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Guo-Qiang Zhang ,1,‡ Zhen Chen,1,2,‡ Da Xu,1 Nathan Shammah,3,4,5 Meiyong Liao ,6
Tie-Fu Li,7,2,* Limin Tong ,8 Shi-Yao Zhu,1 Franco Nori ,3,9 and J. Q. You 1,†
1

Interdisciplinary Center of Quantum Information, State Key Laboratory of Modern Optical Instrumentation, and
Zhejiang Province Key Laboratory of Quantum Technology and Device, Department of Physics, Zhejiang
University, Hangzhou 310027, China
2
Beijing Academy of Quantum Information Sciences, Beijing 100193, China
3
Theoretical Quantum Physics Laboratory, RIKEN Cluster for Pioneering Research, Wako-shi, Saitama
351-0198, Japan
4
Unitary Fund, Walnut, California 91789, USA
5
Quantum Technology Laboratory, Dipartimento di Fisica, Università degli Studi di Milano, Milano 20133, Italy
6
Research Center for Functional Materials, National Institute for Materials Science (NIMS), Tsukuba, Ibaraki
305-0044, Japan
7
Institute of Microelectronics and Frontier Science Center for Quantum Information, Tsinghua University, Beijing
100084, China
8
State Key Laboratory of Modern Optical Instrumentation, College of Optical Science and Engineering, Zhejiang
University, Hangzhou 310027, China
9
Physics Department, University of Michigan, Ann Arbor, Michigan 48109-1040, USA
(Received 15 October 2020; revised 9 February 2021; accepted 25 March 2021; published 19 April 2021)
Exceptional points (EPs) are exotic degeneracies of non-Hermitian systems, where the eigenvalues
and the corresponding eigenvectors simultaneously coalesce in parameter space, and these degeneracies are sensitive to tiny perturbations on the system. Here, we report an experimental observation of
the EP in a hybrid quantum system consisting of dense nitrogen (P1) centers in diamond coupled to a
coplanar-waveguide resonator. These P1 centers can be divided into three subensembles of spins and
cross relaxation occurs among them. As a new method to demonstrate this EP, we pump a given spin
subensemble with a drive ﬁeld to tune the magnon-photon coupling in a wide range. We observe the EP
in the middle spin subensemble coupled to the resonator mode, irrespective of which spin subensemble
is actually driven. This robustness of the EP against pumping reveals the key role of the cross relaxation
in P1 centers. It oﬀers a novel way to convincingly prove the existence of the cross-relaxation eﬀect via
the EP.
DOI: 10.1103/PRXQuantum.2.020307

I. INTRODUCTION
An exceptional point (EP) corresponds to the singularity of a non-Hermitian Hamiltonian, where the eigenvalues
coalesce together (see, e.g., Refs. [1–3]). Meanwhile, the
corresponding eigenvectors also coincide at this point, as
guaranteed by the non-Hermiticity of the Hamiltonian [1].
*
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The presence of the EP can give rise to many exotic
physical phenomena, such as the revival of lasing [4,5],
nonreciprocal energy transfer [6], directional lasing [7],
asymmetric mode switching [8], controllable coherence in
lasing systems [9], and sensitivity enhancement of detection [10–16]. Experimentally, EPs have been found in
various physical systems, including coupled optical cavities [17], coupled microwave resonators [18], atom-cavity
composites [19], exciton-polariton systems [20], magnonic
systems [21–23], coupled acoustic cavities [24], and coupled ferromagnetic waveguides [25]. Owing to the good
coherence of a spin ensemble and its strong coupling
to a cavity, hybrid spin ensemble-cavity systems have
promising applications in quantum information processing [26–28] and oﬀer a platform to demonstrate intriguing
phenomena, e.g., the bistability of magnon polaritons [29],
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gradient memory [30], nonreciprocity [31,32], level attraction [33,34], and magnon-related quantum entanglement
[35–37].
For a small yttrium-iron-garnet (YIG) sphere in a threedimensional cavity [28], one can vary the magnon-photon
coupling by moving the sphere in the cavity. However,
this mechanical tunability is not precise, which limits its
applications in quantum technologies. Also, Ref. [38] has
proposed to control the interaction between magnons and
photons via a tunable microwave cavity. Actually, there are
various hybrid systems with a spin ensemble ﬁxed on a
coplanar-waveguide resonator [39–45]. For these on-chip
systems, one also needs to explore a method to precisely
tune the magnon-photon coupling. In this work, we experimentally investigate a hybrid quantum system consisting
of dense nitrogen (P1) centers in diamond coupled to a
coplanar-waveguide resonator. Diﬀerent from the ferromagnetic spin ensemble in a YIG sphere [46–50], the P1
centers constitute a paramagnetic spin ensemble. We ﬁnd
that we can excite a large number of magnons with a drive
ﬁeld to precisely tune the magnon-photon coupling in a
wide range and make it feasible to demonstrate the EP
in this on-chip hybrid system. The term magnon is often
used to describe collective excitations in a magnetically
ordered system (e.g., a ferromagnetic system) with strong
spin-exchange interactions. In the long-wavelength limit,
the eﬀect of the exchange interactions can be ignored and
the dipolar interactions become dominant [51]. This limiting case is analogous to paramagnetic systems where the
dipolar interactions play the main role. In those paramagnetic systems, magnons can also be used to characterize
the collective spin excitations (see, e.g., Refs. [52–54]).
In the same manner, here we characterize the collective
excitations of P1 centers by harnessing magnons.
The P1 centers in diamond can be divided into three
spin subensembles and cross relaxation can occur among
them [42,43,55–58]. With the magnon frequency of the
middle subensemble tuned in resonance with the resonator
mode, we observe an EP by driving any of the three spin
subensembles with a microwave ﬁeld. Related to the middle subensemble, the other two subensembles are in the
dispersive regime and each produces a frequency shift to
the resonator mode. These two frequency shifts depend on
the magnon occupations and can cancel each other when
the magnon occupations in the other two subensembles
become equal. Here, the EP is observed by pumping any
of the three spin subensembles, indicating that the same
magnon occupation is achieved for each subensemble, due
to the cross-relaxation eﬀect.
Also, it is known that an EP can enhance the sensitivity
to a perturbation [10–16], while our observed transmission spectrum does not show any appreciable diﬀerences
at the EP when pumping any of the three spin subensembles. This robustness of the EP against driving reveals the
key role of the cross relaxation, which induces the same

magnon occupation in each spin subensemble. To the best
of our knowledge, this is the ﬁrst experimental observation of the EP in this hybrid quantum system and it could
potentially push the ﬁeld of these hybrid quantum systems
in a new direction. Moreover, it also oﬀers a novel way of
convincingly proving the existence of the cross-relaxation
eﬀect via the EP. In contrast to the cavity magnonics system consisting of a ferromagnetic spin ensemble coupled
to a three-dimensional microwave cavity [21–23], this onchip hybrid system has a more compact conﬁguration and
signiﬁcantly reduces the system size.

II. EXCEPTIONAL POINT OF THE HYBRID
QUANTUM SYSTEM
The hybrid system that we study is composed of P1
centers in diamond glued on a coplanar-waveguide resonator (see Fig. 1 and Appendix A). The [001] crystal
axis of the diamond is perpendicular to the surface of the
resonator and the static magnetic ﬁeld B is applied along
the [100] crystal axis. The P1 centers, which are the main
defects in type-1b diamond synthesized under both high
pressure and high temperature, are formed by substituting
some carbon atoms with nitrogen atoms. These P1 centers
can be divided into three subensembles of spins (s = 0, ±)
with transition frequencies ω0 = γe B and ω± = γe B ± A ,
where γe /2π = 28 GHz/T is the gyromagnetic ratio and
A /2π = 94 MHz is due to the hyperﬁne interaction in P1
centers.
The collective spin excitations in each subensemble
are magnons. As shown in the measured transmission
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FIG. 1. (a) A schematic of the hybrid system. The diamond
sample with P1 centers is glued on a coplanar-waveguide resonator. (b) A P1 center that involves the substitution of a carbon
atom by a nitrogen atom. (c) The energy levels and allowed state
transitions in the P1 center.

020307-2

EXCEPTIONAL POINT AND CROSS-RELAXATION EFFECT . . .
(a)

1

3.20

PRX QUANTUM 2, 020307 (2021)

(b)

1
3.13

3.08

Normalized |S21|2

3.12

Frequency (GHz)

Normalized |S21|2

Frequency (GHz)

3.16
3.11

3.09

3.07

3.04

Experiment

3.05
0

3.00
106

110

114

118

0

122

–110 –105 –100

–90

–85

–80

–75

Drive power (dBm)

Magnetic field (mT)

(c)

(d)
16

1

12
3.05

3.10

8

3.15

4

3.05

3.10

Normalized |S21|2

3.13

Frequency (GHz)

geff/2p (MHz)

–95

3.11

3.09

3.07

3.15

Simulation

3.05

0

0
–110

–105

–100

–95

–90

–85

–80

–75

–110

–105

–100

–95

–90

–85

–80

–75

Drive power (dBm)

Pump power (dBm)

FIG. 2. The experimental realization of the exceptional point. (a) The transmission spectrum measured with a probe tone of power
−120 dBm, corresponding to an average photon number n = 404. (b) The Rabi splitting due to the coupling between the magnons of
the s = 0 subensemble and the resonator photons versus the power of the drive tone. Here, the static magnetic ﬁeld is tuned to have
the magnons of the s = 0 subensemble in resonance with the resonator mode: ω0 /2π = ωc /2π = 3.093 GHz. Note that the decay rate
of the resonator is nearly independent of the power of the drive tone [cf. Fig. 8(b) in Appendix C]. (c) The eﬀective magnon-photon
coupling (gray circles) extracted from the Rabi splittings in (b). The ﬁtting curve is obtained using Eq. (6), with parameters g/2π =
17.2 MHz, κ/2π = 0.6 MHz, and γ /2π = 11.9 MHz. (d) The transmission spectrum simulated with Eq. (1), where the ﬁtting curve
in (c) is used for the eﬀective magnon-photon coupling.

spectrum [Fig. 2(a)], there are three appreciable anticrossings, which reveal the formation of magnon polaritons
by the strong coupling between the magnons of s = 0, ±
subensembles and the photons in the superconducting
coplanar-waveguide resonator.
For clarity, we ﬁrst focus on the interaction between the
magnons in the s = 0 spin subensemble and the photons
in the resonator. The model Hamiltonian can be written as
(see Appendix B) H = ωc a† a + ω0 b† b + geﬀ (a† b + ab† ),
where a and b are annihilation operators of the photons
and magnons, with frequencies ωc and ω0 , respectively. In
ferromagnetic materials, spins are very polarized and less
magnons are excited, so the eﬀective magnon-photon coupling is often approximated as a constant [47–50] geﬀ ≈ g.
Here, the P1 centers are paramagnetic and considerable
numbers of magnons can be easily excited. Therefore, we

need to consider the dependence of the magnon-photon
coupling
on the occupation number of magnons, geﬀ =

g 1 − b† b/(N /2), where N is the number of P1 centers
in the sample.
Using the input-output theory [59], we can derive the
transmission amplitude of the hybrid system,
S21 =

√
2 κi κo
κ + i(ωc − ω) +

2
geﬀ
γ +i(ω0 −ω)

,

(1)

where γ is the damping rate of the magnon mode, κi(o)
is the decay rate of the resonator mode due to the input
(output) port, and κ = κi + κo + κint , with κint being the
intrinsic decay rate of the resonator. The damping of the
magnon mode may result from the dipolar interactions of
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the P1 center with neighboring 13 C nuclei and other P1
centers [60] as well as the inhomogeneities of the external
static magnetic ﬁeld and the magnetic ﬁeld of the resonator mode. For our coplanar-waveguide resonator, κi ≈
κo  κint . Away from the left or right anticrossing point,
the polariton mode approaches the resonator mode and
its line width gives κ/2π = 0.6 ± 0.05 MHz. When measuring the transmission spectrum in Fig. 2(a), we do not
apply a drive tone to the system. Thus, b† b ≈ 0 at cryogenic temperatures. We obtain geﬀ /2π ≈ g/2π = 17.2 ±
0.5 MHz from the Rabi splitting at the middle anticrossing
point. Finally, we use Eq. (1) to ﬁt the measured transmission spectrum around the middle anticrossing point, which
gives γ /2π = 11.9 ± 0.3 MHz.
When including both the decay rate of the resonator
mode and the damping rate of the magnon mode [61,62],
the Hamiltonian of the hybrid system can be eﬀectively
written as a non-Hermitian Hamiltonian:

system, which is in resonance with the magnons of the
s = 0 subensemble. To guarantee that the system is in its
stationary state for each measurement, this driving tone
lasts for 3000 s before the next measurement is performed
(cf. Appendix C). Figure 2(b) shows the measured transmission spectrum of the system versus the power of the
drive tone, where the static magnetic ﬁeld is ﬁxed at the
middle anticrossing point in Fig. 2(a). This demonstrates
the driving-power dependence of the Rabi splitting for the
two polariton branches. It is clear that the EP occurs at
Pd ≈ −93.7 dBm. In the region of Pd < −93.7 dBm, the
two polariton branches are separated but when increasing
Pd , the separation (i.e., the Rabi splitting 2geﬀ ) decreases
and, at the EP, the two peaks coalesce to one. We extract
these data from the Rabi splitting and show the behavior of geﬀ versus the drive power Pd in Fig. 2(c) (cf.
the gray circles). There is a relation between the reduced
magnon√occupation χ ≡ b† b/N and the Rabi frequency
d (∝ Pd ) of the drive tone (see Appendix D),

Heﬀ = (ωc − iκ)a† a + (ω0 − iγ )b† b + geﬀ (a† b + ab† ).
(2)
In matrix form, we can write the eﬀective Hamiltonian as


geﬀ
ωc − iκ
Heﬀ =
,
(3)
geﬀ
ω0 − iγ
which has two complex eigenvalues,
ω1,2 =


1
ωc + ω0 − i(κ + γ )
2


2
2
± 4geﬀ − (γ − κ + iω0 − iωc ) .

(4)

When the magnon is tuned in resonance with the resonator mode (ωc = ω0 ), the two eigenvalues of the magnon
polaritons are reduced to

1
1
2
ω1,2 = ω0 − i(κ + γ ) ±
4geﬀ
− (γ − κ)2 .
2
2

(5)

For 2geﬀ > (γ − κ), Eq. (5) gives two separate polariton modes at the anticrossing point, each with line width
(1/2)(κ + γ ). However, these two polariton modes coalesce to one at 2geﬀ = (γ − κ), which is the EP of
the hybrid system. When
 2geﬀ < (γ − κ), ω1,2 = ω0 −

2
, indicating that
(1/2)i(κ + γ ) ± (1/2)i (γ − κ)2 − 4geﬀ
the two polariton modes have diﬀerent line widths.
Corresponding to the two eigenvalues in Eq. (5), the
two eigenvectors also coalesce at the EP and each
behaves diﬀerently on the two sides of the EP (cf.
Appendix B).
To demonstrate the EP, we tune geﬀ via b† b by applying a drive tone of frequency ωd /2π = 3.093 GHz to the

√
(γ + ηκ)2 χ − ξ η(d / N )2 = 0,

(6)

2
where ξ = (1 − 2χ )/(1 − χ ) and η = geﬀ
/κ 2 . We use this
relation to ﬁt the
√ data of geﬀ [see the curve in Fig. 2(c)] and
obtain d = k Pd , with the ﬁtting parameter
k = 1.54 ×

1014 . The theoretical value of k is k = κ/2ωc = 9.59 ×
1014 , which is larger than the above ﬁtting value. This is
due to the leakage of the drive power in the setup. Next,
we use the ﬁtted results [i.e., the curve in Fig. 2(c)] and
Eq. (1) to simulate the transmission spectrum [Fig. 2(d)].
Clearly, this simulated transmission spectrum agrees well
with the experimental results in Fig. 2(b).
To make the observation of the EP more convincing, we
compare the experimental data with the real and imaginary
parts of ω1,2 in Eq. (5) by varying the drive power Pd . The
two curves in Figs. 3(a) and 3(b) correspond to the real and
imaginary parts of ω1,2 in Eq. (5), where the dependence
of the eﬀective magnon-photon coupling geﬀ on the drive
power is given by the ﬁtting curve in Fig. 2(c). These two
curves show the characteristics of the EP. In Fig. 3(a), the
experimental data are extracted from the peak positions of
the two polariton branches in Fig. 2(b); and the experimental data in Fig. 3(b) correspond to the line widths of the two
magnon polaritons. At Pd ≈ 93.7 dBm, the two polariton
modes coalesce and only one peak is visible in the region
of Pd > 93.7 dBm. To obtain the line widths of the two
modes in this region, we ﬁrst ﬁt the transmission spectrum
and acquire the eﬀective coupling strength geﬀ . Then, we
use Eq. (5) and the ﬁtted geﬀ to infer the line widths of
the two modes, as in Ref. [17]. Indeed, the experimental
data show a good agreement with the theoretical results,
further conﬁrming the observation of the EP in our hybrid
system.
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FIG. 3. The peak positions and line widths of the two polariton
modes. (a) The data shown by squares and triangles are the peak
positions of the two polariton modes extracted from Fig. 2(b) and
the solid curves are the real parts of the two eigenvalues calculated using Eq. (5). (b) The data denoted by squares and triangles
are the line widths of the two polariton modes extracted from
Fig. 2(b) and the solid curves are the imaginary parts of the two
eigenvalues calculated using Eq. (5). When Pd > 93.7 dBm, only
one peak is measured. We use both Eqs. (1) and (5) to deduce the
line widths of the two modes in this region.

III. CROSS-RELAXATION EFFECT IN P1
CENTERS
Above, we only consider the coupling between the s =
0 spin subensemble and the resonator mode. In fact, as
shown in Fig. 2(a), magnons in other two spin subensembles (s = ±) are also strongly coupled to the resonator
mode. The results in Fig. 2(a) show that the magnonphoton coupling strengths are nearly equal for these three
subensembles. Here, the static magnetic ﬁeld is tuned to
have the magnons of the s = 0 subensemble in resonance
with the resonator mode, so the magnons in other two
spin subensembles are very oﬀ resonant with the resonator

2
geﬀ,+

δ+

+

2
geﬀ,-

δ−

,

(7)

where geﬀ,± and δ± = ωc − ω± are the eﬀective magnonphoton coupling strengths and frequency detunings
between the resonator mode and the s = ± subensembles,
respectively. In Fig. 2(b), the frequency of the drive tone
is ωd /2π = 3.093 GHz, which is in resonance with the
magnons of the s = 0 subensemble. Owing to the cross
relaxation in P1 centers [56,57], identical occupations of
magnons can be induced in other two spin ensembles when
the drive tone is applied for a long time [43]. Thus, geﬀ,+ =
geﬀ,- . If this is obeyed when varying the drive power, due
to δ+ = −δ− , the frequency shifts of the resonator mode
induced by the s = ± subensembles then cancel each other
and ω̃c is reduced to ωc . Therefore, the frequency of the
resonator mode is not modiﬁed by the presence of the
s = ± spin subensembles, owing to the cross-relaxation
eﬀect that induces geﬀ,+ = geﬀ,- . Indeed, the observation of
the EP in Fig. 2(b) reveals that the frequency of the resonator mode does not vary when tuning the drive power.
Otherwise, the resonant condition ω̃c = ω0 for observing
the EP cannot be satisﬁed.
While the static magnetic ﬁeld is tuned to have the
magnons of the s = 0 subensemble in resonance with the
resonator mode, we also manage to measure the transmission spectrum of the hybrid system by resonantly pumping the magnons in the s = + and s = − subensembles,
respectively [Figs. 4(a) and 4(b)], instead of the magnons
in the s = 0 subensemble. The results reveal that the transmission spectrum is also symmetric about the resonator
frequency ωc and the EP occurs as well, as in Fig. 2(b).
This means that geﬀ,+ = geﬀ,- , irrespective of which spin
subensemble is pumped by the drive tone. This further
proves the equal occupations of magnons in the s = ±
subensembles and demonstrates the robustness of the EP
against driving in this hybrid system. In Figs. 4(a) and 4(b),
the simulated peak positions of the two polariton modes are
shown, which also match the experimental results. Compared to the position of the EP in Fig. 2(b), the EP in
Figs. 4(a) and 4(b) shifts to a higher drive power. This is
because the drive tone now has a frequency detuning from
the resonator mode and the relation between the magnon
occupation and the drive power becomes diﬀerent from
Eq. (6) (cf. Appendix D).
IV. DISCUSSION AND CONCLUSIONS
We show how the EP can be removed by the varying frequency shift of the resonator mode when changing
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FIG. 4. The eﬀect of the cross relaxation. (a),(b) The Rabi splittings related to the s = 0 subensemble, where the drive tone is
applied in resonance with the magnons of the s = + and − subensembles, respectively. The dashed curves are simulated as the real
part of Eq. (5). (c),(d) The Rabi splittings related to the s = + and − subensembles, where the drive tone is in resonance with the
magnons of the s = + and − subensembles, respectively. The dashed curves are simulated as the real part of Eq. (4), but with ωc ,
ω0 and geﬀ replaced by ω̃c , ω± and geﬀ,± respectively. In (c), the magnons of the s = + subensemble are tuned to have frequency
ω+ /2π = 3.106 GHz via the static magnetic ﬁeld. The magnons of the s = 0 and − subensembles have frequencies ω0 /2π = 3.012
GHz and ω− /2π = 2.918 GHz. The frequency of the resonator mode is found to be ωc /2π = 3.095 GHz, which is slightly blue shifted
from ωc /2π = 3.093 GHz in Fig. 2 due to the static magnetic ﬁeld (see Appendix C). In (d), the magnons of the s = − subensemble
are tuned to have frequency ω− /2π = 3.080 GHz via the static magnetic ﬁeld. The magnons of the s = 0 and + subensembles have
frequencies ω0 /2π = 3.175 GHz and ω+ /2π = 3.269 GHz. The frequency of the resonator mode is found to be ωc /2π = 3.090 GHz,
which is slightly red shifted from ωc /2π = 3.093 GHz in Fig. 2 due to the static magnetic ﬁeld. The other parameters used are the
same as in Fig. 2.

the drive power. The static magnetic ﬁeld is tuned to
have the magnons of the s = + spin subensemble nearly
resonant with the resonator mode. Then, we resonantly
pump the magnons in this subensemble with a drive tone.
Figure 4(c) shows the measured transmission spectrum of
the hybrid system versus the drive power. As in Fig. 2(b),
this applied drive tone lasts for 3000 s before the next
measurement is performed. The measured transmission
spectrum becomes asymmetric and no EP is observed,
in sharp contrast to Fig. 2(b). In the present case, the

magnons of the s = 0, − subensembles are in the dispersive regime related to the resonator mode, yielding that
the frequency of the resonator mode shifts from ωc to
2
2
ω̃c = ωc + geﬀ
/δ0 + geﬀ,/δ− , where the frequency detunings are δ0 = ωc − ω0 and δ− = ωc − ω− . The frequencies ω1,2 of the two polariton modes are also given by
Eq. (4) but with ωc , ω0 and geﬀ replaced by ω̃c , ω+ and
2
2
/δ0 + geﬀ,/δ− ) in
geﬀ,+ , respectively. Now, the terms (geﬀ
ω̃c vary with the drive power, so the resonant condition
ω̃c = ω+ cannot always be obeyed. Therefore, we cannot
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reduce Eq. (4) to the simple form of Eq. (5) to exhibit
the EP.
In Fig. 4(d), we also measure the transmission spectrum of the hybrid system versus the drive power but
we tune the static magnetic ﬁeld to have the magnons
of the s = − subensemble nearly resonant with the resonator mode and then resonantly pump the magnons in this
subensemble with a drive tone. As in Fig. 4(c), the transmission spectrum is asymmetric and no EP is observed.
In this case, the magnons of the s = 0, + subensembles
are in the dispersive regime related to the resonator mode
and the frequency of the resonator mode is shifted from
2
2
ωc to ω̃c = ωc + geﬀ
/δ0 + geﬀ,+
/δ+ , where δ0 = ωc − ω0
and δ+ = ωc − ω+ . Also, this modiﬁed frequency of the
resonator mode varies with the drive power, so that the resonant condition ω̃c = ω− cannot always be satisﬁed. The
frequencies ω1,2 of the two polariton branches are given
by Eq. (4) as well but with ωc , ω0 , and geﬀ replaced by
ω̃c , ω− , and geﬀ,− , respectively. Compared to Fig. 2(b), the
EP is removed in Figs. 4(c) and 4(d), due to the varying
frequency shift of the resonator mode with the drive power.
Some experimental results on the drive-power dependence of the eﬀective coupling have been presented in
Refs. [43,63] but no EP has been observed there. In
Ref. [43], the Rabi splitting versus the drive power has
been shown only for the s = + subensemble. As discussed
above, in our study the EP does not occur in this case [cf.
Fig. 4(c)], because the resonant condition ω̃c = ω+ cannot always be obeyed for the s = + subensemble. Also,
as analyzed in Sec. III, only for the s = 0 subensemble
can the EP occur in the hybrid quantum system considered. To conﬁrm the observation of the EP, it is essential
to both show the experimental results in Fig. 2(b) for the
s = 0 subensemble and demonstrate the coalescence of the
peak positions and line widths of the two polariton modes
at the EP (i.e., Fig. 3). No such results have been shown in
Refs. [43,63].
The results in Refs. [43,63] have been explained by a
depolarization model involving the mixed states of the
system. In our theory, the system is described by a nonHermitian Hamiltonian Heﬀ in Eq. (2). Then, the density
operator ρ(t) of the system is governed by the following Liouvillian equation [61]: ∂ρ(t)/∂t = −i[Heﬀ ρ(t) −
†
ρ(t)Heﬀ ]. Thus, ρ(t) can be explicitly expressed as ρ(t) =
†
exp(−iHeﬀ t)ρ(0) exp(iHeﬀ t). For pure states of the sys2
tem, ρ (t) = ρ(t), while ρ 2 (t) = ρ(t) in our case (see
Appendix B). This reveals that the system is in the mixed
state, even if the non-Hermitian Hamiltonian of the system
has the simple form in Eq. (2). Therefore, the conclusion regarding the mixed states of the system is consistent with the depolarization model in Refs. [43,63].
Our model is based on the concepts and methods of
non-Hermitian physics. Compared with the depolarization model, our model has the following three distinct
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merits. First, using the Holstein-Primakoﬀ transformation
and the mean-ﬁeld approximation,
we show that the eﬀec
†
tive coupling geﬀ = g 1 − b b/(N /2) in our model is
related to the magnon occupation b† b, where b† b can
be obtained using the quantum Langevin equation. By
deﬁning the spin-polarization factor in Refs. [43,63] as
Peﬀ = 1 − b† b/(N /2), the eﬀective coupling
strength in
√
our model can be converted to geﬀ = g Peﬀ in the depolarization model. Thus, our model provides a microscopic
interpretation of the spin-polarization factor. Second, in
our model we derive the eﬀective non-Hermitian Hamiltonian of the hybrid system and convincingly explain the
experimental results related to the EP by analyzing the
real and imaginary parts of the eigenvalues of the eﬀective
non-Hermitian Hamiltonian, which is beyond the depolarization model. In contrast, the depolarization model in
Refs. [43,63] only gives the relation between the eﬀective coupling and the drive power but does not provide the
eﬀective non-Hermitian Hamiltonian and its eigenvalues
(i.e., it cannot be used to describe the EP). Third, while our
model uses the framework of the eﬀective non-Hermitian
Hamiltonian, which is diﬀerent from the depolarization
model, it may also be harnessed to study other phenomena of non-Hermitian physics [64]. Thus, our study sheds
new light on power-induced depolarization phenomena in
paramagnetic systems and will stimulate further work in
this new direction.
In summary, we observe the EP in a hybrid quantum system consisting of P1 centers in diamond coupled
to a coplanar-waveguide resonator and also convincingly
show the cross-relaxation eﬀect in P1 centers. Among
various applications of EPs, enhancing the sensitivity of
detection has been widely investigated [10–16]. In critical
quantum metrology, it is important to precisely tune the
coupling. For example, in Ref. [65], a metrological protocol is designed to probe one physical parameter (e.g., the
spin frequency) of the Rabi model by slowly sweeping the
coupling from zero to some desired value close to the critical point. Thus, the good tunability of the coupling in this
hybrid quantum system may facilitate the application of
EPs in metrology.
The cross relaxation is an important phenomenon for
nitrogen impurities in diamond, because it can be used
to produce population inversion in paramagnetic nitrogen
donors to implement solid-state masers [56–58]. In the
future, one can introduce an eﬀective gain in the coplanarwaveguide resonator [66] to balance the loss and gain
in the hybrid system. This can achieve a hybrid system
with parity-time symmetry. Also, in the present work,
only stationary-state properties of the hybrid system are
studied. Thus, another future work can be focused on
the time evolution of the non-Hermitian system. While
coalescent eigenvectors at the EP are guaranteed by the
non-Hermiticity of the Hamiltonian [1], it is interesting
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APPENDIX A: EXPERIMENTAL SETUP
The hybrid system consists of an ensemble of P1 centers in diamond coupled to a coplanar waveguide resonator
[Fig. 1(a)]. The P1 center is a substitutional nitrogen defect
[Fig. 1(b)]. Due to the hyperﬁne interaction with the host
14
N nucleus, the P1 center has six energy levels and three
allowed transitions [Fig. 1(c)]. In the experiment, the sample is placed in a dilution refrigerator and cooled down to
20 mK [Fig. 5].
The coplanar waveguide resonator is fabricated by reactive ion etching of a 50-nm-thick d.c.-magnetron-sputtered
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to probe the behavior of the eigenstates around the EP
[6,8]. For example, with the good tunability of the coupling
strength and the magnon-mode frequency, it is promising to explore the exotic topological phenomena related
to the EP (e.g., nonreciprocal energy transfer [6] and
asymmetric mode switching [8]) by dynamically encircling the EP via varying the coupling strength and the
magnon-mode frequency in the hybrid system. Moreover,
monitoring the evolution of the non-Hermitian system can
also reveal intriguing time-dependent responses of the system on the drive tone, including the time evolution of the
magnon occupation in each spin subensemble. This can
provide further information about the cross relaxation in
P1 centers.

50 K
4K
HEMT

500 mK

100 mK

20 mK

Isolator

Magnet Sample
Filter

FIG. 5. A schematic of the experimental setup, where the
hybrid system in Fig. 1(a) is placed in a cryogenic chamber.

niobium ﬁlm on a thermally oxidized silicon substrate. The
central conductor of the resonator is 20 μm wide and its
gap to the ground plane is 11.6 μm, so that a 50  characteristic impedance is obtained. The resonator has a length
of 20 mm, deﬁned by two nearly identical interdigital
coupling capacitors with a capacitance of approximately
12 fF. The type-1b diamond used is synthesized under
both high pressure and high temperature, in which the P1
centers are the main defects and constitute the spin ensembles harnessed in the experiment. The damping rate of
the collective spin excitations (i.e., magnons) of the s = 0
spin subensemble in diamond is about γ /2π = 11.9 ± 0.3
MHz (half width at half maximum). This is determined
via the line width (half width at half maximum) of the
polaritonic peaks under weak probe-ﬁeld measurements
[Fig. 2(a)], with the relation = (γ + κ)/2. The damping rates of the other two subensembles are nearly the
same as that of the s = 0 subensemble. To perform the
measurement, we ﬁrst apply a drive tone of a given frequency on the coplanar waveguide resonator for a duration
of time and then apply a fast and low probe-power signal
(approximately 1 fW) to implement the measurement of
the transmission spectrum via a vector-network analyzer
(VNA). The drive tone is generated by an analog signal
generator and the duration time of the drive tone is set to
be 3000 s to ensure that the system is in the stationary state.
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Then, we change the power of the drive tone and repeat the
above process.

If we only take one subensemble into consideration
(e.g., s = 0), the Hamiltonian of the hybrid system is
Hs = ωc a† a +

APPENDIX B: EFFECTIVE HAMILTONIAN OF
THE SYSTEM
The Hamiltonian of the P1 center includes the Zeeman
energy and the hyperﬁne interaction between the electron
(spin 1/2) and the host nucleus (spin 1) [67],
HP1 = γe B · S + S · A · I,

(B1)

where γe /2π = 28 GHz/T is the gyromagnetic ratio, B is
the static magnetic ﬁeld, S ≡ (Sx , Sy , Sz ) and I ≡ (Ix , Iy , Iz )
are spin operators of the electron and the host nitrogen
nucleus, respectively, and A is the hyperﬁne interaction
tensor [68]. Note that in Eq. (B1), we leave out the Zeeman
energy and the quadrupole interaction of the host nucleus,
which only involve the operator I [69]. Due to the JahnTeller distortions, one of the four C—N bonds is elongated.
When the Jahn-Teller axis (i.e., the elongated C—N bond)
is along the z direction, the corresponding hyperﬁne tensor A is diagonal, i.e., Adiag /2π = diag(81.8, 81.8, 114.2)
MHz [68].
In our experiment, the [100] crystal axis of the diamond sample is aligned along the external magnetic ﬁeld
B = B0 ez . Because all C—N bonds have equivalent angles
with B, the hyperﬁne interaction is the same for each of
the P1 centers. In the coordinate frame with the z axis oriented along the [100] crystal axis, the hyperﬁne tensor A
becomes oﬀ diagonal, which can be obtained via a transformation of the diagonal hyperﬁne tensor Adiag [70]. The
Hamiltonian of the P1 center can be rewritten as
HP1 = γe B0 Sz + A Sz Iz + A⊥ (Sx Ix + Sy Iy ) + S · Aoﬀ · I,
(B2)
where A /2π = A⊥ /2π ≈ 94 MHz are the diagonal elements of the hyperﬁne tensor A and the oﬀ-diagonal elements are included in the tensor Aoﬀ . The hyperﬁne interaction is much smaller than the Zeeman energy and can
be treated as a perturbation. From ﬁrst-order perturbation
theory, the Hamiltonian is reduced to
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N


ω0 Szi +

i=1

N


gs,i (aSi+ + a† Si− ),

(B4)

i=1

where a (a† ) is the annihilation (creation) operator of the
resonator mode with frequency ωc , Si ≡ (Sxi , Syi , Szi ), and
Si± ≡ Sxi ± iSyi are the operators of the ith spin in the s = 0
subensemble, and gs,i is the coupling strength between the
ith spin and the resonator mode. For simplicity, the same
coupling strength gs,i = gs is assumed for all spins in the
subensemble. To describe the collective behavior of the
spins, we deﬁne the macrospin operator J ≡ (J√x , Jy , Jz ) =
N gs , with
i Si and the collective coupling strength g ≡
N being the number of spins in the subensemble. Then, the
Hamiltonian (B4) is reduced to
g
Hs = ωc a† a + ω0 Jz + √ (aJ+ + a† J− ),
N

(B5)

with J± ≡ Jx ± iJy .
To study the exceptional point (EP) of the hybrid
system, we ﬁrst use the Holstein-Primakoﬀ transformation [71],

J+ = b† N − b† b,

(B6)
J− = N − b† b b,
Jz = b† b − N /2,
to convert the Hamiltonian (B5) to
Hs = ωc a† a + ω0 b† b


+ g b† 1 − b† b/N a + a† 1 − b† b/N b , (B7)
where b (b† ) is the annihilation (creation) operator of the
magnons, which are the collective spin excitations in the
s = 0 subensemble. Next, we linearize the above Hamiltonian under the mean-ﬁeld approximation. Based on the
Taylor’s
expansion in terms of b† b/N , the coupling term

†
a 1 − b† b/N b can be written as

a† 1 − b† b/N b
= a† [1 − b† b/(2N ) − (b† b)2 /(8N 2 ) − (b† b)3 /(16N 3 ) + ···

HP1 = s|HP1 |s = (γe B0 + A s)Sz ,

(B3)

where s = 0, ±1 are the three eigenvalues of the operator
Iz , with |s being the corresponding eigenvectors. According to the values of s, the ensemble of P1 centers can
be divided into three subensembles of spins with transition frequencies ω+ = γe B0 + A , ω0 = γe B0 , and ω− =
γe B0 − A , respectively.

+ (b† b/N )n f

(n)

/n! + ···]b

= a† b − a† b† bb/(2N ) − (b† b)a† b† bb/(8N 2 )
− (b† b)2 a† b† bb/(16N 3 ) + ···
+ (b† b)n−1 a† b† bb(1/N n )f

(n)

/n! + ···,

(B8)

where f (n) = −(2n − 3)!!/2n , with n ≥ 2. We write b =
β + δb and b† = β ∗ + δb† , where β (β ∗ ) is the mean value
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of the operator b (b† ) and δb (δb† ) is the corresponding ﬂuctuation. When keeping the terms up to ﬁrst-order
ﬂuctuations,
a† b† bb = a† (β ∗ + δb† )(β + δb)(β + δb)
≈ a† (2|β|2 b + β 2 b† − 2|β|2 β).

(B9)

Neglecting the counter-rotating term a† b† under the
rotating-wave approximation, we have
a† b† bb ≈ 2|β|2 a† b − 2|β|2 βa† .

term of the Taylor’s expansion [cf. Eqs. (B7)–(B9)] is
c1 ga† b† , where c1 = −β 2 /2N . For the third term of the
Taylor’s expansion, the neglected counter-rotating part is
c2 ga† b† , where c2 = −|β|2 β 2 /8N 2 . In fact, the neglected
counter-rotating parts in all terms of the Taylor’s expansion can be summed as gC a† b† + H.c., where
C = −β 2 /2N − |β|2 β 2 /8N 2 − |β|4 β 2 /16N 3 + ···
+ (|β|2(n−1) β 2 /N n )f (n) /n! + ···

= − 1 − 1 − |β|2 /N β 2 /|β|2 .

(B10)

Also, we have
(b† b)a† b† bb ≈ b† b(2|β|2 a† b − 2|β|2 βa† )
= 2|β|2 a† b† bb − 2|β|2 βb† ba†
≈ 2|β|2 (2|β|2 a† b − 2|β|2 βa† ) − 2|β|4 βa†
= (2|β|2 )2 a† b − 6|β|4 βa† ,

(B11)

(b† b)2 a† b† bb = (b† b)(b† b)a† b† bb


Obviously, |C | ≡ 1 − 1 − |β|2 /N < 1. Because g 
ωc , ω0 in our hybrid system, it is thus reasonable to
perform the rotating-wave approximation in the above
derivations, even under high pump powers. Since all
high-order terms in the Taylor’s expansion are considered in Eqs. (B8)–(B15), the mean-ﬁeld approximation in
Eq. (B14) is also valid for the high-excitation case.
Substituting Eq. (B14) and its Hermitian conjugate into
Eq. (B7), we obtain
Hs = ωc a† a + ω0 b† b + geﬀ (a† b + ab† ) + (b a† + ∗b a),
(B17)

≈ (b† b) (2|β|2 )2 a† b − 6|β|4 βa†
= (2|β|2 )2 a† b† bb − 6|β|4 βb† ba†
≈ (2|β|2 )2 (2|β|2 a† b − 2|β|2 βa† )
− 6|β|6 βa†
= (2|β|2 )3 a† b − 14|β|6 βa† .

(B12)


where geﬀ = g 1 − |β|2 /(N /2). Obviously, the last term
in the above equation can be absorbed into the drive
Hamiltonian Hd :
Hd = d a† e−iωd t + ∗d aeiωd t .

More generally, we have
(b† b)n−1 a† b† bb ≈ (2|β|2 )n a† b −

n


2k |β|2n βa† . (B13)

k=1

Therefore, Eq. (B8) can be approximately written as

a† 1 − b† b/N b = 1 − 2|β|2 /(2N ) − (2|β|2 )2 /(8N 2 )
− (2|β|2 )3 /(16N 3 ) + ·· · +(2|β|2 /N )n f

(n)

/n! + ·· ·

× a b + (b /g)a

= 1 − 2|β|2 /N a† b + (b /g)a† ,
†

(B16)

†

(B18)

Actually, the displacement term b a† + ∗b a in the Hamiltonian (B17) is a counter-rotating term. When the magnons
are tuned to be nearly resonant with the resonator mode
(i.e., ω0 ∼ ωc ), this counter-rotating term can also be
ignored and the Hamiltonian (B17) is reduced to Hs =
ωc a† a + ω0 b† b + geﬀ (a† b + ab† ) in the near-resonance
case. When the decay rates of the resonator mode and the
spin ensemble, κ and γ , are included, the Hamiltonian of
the system can be eﬀectively written, in the non-Hermitian
form [61,62], as

(B14)
Heﬀ = (ωc − iκ)a† a + (ω0 − iγ )b† b + geﬀ (a† b + ab† ).
(B19)

where
b /g = 2|β|2 β/(2N ) + 6|β|4 β/(8N 2 ) + 14|β|6 β/(16N 3 )
+ ·· · −f

(n)

/n!

n


2k |β|2n β/N n + ·· · .

(B15)

With the obtained eﬀective non-Hermitian Hamiltonian in
Eq. (B19), the dynamics of the hybrid system is governed
by the following Liouvillian equation [61]:

k=1

When including the coeﬃcient of the counter-rotating
terms, the neglected counter-rotating part in the second
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†
= −i[Heﬀ ρ(t) − ρ(t)Heﬀ ],
∂t

(B20)
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where ρ(t) is the density operator of the system at time
t. Solving the Liouvillian equation, we can express the
density operator as
†

ρ(t) = exp(−iHeﬀ t)ρ(0) exp(iHeﬀ t).

(B21)

It is known in quantum mechanics that ρ 2 (t) = ρ(t) if the
system is in a pure state. However, in the non-Hermitian
case that we study,
†

ρ 2 (t) = exp(−iHeﬀ t)ρ(0) exp(iHeﬀ t) exp(−iHeﬀ t)
†

× ρ(0) exp(iHeﬀ t).

and the relative phases φ1,2 are

φ1,2 =



arccos ±

π/2,



2 −(γ −κ)2
4geﬀ
2geﬀ

geﬀ ≤ (γ − κ)/2;
,

geﬀ > (γ − κ)/2.
(B28)

Obviously, the two eigenvectors coalesce to |ψ1  =
|ψ2  = (i, 1)T at the EP: geﬀ = (γ − κ)/2. On the left side
of the EP, i.e., geﬀ < (γ − κ)/2, the relative amplitudes
A1,2 of the two eigenvectors are diﬀerent, but the relative
phases φ1,2 are the same. On the contrary, on the right side
of the EP, i.e., geﬀ > (γ − κ)/2, the relative amplitudes

†

Due to Heﬀ = Heﬀ , exp(iHeﬀ t) exp(−iHeﬀ t) = 1, so there is
ρ 2 (t) = ρ(t), even if the non-Hermitian Hamiltonian has a
simple form in Eq. (B19). This means that the system is in
a mixed state, instead of a pure state.
In matrix form, we can write the eﬀective non-Hermitian
Hamiltonian as


geﬀ
ωc − iκ
Heﬀ =
.
(B23)
geﬀ
ω0 − iγ

(a)
1.0

Aj/(1+Aj2)1/2

†

(B22)
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j=1
0.5

j=2

Diagonalizing it, we obtain the two eigenvalues,
1
[(ωc + ω0 ) − i(κ + γ )]
2

1
2
4geﬀ
+ [(ωc − iκ) − (ω0 − iγ )]2 ,
±
2

ω1,2 =

0.0


1
1
2
= ω0 − i(κ + γ ) ±
4geﬀ
− (γ − κ)2 . (B25)
2
2

Corresponding to these two eigenvalues, the two eigenvectors are

 i(γ − κ) ± 4g 2 − (γ − κ)2 T
eﬀ
|ψ1,2  =
,1
2geﬀ

T
≡ A1,2 eiφ1,2 , 1 ,
(B26)
where T denotes the matrix transpose and γ > κ in our
hybrid system. The relative amplitudes A1,2 can be written as

2
(γ −κ)2 −4geﬀ

 (γ −κ)±
A1,2 =

2geﬀ

1,

,

geﬀ ≤ (γ − κ)/2; (B27)
geﬀ > (γ − κ)/2,

2

4

6

8

10

12

geff/2p (MHz)

(b) 1.0
0.8

0.6

fj /p

this being Eq. (4) in the main text. In the resonant case
(ωc = ω0 ) that we study, Eq. (B24) reduces to Eq. (5) in
the main text, i.e.,
ω1,2

0

(B24)

j=1
0.4

j=2

0.2

0.0
0

2

4

6

8

10

12

geff/2p (MHz)
FIG. 6. The eﬀective-coupling dependence of the parameters of the eigenvector. (a) The normalized amplitudes

A1,2 / 1 + A21,2 and (b) the relative phases φ1,2 /π of the two
eigenvectors versus the eﬀective coupling strength geﬀ /2π . Here,
we choose κ/2π = 0.6 MHz and γ /2π = 11.9 MHz, as in the
main text.
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To measure the transmission spectra in Figs. 2(b),
4(a), and 4(b) (see the main text), we ﬁrst tune the
s = 0 subensemble in resonance with the resonator mode
ω0 /2π = ωc /2π = 3.093 GHz and then pump the system
with a drive tone at ωd /2π = 3.093 GHz for a duration of
time. Meanwhile, we monitor the transmission amplitude
at 3.090 GHz and measure it once every 5 s. As shown
in Fig. 7, the transmission amplitude becomes nearly stable when the duration time of the drive tone is increased
to be approximately 2000 s. To ensure that the hybrid
system is in the steady state, in both Figs. 2(b) and 4
the duration time of the drive tone is chosen to be 3000s
before each measurement of the transmission amplitude is
implemented (cf. the dashed vertical line in Fig. 7).
In the cases of Figs. 4(c) and 4(d), the bare frequencies
of the resonator mode are ﬁtted to be 3.095 GHz and 3.090
GHz, respectively. The diﬀerent bare resonator-mode frequencies found in Figs. 4(c) and 4(d) are due to the eﬀect
of the static magnetic ﬁeld on the superconducting waveguide resonator, because the applied static magnetic ﬁeld
can unavoidably aﬀect the superconductivity of the resonator. To verify this, we measure the dependence of the
transmission spectrum on the magnetic ﬁeld in the same
way as in Fig. 2(a), but the probe tone is chosen to be so
intense that all three spin subensembles are almost decoupled from the resonator, i.e., the magnon occupation is
achieved to be b† b = (N /2) for each subensemble to
1

3.16

Normalized |S21|2

Frequency (GHz)

(a) 3.20

3.12

s=+

s=0

s=–

3.08

Transmission amplitude (dB)

APPENDIX C: STEADY-STATE MEASUREMENT
AND DEPENDENCE OF THE RESONATOR-MODE
FREQUENCY ON THE STATIC MAGNETIC
FIELD

–18

–22

–24

0

2000

4000

6000

8000 10 000 12 000

Duration time (s)
FIG. 7. The transmission amplitude versus the duration time
of the drive tone. The s = 0 subensemble is tuned to be in resonance with the resonator mode. We resonantly pump the s = 0
subensemble with a drive tone and measure the transmission
amplitude at 3.090 GHz. To measure the transmission spectra in
our experiment, the duration time of the drive tone is chosen to be
3000 s before each measurement of the transmission amplitude
is implemented.

have geﬀ = geﬀ,± = 0. Indeed, as shown in Fig. 8(a), the
bare frequency of the resonator mode is gradually shifted
as the static magnetic ﬁeld strengthens. The three dashed
vertical lines (from the left to the right) correspond to
the magnetic-ﬁeld strengths used in Figs. 4(c), 2(b) [i.e.,
Figs. 4(a) and 4(b)], and Fig. 4(d), respectively. The black
dashed horizontal line indicates the bare frequency of the
resonator mode in the cases of Figs. 2(b) and 4(a) and 4(b).
(b) 1.0

3.04

3.00
106

–20

–26
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A1,2 are the same, but the relative phases φ1,2 are diﬀerent
(cf. Fig. 6).
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FIG. 8. (a) The dependence of the resonator-mode bare frequency on the static magnetic ﬁeld. The transmission spectrum is obtained
in the same way as in Fig. 2(a), but using a strong probe tone. (b) The measured line width of the resonator mode versus the drive
power.
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APPENDIX D: STEADY-STATE SOLUTION OF
THE MAGNON OCCUPATION
In the experiment, we apply a driving tone to achieve
considerable magnon occupations in the considered spin
subensemble. With the drive ﬁeld included, the Hamiltonian of the system becomes
g
H = c a† a + s Jz + √ (aJ+ + a† J− ) + (d a† + ∗d a),
N
(D1)
in the rotating frame with respect to the frequency ωd of
the drive ﬁeld, where c = ωc − ωd (s = ωs − ωd ) is
the frequency detuning between the resonator mode (spin
subensemble) and the drive ﬁeld. When the decay rates
κ and γ of the resonator mode and the spin subensemble
are considered, the dynamics of the hybrid system can be
described using the quantum Langevin equations [59]:

gJ− 
N (c − iκ)

−

d
.
c − iκ

(a)
16

Dc/2p = –94 MHz

12

8
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–70

–50

–30
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16

Dc/2p = 94 MHz

12

8

4

(D3)

0

(D4)

The ﬁrst equation in Eq. (D4) gives
a = − √

With the Holstein-Primakoﬀ transformation and the meanﬁeld approximation, Jz  and J−  can
 be expressed
as Jz  = b† b − N /2, and J−  =  (N − b† b)b2  ≈

(D2)

where the mean-ﬁeld approximation Jz a = Jz a is
used for the two-operator term.
For the steady state of the system, ȧ = J̇−  = 0, so
g
(c − iκ)a + √ J−  + d = 0,
N
2g
(s − iγ )J−  − √ Jz a = 0.
N

2g 2 J− Jz 
2gd Jz 
= 0.
+√
N (c − iκ)
N (c − iκ)
(D6)

(b)

From Eq. (D2), it follows that the mean values of a and J−
satisfy
g
ȧ = −i(c − iκ)a − i √ J−  − id ,
N
2g
J˙−  = −i(s − iγ )J−  + i √ Jz a,
N

(s − iγ )J−  +

geff/2p (MHz)

g
ȧ = −i(c − iκ)a − i √ J− − id ,
N
2g
J˙− = −i(s − iγ )J− + i √ Jz a.
N

Substituting the above equation into the second equation
in Eq. (D4), we have

geff/2p (MHz)

In analyzing the experimental results, we assume that
the decay rate of the resonator mode is independent of the
drive power. To demonstrate this, in Fig. 8(b), we measure the decay rate of the resonator mode versus the drive
power. It can be seen that the measured decay rate of
the resonator ﬂuctuates slightly around κ/2π = 0.6 MHz.
This indicates that the decay rate of the resonator is nearly
independent of the drive power.
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FIG. 9. The eﬀective magnon-photon coupling versus the driving power. (a) The data for geﬀ (circles) extracted from the
Rabi splitting in Fig. 4(a) (see the main text), where the s = 0
subensemble is in resonance with the resonator mode and the
s = + subensemble is resonantly pumped by a drive tone. The
solid curve is calculated for geﬀ,+ using Eq. (D9) with c /2π =
−94 MHz. (b) The data for geﬀ (circles) extracted from the Rabi
splitting in Fig. 4(b), where the s = 0 subensemble is in resonance with the resonator mode and the s = − subensemble is
resonantly pumped by a drive tone. The solid curve is calculated for geﬀ,- using Eq. (D9) with c /2π = 94 MHz. The other
parameters are the same as in Fig. 2(c).
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(s − ηc ) − i(γ + ηκ) b2 /N
√
√
g 1−χ
ξ(d / N ) = 0,
−
c − iκ

(D7)

where ξ = (1 − 2χ )/(1 − χ ) and η = g 2 (1 − 2χ )/(2c +
κ 2 ), with χ =b† b/N being
the reduced magnon occu
pation. Since b2 /N ( b2 /N )∗ ≈ χ , multiplying the
above equation with its complex conjugate, we obtain the
steady-state solution for the magnon occupation:
√
(s − ηc )2 + (γ + ηκ)2 χ − ξ η(|d |/ N )2 = 0.
(D8)
To measure the transmission spectrum in Fig. 2(b) of the
main text, we use ωd = ω0 = ωc , i.e., s = c = 0. In
this resonant case, Eq. (D8) is reduced to Eq. (6) in the
1

Frequency (GHz)

(a)

√
(ηc )2 + (γ + ηκ)2 χ − ξ η(|d |/ N )2 = 0,
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(D9)

where η = g 2 (1 − 2χ )/(2c + κ 2 ). The experimental data
(circles) in Figs. 9(a) and 9(b) are the eﬀective magnonphoton couplings extracted from the Rabi splittings in
Figs. 4(a) and 4(b), respectively. The solid curves are
the corresponding eﬀective magnon-photon couplings geﬀ,+

3.14

3.06

Frequency (GHz)

main text for ﬁtting the eﬀective magnon-photon coupling
2
in Fig. 2(c), where η = g 2 (1 − 2χ )/κ 2 = geﬀ
/κ 2 .
For the measured transmission spectra in Figs. 4(a)
and 4(b) (see the main text), the drive tone is tuned to be
resonant with the s = + and − subensembles, respectively,
while the resonator mode is in resonance with the s = 0
subensemble (i.e., the resonator mode has a frequency
detuning c from the drive tone). In the steady state, the
drive-power dependence of the reduced magnon occupation χ = b† b/N as well as the corresponding
√ eﬀective
magnon-photon coupling strength geﬀ,± = g 1 − 2χ can
be described by

Normalized |S 21| 2

(N − b† b)b2 . Then, Eq. (D6) is converted to

Normalized |S 21| 2
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FIG. 10. The transmission spectra without the EP. (a),(b) The Rabi splittings related to the s = + subensemble, where the drive tone
is in resonance with the s = 0 and s = − subensembles, respectively. (c),(d) The Rabi splittings related to the s = − subensemble,
where the drive tone is in resonance with the s = 0 and s = + subensembles, respectively. The dashed curves are simulated as the real
parts of the two eigenvalues, as in Figs. 4(c) and 4(d).
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and geﬀ,- calculated using Eq. (D9) with c /2π = −94
MHz [Fig. 9(a)] and c /2π = 94 MHz [Fig. 9(b)], respectively. It is clear that the numerical results for both geﬀ,+
and geﬀ,- are in good agreement with the experimental data
of geﬀ . This indicates that the cross relaxation occurs in
the P1 centers, which yields geﬀ,± = geﬀ . Therefore, as
2
2
explained in the main text, ω̃c = ωc + geﬀ,+
/δ+ + geﬀ,/δ−
is reduced to ωc , because δ+ = −δ− . This gives rise to the
symmetric transmission spectra in Figs. 4(a) and 4(b) about
the frequency of the resonator mode and the EP becomes
observable in the hybrid system.
Similar to Figs. 4(c) and 4(d) in the main text, in Fig. 10,
we also show the transmission spectra without the EP,
which are measured using an oﬀ-resonant drive tone. As
in Fig. 4(c), we tune the s = + subensemble to be nearly
resonant with the resonator mode. However, instead of
driving the s = + subensemble, we use a drive tone to resonantly pump the s = 0 [Fig. 10(a)] and s = − [Fig. 10(b)]
subensembles, respectively. Then, as in Fig. 4(d), we tune
the s = − subensemble to be nearly resonant with the resonator mode, but use a drive tone to resonantly pump the
s = 0 [Fig. 10(c)] and s = + [Fig. 10(d)] subensembles,
respectively. The corresponding eﬀective magnon-photon
couplings are also calculated using Eq. (D9) and the two
eigenvalues of the considered hybrid system can be then
obtained. As in Figs. 4(c) and 4(d), the dashed curves are
the simulated results for the real parts of the two eigenvalues, which also match the peak positions of the two
polariton branches in Fig. 10.
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with
λ− = −

geﬀ,geﬀ,+
, λ+ = −
.
ωc − ω−
ωc − ω+

(E3)

The eﬀective Hamiltonian can be written as
eﬀ = U† Heﬀ U
H
1
= Heﬀ + [Heﬀ , V] + [[Heﬀ , V], V] + ···
2
≈ H0 + (Hint + Hint + [H0 , V])
1
+ [Hint , V] + [Hint , V] + [[H0 , V], V] .
2

(E4)

The ﬁrst-order terms are
[H0 , V] = −geﬀ,- (a† c + ac† ) − geﬀ,+ (a† d + ad† ) = −Hint ,
Hint + Hint + [H0 , V] = Hint = geﬀ (a† b + ab† ), (E5)
and the second-order terms are
[Hint , V] = λ− geﬀ (b† c + bc† ) + λ+ geﬀ (b† d + bd† ),
[Hint , V] = 2λ− geﬀ,- (c† c − a† a) + 2λ+ geﬀ,+ (d† d − a† a)
+ (λ− geﬀ,+ + λ+ geﬀ,- )(c† d + cd† ),

(E6)

1
[Hint , V] + [Hint , V] + [[H0 , V], V]
2
1
= [Hint , V] + [Hint , V]
2
†
= λ− geﬀ,- (c c − a† a) + λ+ geﬀ,+ (d† d − a† a)

APPENDIX E: THE EFFECT OF OTHER SPIN
ENSEMBLES ON THE RESONATOR MODE

+ λ− geﬀ (b† c + bc† ) + λ+ geﬀ (b† d + bd† )
1
+ (λ− geﬀ,+ + λ+ geﬀ,- )(c† d + cd† ).
2

When the other two spin ensembles are considered, the
eﬀective Hamiltonian of the system becomes

(E7)

Therefore, the eﬀective Hamiltonian in Eq. (E4) is given by
(0)
(I )
eﬀ = Heﬀ
H
+ Heﬀ
,

Heﬀ = H0 + Hint + Hint ,
H0 = ωc a† a + ω0 b† b + ω− c† c + ω+ d† d,
Hint = geﬀ (a† b + ab† ),

(E1)

(0)
=
ωc a† a + ω0 b† b + 
ω− c† c + 
ω+ d† d + geﬀ (a† b + ab† ),
Heﬀ
(I )
Heﬀ
= λ− geﬀ (b† c + bc† ) + λ+ geﬀ (b† d + bd† )

Hint = geﬀ,- (a† c + ac† ) + geﬀ,+ (a† d + ad† ),

1
+ (λ− geﬀ,+ + λ+ geﬀ,- )(c† d + cd† ),
2

where the eﬀective Hamiltonian of the system is written in
the standard Hermitian form, without including the decay
rates of the resonator mode and the three spin subensembles. In the dispersive regime of |ωc − ω± |  geﬀ,± , we
can use the Fröhlich-Nakajima transformation [72,73],
U = exp(V), with V† = −V, to eliminate the degrees of
freedom of the s = ± subensembles, where the operator
V has the form
V = λ− (a c − ac ) + λ+ (a d − ad ),
†

†

†

†

(E8)

where

(E2)
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ωc = ωc − λ− geﬀ,- − λ+ geﬀ,+
= ωc +

2
geﬀ,-

ωc − ω−

+

2
geﬀ,+

ωc − ω+


ω− = ω− + λ− geﬀ,- = ω− −

ω+ = ω+ + λ+ geﬀ,+ = ω+ −

,

2
geﬀ,-

ωc − ω−

,

2
geﬀ,+

ωc − ω+

.

(E9)
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(I )
The eﬀective interaction Hamiltonian Heﬀ
contains the
second-order oﬀ-diagonal terms. When neglecting these
second-order terms in the dispersive regime |ωc −
ω± |  geﬀ,± , the eﬀective Hamiltonian of the sys(0)
eﬀ ≈ Heﬀ
=
ωc a† a + ω0 b† b + 
ω− c† c +
tem becomes H
†
†
†

ω+ d d + geﬀ (a b + ab ). Furthermore, we remove the
(0)
ω+ d† d in Heﬀ
and
commutative diagonal terms 
ω− c† c + 
include the decay rates of the resonator mode and the s = 0
subensemble. Then, the reduced Hamiltonian of the hybrid
system can be eﬀectively written, in the non-Hermitian
form [61,62], as

eﬀ = (
H
ωc − iκ)a† a + (ω0 − iγ )b† b + geﬀ (a† b + ab† ),
(E10)
with

ωc = ωc +

2
geﬀ,-

ωc − ω−

+

2
geﬀ,+

ωc − ω+

.

(E11)

The Hamiltonian (E10) has the same form as Eq. (2) in the
main text and its two eigenvalues are also given by Eq. (4)
in the main text, i.e., ω1, 2 in Eq. (B24), but ωc therein is
replaced by 
ωc .
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