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Yong Lu ,1,* Neill Lambert ,2,† Anton Frisk Kockum ,1 Ken Funo,2 Andreas Bengtsson ,1
Simone Gasparinetti,1 Franco Nori ,2,3 and Per Delsing1,‡
1

Microtechnology and Nanoscience, MC2, Chalmers University of Technology, Göteborg SE-412 96, Sweden
2
Theoretical Quantum Physics Laboratory, RIKEN Cluster for Pioneering Research, Wako-shi,
Saitama 351-0198, Japan
3
Department of Physics, The University of Michigan, Ann Arbor, Michigan 48109-1040, USA
(Received 18 August 2021; revised 25 January 2022; accepted 16 March 2022; published 7 April 2022)
We observe the continuous emission of photons into a waveguide from a superconducting qubit without
the application of an external drive. To explain this counterintuitive observation, we build a two-bath
model where the qubit couples simultaneously to a cold bath (the waveguide) and a hot bath (a secondary
environment). Our results show that the thermal-photon occupation of the hot bath is up to 0.14 photons,
35 times larger than the cold waveguide, leading to nonequilibrium heat transport with a power of up to 132
zW, as estimated from the qubit emission spectrum. By adding more isolation between the sample output
and the ﬁrst cold ampliﬁer in the output line, the heat transport is strongly suppressed. Our interpretation
is that the hot bath may arise from active two-level systems being excited by noise from the output line,
and that the qubit coherence can be improved signiﬁcantly by suppressing this noise. We also apply a
coherent drive, and use the waveguide to measure thermodynamic work and heat, suggesting waveguide
spectroscopy is a useful means to study quantum heat engines and refrigerators. Finally, based on the
theoretical model, we propose how a similar setup can be used as a noise spectrometer which provides a
solution for calibrating the background noise of hybrid quantum systems.
DOI: 10.1103/PRXQuantum.3.020305

I. INTRODUCTION
Over the past 20 years, superconducting qubit coherence times have increased from less than 1 ns to more
than 1 ms [1–4]. Many studies have shown that such coherence times are limited by two-level systems (TLSs) [5–7]
and that quasiparticles can also contribute [8–11]. Moreover, excessive thermal population of a qubit, arising from
nonequilibrium quasiparticles, has been observed extensively, with eﬀective temperatures in the range 30–200
mK [12–14]. More recently, ionizing radiation due to highenergy cosmic rays and radioactive decay has been shown
to reduce qubit coherence [15–17]. Therefore, isolating
superconducting qubits from all possible sources of noise
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will be crucial for realizing fault-tolerant superconducting
quantum computers [16,18,19].
In addition, in the ﬁeld of quantum thermodynamics,
alongside the study of quantum heat engines [20–23] and
refrigerators [24,25], steady-state heat ﬂows, mediated by
phonons or photons, have been investigated in solid-state
circuits [26], nanostructures [27,28], and superconducting
circuits [29,30]. More recently, the potential for signiﬁcant
quantum eﬀects was introduced into such studies in the
form of a superconducting qubit coupled to cavities [31–
35]. In particular, a heat valve for energy transfer between
two artiﬁcial heat baths constructed from resonators has
been realized, where the transferred power was obtained
indirectly from the temperature diﬀerence between the two
baths which is measured by thermometers [34,36]. The
direct coupling of a qubit to a waveguide, a setting known
as quantum electrodynamics (QED) [37,38] has been suggested as a platform for studies in thermodynamics [39],
but has not yet been extensively explored experimentally.
Moreover, even though numerous studies in circuit
QED imply the presence of nonequilibrium processes (i.e.,
multiple environments at diﬀerent temperatures), often
due to quasiparticles [8–11], experimental results directly
demonstrating and characterizing intrinsic nonequilibrium
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gk,i σ− ak,i + σ+ ak,i ,
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where gk,i is the coupling strength to mode k in envi†
ronment i ∈ {r, n} at frequency ωk,i , ak,i (ak,i ) is the corresponding annihilation (creation) operator of the mode,
and σ− (σ+ ) is the lowering (raising) operator of the qubit.
Hereafter, we treat both environments under the standard
Born-Markov secular (BMS) approximations [40], and use
this model to ﬁt the single-tone spectroscopy and power
spectrum. Under the BMS approximation (Appendix D),
we deﬁne r and n as the radiative and the nonradiative
decay rates, respectively, and nr and nn as the thermal occupations at temperatures Tr and Tn , respectively, for the two
baths. A corresponding explanatory diagram is shown in
Fig. 1(a), where we also illustrate that the hot bath is potentially from TLSs excited by high-frequency noise from the
waveguide via a nonlinear process, as discussed further in
the following.
(b)

(a)
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II. SYSTEM AND MODEL

Hamiltonian Hn , including couplings to the qubit (under
the rotating-wave approximation), are given by

Waveguide,

processes are lacking. Waveguide QED, in particular, is
promising for analyzing nonequilibrium processes as it
avoids the problem inherent in circuit QED for such studies, where the resonator, far detuned from the qubit frequency, may ﬁlter out the noise mechanism that we are
interested in.
In general, in contact with a single environment, and
without driving, a quantum system reaches equilibrium
with its environment after a long cooling time, and in this
steady state there should be no net heat ﬂow from the
system to the environment. However, in this work, even
though our quantum system, consisting of a superconducting qubit coupled to a waveguide (which can be regarded
as an continuous many-mode environment), was cooled
for 1 month at the 10 mK stage of a dilution refrigerator,
we nevertheless observed continuous steady-state nonequilibrium emission from the qubit into the waveguide. We
attribute this eﬀect to thermal excitation of the qubit by
an additional intrinsic hot environment. The qubit we use
was intentionally engineered to have a small decay rate
into the waveguide, so that the thermal spectrum from the
qubit emission due to the additional hot bath is observable. By the use of a theoretical model, we characterize
this hot environment and investigate its potential origin.
We also show how the qubit emission spectrum and reﬂectivity can be used to measure the heat and work rates (the
latter in the presence of a coherent drive). Finally, based on
our analysis of the nonequilibrium process in our experiment, we propose a noise spectrometer operating in the
quantum regime which would enable us to investigate the
environment noise over a broad frequency range.

TLS bath

To model our experiment, we introduce a two-bath
model where the qubit is simultaneously coupled to a
cold (radiative) waveguide bath and a hot auxiliary (nonradiative) environment. Thus, “radiative” refers to energy
exchanged with the waveguide, which is observable at
the waveguide output, and “nonradiative” refers to the
fact that energy exchanged with the auxiliary environment
that is not directly observable. We also include a coherent
drive, at frequency ωp , through the waveguide in the system. Thus, we have a qubit and two bosonic environments
described by the Hamiltonian
H = Hq + Hr + Hn

(1)

Hq


= − σz + σx ,

2
2

(2)

with

where the qubit Hamiltonian is in the rotating frame with
 = ωp − ω01 and  as the probe strength. The radiative (waveguide) Hamiltonian Hr and the nonradiative bath

|1Ò
|0Ò

Qubit
FIG. 1. Sketch of the experimental setup. (a) Schematic showing how the two-level artiﬁcial atom (|0 and |1 are the corresponding ground and excited states of the atom) absorbs energy
from the hot TLS bath surrounding the atom, where the hot
bath is heated by high-frequency noise from the waveguide
with an unknown coupling strength between the bath and the
waveguide wt (yellow arrows). Therefore, the excited atom
emits photons to the cold waveguide (red arrows). We have r
and n as the emission rates of the atom into the waveguide
and the nonradiative bath, respectively. (b) False-color micrograph of the superconducting circuit realizing the setup in (a):
a transmon qubit consisting of a cross-shaped superconducting
island shunted by a superconducting quantum interference device
(SQUID) capacitively coupled to a microwave coplanar waveguide (blue). The inset shows a close-up of the SQUID. Further
details on the measurement setup are given in Appendix A.
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Our device is a frequency-tunable transmon-type artiﬁcial atom [41] coupled to a one-dimensional (1D) semiinﬁnite waveguide, terminated by an open end, acting as a
mirror in Fig. 1(b) [42–44]. We operate the qubit at the 10
mK stage of the mixing chamber of the dilution refrigerator at its maximum frequency ω01 /2π ≈ 5.5 GHz, where
the qubit is ﬂux-insensitive to ﬁrst order, thus minimizing
the pure dephasing rate.
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√
line √
bout (t) = bin (t) − i r σ− (t), where bin (t) = fin (t) +
/2 1 √
includes thermal noise fin (t) and the coherent
drive /2 1 , for the cases when such applied. It is necessary to take into account the fact that the thermal input
fin (t) to the waveguide can become correlated with the
qubit emission operator σ− (t) to evaluate the correct output
spectrum [45], given by (Appendix G)

ω01
S(ω) =
2π

III. QUBIT SPECTROSCOPY AND POWER
SPECTRUM DENSITY
We ﬁrst characterize our qubit by single-tone spectroscopy where we send a weak coherent tone to the qubit
(  r ) and then measure the coherent reﬂection coeﬃcient r. Sweeping the probe frequency across the resonance
of the qubit we observe that the reﬂection coeﬃcient shows
a dip in the amplitude [Fig. 2(a)] and a π phase shift
[Fig. 2(b)]. According to input-output theory (Appendix
E) with two baths under a weak probe, the reﬂection
coeﬃcient is
(1 − 2+ /1 )
r = 1 − ir
,
 + i2

(4)

where + = nn n + nr r , 1 = (1 + 2nn )n + (1 + 2nr )
r , and 2 = 1 /2 + φ . The pure dephasing rate φ
can also be aﬀected by the thermal excitation of the
third level of the transmon (Appendix H). By using Eq.
(4), we calculate the theoretical solid curves with r (1 −
2+ /1 )/2π = 214 kHz and 2 /2π = 147 kHz shown in
Fig. 2.
Without sending any signal from room temperature to
the sample, we observe a power spectral density (PSD)
emitted from the qubit into the waveguide, shown as blue
dots in Fig. 3(a) (more measurement details are presented
in Appendix A). The Lorentzian shape centered at the
qubit frequency indicates that the environment surrounding the qubit is hotter than the waveguide, and is causing
heat ﬂow into the waveguide through the qubit. In order
to justify this statement, and ﬁt the data, we use standard input-output theory for the output of the transmission
(a)



∞

dt e−iωt bout (t)bout (t )(t →∞)
†

−∞

(5)

with
†

bout (t)bout (t ) = r (nr + 1) σ+ (t)σ− (t )
†

− r nr σ− (t )σ+ (t) + fin (t)fin (t )
−

i∗
i
||2
σ− (t ) +
σ+ (t) +
.
2
2
4r
(6)

This expression is easily generalized to include more
levels within the artiﬁcial atom. Importantly, if we
deﬁne the Fourier transforms of the ﬁrst two terms of
∞
−iωt
Eq. (6), s+
and s−
q (ω) = −∞ dt σ+ (t)σ− (t )e
q (ω) =
∞
−iωt
dt
σ
(t
)σ
(t)e
,
then
the
limited
detailed
bal−
+
−∞
ance that arises for a qubit coupled to a single BMS
environment, e.g., the waveguide, tells us that s−
q (ω) =
βr ω01 +
e
sq (ω), where βr = 1/kB Tr , and kB is the Boltzmann
constant. Hence, in equilibrium situations (no drive and no
additional environment Hn ), the ﬁrst two terms in Eq. (6)
cancel, resulting in S(ω) = 0.
Explicitly evaluating the correlation functions for the
qubit using our two-bath master equation [omitting both
delta-function coherent contributions [46] and the background thermal black-body spectrum of the transmission
line in Eq. (6)], we ﬁnd the thermal spectral density output
( = 0) is given by
Sth (ω) = ω01

r 22 n n/1
,
2
2π δω01
+ 22

(7)

FIG. 2. Weak-power spectroscopy
under a coherent drive: (a) magnitude and (b) phase response of the
reﬂection coeﬃcient r as a function of
the probe detuning. Blue dots are the
experimental data with the red solid
curves calculated from Eq. (4).

(b)
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FIG. 3. Thermal spectrum. (a) Power spectral density (PSD) of the output ﬁeld where the results with and without a strong drive are
Son and Sth , respectively. Units are yW/Hz = 10−24 W/Hz and S = 2π S(ω). The solid curves are the corresponding ﬁts to Eqs. (7) and
(8). The Rabi frequency used for Son on the |0 ↔ |1 transition is /2π ≈ 8.8 MHz. (b) PSD from Autler-Townes splitting. The solid
curve is calculated from theory. In both (a) and (b), dots are from the experimental data. The Rabi frequency used for the drive on the
|1 ↔ |2 transition is /2π ≈ 1.5 MHz. Note that the PSD in (a) is subtracted by the background when tuning the qubit frequency
away through the external magnetic ﬂux, whereas in (b) the PSD is the diﬀerence between the thermal spectra with and without the
drive on the |1 ↔ |2 transition.

where n = nn − nr and δω01 = ω − ω01 . In Eq. (7), we
ﬁnd that Sth (ω) = 0 if nn = nr , as expected from detailed
balance. Without the additional nonradiative bath to thermally excite the qubit, we would not observe a thermal
response (even in the presence of thermal input to the
transmission line). As shown in Fig. 3(a), Sth (ω) = 0
in the experiment, which implies that the waveguide
and the bosonic bath surrounding the qubit are not in
equilibrium. Fitting Eq. (7) to the data in Fig. 3(a)
gives r n n/(2π 1 ) = 5.6 ± 0.2 kHz corresponding to
∞
a transported power −∞ Sth (ω)dω = 132 ± 5 zW with the
given 2 value from the reﬂection-coeﬃcient measurement. We note that in the on-resonance case with r 
n , φ , Eq. (7) becomes Sth (ω) ≈ 2ω01 n n/(π r ).
Therefore, the value of Sth (ω) will be suppressed when r
is much larger than n , making it diﬃcult to measure the
thermal spectrum.
We also send a strong drive on resonance with the qubit
(/2π ≈ 8.8 MHz  1 ), where such a large Rabi frequency ensures that there is no overlap between the sidebands and the center of the Mollow-triplet PSD [47,48].
For the middle peak from the elastic scattering, we have

Son (ω) = ω01

r 2 /2
.
2
2π δω01
+ 22

IV. HEAT TRANSPORT AND WORK
Another straightforward way to evaluate the heat transport between the two baths is to measure the lost power
Ploss due to the nonradiative decay. Shown as black in
Fig. 4(a), we ﬁnd that when the coherent drive is weak,
the thermal noise dominates the qubit dynamics. Therefore, the qubit absorbs photons from the hot bath and
then decays into the cold waveguide with a higher probability compared with the overall emission back into the
hot bath, resulting in a negative lost power. When we
increase the photon-ﬂux occupation in the waveguide by
increasing the drive intensity, the absolute value of Ploss
is reduced. At Rabi /2π ≈ 95 kHz, we see that equilibrium is reached, with zero lost power. However, beyond
this value, the waveguide occupation becomes larger than
the nonradiative environment. Thus, the qubit is excited by
the photons in the waveguide and then dissipates into both
environments via nonradiative decay. By increasing the
drive intensity further, the qubit is saturated, with the population reaching the maximum value of 0.5 in the steady
state. Therefore, Ploss = Pin − Pscatter ≈ ω01 (n /2) where
Pscatter includes both incoherent and coherent scattering
from the qubit and the mirror. Theoretically, the lost power
is given by

(8)

†

†

Ploss = ω01 (bin bin  − bout bout )

By ﬁtting the data with the drive on [black dots in
Fig. 3(a)], we obtain r /2π = 227 ± 4 kHz and 2 /2π =
143 ± 4 kHz. Compared with Eq. (7), the height of this
spectrum is mostly independent of the thermal occupation
diﬀerence n, due to the saturation of the ﬁrst excited
state.

= ω01

n  2 − 22 r n
.
2  2 + 2 1

(9)

By ﬁtting Eq. (9) to the data using the values of 2
and r extracted from the ﬁt of Eq. (8), with  calibrated by the Mollow-triplet (black solid curve), we
obtain n /2π = 55 ± 3 kHz with n = 0.135 photons
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(a)

(b)

(c)

FIG. 4. Power loss, work, and heat. (a) The lost power Ploss as a function of the Rabi frequency () of the drive with two and four
isolators. (b) The magnitude of the qubit emission as a function of  of the drive with two isolators. (c) Work (Ẇ) performed and heat
(Q̇) generated by the drive as a function of . In all panels, the stars are the experimental data and the solid curves are from theory,
where the green dots in (c) are from the diﬀerence between the values of the black stars in (c) and (a) according to Q̇r = Ploss − Ẇ.

and 1 /2π = 299 kHz. The transported power from the
hot bath is about 132 zW which is consistent with the
integral of the thermal spectrum in Fig. 3(a). Without
an external drive ( = 0) with a large value of r , Eq.
(9) becomes Ploss ≈ ω01 n , which is independent of the
radiative decay, enabling the possibility of observing the
heat ﬂow even when the radiative decay rate is much larger
than the nonradiative decay rate.
To obtain the temperature of the waveguide and the bath
separately, we combine the value of n with the result
from the reﬂection-coeﬃcient measurement where we can
th
obtain the thermal population of the qubit ρ11
= + /1 ≈
2.86% from the extracted parameters. Consequently, we
obtain nr ≈ 0.004, nq ≈ 0.03 and nn ≈ 0.139 corresponding to Tr ≈ 50 mK for the cold waveguide, Tq ≈ 78 mK
for the qubit and Tn ≈ 131 mK for the hot bath, respectively. Therefore, we can obtain the value of 1 = (1 +
2nn )n + (1 + 2nr )r ≈ 2π × 299 ± 7 kHz which is very
close to 22 , indicating that the pure dephasing rate φ is
negligible at the ﬂux sweet spot.
In order to make sure that the environment is not aﬀected
when changing the external magnetic ﬂux to tune the qubit
away from its maximum frequency, we send a strong drive
on the transition between the second and third levels of
the transmon, inducing an Autler-Townes splitting [49].
Then, we obtain the PSD subtracted from the reference
with the drive oﬀ, where we observe two peaks and one
dip [blue in Fig. 3(b)]. The two peaks are the thermal spectra from the thermal emission of the dressed states when
a strong drive is applied on the |1 ↔ |2 transition. The
distance between these two peaks are twice of the corresponding Rabi frequency: 2 ≈ 2π × 3.0 MHz. When the
drive is oﬀ, as we discussed, we have a thermal spectrum
Sth at the undressed qubit frequency. Importantly, we have
a dip at that frequency when we subtract the data with the
drive oﬀ from the data with the drive on. We ﬁnd that the
numerical result from the master equation [red in Fig. 3(b)]

matches well the data [blue in Fig. 3(b)] with parameters
r /2π = 227 kHz, n /2π = 55 kHz, and n = 0.135.
These parameters agree fully with those extracted from the
power-loss measurements.
When we drive the qubit, the external ﬁeld is doing
work on this single-atom quantum system. Deﬁning H0 =
(ω01 /2)σz as the bare Hamiltonian which measures
the internal energy of the qubit, and H1 = (/2)σx as
the drive Hamiltonian, the work performed on the qubit by
the coherent drive can be extracted [33,50] and it is deﬁned
as (see also Refs. [51,52] for an alternative deﬁnition)
Ẇ = Tr {−i[H0 , H1 ]ρ} =


σy  = [iσ− ]. (10)
2

Therefore, the work Ẇ only depends on the qubit√coherent emission σ−  with σ−  = i(bout  − bin )/ r . In
particular, when the drive is on resonance with the qubit
[see Eq. (D9)], it leads to Ẇ = iσ−  = |σ− |. We
obtain σ−  from the values of bout  and bin  which are
measured with and without the qubit by tuning the qubit
frequency. The results match well with theory [black in
Figs. 4(b) and 4(c)], where the work increases with the
drive intensity and then saturates around 3.2 aW due to
the saturation of the qubit.
In addition to the work, the heat from the waveguide
and the hot bath can be derived from Q̇ = Tr {H0 L[ρ]} =
Q̇r + Q̇n , where L[ρ] is the dissipative part of the Liouvillian for the interaction with both baths (Appendix D), and
Q̇i = ω01 (i ni σ− σ+  − i (ni + 1)σ+ σ− ) i ∈ {n, r}. In
particular, we ﬁnd from Eq. (6) that Q̇r = Ploss − Ẇ [blue
in Fig. 4(c)], where the negative values of Q̇r means that
the waveguide is heated up due to the qubit emission.
Interestingly, when the drive is oﬀ (Ẇ = 0), and in the
steady state (the change of the internal energy of the qubit
U̇ = Tr {H0 ∂t ρ(t)} = 0), the ﬁrst law of thermodynamics Q̇r + Q̇n + Ẇ = U̇ implies that we have Q̇n = −Q̇r ,
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indicating the heat exchange between these two baths,
consistent with what we observed.
In a separate cooldown, we observe that improving the
isolation between the sample and the ﬁrst ampliﬁer in our
chain (Appendix A) leads to a strong reduction in the
nonequilibrium heat ﬂow, and a reduced thermal population of the qubit [red stars in Fig. 4(a)]. This observation
suggests that the temperature of the nonradiative environment has been reduced, with n /2π = 53 ± 4 kHz, and
that the two baths are in thermal equilibrium without external drive. Therefore, we have a reduced thermal population
th
of our qubit: ρ11
≈ 0.4%. It is possible that noise from
the high-mobility electron transistor (HEMT) ampliﬁer at
the 4K stage induces quasiparticles [53,54] or active TLSs
[11,55] where TLSs are typically located in the dielectrics
of the surfaces of the substrate and the Josephson junctions, and possibly in the tunnel barrier of the Josephson
junctions.
Quasiparticles may, in principle, be generated from stray
thermal noise propagating to the sample from the output
line. These “hot” quasiparticles with energy higher than
g + ω01 could excite the qubit [12,53,54], where g is
the superconducting gap. However, from the thermal popth
ulation of our qubit ρ11
≈ 2.86%, we can infer that the
quasiparticle-induced nonradiative decay rate should be
QP /2π ≈ 84 kHz > n (see Appendix B), in conﬂict with
our observations. Moreover, if the excitation was dominated by the quasiparticles, the value of n should decrease
when we decrease the temperature of the hot bath which is
not the case in our experiment. Conversely, we do not see
a substantial increase either, as might be expected for a
purely TLS bath (see Appendix B). Thus, we believe our
hot bath is primarily from excited TLSs. In addition, we
have measured the total attenuation from the isolators and
the ﬁlters between the ampliﬁer and the sample [Fig. 6(a)].
According to the attenuation, we ﬁnd that at the qubit
frequency (ω01 /2π ≈ 5.5 GHz), the reduced noise temperature is 34 mK [Fig. 6(b)], less than the measured qubit
temperature Tq = 78 mK. This implies that the hot bath is
activated by noise at higher frequencies. In Ref. [56] it is
shown that the ﬁrst transistor in the ampliﬁer is overheated
to temperatures of tens of kelvin which will generate highfrequency noise up to several hundred gigahertz. At those
frequencies, ﬁlters and isolators may become more transparent and this is the likely source of radiation that heats
up the bath of TLSs (see Appendix C for a detailed discussion). We also point out that our model makes it possible
to study the energy exchange between “hot” quasiparticles
and a cold waveguide, if the waveguide is cold enough (see
Appendix B).
V. NOISE SPECTROMETER
Based on the model we developed here, we propose that
our study also enables the construction of a practical noise

spectrometer. In detail, we could engineer two waveguide
channels coupled to the qubit, similar to the setup in Refs.
[57,58], but with equally strong coupling on both sides
with 1 = 2r (r  n ). One channel, acting as a probe,
could be used for inputting noise while the other, acting as
a detector, is for measuring the noise PSD. In this setup, the
noise can be very well isolated from the detection channel
because the direct capacitive coupling between the probe
and detection channels can be designed to be extremely
small [57,58].
In this scenario, the thermal spectral density in Eq. (7)
becomes
Sth (ω) = ω01

r 2 n
,
2
2π δω01
+ 22

(11)

where n = nth − nr , with nth (nr ), the temperature of the
probe (detection) channel. We note that Eq. (8) is still
valid. Thus, we can evaluate the value of n at the qubit
frequency according to n = Sth (ω)/2Son (ω) if Sth (ω) and
Son (ω) are measured. Furthermore, by taking the integral
of the spectra, we have the powers Pth = ω01 r n/2 and
Pon = ω01 r /4 for Sth and Son , respectively. Therefore,
we obtain n = Pth /2Pon .
Compared with measuring the whole spectra, the second method will reduce the measurement time by a factor
proportional to the number of data points in the spectra.
However, by observing the symmetry of the spectra, we
can check whether the bandwidth of the noise is larger than
r or not, which can be possible when a qubit strongly
couples to some resonant TLSs [59]. Note that it is not
necessary to calibrate the system gain with these two measurements. Moreover, because the method is insensitive to
φ , this insensitivity makes the method robust against ﬂux
noise, which introduces excess dephasing when the qubit
frequency is tuned away from the sweet spot. As a result,
the spectrometer can be reliably operated over a broad frequency range. Combined with the reﬂection coeﬃcient,
we will have r = nth + nr , when φ  r . Thus, we can
obtain nth and nr , separately.
Compared with thermometers based on tunnel junctions
[60] and a proximity Josephson junction [61], our proposal does not require additional calibration and enables
the possibility to obtain the noise spectrum by sweeping
the qubit frequency. Circuit-QED radiometers [25,62] have
also been developed, where the bandwidth is limited by the
cavity. Very recently, a thermometer based on the reﬂection
coeﬃcient of a qubit in front of a mirror was demonstrated
[63], where it has a single bosonic bath in the waveguide,
namely, r = 0 (nr = 0) with n = 0 (nn = 0). Compared
with Ref. [63], the thermometry method suggested here,
based on PSD measurements, can tolerate a higher noise
background in the probe waveguide, and, unlike Ref. [63],
is insensitive to the pure dephasing rate. Finally, separating the detection and probe channels can make it easier
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to connect our thermometer chip directly to other hybrid
quantum systems [64–67].
VI. DISCUSSION AND CONCLUSION
In summary, with the system parameters listed in Table
I, we have constructed a two-bath model to explain the
heat transport via a superconducting qubit. Our study indicates that the qubit excited-state population is increased up
to 2.9% due to interaction with a hot environment, probably from excited TLSs, with an equivalent temperature
of about 131 mK. This temperature can be reduced by
adding more isolation between the sample and the output line, leading to the thermal population of our qubit
being reduced by almost one order of magnitude. Our
results point at the necessity of providing suﬃcient isolation between the sample and the HEMT ampliﬁer to
mitigate residual thermal occupation of qubits, which
adversely aﬀects state preparation in quantum computing
applications [18,19].
Moreover, as presented in the master equation, the noise
will increase the intrinsic qubit relaxation rate by + =
nn n + nr r . Thus, + is reduced from about 9 kHz with
two isolators to 1 kHz with four isolators, which is about
15% of the nonradiative decay rate. Such a large improvement will be important in circuit QED, where generally the
radiative decay r is negligible and n dominates the qubit
decay. Our study shows that waveguide spectroscopy may
be a useful tool to understand the origin of various noise
sources, which will be crucial to improve qubit coherence
in future devices. More importantly, in addition to increasing the qubit coherence by reducing the number of the
TLSs [5–7,55], our study implies that it is necessary to
reduce the high-frequency noise away from the qubit frequency which can excite TLSs to aﬀect the qubit state and
reduce the qubit coherence.
We also emphasize that it is nontrivial to observe
this nonequilibrium phenomenon because it is diﬃcult to
observe and study the heat transport we observed in our
device when the nonradiative decay is very small compared with the radiative decay rate, which is typically the
case in other experiments. In addition, even though one
can measure the thermal population of a qubit in standard circuit QED, which can allow us to extract one bath
temperature or the sum of temperatures of several baths,
it is diﬃcult to separate each bath temperature in the
TABLE I. Summary of the system parameters including diﬀerent qubit decay rates and temperatures of the qubit, waveguide
and the hot bath.
r /2π
(kHz)

n /2π
(kHz)

1 /2π
(kHz)

2 /2π
(kHz)

Tq
(mK)

Tr
(mK)

Tn
(mK)

227 ± 4

55 ± 3

299 ± 7

143 ± 4

78

50

131
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multibath case. Here, by measuring the power spectrum
and the reﬂection coeﬃcient, we can obtain information
on both bath temperatures. Note that our model can be easily extended to a multibath case by adding more coupling
channels between the baths and the qubit.
We also showed that, under strong drive, we can use
the waveguide to measure work and heat rates. While our
quantum system is operating in a regime where the drive
only increases the heat rate to both environments, having
direct access to the work, from measuring the coherent output, and the heat, from the power loss, is a powerful tool
for the future study of regimes where useful tasks such as
cooling or work extraction can be performed.
Finally, from the two-bath model, we developed a noise
spectrometer which can be regarded as a quantum thermometer. As this thermometer works through the power
spectrum density of the qubit emission, it enables the possibility to investigate not only the bath temperature at
diﬀerent frequencies but also whether the qubit is strongly
coupled to some TLSs, which may give rise to asymmetry
and side peaks in the spectrum [59].
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APPENDIX A: MEASUREMENT SETUP
Figure 5 shows our measurement setup, where a
transmon qubit is weakly coupled to a 1D semiinﬁnite transmission line. To measure the reﬂection
coeﬃcient, a vector network analyzer (VNA, not shown)
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around the qubit in the frequency domain. The measured
voltage is then normalized to the system gain based on the
Mollow-triplet spectrum [47]. Afterwards, we calculate the
PSD according to the Welch method [69], where the background noise is subtracted by the reference found by tuning
the qubit frequency away using the external magnetic ﬂux.
Experimentally, in order to remove the background and
the gain drift, we ﬁrst measure the PSD for 1 s with the
drive either on or oﬀ, as required. After that, we tune the
qubit away by changing the external ﬂux and repeat the
measurement to obtain the background reference. Finally,
we just take the diﬀerence between these two measurements to obtain either Son or Soﬀ , if the drive was on or
oﬀ, respectively.
APPENDIX B: QUASIPARTICLES AND
TWO-LEVEL SYSTEMS
In addition to the hot bath we discussed, nonequilibrium quasiparticles could also excite and decay the qubit
with rates ↑ and ↓ , respectively. Therefore, we add two
additional dissipators (↓ D[σ− ]ρ and ↑ D[σ+ ]ρ) into the
master equation used for our model (Appendix D). By
solving the master equation without external drive, we
obtain the lost power, which contains the eﬀects from both
the hot bath and quasiparticles as

FIG. 5. Experimental setup. Setup inside the dilution refrigerator. The signal from the input port is attenuated and fed into
the waveguide through a low-pass ﬁlter (LP), Eccosorb, and a
−20 dB directional coupler. After interacting with the transmon,
the signal from the sample goes through the directional coupler
again, passes another LP, two isolators (Iso), and a high-pass ﬁlter with ampliﬁcation from a HEMT ampliﬁer (LNA056 from
Low Noise Factory). The qubit frequency can be changed by
sending a current to the magnetic ﬂux coil to generate an external magnetic ﬂux through the SQUID. The isolators are from
Low Noise Factory where we used two single-junction isolators
(LNF-ISC4-8A) when we observed the hot bath. To suppress the
noise from the HEMT ampliﬁer, instead of connecting the two
isolators to the HP ﬁlter, we add a two-junction isolator (LNFISISC4-8A) with 40 dB isolation (dashed line). All the isolators
are mounted at the 10 mK stage.

generates coherent continuous microwaves which are sent
into the input line. This signal is attenuated, passes through
a 20 dB directional coupler, and then reaches the qubit.
After the interaction with the qubit, the electrical ﬁeld is
reﬂected back, and passes ﬁlters, isolators, and a HEMT
ampliﬁer. Finally, it goes back to the VNA to obtain
the reﬂection coeﬃcient with some room-temperature
ampliﬁers.
To measure the PSD from the thermal noise, turning oﬀ
the VNA, we use a digitizer to measure the voltage from
the output port in the time domain where the sampling
rate is 3 MHz and 4 MHz for Figs. 3(a) and 3(b), respectively. Such rates are large enough to capture the signal

Ploss
r n (nr − nn ) − r [(nr + 1)↑ − nr ↓ ]
=
. (B1)
ω01
1 + ↑ + ↓
When n = 0 and nr = 0, the qubit population due to
↑
QP
. Experithe nonequilibrium quasiparticles is ρ11 = ↑ +
↓
mentally, we can increase the capacitive coupling between
the waveguide and the qubit in order to make the nonradiative decay negligible (r  n ). By suppressing the
noise from the output line, as we did in the main text,
we have nr ≈ nn . In these conditions, the lost power is
mainly from the quasiparticles. Depending on the value
of the waveguide thermal-photon occupation, we have
three regimes: if nr > ↑ /(↓ − ↑ ), Ploss > 0, the qubit
is thermally excited and prefers to be dissipated due to the
quasiparticle tunneling through the Josephson junction; if
nr < ↑ /(↓ − ↑ ), Ploss < 0, the quasiparticles excite the
qubit, and then the qubit emits a photon into the waveguide; if nr = ↑ /(↓ − ↑ ), Ploss = 0, we can consider the
eﬀects on the qubit from the quasiparticles and the thermal
photons in the waveguide are the same.
The quasiparticle-induced excited-state population can
be approximately written as [53]
QP
ρ11

nQP
 2.17
nCP



g
ω01

3.65
,

(B2)

in which nQP (nCP ) is the density of all quasiparticles
(Cooper pairs) and g is the superconducting energy gap.
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Combining this with the quasiparticle-induced decay rate
for a transmon qubit [9,53]
√


2 nQP g 1.5
,
(B3)
↓ 
RN C nCP ω01
we have
√


g −2.15 QP
2
↓ 
· ρ11 ,
2.17RN C ω01

(B4)

where the normal resistance of our SQUID is RN ≈
6.3 k, the total capacitance of the qubit is C = 78 fF
and g = 170 μeV for aluminum. By assuming that our
thermal population is solely from the quasiparticles, i.e.,
QP
th
ρ11 = ρ11
≈ 2.86%, we have ↓ /2π ≈ 87 kHz. ThereQP
fore, we have ↑ ≈ ρ11 ↓ ≈ 2π × 3 kHz. Thus, the
quasiparticle-induced nonradiative decay rate would be
QP = ↓ − ↑ ≈ 2π × 84 kHz > n , see the discussion
in the main text.
Finally, as discussed in the main text, we do not observe
any considerable decrease in n as the temperature is lowered (by the addition of isolators). Conversely, we also
note that the value of n does not observably increase. If
we assume that n is solely from TLSs, then, when we
decrease the bath temperature from 131 to 50 mK, the
value of n is expected to increase by about 10 kHz according to the relationship n,TLS = n,0 tanh(ω01 /kB T) [7]
(see also Appendix D), where n,0 is the nonradiative
decay rate due to TLSs at zero temperature. It may be
that the high-temperature noise from the output may also
generate some quasiparticles. Assuming that the noise temperature is the same as that of the TLS bath, namely, 131
mK, the corresponding quasiparticle-induced decay rate is
about 8 kHz, as given by QP =

ω01
π

2g

x
ω01 QP

with the
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√
2π g kB T − /k T
e g B
normalized quasiparticle density xQP =
g
[9,70], and said rate would decrease as the noise temperature is lowered. In total, it is possible that we do not
see a change in n after suppressing the noise because
these two eﬀects (TLS rate increasing due to less saturated TLSs, quasiparticle rate decreasing due to a lower
quasiparticle density) mitigate each other, according to
n = n,TLS + QP . Such behavior has been observed in
superconducting resonators [71].
APPENDIX C: NOISE ANALYSIS
In order to investigate where the noise is from, as shown
in Fig. 6(a), we measure the isolation and the transmission for two isolators, and the ﬁlters with a low-pass and
high-pass ﬁlter at 77 K. We ﬁnd that from 4 to 8 GHz,
which is the bandwidth of the isolators, the isolation of the
isolators can be up to 40 dB. Outside the bandwidth, the
ﬁlters can suppress the noise well up to 20 GHz. According to the noise temperature of the HEMT ampliﬁer from
the datasheet, we can calculate the corresponding thermal
photons nHEMT . Therefore, the reduced noise temperature
to the sample is given by [72]
nth = A(ω)nHEMT + [1 − A(ω)]n(ω, TMX ),

(C1)

where A(ω) is the total attenuation [black curve in
Fig. 6(a)]. n(ω, TMX ) = 1/[eω/(kB TMX ) − 1] is the thermal
photons from the 50  terminators of the two singlejunction isolators, where we simply assume that the terminator has the same temperature as the mixing chamber
of the dilution refrigerator, namely, TMX = 10 mK and its
contribution to the total noise temperature is shown as the
red curve in Fig. 6(b).

(a)

(b)

FIG. 6. Noise temperature. (a) The response of ﬁlters with a low-pass and high-pass ﬁlters and two single-junction isolators shown
in Fig. 5, as a function of the input frequency ω. The data is measured by a VNA with dipping the microwave components into liquid
nitrogen. Iso-trans. and Iso-Iso denote the transmission coeﬃcient and the isolation coeﬃcient of the two single-junction isolators,
respectively. The green curve is the ﬁlters’ transmission coeﬃcient. The black curve represents the total attenuation from the ﬁlters and
the isolators. (b) The corresponding eﬀective noise temperature Tth reaching the sample from the HEMT ampliﬁer after the isolators
and ﬁlters (blue curve). The red curve is the noise temperature from the 50  terminators of the isolators.
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In Fig. 6(b), we ﬁnd that the noise temperature is mainly
dominated by the noise from the HEMT ampliﬁer compared to the 50  terminators. However, it is far away
from the hot-bath temperature (130 mK), especially at the
qubit frequency; the value is 34 mK, much lower than the
actual qubit temperature (Tq = 78 mK). Moreover, from
10 GHz to 20 GHz, the low-pass ﬁlter will suppress the
noise strongly up to 80 dB. Therefore, we suppose it is
likely that the noise heating up the TLS bath is above
20 GHz. According to the datasheet, the ﬁlter can work
until 40 GHz. Above that, it will have a frequency where
it stops to suppress the high-frequency noise. Thus, the
high-frequency noise possibly heats up the TLS bath by
some nonlinear process. A possible scenario is that the
TLSs are excited to metastable states that decay and emit
photons over a broad frequency range, including the qubit
frequency. This secondary radiation then excites the qubit,
leading to a partially excited qubit that can emit radiation to the ampliﬁer at the qubit frequency. After adding a
two-junction isolator, even though the isolation at the high
frequency may be not so eﬀective, it can still attenuate the
high-frequency noise, leading to a lower bath temperature
as we observed in the main text.
APPENDIX D: MASTER EQUATION
The dynamics and steady state of the qubit in contact
with two bosonic heat baths can be found, in the weakcoupling and Markovian approximations, by solving the
equation of motion
∂
i
ρS (t) = − [Hq , ρ(t)] + L[ρ(t)],
∂t


(D1)

Ultimately, this implies some ambiguity in the temperature ascertained from the height of the thermal peak
in the spectrum calculation. For simplicity we use that
obtained from the bosonic assumption, but note that a
TLS bath requires a larger temperature to produce the
equivalent thermal peak in the spectrum, because kB Tn =
ω01 /[ln(1 ± nn ) − ln(nn )], where ± = + for a bosonic
bath, and ± = − for a TLS bath. For example, for the
n = 0.135 observed in the main text we would ﬁnd,
assuming nr = 0, kB Tn /ω01 = 0.47 for a bosonic bath and
0.54 for a TLS one.
It is convenient to use the Heisenberg equations of
motion generated by Eq. (D1) for the operators s1 (t) =
σ− (t), s∗1 (t) = σ+ (t), and s2 (t) = σ+ (t)σ− (t):
⎛ ⎞
⎛ ⎞
s1
d ⎝s∗1 ⎠
s1 = M ⎝s∗1 ⎠ + B,
(D6)
dt s
s
2

where

L[ρ(t)] =

In the above, we explicitly assume that the qubit only
has two levels, and that the radiative (transmission line)
and nonradiative baths are bosonic, and obey the BMS
approximation. The inﬂuence of a third level is described
in the following.
The second assumption, the bosonicity of the nonradiative bath, can be replaced by assuming a TLS bath.
This simply changes the temperature dependence of the
Lindblad operators for that bath, such that


n
n 1 + nn
D[σ− ], (D4)
(nn + 1) D[σ− ] →
2
2 1 + 2nn


n
n
nn
D[σ+ ].
(D5)
(nn ) D[σ+ ] →
2
2 1 + 2nn

where
r
r
(nr + 1) D[σ− ]ρ + nr D[σ+ ]ρ
2
2
n
n
+
(nn + 1) D[σ− ]ρ + nn D[σ+ ]ρ
2
2
φ
+
D[σz ]ρ,
(D2)
4

i − 2
⎝
0
M=
i∗ /2
and

†

where the Lindblad operator is D[σi ]ρ(t) = 2σi ρ(t)σi −
†
{σi σi , ρ(t)}, and the thermal occupation of the bosonic
baths are given by ni = [exp(ω01 /kB Ti ) − 1]−1 , where kB
is the Boltzmann constant.
The qubit Hamiltonian is
Hq


= − σz + σx ,

2
2

⎛

2

0
−i − 2
−i/2

⎞
i
−i∗ ⎠
−1

⎞
⎛
−i/2
B = ⎝ i∗ /2 ⎠
+

(D7)

(D8)

and where, as in the main text, + = nn n + nr r , 1 =
(1 + 2nn )n + (1 + 2nr )r , and 2 = φ + 1 /2. For the
steady state t → ∞ this gives

(D3)

σ− (t → ∞) =

where the detuning  = ωp − ω01 is the energy diﬀerence between the drive at frequency ωp and the bare qubit
frequency ω01 .

σ+ σ− (t → ∞) =
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22 2 + 2(2 + 2 2 )1
||2 2 + 2+ (2 + 2 2 )
2||2 2 + 2(2 + 2 2 )1

(D9)
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σ− σ+ (t → ∞) =

||2 2 + 2− (2 + 2 2 )
, (D11)
2||2 2 + 2(2 + 2 2 )1
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as
†

bout (t)bout (t ) = r (nr + 1) σ+ (t)σ− (t )

where in the last equation − = (nn + 1)n + (nr + 1)r .

†

− r nr σ− (t )σ+ (t) + fin (t)fin (t )
−

APPENDIX E: REFLECTIVITY
According to the input-output theory [73,74], the output
coherent ﬁeld bout is the sum of the input signal bin and the
coherent ﬁeld scattered by the qubit:

bout = bin − i r σ− (t → ∞),

(E1)

√
where bin  = /2 r . To calculate the reﬂectivity, we
use Eq. (D9) with
r=

bout 
i2r
=1−
σ− (t → ∞),
bin 


(E2)

(1 − 2+ /1 )
.
 + i2

With this we can also evaluate the equal-time terms for the
power output, but it is more instructive to show the evaluation more explicitly, following the steps outlined in Ref.
[75] modiﬁed to accommodate a qubit instead of cavity.
As described in the main text, we start with the full system Hamiltonian for the qubit and the two environments,
Hsys = Hq + Hr + Hn .

(F4)

The radiative (Hr ) and nonradiative bath Hamiltonians
(Hn ) are



Hi 
†
†
=
ωk,i ak,i ak,i +
gk,i σ− ak,i + σ+ ak,i , (F5)

k
k

where assuming weak drive   1 gives
r = 1 − ir

i∗
i
||2
σ− (t ) +
σ+ (t) +
.
2
2
4r
(F3)

(E3)
and include the interaction with the qubit.
First, we absorb the nonradiative bath into the qubit
Hamiltonian,

APPENDIX F: POWER OUTPUT
Recalling from the main text, we employ input-output
theory for the output
√ of the transmission line, where
bin (t) = fin (t) + /2 √1 includes the thermal noise fin (t)
and coherent drive /2 1 . To obtain the correct expression for the output power (and the PSD) we need to
calculate correlations between the input thermal ﬁeld in
the waveguide and the qubit of the form σ+ (t)fin (t ). We
can evaluate these using the result from Ref. [45], where,
assuming the eﬀect of the waveguide on the dynamics of
the system obeys the standard BMS approximation, it is
possible to show that for t < t , the input ﬁeld has not yet
interacted with the qubit, so σ+ (t)fin (t ) = 0. For t = t
and t > t , the thermal input can be correlated with the
qubit, and the following holds:



σ+ (t)fin (t ) = −i r nr (t − t ) σ+ (t), σ− (t )  (F1)

Hq = Hq + Hn .

This gives us Langevin equations for the system operators
coupled to the waveguide (setting  = 1 in the following
steps for simplicity),
σ̇− = −i[σ− , Hsys ]
= −i[σ− , Hq ] − i[σ− , σ+ ]

gk,r ak,r .

(F7)

We then deﬁne the spectral
density for the transmis
sion line as J (ω)r = π k |gk,r |2 δ(ω − ωk,r ), insert the
deﬁnition of the integral of the transmission-line modes
into Eq. (F7), and make the standard Markovian approximation J (ω)r = r . Evaluating the result gives
σ̇− = − i[σ− , Hq ] −

Splitting the input ﬁeld into thermal terms and coherent
terms, one can evaluate the output ﬁeld intensity correlator


k

and



†
fin (t)σ− (t ) = i r nr (t − t) σ+ (t), σ− (t ) . (F2)

(F6)


r
σ− +iσz r bin (t).
2

(F8)

To obtain correlation functions between the thermal input
and system operators, we
√ omit the coherent contribution
to bin (t) = fin (t) + /2 1 and multiply the equation of
motion from the left ﬁrst with σz and then with the required
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system operator for the correlation function we wish to
evaluate, say σ+ . Rearranging gives the form

this can be done by hand. For example, in the zero-drive
limit, one can easily show that


r
i r σ+ fin  = −σ+ σ̇−  − σ+ σ−  − iσ+ [σ− , Hq ]
2
(F9)

σ+ (t)σ− (t )t →∞ = e−2 |t| e−it σ+ σ− (t )

To evaluate the term σ+ σ̇−  we use the formula
2O1 O2  =

d
O1 O2  + Tr {O2 Lr [ρO1 ] − O1 Lr [O2 ρ]} ,
dt
(F10)

and

σ− (t )σ+ (t)t →∞ = e−2 |t| e−it σ− σ+ (t ),

where ρ is the system density matrix after tracing out
the waveguide, and Lr is the Liouvillian describing the
evolution of the system in contact with the waveguide,

Lr [ρ] = −i[Hsys , ρ] +
+

r
(nr + 1) D[σ− ]ρ
2

r
nr D[σ+ ]ρ.
2

(F11)

Evaluating this gives
σ+ σ̇−  = −iσ+ [σ− , Hsys ] −
−

r
σ+ σ− 
2

r nr
[σ+ , σ− ].
2

where σ+ σ− (t )t →∞ = + /1 and σ− σ+ (t )t →∞ =
− /1 . Combining these results with Eq. (6) and Eq. (G1)
gives Eq. (7).
A general solution can be conveniently found by combining Eq. (D6) with the quantum regression theorem to
deﬁne the two-time correlation functions, and the Fourier
transform can be performed following the approach used in
[46,48]. The result is cumbersome, but taking the strongdriving limit we obtain the result in Eq. (8).

(F12)
APPENDIX H: THREE-LEVEL MASTER
EQUATION

Combining this with Eq. (F9), we ﬁnd

r nr
i r σ+ fin  =
[σ+ , σ− ].
2

(F13)

Performing the same steps for the other system-thermal
noise correlator, and inserting into the output-power formula, we ﬁnd, as expected
†

†

bout bout  = r (nr + 1) σ+ σ−  − r nr σ− σ+  + fin fin 
−

i∗
i
||2
.
σ−  +
σ+  +
2
2
4r

(F14)

To evaluate the inﬂuence of higher levels in the
transmon on our results, we consider a three-level
master-equation model. We describe the energy diﬀerence
between levels 1 and 2 with the parameter ω12 , such that
the anharmonicity is given by δ/2π = (ω12 − ω01 )/2π =
−250 MHz.
To describe the Autler-Townes splitting in the main text
we apply two drives at two diﬀerent frequencies, and in the
rotating frame of the two-drive terms we ﬁnd the system
Hamiltonian to be

One 
can use this to show
 that the power loss Ploss =
†
†
ω01 bin bin  − bout bout  under zero drive ( = 0) is
given by
Ploss =

ω01 r n (nr − nn )
.
1

HS
= (ω01 − ωp(1) )|11| + (ω12 + ω01 − ωp(1)

1 (01) 2 √ (12)
− ωp(2) )|22| +
+
2σx ,
σ
2 x
2

(F15)

(H1)

APPENDIX G: POWER SPECTRAL DENSITY
As described in the main text, to evaluate the PSD

ω01 ∞
†
S(ω) =
dt e−iωt bout (t)bout (t )(t →∞) (G1)
2π −∞
we need to evaluate the correlation functions contained in
Eq. (F3) for the system operators. In some simple cases,

where ωp(i) is the drive frequency of input drive i, and
(ij )

(ij )

(ij )

we deﬁne σx = |ij | + |j i|, σ− = |ij |, and σ+ =
|j i|.
As we are in a regime where the anharmonicity of the
qubit is larger than the decoherence rates [63], our master
equation is now
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∂
i
ρS (t) = − [HS , ρ(t)]
∂t


r
r  (01)
nr + 1 D[σ−(01) ]ρ(t) + n(01)
D[σ+(01) ]ρ(t)
+
2
2 r

n  (01)
n
+
D[σ+(01) ]ρ(t)
nn + 1 D[σ−(01) ]ρ(t) + n(01)
2
2 n


(12)
+ r n(12)
+ 1 D[σ−(12) ]ρ(t) + r n(12)
r
r D [σ+ ]ρ(t)


(12)
+ n n(12)
+ 1 D[σ−(12) ]ρ(t) + n n(12)
n
n D [σ+ ]ρ(t)
φ 
+
D[|i i|]ρ(t).
2 i

The output power can be extended to consider two independent coupling operators associated with σ−(01) and σ−(12) .
Importantly,
√ the |1 ↔ |2 transition has a dipole moment
which is 2 times larger than the |0 ↔ |1 transition,
and which enhances the coupling to the transmission line,
increasing both the Rabi drive term and the dissipation
rates.
For weak drives on the |0 ↔ |1 transition alone we
can observe that the main inﬂuence of the third level
is to induce an additional dephasing on the qubit proportional to the thermal excitation rate from the second
to the third level. To evaluate the reﬂectivity and power
spectrum in this case, it is convenient to again work
with the Heisenberg equations of motion, where in the
limit of 2 = 0 we obtain a closed set of equations
for the operators w1 (t) = σ−(01) (t), w∗1 (t) = σ+(01) (t),
w2 (t) = σ+(01) (t)σ−(01) (t) and w3 (t) = σ−(01) (t)σ+(01) (t),
using the normalization condition σ+(01) (t)σ−(01) (t) +
σ−(01) (t)σ+(01) (t) + σ+(12) (t)σ−(12) (t) = 1:
⎞
⎛ ⎞
w1
w1
d ⎜w∗1 ⎟
⎜w∗1 ⎟
⎝ ⎠ = M 2 ⎝ w ⎠ + B2 ,
dt w2
2
w3
w3

(12)
, indicating the added
and where we use 2T = 2(01) + +
dephasing from thermalization of the |1 ↔ |2 transition,
(ij )
(ij )
(ij )
and where 2(01) = φ + 1(01) /2, 1 = + + − ,
(ij )
(ij )
(ij )
(ij )
(ij )
(ij )
+ = r nr + n nn , − = r (nr + 1) + n (nn +
1), and 01 = (ω01 − ωp(1) ). Note that here we have
accounted for the larger rates in the |1 ↔ |2 transitions
(12)
in Eq. (H2), hence parameters such as +
are just for
convenience, and diﬀer from the actual thermalization rate
of the |1 ↔ |2 transition by a factor of two.
Evaluating the reﬂectivity of the |0 ↔ |1 transition
with these equations, in the limit of weak drive 1 , gives

r=1−

G=

(H5)

(12) (01)
1
−

≈ 1.

(H6)

Similarly, for the output power spectrum, we can obtain
the strong-drive (large 1 ) result by generalizing the steps
used in the two-level case. For the central peak, around the
|0 ↔ |1 qubit transition frequency, we ﬁnd
S(ω) =

2T
ω01 r
F,
2π (ω − ω01 )2 + (2T )2

(H7)

where

F=

and
⎞
0
⎜ 0 ⎟
⎟
B2 = ⎜
(12) ⎠
⎝−
0

G,

(12)
 + i(2(01) + +
)

(01) (12)
(12) (01)
(+
+ + −
1 )

where
⎛
⎞
−i1
i1
i−2T
0
2
2
⎜
⎟
i1
−i1
⎜ 0
⎟
−i−2T
2
2
⎟
M2 = ⎜
(01)
(12)
(01)
(12) ⎟
⎜ i1
−i1
−
−

−
⎝ 2
⎠
−
+
−
1
2
(01)
(01)
i1
−i1
−
−+
2
2

(01)
ir (1 − 2+
/1(01) )

where

⎛

(H3)

(H2)

(12)
−

(12)
(12)
2−
+ +

= [σ+(01) σ−(01) (t→∞) = σ−(01) σ+(01) (t→∞) ]1 →∞ .

⎛

(H4)

Intuitively, we see here that under a strong drive 1 we
(12)
still observe the added dephasing (2T = 2(01) + +
), as
well as a small change in the steady-state population, on
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top of the expected result from the two-level model under
strong drive, which captures the thermalization with the
third level.
For no drive, 1 → 0, we ﬁnd the thermal spectrum as
S(ω) =

22T n n
ω01 r
Y,
2π (ω − ω01 )2 + (2T )2

(H8)

where

Y=

(12)
−

(12) (01)
(12) (01)
−
1 + +
+

(H9)

− n(01)
and n = n(01)
n
r .
The side-peak contributions to the Autler-Townes data
presented in the main text are based on applying a drive
on the |1 ↔ |2 while monitoring the emission from
the |0 ↔ |1 transition. We can also obtain these side
peaks analytically, in a similar fashion as the above calculations. The Heisenberg equations of motion in this
case, for 1 = 0 and 2 = 0, form a closed set of equations for the operators z1 (t) = σ−(12) (t), z1∗ (t) = σ+(12) (t),
z2 (t) = σ+(12) (t)σ−(12) (t), z3 (t) = σ−(12) (t)σ+(12) (t), z4 =
σ−(01) (t), z4∗ = σ+(01) (t), z5 = σ−(02) (t), and z5∗ =
σ+(02) (t). The full equations of motion and the full result
for the output spectrum are cumbersome, but evaluating
the side peaks for the limit of large drive 2 we ﬁnd


(02)
T
2

+

2
2
ω01 r
S(ω)± =
2 
2

2π
(02)
2
T
4 ω − ω01 ± √
+

+

2
2
2


(01)
(12)
+ n(01)
1(01) − 2−
+
r


×
.
(H10)
(12)
(01)
(01)
2 −
+ +
− −
Here we introduced a parameter which describes the
(01)
(12)
dephasing rate of z5 , 2(02) = φ + +
/2 + −
.
If we assume n(01)
= n(12)
and n(01)
= n(12)
n
n
r
r , the second
term in the numerator simpliﬁes to




(01)
(01)
(12)

= 2n n.
+ n(01)
−
2
+
−
r
1

(H11)

The various analytical results obtained in this supplementary material were checked against numerical simulations
using QuTiP [68].
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