unresolved-sideband regimes. We can
also see from Fig. S13(b) that the approximate results match well with the exact results when 1 < 0.2w,,. Physically,
the optomechanical cooling and heating are governed by the rotating-wave and the CR terms, respectively. In the
weak-coupling regime (7 < w,,) and under the near-resonance condition (ws around wq), the CR term in the phonon-
phonon interaction can be safely omitted by applying the RWA. The difference between these two treatments becomes
non-negligible when n > 0.2w,,. The reason is that the CR term, which simultaneously creates phonon excitations
in the two mechanical resonators, becomes important for a large phonon-phonon coupling strength 7. These features
indicate that the RWA performed in the phonon-phonon interaction is justified in our simulations, and that the CR
interaction can be omitted safely under the condition 1 < wy,.

VIII. SIMULTANEOUS COOLING OF THE MECHANICAL SUPERMODES

In this section, we discuss the simultaneous cooling of the mechanical supermodes in cavity optomechanical systems.
Note that the notations used in this section are independent of the those used in other sections. We consider the case
where the two mechanical resonators are coupled to each other by a phonon-hopping coupling. Then, two mechanical
supermodes are formed and the cavity field is coupled to the two supermodes. In the presence of the phonon-hopping
coupling between the two mechanical resonators, the Hamiltonian of this coupled mechanical system reads (h = 1)

H. = wch{cl + wmcgq + )\(0102 + cgcl), (5105)

where the operators c;—i 2 (clT) are the annihilation (creation) operators of the Ith mechanical resonator, with the
corresponding resonance frequencies w,,, and the parameter X\ is a coupling constant of the mechanical interaction
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between the two mechanical resonators. In the weak-coupling regime (A < wy,), the counter-rotating term in the
phonon-phonon interaction can be safely omitted by making the rotating-wave approximation. Below, we diagonalize
this coupled mechanical system by introducing two mechanical supermodes Cy, given by

Cy :%(01 + c2), (S106a)

c 2%(—01 o), (S106b)

where these new operators satisfy the bosonic commutation relations [Cy, er] =1 and [C_,C"] = 1. Thus, Hamil-
tonian (S105) becomes

H, = we ClCL +we ClC, (S107)

where we introduce the resonance frequencies of these supermodes as
wWe,+ = Wm + A (8108)

To cool the two mechanical supermodes, we couple the two mechanical supermodes to a common optical cavity-
field mode by the optomechanical interactions [S1]. In the strong-driving regime, the linearized optomechanical
Hamiltonian in the RWA takes the form as

Hywa = Adalda +we 1 6C18C, +we,_6CT 50 + G4 (3adCT + 6aT6C,) + G- (8a8CT + daT6C_), (S109)

where A is the normalized driving detuning of the cavity field, and the parameters G4 are the optomechanical
couplings between the cavity-field mode and the two mechanical supermodes. It can be seen from Eq. (S109) that
the couplings between the cavity field and the two supermodes are the same as the three-mode optomechanical model
considered in the main text. Therefore, all the analyses in the three-mode optomechanical system are suitable to
the coupled cavity-supermode case. Based on the fact that the mechanical coupling between the two mechanical
resonators is much smaller than the resonant frequencies of the two resonators (A < w,y,), the frequencies we 4 of
the two mechanical supermodes are close to each other. We proceed to analyze the cooling performance of the two
mechanical supermodes. Concretely, we consider two special cases.

(i) When the frequency difference between the two mechanical supermodes is larger than the effective mechanical
linewidth (Aw = Jwe,+ —we,—| > Ti=4 ), the simultaneous ground-state cooling of the two mechanical supermodes
is accessible under proper parameter conditions. Physically, when the two mechanical supermodes are well separated
in frequency, there is no dark mode, then the ground-state cooling can be realized when this system works in the
resolved-sideband regime and under a proper driving (red-sideband resonance). This cooling situation is similar to
the case shown in Fig. 2(b) and Fig. S1(e) [see blank area].

(ii) When the frequency difference between the two mechanical supermodes is smaller than the effective mechanical
linewidth (Aw = |we4 — we,—| < =1 ), the cooling of the two mechanical supermodes is suppressed. This
is because, though the dark mode exists theoretically only in the degenerate-resonator case, the dark-mode effect
actually works for a wider detuning range in the near-degenerate-resonator case. The suppression region of the
ground-state for the mechanical supermodes is characterized by the effective mechanical linewidth. The cooling of
the individual mechanical supermodes is suppressed in this region, i.e., the individual mechanical supermodes have
significant spectral overlap and become effectively degenerate. This cooling situation is similar to the case shown in
Fig. 2(b) and Fig. S1(e) [see shadow area].

In the case (ii), for achieving quantum ground-state cooling of the two mechanical supermodes, we need to in-
troduce a phase-dependent phonon-hopping coupling between the two mechanical supermodes. Thus, the linearized
optomechanical Hamiltonian including a phase-dependent coupling between the two supermodes takes the following
form

Hrwa = Adatda +we 60160, 4+ wo,_6CT6C_ + G4 (3a8CT + 5aT6C, ) + G_(8a5CT + saT6C_)
+A(e?sCTsC_ + em05CT 60 ). (S110)
By introducing two new bosonic modes C. and C_ defined by
CL=f'Cy —enC_, (S11la)
C_ = WC, + flO_, (S111b)
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FIG. S14: Schematic diagram of the three-level system with these states |g), |f), and |e) (with the corresponding energies
Eg, Ef, and E.). A Lambda-type coupling configuration is formed by the transition processes |g) — |e) and |f) — |e) with
the coupling strengthes Q1 and 2, and the detunings A; and As. A phase-dependent resonant coupling (with the coupling
strength Q,e"’) between the two lower states |g) and | f) is introduced to break the dark-state effect existing in the Lambda-type
three-level system working in the two-photon resonance regime A; = Ay = A.

Hamiltonian (S110) becomes
Hywa = Ada'da +oc 4 CLC4 + 00, CLC_ + G (6aCT + 6atCy) + G_(5aCT +dafC), (S112)

where we introduce the resonance frequencies e+, the coupling strengths G, and the coefficients f’ and R’ as

1 .
Do+ =5 (wc7+ +we,— + \/(wc,+ —wo )+ 4)\2) , (S113a)
1 .

e, - =5 (wc,+ +we,— — \/(Wc,+ —we,-)? + 4/\2) ; (S113b)
Gy =(f'Gy — e NG), (S113c)
G_ =(e"’NGy + ['G_), (S1134)

with
Fr= [“c,- —wot —, (S114a)
\/(@c,— —we )+ N
R S (S114b)
(We,- —we )

We note that the cooling of the two mechanical supermodes can also be explained by the physical mechanism pro-
posed in this manuscript. By combining this phase-dependent phonon-exchange interaction with the optomechanical
couplings, the interference effect works and the dark-mode effect is broken, which can lead to the ground-state cooling
of the two mechanical supermodes.

IX. PHYSICAL MECHANISM FOR BREAKING THE DARK-STATE EFFECT IN A LAMBDA-TYPE
THREE-LEVEL SYSTEM

In this section, we show the physical mechanism for breaking the dark-state effect in a Lambda-type three-level
system by introducing a phase-dependent transition between the two lower levels (as shown in Fig. S14). It is well
known that there exists a dark state in the Lambda-type three-level system in the two-photon resonance regime. For
the dark state, the superposition coefficient of the excited state is zero. Below, we show that this dark state will be
broken by introducing a phase-dependent transition coupling between the two lower states. Note that in a typical
natural atom, the direct transition between the two lower states of a Lambda three-level atom is forbidden due to
the transition selection rule. However, this transition is accessible either in artificial cycle three-level systems [S2] or
induced by indirect transition. The Hamiltonian of the system reads

H = Ecle){e| + Ef|f){f| + Eglg) (gl + Qu(le}{gle™** + |g)(ele™**) + Qa(le)(Fle™=" + | f)(ele’=")
+ (1 f)(glee™ " + [g)(fle™ ™), (S115)
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where E,, E¢, and E; are, respectively, the energies of these three energy levels |e), | f), and |g). Two monochromatic
fields with frequencies w; and wo are coupled to the atomic transitions |g) — |e) and |f) — |e) (forming a Lambda
configuration of couplings), respectively, with ; and Qs being the corresponding real transition amplitudes. In this
system, corresponding to these two transitions |g) — |e) and |f) — |e), we introduce the transition detunings as
Ay =FE.,—E;—w and Ay = E, — Ey — wy. We know that the Labmda-type couplings support a dark state in this
system when the transitions satisfy the two-photon resonance condition [A; = Ay in Fig. S14]. Below, we will focus
on the two-photon resonant transition case, Ay = As = A. To exhibit our dark-state-breaking idea, we introduce a
field to resonantly couple the two lower states |f) and |g). In particular, this coupling has a phase-dependent coupling
strength, which is the critical factor for this dark-state-breaking approach. In a rotating frame with respect to

Ho = (Eg +wi)le){e| + E¢[f)(f] + Eglg) (gl (S116)
the Hamiltonian of the system becomes
Vi = Ale){el +Qu(le){gl + lg)(el) + Q(le)(F] + [)el) + Q1 F){gle” + [g)(fle™™). (S117)
By defining these three basis states with the following vectors
le) = (1,0,0)", |f)=(0,1,0)7, [g)=(0,0,1)7, (S118)

where “T"” denotes the matrix transpose, the interaction Hamiltonian V; can be expressed as

A Q N
Vi=1|9 0 e |. (S119)
Q1 Qe ™ 0

For the sake of simplicity and without loss of generality, we consider the symmetric coupling case 23 = Qo = Q and
the single- and two-photon resonance case A; = Ay = A = 0, then the Hamiltonian (S119) becomes

0 1 1
Vi=Q| 1 0 ne? |, (5120)
1 ne™® 0

where we introduce the ratio n = /2.
The dark-state effect can be analyzed by investigating the eigensystem of the matrix V; in Eq. (S120). The eigen-
equation can be expressed as

1
5V1|)‘s> = )‘s|)\s>7 s=1,2,3, (8121)

where \; are the eigenvalues, which are determined by the secular (cubic) equation
N — (24 1*)A —2ncosf = 0. (S122)
Using the Cardano formula, the solutions of the cubic equation (S122) can be obtained as

1 /3 1 i3
A1 = 51 + 52, >\2=—§(S1+52)+17(81—S2)7 >\3=—§(31+52)—%(51—82)7 (S123)

where

1

, sy = (r -V + r2) °, (S124)

|

s = <r+ q3+r2>

with ¢ = —(2 +7?)/3 and r = ncos .
In general, the form of these eigenstates defined in Eq. (S121) can be expressed as

As) = cBlg) + 1 f) + clle), s =1,2,3. (S125)
The dark state can be checked by calculating the probability of the excited state |e) in these eigenstates as follows

PEI = [{elA)® = eI, s =1,2,3, (5126)
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FIG. S15: The probability P of the excited state |e) in these eigenstates |As) as a function of 6 when (a) n = %/ = 0.1, (b)
0.3, (c) 0.5, (d) 0.8, (e) 1.2, and (f) 1.5. Here, we can see that one of these three eigenstates has no excited state probability
at 6 = nm, which means that there is a dark state at § = nm and hence the dark-state effect is broken when 6 # n.

The case Pe[s] = 0 implies a dark state of this system. In Fig. S15, we plot the probability Pe[s] of the excited state
le) in these three eigenstates |As) as a function of § when the ratio n = 9/ takes various values. Here we can see
that when 6 = nm for an integer n, one of the eigenstates becomes a dark state. In other cases, there are no dark
states. Therefore, the phase-dependent resonant transition |g) <> |f) can be used to break the dark-state effect in
this Lambda-type three-level system.

The analytical expressions of these eigenstates can be obtained as

Asnet? +1
A2 -1

new + As
)\z _ 1 |e> ’

|f) + s=1,2,3, (S127)

|As) = A [Ig> +

where the corresponding eigenvalue A is given by Eq. (S123), and the normalization constant is

(1 =29

A, = s=1,2,3. (S128)
VAL + 12 — A2+ 4Xgncosf + A2np2 + 2

When one of these eigenstates is a dark state, then the probability amplitude of the excited state |e) in this eigen-
state (S127) is zero, and we have the relation

A= —ne?. (S129)
By substituting the above relation into the secular equation Eq. (S122), we have
n (—e™? + ) +i2nsinh = 0, (S130)
which leads to these two equations
[cos @ —cos (30)]n° =0, 1 [sin@ — sin (36)] + 2nsinf = 0. (5131)
For a nonzero 7, the solutions of these two equations are

9=nr, n=041,+2 . (S132)
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FIG. S16: (a) The circuit electromechanical system consists of a microwave cavity represented by an inductance L and three
capacitances: C' and Cj=1,2(z;). Here, the two capacitances Cj=1,2(z;) depend on the two micromechanical resonators b;—1 2.
The displacement x;—1,2 of each mechanical resonator modulates the total capacitance and hence the cavity frequency w.. A
phase-dependent phonon-hopping interaction n(eiGbJ{ ba + e_wb;bl) between the two micromechanical resonators is generated
via a superconducting quantum circuit given in panel (b). (b) Schematic diagram of the superconducting quantum circuit:
A Josephson junction with the Josephson energy F; and the capacitance C; is connected to three gate voltages Vj—1,2,3(t)
through the corresponding gate capacitances Cj=1,2(z;) and C3. Two mechanical resonators are coupled to the superconducting
charge qubit through the gate capacitances Cj=1,2(z;). The gate voltages are properly designed such that a phase-dependent
phonon-hopping interaction between the two mechanical resonators can be induced. The phase drops across these capacitor
Cj=1,2,3 and the Josephson junction are marked as ¢; and ¢, respectively.

When 6 = nm, we have ¢ = ¢~ = (—1)", then the eigenvalues of the matrix (S120) are given by

A= (1), A = % [(—1)"77 3+ nﬂ S Y % [(—1)"17 3+ n2] . (5133)

The corresponding eigenstates are given by
A1) = —=(=1f) +19),
1
pab = {3 [=0" = VEER] b 1)+ 1) |

2

) = 8 {5 [0+ VBRI o) 41+l (s131)

where Ag 3 = [2(1/8 4+ 72 £ (—1)"n)? + 2]Y/? are normalization constants. In this case, the eigenstate |\1) is a dark
state.

X. A POSSIBLE EXPERIMENTAL REALIZATION AND DERIVATION OF A PHASE-DEPENDENT
PHONON-HOPPING INTERACTION BETWEEN TWO MECHANICAL RESONATORS

A. A possible experimental realization

In this section, we propose a possible experimental implementation of our scheme based on the circuit electrome-
chanical system, as shown in Fig. S16(a). The circuit electromechanical system [S3, S4] consists of a microwave cavity
described by the equivalent inductance L and capacitance C' and two micromechanical resonators bj—; 2. The elec-
tromechanical coupling arises when the displacement x;—; 2 of each mechanical resonator independently modulates
the total capacitance through Cj=1 2(z;), and therefore the resonance frequency of the cavity w.. This electromechan-
ical coupling can be described by g; = (w./2C)9C;/0x;. Meanwhile, an effective phase-dependent phonon-hopping
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interaction between the two mechanical resonators is introduced by coupling them to a superconducting charge qubit,
as shown in Fig. S16(b). The detailed derivation of the phase-dependent phonon-exchange interaction is presented in
the next subsection.

B. Derivation of a phase-dependent phonon-hopping interaction between two mechanical resonators

In this section, we present a detailed derivation of an effective phase-dependent phonon-hopping interaction between
two mechanical resonators. Here the two mechanical resonators are coupled to a superconducting charge qubit, which
is described by the circuit given in Fig. S16(b). In this circuit, a Josephson junction with the Josephson energy E;
and the capacitance C; is connected to three gate voltages Vj=1 2 3(¢) through the corresponding gate capacitances
Cj=1,2(z;) and Cs. Here the two gate capacitors with capacitances Cj—1 2(z;) are formed by one fixed plate and
one mechanical resonator. The third capacitor has a constant capacitance. We denote the phase drops across these
capacitor C;—123 and the Josephson junction as ¢; and ¢, respectively. In this circuit, the energy stored in these
capacitors is the total kinetic energy [S5], which can be written as

1 . 1 . 1 . 1 .
T = 501(951)@% + 502(932)@3 + 5C3<1>§ + gchﬂ, (S135)

where ®;_; 23 and ® are the generalized magnetic fluxes associated with the phase drops ¢; and ¢ across the
capacitances C; and the Josephson junction. The relation between the generalized magnetic flux and the phase drop
is defined by ¢;=123 = 27®; /Dy, where ®( is the magnetic flux quanta. The Josephson energy is identified as the
potential energy, which takes the form as [S5]

U=—FEjcos <27T<I>) , (5136)
0

where F; is the Josephson energy of this junction.
Based on these voltages relations in these loops, we have the relations

Vit)+d; +® =0, j=1,23, (S137)
then the Lagrangian of this system can be expressed as
L =T-U
= SO ) VP (1) + 50 (22) VE () + 5C5V (1) 4 5 (Ca (1) + O (2) + Ci + C) 82

+ [Cl (1‘1) Vi (t) + Cy (1’2) Vs (t) + C3V3 (t)] q) + Ejcos <C2I:;-(I)) . (8138)

We introduce the momentum canonically conjugate to ® as

P = % = [Cl ($1) % (t) + Cy (Z'Q) Vs (t) + C3V3 (t)] + [Cl (1‘1) + Cy (562) + C35 + OJ] (b (8139)

Then the Hamiltonian of this circuit can be derived as [S5]

1 4e? R , o
H = §m[n—n9(x1,x2,t)] — Ejcos (%@)
_% [C1 (21) V2 (t) + Co (z2) Vi (1) + C3Vi )], s110)

where we introduce the Cooper-pair number n, the gate capacitance Cyx (z1,21), and the gate Cooper-pair number
ng, which are defined by

P = 2en, Cs (v1,72) = C1 (71) + C2 (22) + C3 + Oy, (S141)

and

ny (1, 22,1) = 2% (Cy (21) Vi () + Cs (32) Va () + Cs Vs (£)]. (S142)
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The quantization of this circuit can be performed by introducing the commutative relation between the number
operator 7 and the phase operator ¢ as [¢, 7] = i. Then we can express the Hamiltonian in the eigen-representation
of the number operator as

Ho= A S e O ) ] — 223 () 1)+ 1) ()
20y (xl,xg) nez o 2 nez
5 (O @) V() + O (22) V2 (1) + G52 (). (5143)

In this work, we consider the case where this circuit works in the charge qubit regime E¢ > Ej, with Ec = 4e?/Cy,
being the Coulomb energy. In particular, we choose the gate charge in the vicinity of 1/2, so that the states |0) and
|1) have almost degenerate energies. In this case, other states have higher energies and can be ignored in the our
discussions. Then the Hamiltonian becomes

1 4e? 2 2 Ey
H~ Sty [ng (21,29, 8)%10) (O] + [1 — ny (21, 22, )] 1) <1|} = = (10) ([ +[1) (o)
5 (O @)V () + O (22) V2 (1) + G52 (). ($144)

By introducing the Pauli operators |0) (0] — |1) (1| = o, and |0) (0] 4+ |1) (1] = I, we can express the Hamiltonian as

1 4e? 1 E;
H=-—" " ty—=lo,— Lo, + M, S145
2Cx (1, 22) n (@1,22,1) 2]0 27 - ( )

where the term M stands for the ac voltage driving term on these two mechanical resonators

1 4e?

M=-—
402 (1‘1,1'2)

[1—2ng (z1,22,t) + 2n§ (z1,22,1)] — % [C1 (1) V2 (t) + Co (w2) Vi (t) + C3Vi2 (1)] . (S146)

We consider the case in which the voltage drivings are far-off-resonance to these two mechanical resonators (namely
the driving frequencies of the two voltages are much smaller than the resonance frequencies of the two mechanical
resonators) and then the term M will be discarded in our following discussions. When the vibration amplitudes of the
mechanical resonators are much smaller than the distances between the fixed plate and the rest mechanical resonator
of the capacitors, we can approximate the capacitances as

Ci (1) = Cho (1 — 1:1) , Oy (x) = Cyo (1 - u) , (5147)

where Cjo (for j = 1,2) are the capacitances of the gate capacitors when the mechanical resonators are rest, and [;—1 o
are the rest distances between the fixed plate and the mechanical resonators in these gate capacitors. In addition, we
choose the following gate voltages for our purpose,

e — CioVa(t) — CaVa(t)

Vi(t) = Vigeos(wit+ 1), Va(t) = Vagcos (wat +p2), Va(t) = s (5148)
In this case, we can obtain the relation
1 C10V1 Coo V5
ng (z1,%2,t) — = = — Z10V10 T o (wlt—l—(pl)—i—ﬂﬁcos (wat + @2)| . (S149)
2 2e ll 2e 12

By making the rotation for the qubit —o, — 7, and o, — 7., we can express the Hamiltonian upto the first order of
the mechanical displacements x; and x5 as

cos (w1t + 1) + CaoVeo 22 cos (wat + gog)} T, (5150)

E; Ec [ CioVio 21
2e l2

Hi~—/r1, —

=" T
where Ec = 4e?/Cs under the approximation Cy (71, 22) &~ (C1o + C29 + Cy) = Csg. We should point out that the
mechanical displacement terms in Csy (21, z2) only introduce the second-order terms of Tj=12 / l;, which have been
neglected in our considerations.
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FIG. S17: Schematic diagram of the energy levels and these involved resonance frequencies of this coupled qubit-resonator
system. Two mechanical resonators with resonance frequency w,, are phase-dependently coupled to the superconducting
charge qubit with the energy separation wo. The ac gate voltages with frequency w4 are applied to the Josephson junction
through the gate capacitors.

By including the free Hamiltonian of the two mechanical resonators and using the relations z;—12 =
V I/ (2mwy,)(b; + b;r) and pj=1,2 = —i\/fimw,, /2(b; — b;r»), the total Hamiltonian of this circuit system becomes
i tp o WO
H;r = wmblbl + wmb2b2 + 77}
_ [91 (bl + bi) (ei(wdt+g91) +e*i(wdt+tp1)> + g2 <b2 _|_bT) ( i(wat+p2) +e z(wdtJrLPz))} (7.+ +7._) , (8151)

where we consider the case wy = ws = wy and introduce these parameters

Ec C1oVio 710 Ec CyVag w20
_ — il =F S152
g1 1 % L g2 1 % Iy’ wo Js ( )

with z;0 = /1/(2mwy,) being the zero-point fluctuation of these mechanical resonators.
To analyze the physical processes in this system, we now work in the rotating frame with respect to

Ho = wmblby + wmbibs + %Tz, (S153)
then the Hamiltonian becomes
VI( ) —q1 (74 bT i(wo+wm +wa)t elP1 b7 e l(wo+wm,+wd)te—iga1

—ga (T4 bT i(wotwmtwa)t Higs byt e —i(wotwmtwa)t,—igs
—g1 (74 bT i(wotwm —wa)t ,—ip1 b7 e —i(wotwm—wa)t gie1

—go(7 bT i(wotwm —wa)t ,—ip2 +boT_ e~ H(Wotwm—wa)t ips

—go T_;,_bgel wWo—wWm+wq)t el¥2 —I-bTT e—l(wo wm+wd)t )

( )
( )
( )
( )
—q (7_+b161(w0 Wi twa)t zgol + bTT e—z(wo W twa)t —upl)
( )
— (T+b1€Z W — W —wa)t 71@,01 + bTT 672(w0 Wi —wa)t upl)

( )

—go 7_+er1 wo— wmfwd)t —ipa + bTT efz(wg wmfwd)t 1Dy ) (8154)
Here we can see that in this system there are eight physical processes, which are determined by the four detunings
wo + W, £ wy and wy —w,, T wg. From the viewpoint of the qubit and the resonators, the terms including wq + wy, £ wy
and wy — wy, = wy are the counterrotating terms and the corotating terms, respectively. In this work, the motivation
for introducing the ac voltages Vi (t) and Va(t) is to pick up the phase-sensitive interactions between the mechanical
resonators and the charge qubit. For this purpose, we choose the ac voltages with the frequency wy to pick up the
terms with wg — wy,, — wg. Namely, we choose the parameters to satisfy the following parameter conditions

Wo + Wi £ Wy > W — Wi + Wy S>> W — W — Wy (S155)

The terms with wy + w,, £ wg and wg — w,, + wg are the far-off-resonance terms and the terms with wy — w,, — wq
are the target terms which work in the large-detuning regime. The energy levels and these involved resonance
frequencies of this coupled qubit-resonator system are shown in Fig. S17. In this case, the qubit-resonator interactions
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work in the large-detuning regime: A >> g;—12,/n;, where n; is the maximal excitation number involved in the
jth mechanical resonator, and then we can obtain a phase-dependent photon-hopping interaction between the two
mechanical resonators. Here the phase is the difference between the two phases ¢; and 9 associated with the
qubit-resonator couplings.

Based on the above analyses, we can obtain the approximate Hamiltonian as

Vi(t) =~ — [u (glble*i“’l +ggbge’i¢2) At 4 (gle{ewl + ggbgei‘“) T,e’mt} , (5156)

where we introduce the detuning A = wy — w,, — wg. The time factor can be eliminated by going back to the
Schrédinger representation, in which the Hamiltonian of the system can be written as

Wy — W
Heog = wiblby + wimblby + on

T, — Ty (glb167i¢1 + ggbgeﬂ‘*”?) — (glbiewl + ggbéei“’z) T_. (S157)
In this work, we consider the physical process associated with the detuning A working in the large detuning case. Then
we can adiabatically eliminate the qubit coherence in the physical processes and an effective phonon-phonon interaction
between the two mechanical modes can be induced by the second-order perturbation. In this case, we can derive an
effective Hamiltonian to describe the interactions using the method of the Frohlich-Nakajima transformation [S6, S7].
To this end, we express the effective Hamiltonian H.g as two parts

Ho = wiblby + wmblby + 22— 24

T2
H = —714 (glble_i“’l —&-ggbge_iw) —T_ (glbiei‘“ +ggb§ei“’2) . (S158)
We also introduce the operator
S = %n (g1b1e™ " + goboe %2 — % (glbie“"l + ggbéei”) T, (S159)
which is determined by the equation
Hy + [Hy,S]=0. (5160)

This equation means that the first-order physical process is eliminated. An effective Hamiltonian describing the
second-order physical interaction can then be obtained as

1
o = Ho+ = [Hy,S]

5
2 2 2 2
- +
— wmblby + wnblby + 2, 1 T pley + Lrbp, + wun
+ 2B, (blbaei 92 g pfgeiler e ). (S161)

The above Hamiltonian shows that there is no transition in the qubit states, and that a conditional phase-dependent
interaction between the two mechanical resonators is introduced. We assume that the qubit is initial in its ground
state |g) (12]9) = —|g)), then a phase-dependent phonon-hopping interaction is obtained.

[S1] D. Ramos, I. W. Frank, P. B. Deotare, I. Bulu, and M. Loné¢ar, Non-linear mixing in coupled photonic crystal nanobeam
cavities due to cross-coupling opto-mechanical mechanisms, App. Phys. Lett. 105, 181121 (2014).

[S2] Y.-x. Liu, J. Q. You, L. F. Wei, C. P. Sun, and F. Nori, Optical Selection Rules and Phase-Dependent Adiabatic State
Control in a Superconducting Quantum Circuit, Phys. Rev. Lett. 95, 087001 (2005).

[S3] F. Massel, T. T. Heikkila, J.-M. Pirkkalainen, S. U. Cho, H. Saloniemi, P. J. Hakonen, and M. A. Sillanpia, Microwave
amplification with nanomechanical resonators, Nature (London) 480, 351 (2011).

[S4] F. Massel, S. U. Cho, J.-M. Pirkkalainen, P. J. Hakonen, T. T. Heikkild, and M. A. Sillanpa4, Multimode circuit optome-
chanics near the quantum limit, Nat. Commun. 3, 987 (2012).

[S5] M. Nakahara and T. Ohmi, Quantum Computing: From Linear Algebra to Physical Realizations (CRC Press, Boca Raton,
2008).

[S6] H. Frohlich, Phys. Rev. 79, 845 (1950).

[S7] S. Nakajima, Adv. Phys. 4, 463 (1953).



