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Spin and orbital angular momenta (AM) of light are well studied for free-space electromagnetic fields, even nonpar-
axial. One of the important applications of these concepts is the information transfer using AM modes, often
via optical fibers and other guiding systems. However, the self-consistent description of the spin and orbital AM
of light in optical media (including dispersive and metallic cases) was provided only recently [Bliokh et al., Phys.
Rev. Lett. 119, 073901 (2017)]. Here we present the first accurate calculations, both analytical and numerical, of
the spin and orbital AM, as well as the helicity and other properties, for the full-vector eigenmodes of cylindrical
dielectric and metallic (nanowire) waveguides. We find remarkable fundamental relations, such as the quantization
of the canonical total AM of cylindrical guided modes in the general nonparaxial case. This quantization, as well as the
noninteger values of the spin and orbital AM, are determined by the generalized geometric and dynamical phases in the
mode fields. Moreover, we show that the spin AM of metallic-wire modes is determined, in the geometrical-optics
approximation, by the transverse spin of surface plasmon polaritons propagating along helical trajectories on the wire
surface. Our work provides a solid platform for future studies and applications of the AM and helicity properties of
guided optical and plasmonic waves. © 2018 Optical Society of America under the terms of the OSA Open Access Publishing
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1. INTRODUCTION

Spin and orbital angular momenta (AM) of light are well-
established concepts in modern optics (see, e.g., books [1–3]
and reviews [4–6]). Despite some subtle issues originating from
quantum and field-theory aspects [7–9], the spin and orbital AM,
as well as their local densities, are well defined for monochromatic
electromagnetic fields (even nonparaxial) in free space [6,10–14].
In parallel with theoretical studies, the spin and orbital AM were
intensively explored experimentally. In the past decades, these
have found numerous applications in diverse areas including
optical manipulations [15–18], quantum optics [19–21], infor-
mation transfer, and communications [22–24].

Importantly, vortex modes carrying AM naturally appear in
cylindrically symmetric waveguides, such as dielectric fibers
[25,26] or metallic wires [27,28]. Moreover, one of the important
applications of the optical AM is the multichannel information
transfer via optical fibers [29,30]. However, the rigorous charac-
terization of the spin and orbital AM of a multimode waveguide
still remains an unsolved problem involving nonparaxial electro-
magnetic fields in inhomogeneous media. It is known that fiber

modes exhibit various spin-orbit interaction phenomena
[31–35], i.e., coupling between the polarization and orbital de-
grees of freedom [36]. Furthermore, the total AM must be con-
served due to the cylindrical symmetry of the system [37,38].
However, none of these studies answer the question “What are
the spin and orbital AM values?” for the cylindrical guided
modes.

The only work that properly addressed the above question [39]
did this for the simplest situation of a single fundamental mode of
a nondispersive (dielectric) nanofiber. Moreover, only the electric-
field (but not the magnetic-field) contributions to the energy,
spin, and orbital AM of the fiber mode were considered there.
Importantly, Ref. [39] demonstrated that the problem of the char-
acterization of the AM of the guided modes is closely related to
the Abraham–Minkowski dilemma in the characterization of the
momentum of light in a medium [40–44]. Traditionally, this di-
lemma discussed only the linear momentum of plane waves in
homogeneous media, and only very recently it was solved for
the momentum, spin, and orbital AM of arbitrary monochro-
matic fields in inhomogeneous and dispersive (but isotropic
and lossless) media [45,46]. In particular, it was shown that
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the canonical (Minkowski-type) momentum, spin, and orbital
AM acquire very natural forms similar to the well-known
Brillouin energy density [47,48].

In this work, we show that the general description [45,46] of
the momentum and AM of light works perfectly for cylindrical
modes in both dielectric and metallic (plasmonic) waveguides.
This allows one to unambiguously quantify all dynamical proper-
ties of complex eigenmodes in inhomogeneous dispersive struc-
tures. In particular, we find a very simple yet fundamental
result: the canonical total (spin� orbital) AM of the eigenmodes
of cylindrical waveguides always takes on integer values l (the
topological charge of the vortex in the longitudinal field compo-
nents) in units of ℏ per photon. Note that this simple result can-
not be obtained within the usual Poynting-vector-based (i.e.,
kinetic or Abraham) formalism [47,48], where the total AM is
noninteger. Thus, our approach allows one to extend the results
and intuition developed for free-space fields (where the total AM
of cylindrical modes is integer [10,11,14]) to the fields in inho-
mogeneous dispersive media. Remarkably, we show that, akin to
earlier free-space results [11], the noninteger spin and orbital AM
values for guided modes are closely related to the generalized geo-
metric phases in the mode fields. Moreover, for metallic-wire
modes we provide a simple geometrical-optics model based on
the helical rays of surface plasmon-polaritons. It shows that the
longitudinal spin AM of the metallic-wire modes originates from
the transverse spin [6,45,46,49,50] of skew surface plasmon
polaritons.

We also show that the canonical [45,46] and kinetic
(Poynting–Abraham) [47,48] momentum of the guided modes
can be associated with the propagation constant β and the group
velocity ∂ω∕∂β, respectively. Last but not least, we also examine
the helicity of guided modes. This is an independent fundamental
quantity (conserved in free space), which is equivalent to the spin
AM only in the simplest plane-wave case, but generally it char-
acterizes the degree of chirality of the electromagnetic field
[51–55]. Akin to the AM, the description of the optical helicity
was extended from free space to dispersive inhomogeneous media
only very recently [56,57]. We show that the helicity of guided
modes differs from their spin AM and can take any values in the
�−1, 1� range (in units of ℏ per photon). This shows that the
cylindrical guided modes are the eigenmodes of the longitudinal
component of the total AM (with integer eigenvalues) but not
helicity eigenstates.

We perform both analytical and numerical calculations for
dielectric multimode fibers, as well as for metallic wires support-
ing plasmonic modes. Our results reveal fundamental features of
the momentum, AM, and helicity properties, universal for
electromagnetic modes in various complex media.

2. BASIC EQUATIONS AND GUIDED-MODE
PROPERTIES

A. Energy, Momentum, Angular Momentum, and
Helicity

Recently, an efficient formalism describing canonical dynamical
properties (momentum, angular momentum, etc.) of monochro-
matic electromagnetic fields in isotropic dispersive media was
developed [45,46]. According to this, the cycle-averaged
energy (Brillouin expression [47,48]), momentum, spin, orbital,
and total AM densities in the field can be written as follows:

W � 1

4
�ε̃jEj2 � μ̃jHj2�,

P � 1

4ω
Im�ε̃E� · �∇�E� μ̃H� · �∇�H�,

S � 1

4ω
Im�ε̃E� × E� μ̃H� ×H�, L � r × P, J � L� S:

(1)

Here, E�r� and H�r� are the complex electric and magnetic field
amplitudes, ω is the frequency, and �ε̃, μ̃� � �ε, μ� �
ωd �ε, μ�∕dω are the dispersion-modified permittivity ε and per-
meability μ of the medium, assumed to be real. In Eq. (1) and in
what follows we neglect inessential common factors and use the
dimensionless parameters �ε, μ� in Gaussian units [which should
be understood as �ε, μ� → �ε0ε, μ0μ� in SI units].

The quantities (1) represent canonical Minkowski-type prop-
erties of the field [45,46]. In particular, the canonical momen-
tum density P can naturally be associated with the local
wavevector (phase gradient) in the field: P∕W � kloc∕ω. In
turn, the kinetic Abraham momentum density is given by the
Poynting vector [47,48],

P � 1

2c
Re�E� ×H�, (2)

(c → 1 in SI units). The Poynting–Abraham momentum density
actually describes the energy flux and the group velocity of the wave
propagation. For localized modes with well-defined real wavevec-
tor (phase gradient) k, the group velocity is given by the ratio of
the integral Poynting vector and Brillouin energy [25,26,45–47],
vg � ∂ω∕∂k � c2hPi∕hW i, where h…i denotes the integration
over the corresponding coordinates. Note that the Poynting
vector (2) also determines the kinetic (Abraham-type) total AM
density [46,47]:

J � r ×P: (3)

As we show below, for the waveguide modes its properties
differ considerably from the canonical AM (1). In particular,
even their integral values differ, hJ i ≠ hJi, in contrast to the
free-space situation [54]. The physical difference between the
kinetic-Abraham and canonical-Minkowski quantities is that
the former ones describe the properties of electromagnetic fields
only, while the latter ones characterize properties of the whole wave
mode (i.e., a polariton, which involves, on the microscopic level,
oscillations of both fields and electrons in matter) [46,58]. In fact,
the concept of “photon in a medium” implies such polariton ex-
citation characterized by Minkowski-type quantities. Moreover, it
is the canonical-Minkowski quantities that are conserved in media
with the corresponding symmetries [45,46,59,60].

The electromagnetic helicity is an independent important
property of electromagnetic fields that is related to the “dual sym-
metry” between the electric and magnetic fields [51–56]. It quan-
tifies the chirality of the field and generally differs from the spin
AM. Recently, it was shown [57] that the helicity density in
dispersive inhomogeneous dielectrics and metals can be written as

S � 1

2ω
jñjIm�H� · E� � 1

4ω

����ε̃
ffiffiffi
μ

ε

r
�μ̃

ffiffiffi
ε

μ

r ����Im�H� · E�, (4)

where ñ � ffiffiffiffiffi
εμ

p � ω d
ffiffiffiffiffi
εμ

p ∕dω is the group refractive index of
the medium. For dispersionless dielectrics, ñ � ffiffiffiffiffi

εμ
p

, while for
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Drude-model metals with ε � 1 − ω2
p∕ω2, ε̃ � 2 − ε (ωp is the

plasma frequency), and μ̃ � μ, one has jñj �
ffiffiffiffiffiffiffiffiffiffi
jμ∕εj

p
.

Below we investigate the momentum, AM, and helicity prop-
erties of the eigenmodes of cylindrical dielectric fibers and
metallic wires. We will calculate the normalized values “per pho-
ton in units of ℏ”; these are given by the local density ratios
ωS∕W , ωL∕W , ωS∕W , etc., and by the corresponding integral
ratios ωhSi∕hW i, etc.
B. Eigenmodes of Cylindrical Fibers and Wires

We consider a cylindrical nonmagnetic medium of radius r0 in
vacuum, characterized by the permittivity and permeability, as
follows:

ε �
�
ε1, for r < r0
ε2, for r > r0

and μ � 1:

(We, however, keep μ in the equations to facilitate the transition
to SI units: ε → ε0ε, μ → μ0). In dielectric waveguides the
dispersion is neglected, so that ε̃ � ε and ε1 > ε2, while in
metallic wires −ε1 > ε2 > 0, but ε̃1 > ε2 > 0. In what follows,
we assume the Drude plasma dispersion for the metal:
ε1�ω� � 1 − ω2

p∕ω2.
The eigenmodes of cylindrical waveguides are well studied

[25–28] and are schematically shown in Fig. 1. Usually, the mode
fields are presented using the components attached to the cylin-
drical coordinates �r,φ, z�. However, we found that these acquire
a particularly laconic form in the basis of circular polarizations
attached to the transverse Cartesian coordinates: E	 �
�Ex 
 iEy�∕

ffiffiffi
2

p
, H	 � �Hx 
 iHy�∕

ffiffiffi
2

p
. Namely, the eigen-

mode field inside the waveguide �r < r0� can be written as
follows:

E	 � −
iffiffiffi
ε

p
κ
�	βA� ikB�Jl
1�ρ�ei�l
1�φ�iβz ,

H	 � −
iffiffiffi
μ

p
κ
�	βB − ikA�Jl
1�ρ�ei�l
1�φ�iβz ,

Ez �
ffiffiffi
2

ε

r
AJl�ρ�eilφ�iβz , Hz �

ffiffiffi
2

μ

r
BJl�ρ�eilφ�iβz : (5)

Here, k � ffiffiffiffiffi
εμ

p
ω∕c is the wave number in the medium, β > k0 is

the mode propagation constant (k0 is the wave number in
vacuum), κ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − β2

p
is the radial wave number, ρ � κr,

l� 0,	1,	2,… is the azimuthal quantum number, and Jα�ρ�
is the Bessel function of the first kind. The values of the propa-
gation constant β for given other parameters (ω, r0, etc.)
are found from the transcendental characteristic equation,
whereas the complex constants A and B are determined from
the boundary conditions at r � r0 (see Appendix A) [26]. The
eigenmode fields outside the fiber are given by Eq. (5) with
the substitution

Jα�ρ� → H �1�
α �ρ�, �A,B� → �C ,D�, (6)

where H �1�
α �ρ� is the Hankel function, and the radial wave num-

ber becomes imaginary, κ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − β2

p
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 − k2

p
, whereas

the complex constants C and D are determined from the boun-
dary conditions (see Appendix A). Equations (5) and (6) describe
the eigenmodes of dielectric fibers [25,26] and metallic wires
[27,28]. In the latter case, ε1 < 0, and both k and κ become
imaginary inside the wire.

C. Labeling the Modes with Quantum Numbers

The transcendental characteristic equation for β and cumbersome
relations for the constants �A,B,C ,D� require numerical calcu-
lations. Figure 2 shows examples of the numerically calculated
dispersions β�ω� and energy distributions W �x, y� for the
eigenmodes of multimode dielectric fibers and metallic wires.
These modes can be classified via their quantum numbers.
As we show below, the main azimuthal quantum number l
characterizes the total AM. The l � 0 modes are pure TE (with
A � C � 0) and TM waves (with B � D � 0) (see Appendix A)
[26], for which the AM and helicity vanish identically:

Lz � Sz � S � Jz � J z � 0 for l � 0: (7)

Therefore, in what follows, we are interested only in the l ≠ 0
modes, which are mixed (i.e., neither TE nor TM).

Importantly, in dielectric fibers, these modes (including the
fundamental mode with l � 1) have circular polarizations in
the paraxial limit [25,31]. This corresponds to geometrical-optics
rays propagating inside the dielectric due to the total internal re-
flection and having circular polarizations, as shown in Fig. 1(a)
[25]. Therefore, one can introduce the spin quantum number
σ � 	1, characterizing the sign of this polarization, spin AM,
and helicity of the mode in the paraxial limit (where the geomet-
rical-optics rays are practically aligned with the z axis).
Accordingly, the orbital AM of the mode in the paraxial approxi-
mation is described by the orbital AM quantum number
m � l − σ, which corresponds to the orbital AM carried by hel-
ical geometrical-optics rays, Fig. 1(a) [25]. Finally, the dielectric-
fiber modes with the same AM numbers can have different radial
profiles, which are characterized by the radial quantum number
n � 0, 1, 2,…, counting the number of additional maxima of

Fig. 1. Schematic pictures of the eigenmodes of (a) a dielectric fiber
and (b) a metallic wire. The geometrical-optics skew rays with their polar-
izations (transverse circular in dielectrics and in-plane elliptical for surface
plasmon polaritons [6,36,49,50]) are shown by cyan and magenta, re-
spectively. These helical rays and their corresponding polarizations illus-
trate the origin of the orbital (L) and spin (S) AM of the cylindrical
guided modes.
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W �r� and corresponding to the fact that the geometrical-optics
rays can propagate at different angles with respect to the dielectric
interface [25]. Thus, a set of three quantum numbers,

�m, σ, n� � �orbital, spin, radial�, (8)

labels the l ≠ 0 modes of a dielectric fiber, as shown in Fig. 2(a)
[25,31]. Owing to the mirror symmetry of the waveguide, the
modes with opposite total AM l � 	1, 	2,… are double de-
generate, and we restrict our analysis to the l > 0 case. At the
same time, the modes with opposite spin quantum numbers σ �
	1 (and the same orbital and radial quantum numbers) are not
degenerate, indicating the spin-orbit interaction in optical fibers
[31–36,61].

The situation is much simpler in the case of metallic wires.
There, the eigenmodes have a surface plasmon-polariton origin
[27,28,62,63]. Therefore, the mode is localized near the
metal-dielectric interface [all geometrical-optics rays lie on the
cylindrical surface, Fig. 1(b)], and its radial profile is fixed for each
l, i.e., effectively n ≡ 0. Furthermore, the polarization is also
fixed, locally tending to the TM surface-plasmon mode in the
large-radius limit k0r0 ≫ 1; i.e., there are no circularly polarized

modes and effectively σ ≡ 0. Thus, the metallic-wire modes are
labeled by a single total AM quantum number l, as shown in
Fig. 2(b).

Nonetheless, the AM and helicity properties of the metallic-
wire modes are generally nontrivial. Akin to the dielectric-fiber
case, the fundamental l � 0 mode has pure TM polarization
with B � D � 0, and vanishing AM and helicity [Eq. (7)].
However, the higher-order modes are mixed, and, as we show
below, their spin and orbital AM, as well as helicity, are non-
zero. Notably, the nonzero spin AM of the metallic-wire modes
can be explained by the fact that even locally TM-polarized
surface-plasmon waves possess an elliptical polarization in the
propagation plane [see Fig. 1(b)] and therefore carry the trans-
verse spin [45,46,49], a phenomenon currently attracting
considerable attention [6,36,50]. For the modes with l > 0,
the geometrical-optics surface-plasmon rays are helical [64],
as shown in Fig. 1(b), and the locally transverse spin acquires
a nonzero z component [65]. In Section 4.B, we will show
that this geometrical-optics ray picture, supplied by the known
surface-plasmon-polariton properties, describes properties of
higher-order metallic-wire modes and enables one to derive

Fig. 2. Numerically calculated eigenmodes (a) of a multimode dielectric fiber with parameters r0 � 200 nm, ε1 � 2.1, and ε2 � 1 and (b) of a
metallic wire with parameters r0 � 150 nm, ε1 � 1 − ω2

p∕ω2, ωp � 1.3262 × 1016 s−1 ≃ 6.63c∕r0, ε2 � 1. The frequency ω was varied in these cal-
culations [note that varying the radius r0 would result in different curves in the panels (b)]. The upper panels depict the normalized propagation constants
β, which characterize the canonical momentum (9) of the modes (exceeding ℏk0 per photon). The lower panels show the subluminal group velocities (9)
of the modes. The small greyscale panels show typical transverse energy distributionsW �x, y� in different modes. The dielectric fiber modes are marked by
the total-AM quantum number l � m� σ, as well as by the three (orbital, spin, and radial) quantum numbers �m, σ, n� in Eq. (8). The metallic-wire
modes are marked by the single total-AM quantum number l. The dotted curves in (b) correspond to the surface-plasmon geometrical-optics model
[Eqs. (21) and (22)].
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approximate analytical expressions for the dispersion and AM
quantities.

3. ANGULAR MOMENTA AND MOMENTA OF
GUIDED MODES

A. Momentum, Spin, Orbital, and Total Angular
Momenta

Some important momentum and AM properties of the cylindrical
modes can be found analytically from Eqs. (5) and (6), without
numerically calculating their parameters. In this section, we de-
scribe these universal momentum and AM features, independent
of the dielectric or metallic waveguide properties. We first note
that all field components (5) share the same z-dependent factor
exp�iβz�. From here, it is easy to see that the z component of the
canonical momentum (1) is naturally associated with the propa-
gation constant of the mode, β. At the same time, the integral
Poynting vector (2) provides the group velocity of the modes
[25,26,47]. These momentum and velocity properties read

hPzi
hW i �

Pz

W
� β

ω
, υg �

c2hPzi
hW i � ∂ω

∂β
, (9)

where h…i denotes the integration over the transverse (x, y)
plane. Note that since β > k0, the canonical momentum per
photon always exceeds the photon momentum in vacuum.
In other words, the guided modes carry “supermomentum” larger
than ℏk0 per photon [45,46,66–68]. At the same time, the
group velocity is always subluminal: υg < c. This imposes the fol-
lowing inequality on the Poynting and canonical momenta:
chPzi∕hW i > 1 > chPzi∕hW i, which seem to be universal for
any guided modes [45,46], while for free-space localized solutions
chPzi∕hW i � chPzi∕hW i < 1 [54,67]. Figure 2 shows these
dimensionless canonical-momentum and group-velocity charac-
teristics for the numerically calculated modes of dielectric fibers
and metallic wires, confirming that these are restricted by 1 from
below and above, respectively.

The eigenmodes fields (5) and (6) are written in a form con-
venient for the AM analysis. Indeed, each field component has a
well-defined vortex phase factor exp�iαφ�. In turn, the z compo-
nent of the orbital AM (1) is determined by the operator
L̂z � −i�r × ∇�z � −i∂∕∂φ. However, the whole field (5) is
not an orbital AM eigenmode, because different components have
different azimuthal numbers α. This is typical for nonparaxial
vortex fields with intrinsic spin-orbit coupling [10,11,36].

For the analysis of the AM properties of the modes, it is in-
structive to write the energy density (1) as a sum of the energies of
the right-hand circular ���, left-hand circular �−�, and longi-
tudinal (z) field components: W � W � �W − �W z , where
W 	��ε̃jE	j2� μ̃jH	j2�∕4 and W z ��ε̃jEz j2� μ̃jHz j2�∕4.
Substituting now the fields (5) and (6) into Eq. (1), we find that
the z components of the spin and orbital AM can be written as
follows:

ωLz
W

� �l − 1�W � � �l� 1�W − � lW z

W
,

wSz
W

� W � −W −

W
: (10)

Most importantly, it follows from these relations that the total
AM of the eigenmodes is always an integer,

ωh Jzi
hW i � ωJz

W
� ωLz

W
� ωSz

W
� l: (11)

To the best of our knowledge, this remarkably simple result
has not been derived before. Moreover, it is by no means trivial.
On the one hand, a cylindrically symmetric stationary system
must possess eigenmodes, simultaneously, of the energy (i∂∕∂t)
and total AM ( Ĵ z) operators, with the corresponding eigenvalues
ω and l. On the other hand, until recently, we have not had ex-
pressions for the total AM of light in a medium, which would
yield the integer value (11). In particular, the often-used
Poynting–Abraham total AM (3) is not an integer for cylindrical
guided waves (see [39] and Figs. 3 and 4 below),

ωhJ zi
hW i ≠ l: (12)

It is only the recently derived canonical Minkowski-type AM
[45,46] that yields the proper integer value (11). We also empha-
size the importance of the dual-symmetric form of the canonical
energy, momentum, and AM expressions (1), which can be writ-
ten as a sum of the electric and magnetic contributions:
P � Pe � Pm, L � Le � Lm, S � Se � Sm. The simple results
(9)–(11) would not be obtained for the pure-electric definitions
P 0 � 2Pe , L 0 � 2Le , S 0 � 2Se . Obtaining the values (9)–(11)
for the electric-biased definitions would require to also use the
pure-electric energy W 0 � 2W e, as was done in [39].
However, such definition is physically inconsistent because the
pure-electric energy is not a conserved quantity, even in free space.
The fundamental importance and consistency of the canonical
Minkowski-type dual-symmetric definitions (1) is discussed in
detail in [45,46]. The natural and laconic form of Eqs. (9)–(11)
fairly supports this approach.

As we will see in Section 4, the dielectric-fiber modes become
paraxial and circularly polarized, with ωhSzi∕hW i ≃
ωhSi∕hW i ≃ σ � 	1 and ωhLzi∕hW i ≃ m � l − σ in the
k0r0 ≫ 1 limit. This determines the spin and orbital quantum
numbers (8). In the nonparaxial regime, these values are not in-
tegers, but the sign of the spin AM and helicity still determines
the quantum number σ. For the metallic-wire modes,
ωhSzi∕hW i ≃ ωhSi∕hW i ≃ 0 in the k0r0 ≫ 1 limit. Note also
that the vanishing spin and orbital AM of pure TE and TM
modes with l � 0, Eq. (7), follows from Eqs. (10) and (11),
and Eqs. (5) and (6) with A � C � 0 or B � D � 0, when
we notice that jE�j2 � jE−j2, jH�j2 � jH −j2, and
hence W � � W −.

B. Relation to the Dynamical and Geometric Phases

Remarkably, the values of the angular momenta (10) and (11), as
well as the quantization of the total AM, are closely related to the
dynamical and geometric phases in inhomogeneous polarized fields.

To start with, we would like to characterize the phase differ-
ence in a complex vector field ψ�r� between two r points
connected by a contour C. For a scalar field ψ�r�, the only
natural definition of the phase is Φ � R

C ∇Arg�ψ� · dr �
Im
R
C
ψ��∇�ψ
jψ j2 · dr. However, the vector field ψ�r� has more degrees

of freedom: for example, it can be factorized into a complex
scalar amplitude and a unit direction (polarization) vector.
One way to introduce the phase is to use the scalar complex field
Ψ � ψ · ψ [69,70]:
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ΦD � 1

2

Z
C
∇Arg�Ψ� · dr: (13)

This phase can be associated with the dynamical phase in the field,
because it is independent of the direction of the field polarization.
Alternatively, one can calculate the phase using the local wavevec-
tor of the field, determined by the expectation value of the −i∇
(canonical-momentum) operator [66–68],

Φ �
Z
C
kloc · dr ≡ Im

Z
C

ψ� · �∇�ψ
ψ� · ψ

· dr: (14)

This phase can be called the total phase of the field, because the
operator −i∇ acts on both the scalar and polarization parts of the
vector field. Accordingly, the difference between the phases (14)
and (13) is the geometric phase caused by the inhomogeneous
polarization along the contour C,

ΦG � Φ −ΦD: (15)

We analyze this phase in detail elsewhere [71]; in particular, we
show that it coincides with the well-known Pancharatnam–Berry
phase on the Poincaré sphere [72] in the case of paraxial fields.

To apply this formalism to the electromagnetic field in optical
media, we introduce the six-component electromagnetic “wave-
function” ψ � ω−1∕2�E,H�. Importantly, the scalar product
for this Maxwell field in a dispersive inhomogeneous medium
should be modified, because the macroscopic Maxwell equations
are effectively non-Hermitian. As it was shown recently [57] (see
also [73,74]), the modified inner product in a medium involves
the “left vector” ψ̃ � ω−1∕2�ε̃E, μ̃H�, i.e., ψ� · �…�ψ →
ψ̃� · �…�ψ. With this modified scalar product, the canonical
momentum, spin, and orbital AM (1), as well as helicity (4) re-
present the local expectation values of the corresponding quan-
tum operators [45,46,57], while the Brillouin energy density is
determined by the wavefunction norm: W � ω ψ̃� · ψ.
Furthermore, substituting the “right” and “left” electromagnetic
wavefunctions into Eqs. (13)–(15), we can now calculate the in-
crements of the phases (13)–(15) for the waveguide modes (5)
and (6) along a closed circuit C � fr � const,φ ∈ �0, 2π�g. In
doing so, ∇ · d r � �∂∕∂φ�dφ � iL̂zdφ, and the total phase in-
crement (14) becomes naturally proportional to the canonical
orbital AM (10). Moreover, the dynamical phase (13) becomes
proportional to the total AM (11), while the geometric phase
(15) corresponds to the minus spin AM,

ωLz
W

� Φ̶,
ωSz
W

� −Φ̶G ,
ωJz
W

� Φ̶D � l, (16)

where Φ̶� Φ∕2π. The last equality in Eq. (16) readily follows
from the definition (13) and fields (5) if we notice that for
the circularly-polarized components ψ · ψ � 2ψ�ψ− � ψ2

z ∝
exp�2ilφ�. Thus, the quantization of the total AM is explained
by the quantization of the dynamical phase along the circuit C (this
characterizes the topological vortex number of the scalar field
Ψ � ψ · ψ). The proportionality between the spin AM and geo-
metric phase is also easy to explain.Moving along the contour C, we
are attached to the cylindrical coordinates (r, φ), which experience
a 2π rotation with respect to the Cartesian axes �x, y�. Therefore,
the right-hand ��� and left-hand �−� circular field components
acquire the opposite geometric phases 
2π [36,75], which are
averaged in the second Eq. (10) with the weights W � and W −.

These results resemble previous calculations of the spin and
orbital AM in nonparaxial Bessel beams in free space [11,14].

However, there are two differences. First, most importantly,
the free-space consideration [11] is based on the Fourier plane-
wave decomposition of the field and the spin-redirection geometric
phase in k space. In the present problem, this approach is inap-
plicable because plane waves are not eigenmodes of an inhomo-
geneous cylindrical medium. Therefore, our treatment is based on
another type of geometric phase (similar to the Pancharatnam–
Berry one) in r space [71]. Second, one can notice the difference
between Eq. (16) and analogous equations in Ref. [11]. The rea-
son is that the free-space Bessel beams in [11] are defined such
that l is the orbital-AM number (corresponding to m in this
work), and the l � 0 beam tends to a uniform circularly polar-
ized plane wave in the paraxial limit. In contrast, the cylindrical-
waveguide modes (5) and (6) are defined with respect to the polar
coordinates, so that l is the total-AM quantum number, and the
l � 0 modes are singular on axis (r � 0). The two approaches
are connected by the substitution l � m� σ, where σ � 	1 is
the spin/helicity quantum number. Making this substitution in
Eqs. (10), (11), and (16), we find that the spin, orbital, and total
AM could be written as ωLz∕W � m� Φ̶0

G , ωSz∕W � σ − Φ̶0
G ,

ωJz∕W � m� σ, where the modified geometric phase (now de-
fined with respect to the Cartesian rather than polar axes) is
Φ 0

G � ΦG � 2πσ. These relations have exactly the same form
as the ones derived for the free-space Bessel beams [11].

4. EXPLICIT CALCULATIONS

A. Dielectric Fibers

We are now in a position to show explicit results for the AM and
helicity values for the cylindrical guided modes. We first consider
dielectric fibers, which are assumed to be made of nondispersive
materials: ε̃ � ε and μ̃ � μ.

Apart from the general result for the canonical total AM (11),
the fields, dispersion, and dynamical properties of the modes
require numerical calculations. These can be performed directly
using the equations of Section 2 and Appendix A. However, we
found that a considerable analytical simplification can be
executed. Namely, substituting Eq. (5) into Eqs. (1), (2), and
(4), we derive the following expressions for the energy, spin, hel-
icity, and Poynting momentum densities inside the fiber �r < r0�:

W � 1

4
�bξ−G��aξ�� ζ�F �, Pz �

1

4
ffiffiffiffiffi
εμ

p
c
�bξ�F� aξ−G�,

Sz �
1

4ω
�aξ−F�bξ�G�, S� 1

4ω
�bξ−F��aξ�� ζ�G�: (17)

Here, we introduced the following parameters:

ξ	�ρ� � jJl−1�ρ�j2 	 jJl�1�ρ�j2, ζ�ρ� � 2jJl�ρ�j2,

a � k2 � β2

jκj2 , b � 2kβ
jκj2 ,

F � jAj2 � jBj2, G � 2 Im�AB��: (18)

Outside the fiber �r > r0�, the energy, helicity, and spin densities
are given by Eqs. (17) and (18) with the substitution (6). Note
that the canonical momentum and the orbital or total AM do not
require additional calculations, because, according to Eqs. (9) and
(11), they are determined by the energy and spin densities:
Pz � βW ∕ω, Jz � lW ∕ω, and Lz � Jz − Sz .

Equations (17) and (18) illuminate some properties of the spin
and helicity in the waveguide modes, clearly showing that these
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are different quantities, which characterize the intrinsic AM
[1–14] and chirality of the field [51–57], respectively. First,
the helicity coincides with the z component of the spin AM only
in the paraxial limit. Indeed, the paraxial limit κ ≪ k corresponds
to b ≃ a ≫ 1, and S ≃ Sz . Second, it is easy to see that F ≥ jGj,
and the helicity magnitude is restricted by the fundamental limit
of 1 (in ℏ units per photon): ωjSj∕W ≤ 1. Third, the helicity
eigenstates with ωjSj∕W � 1 correspond to S � 	W ,
F � 	G, which yields A � 	iB or C � 	iD. This condition
means that the fields (5) and (6) satisfy E � 	i

ffiffiffiffiffiffiffiffi
μ∕ε

p
H, which

are exactly the eigenstates of the helicity operator in a medium:

Ŝ �
 

0 i
ffiffiffiffiffiffiffiffi
μ∕ε

p
−i

ffiffiffiffiffiffiffiffi
ε∕μ

p
0

!
acting on the vector ψ ∝

�
E
H

�
[55–57]. Finally, the helicity and longitudinal spin of the fields
(5) and (6) are nonzero in the general case, because these are
mixed (i.e., neither TE nor TM) modes. The only exception
is the l � 0 case, where, for the TE (A � C � 0) and TM
(B � D � 0) modes, we have ξ−�ρ� � G � 0, and all helicity
and AM properties vanish in agreement with Eq. (7).

Figure 3 shows the results of numerical calculations of the integral
values of the spin/orbital/total AM and helicity, hSzi, hLzi, hJ zi,
and hSi, for several dielectric-fiber modes shown in Fig. 2(a).
One can clearly see the quantization of the canonical total AM, non-
integer character of the Poynting–Abraham total AM, and helicity
different from the spin. While l is the total AM quantum number,
these calculations allow one to identify the spin and orbital quantum
numbers, σ � sgnhSzi and m � l − σ, discussed in Section 2.C.
One can also see that the normalized spin/helicity and orbital AM
values (but not the Poynting–Abraham AM) tend to

ωhSzi
hW i ≃

ωhSi
hW i ≃ σ,

ωhLzi
hW i ≃ m, for k0r0 ≫ 1: (19)

The noninteger character of these quantities in the general
nonparaxial case signals the spin-orbit interaction of light in the fiber
[11,14,31–36].

B. Metallic Wires

We now consider cylindrical metallic wires characterized by the
dispersive permittivity ε1�ω� < 0 and the corresponding ε̃1 > 0.
Figure 4 shows calculations analogous to Fig. 3, using the general
equations of Section 2, but now for the eigenmodes of a metallic
wire, Fig. 2(b). There is one important difference in the behavior
of the spin and helicity in Figs. 3 and 4. Namely, in the paraxial
(large-radius) limit, the metallic-wire modes tend to the TM
surface plasmon-polariton waves (the wire surface can be locally
approximated by a planar interface) with vanishing longitudinal
spin and helicity. Moreover, surprisingly, the Poynting–Abraham
total AM also vanishes in this limit:

ωhSzi
hW i ≃

ωhSi
hW i ≃

ωhJ zi
hW i ≃ 0,

ωhLzi
hW i ≃ l, for k0r0 ≫ 1: (20)

The vanishing Poynting–Abraham AM exhibits a dramatic
difference with the quantized canonical AM. This behavior can
be qualitatively explained as follows. In the large-radius limit,
the mode is locally described by the near-planar surface plas-
mon-polariton wave propagating at an angle with respect to the
z axis, as shown in Fig. 1(b). The Poynting vector of this surface
plasmon polariton has a nonzero azimuthal component Pφ, which
determines the z component of the Poynting–Abraham total AM:

Fig. 3. Numerically calculated canonical spin, orbital, and total AM [Eqs. (1), (10), (11), and (17)] as well as the helicity [Eqs. (4) and (17)] and the
Abraham–Poynting total AM [Eq. (3)] of the modes of a dielectric fiber are shown in Fig. 2(a). Here, plotted are the normalized integral values (in units of
ℏ per photon), defined as … � ωh…i∕hW i. One can see the quantization of the canonical total AM Jz � Lz � Sz � l, the noninteger Poynting–
Abraham AM J z ≠ l, and the differing spin AM and helicity Sz ≠ S. In the large-radius (paraxial) limit k0r0 ≫ 1, the canonical spin and orbital AM
tend to the quantized values Lz ≃ m and Sz ≃S ≃ σ.
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J z � rPφ. However, it is known that the group velocity and
hence the integral Poynting–Abraham momentum of planar sur-
face plasmon polaritons tend to zero in the large-frequency limit
[45,46,62,76]: hPi → 0 for β → ∞. [This is caused by opposite
directions of the Poynting vector in the vacuum and metal parts
of the surface plasmon, and is in sharp contrast to propagating
waves in dielectrics.] Therefore, both the integral azimuthal
Poynting vector and Poynting–Abraham AM tend to zero:
hJ zi ≃ r0hPφi → 0. At the same time, the canonical AM
of the metallic-wire modes does not vanish and is well-
defined, because all the field components Hφ � �i∕ ffiffiffi

2
p �

�H�eiφ −H −e−iφ�, Er � �1∕ ffiffiffi
2

p ��E�eiφ � E−e−iφ�, and Ez
possess the common phase factor exp�ilφ� [see Eqs. (5) and
(6)], subject to the action of the AM operator −i∂∕∂φ.

Analytical calculations for metallic-wire modes do not produce
simple equations similar to Eqs. (17) and (18) because of the
dispersion of the metal and the difference between ε and ε̃.
However, the geometrical-optics picture of surface plasmon polari-
tons propagating along helical rays on the metal-dielectric interface,
Fig. 1(b), allows a simple analytical description of the higher-order
mode properties in the paraxial approximation, k0r0 ≫ 1.

Consider a locally planar surface plasmon polariton propagat-
ing with the wavevector kp � kzz� kφφ, where the local
Cartesian coordinates of the interface are attached to the global
cylindrical coordinates (the overbars denote the corresponding
unit vectors), and jkpj � kp is the wave number of the planar
surface plasmon polariton [45,46,62,76]. Then, the phase-match-
ing (quantization) condition along the cyclical azimuthal coordi-
nate on the cylindrical surface yields kφr0 � l [64]. In turn, the
longitudinal wavevector component determines the propagation
constant: kz � β. From these relations and known properties of
surface plasmon polaritons [45,46,62,76], we derive the
dispersion relation for metallic-wire modes:

β�ω� ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2p�ω� −

l2

r20

s
, kp�ω� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε1�ω�

1� ε1�ω�

s
ω

c
: (21)

Remarkably, this is a simple nontranscendental relation without
any special functions. The mode group velocity can also be
derived either by differentiating Eq. (21) or by taking the z

projection of the group velocity of planar surface plasmons
[45,46,62,76]:

vg ≃ c
�1� ε1�2
1� ε21

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε1

1� ε1
−

l2

k20r
2
0

s
: (22)

The comparison of Eqs. (21) and (22) to the results of exact cal-
culations is shown in Fig. 2(b). These agree well for k0r0 ≫ 1.

Next, it is known now that planar surface plasmon polaritons
carry transverse spin AM, orthogonal to their wavevector kp and
to the normal to the interface (the r direction in our case)
[6,36,45,46,49,50]. Therefore, this transverse spin has both a
φ component and a z component [65]. Using the transverse spin
calculated for planar surface plasmons in [45,46] and projecting it
onto the z axis, we obtain the following longitudinal spin AM of
the metallic-wire mode:

ωhSzi
hW i ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−1 − ε1

p �2� ε1�
1� ε21

l
k0r0

: (23)

This equation agrees well with the exact calculations, as shown in
Fig. 4, when k0r0 ≫ 1.

Thus, the geometrical-optics ray picture, supplied with the
known properties of planar surface plasmon polaritons, provides
an efficient analytical description for the dispersion and AM prop-
erties of the higher-order metallic-wire modes. Note that our
model is based on the simple scalar quantization condition
kφr0 � l [64]. Owing to the vector nature of surface plasmon
polaritons, one can further improve it by taking into account
the geometric-phase correction [11].

5. CONCLUSION

We have provided the first self-consistent calculations, both
analytical and numerical, of the canonical dynamical properties—
spin/orbital/total AM, momentum, and helicity—of the eigenm-
odes of cylindrical waveguides: dielectric fibers and metallic wires.
These properties are of major importance for optical communi-
cations and information transfer, including AM-based multiplex-
ing [22–24,29,30]. Surprisingly, despite the long history of the
theoretical and experimental studies of optical waveguides
[25–28], there was no proper description of the AM of the cylin-
drical guided modes. The reason is the lack, until very recently
[45,46], of consistent theoretical definitions of these quantities

Fig. 4. Same as in Fig. 3 but for the metallic-wire modes shown in Fig. 2(b). The parameters are the same as in Fig. 2(b), and the frequency ω was
varied in these plots (varying the radius r0 would result in different curves). The main difference in the behavior of the depicted quantities as compared to
Fig. 3 is that in the large-radius (paraxial) limit k0r0 ≫ 1, the canonical spin and orbital AM tend to the values Lz ≃ l and Sz ≃S ≃ 0, whereas,
surprisingly, the Poynting–Abraham total AM also vanishes: J z ≃ 0. The red dotted curves correspond to the geometrical-optics model for the spin
AM [Eq. (23)], based on the transverse spin of surface plasmon polaritons.
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(well studied in free space) in inhomogeneous and dispersive
media. Our work fills this important gap.

In particular, we have found the fundamental quantization of the
total AM of eigenmodes of cylindrical waveguides. Although this
result looks very natural from the symmetry viewpoint, it has never
been obtained explicitly, apart from numerical calculations [39] for
a single fundamental mode in a nondispersive dielectric fiber.
Notably, the traditional approach based on the kinetic Poynting
(i.e., Abraham) momentum and AM results in very different non-
integer AM values, counterintuitive for cylindrically symmetric sys-
tems. Furthermore, the Poynting–Abraham AM vanishes in the
paraxial approximation for metallic-wire modes. This is in strong
contrast with the vortex nature of higher-order metallic-wire modes.

We have also calculated the spin and orbital AM of the guided
modes. These are noninteger in the general nonparaxial case, be-
cause of the spin-orbit interactions induced by the inhomogeneous
medium [31–36], but tend to integer values (19) and (20) in the
paraxial regime. Remarkably, we have shown that the spin, orbital,
and total AM values are intimately related to the generalized geo-
metric and dynamical phases in the mode fields. The laconic rela-
tions (16) generalize previous free-space results [10,11,14] to the
case of inhomogeneous and dispersive optical media. We have also
provided the simplified geometrical-optics model of metallic-wire
modes. This model yields approximate analytical expressions for
the mode parameters and shows that the spin AM of metallic-wire
modes originates from the transverse spin of surface plasmon polar-
itons [6,45,46,49,50] propagating along helical trajectories.

Thus, our approach allows one to quantify the most fundamen-
tal dynamical properties of the cylindrical modes in the exact full-
vector formalism. In all cases we examined, the results are perfectly
consistent with the physical intuition and symmetries of the sys-
tem; see Eqs. (9), (11), (19), and (20). Therefore, our consider-
ation of cylindrical media can be regarded as a simple test case for
further application of the general formalism of Eqs. (1) and (4) to
optical eigenmodes of complex dielectric and metallic structures.

After this work was completed, the relevant recent paper [77]
and the preprint [78] came to our attention. The paper [77] ex-
amines the spin and orbital AM, as well as the helicity, of the
eigenmodes of nondispersive dielectric fibers. However, the
Poynting–Abraham-type quantities are analyzed there; they differ
considerably from the canonical Minkowski-type quantities con-
sidered in our work. In turn, the preprint [78] reports related re-
sults on the quantization of the Minkowski-type total AM of
optical beams but only in homogeneous nondispersive media.

APPENDIX A

The electromagnetic boundary conditions for r � r0, i.e., the
continuity of the Ez,φ and Hz,φ components of the fields (5)
and (6), provide a system of equations for the coefficients A,
B, C , D. It can be written as the matrix equation M̂ ~V � 0
[26], with ~V � �A,B,C ,D�T and

M̂ �

0
BBBBBBB@

ffiffiffiffiffi
ε2

p
Jl 0 −

ffiffiffiffiffi
ε1

p
H �1�

l 0ffiffiffiffiffi
ε2

p lβ
κ21r0

Jl i
ffiffiffiffiffi
ε2

p k1
κ1
J 0l −

ffiffiffiffiffi
ε1

p lβ
κ22r0

H �1�
l −i

ffiffiffiffiffi
ε1

p k2
κ2
H �1� 0

l

0 Jl 0 −H �1�
l

−i k1κ1 J
0
l

lβ
κ21r0

Jl i k2κ2H
�1� 0
l − lβ

κ22r0
H �1�

l

1
CCCCCCCA
:

(A1)

Here, κ1,2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21,2 − β

2
q

, k1,2 � ε1,2μω
2∕c2, Jl ≡ Jl�κ1r0�,

H �1�
l ≡H �1�

l �κ2r0�, and the prime stands for the derivative with
respect to the special-function argument.

The transcendental dispersion equation for the eigenmodes is
provided by det M̂ �β,ω� � 0. After it is solved (numerically), one
can find the complex field amplitudes A, B, C , and D, up to a
common constant factor. In the special case l � 0, Eq. (A1) is
simplified, and the characteristic equation det M̂�β,ω� � 0 can
be presented as a product of two factors, one of which must
vanish,

J1
J0

−
ε2
ε1

κ1
κ2

H �1�
1

H �1�
0

� 0 �TM�, J1
J0

−
κ1
κ2

H �1�
1

H �1�
0

� 0 �TE�, (A2)

where we used J 00 � −J1, H
�1� 0
0 � −H �1�

1 , and k2∕k1 �
ffiffiffiffiffiffiffiffiffiffiffi
ε2∕ε1

p
.

One can show that these dispersion relations correspond to pure
TM and TE modes with B � D � 0 and A � C � 0, respec-
tively [26], and only TM modes exist in the metallic-wire case.
Spin, orbital, and total AM, as well as the helicity of the modes
(A2), vanish identically [Eq. (7)]. In the case of dielectric fibers,
none of these modes are the fundamental mode with the lowest
frequency. The fundamental mode is the circularly polarized
mode characterized by �m, σ, n� � �0, 1, 0�, i.e., l � 1, Fig. 2(a).
All modes with l ≠ 0 are generally mixed, i.e., neither TE nor
TM, with all nonzero coefficients A, B, C , and D.
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