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In this supplementary material document, we provide: (i) further details about the classical
scattering theory and spectrum, (ii) some technical details on our numerical solution of the master
equation, (iii) calculations to show the role of the cavity bath spectral function, (iv) calculations to
demonstrate the role of the cavity pump rate (beyond weak excitation), and (v) a derivation of the
perturbative Bloch-Siegert regime, to support the numerical findings about the spectral linewidths,
and in particular how the classical solution is obtain only when one uses II. = %(P + Q) for the
cavity bath operator with gauge corrections.

I. CLASSICAL SCATTERING THEORY AND CLASSICAL SPECTRUM

Here we briefly present the background theory needed to derive the the cavity-emitted classical spectrum shown in the
main text. The classical spectrum, at any point r, is obtained from

S§Css (p ) = (B(r,w))* - B(r,w), (1)

where E(r,w) is the classical electromagnetic scattered field, which is obtained from solution of a Green function dipole
response (at position rg, polarized along ng):

E(r,w) = G(r,ro,w) - a(w) - Eq, (2)

where Ej is the homogeneous field excitation at the dipole location (assumed to be frequency independent), and «
is the exact polarizability volume, namely it also contains the coupling to the cavity medium, defined from a(w) =
ap(w) + ap(w) - G(rg, ro,w) - a(w), where ap(w) = ao(w)ndnil is the bare polarizability (i.e., without radiative coupling
to the medium) [1], and n4 is unit vector (dipole direction). This can easily be derived from a Dyson solution, for the
total medium including the point dipole emitter [2]. Equivalently, one can use the exact Green function (i.e., with the
emitter included), and then work with ap(w), but final results are identical [3].
The classical Green function of the medium, which has units of inverse volume, is defined from
/ w2 / wz /

VxVxG(r7r,w)—c—26(r,w)G(r,r7w):C—Qlé(r—r), (3)
where €(r,w) is the dielectric function of the medium which is in general complex, and 1 is the unit tensor. For a single
mode cavity, the Green function can be defined in terms of the dominant cavity mode, so that

f.(o)f (r")w , (4)

G(r,r',w) ==
and we obtain equations (4) and (5) in the main text, where we also introduced A, = |f.(ro)|?>. Using the same cavity
mode projection for the electric field at the detected location r, we then obtain the classical spectrum in the main text,
namely, equation (6), where the geometrical factor depends on the cavity mode strength f,(r).
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II. NUMERICAL PARAMETERS FOR OUR MASTER EQUATION SIMULATIONS

To solve our generalized master equation (GME), we first adopt a Hilbert space with a basis of 80 harmonic oscillator
states and 2 states for the two level atom. For both the quantum Rabi model and the Hopfield model, we then truncate
to a combined dressed-state basis of 25 dressed states, and construct and solve the GME in that basis. We solve as a
function of time, for times long enough to ensure numerical convergence.
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III. INFLUENCE OF CAVITY BATH SPECTRAL FUNCTION

Here we also demonstrate the influence of having a more general spectral bath function, J.(w). In Fig. 1 below, we
show examples with a flat bath function [(a): J.(w) o« k], as in the main text, and and Ohmic bath function [(b):
Je(w) x kw/w.], with n = 0.5. In the simulations, we use II. = %(P + Q) as in figure 2(c) of the main text. As might
be expected, a non-flat bath has a significant influence on both the spectral asymmetry as well as the linewidths of the
spectral resonances.
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Figure 1. Hopfield master equation results for n = 0.5, and k = 0.05g, using II. = %(P + @), with two different spectral bath

functions: (a) flat bath, as in the main text, and (b) an Ohmic bath function. Red solid lines show the gauge corrected results,
and blue dashed shows uncorrected results (see main text for modle details).

Similar results are obtained for the dissipative quantum Rabi model, as shown in Fig. 2.

1.0 A
(a) I, = ﬁ(P + Q)
= Flat Bath
<051
8 ;‘; —— QRM-GC
“n e QRM
0.0--“"J. b\‘ = : - :
0.50 0.75 1.00 1.25 1.50
1.0
— (b) Hc = %(P + Q)
:f Ohmic Bath
2 0.5
=
n H
0.0 JL—

050 075 100 125  1.30
w/we
Figure 2. As in Fig. 1, but for the quantum Rabi model (QRM).



IV. INFLUENCE OF CAVITY PUMP RATE

Our quantum theory is not restricted to weak excitations, which was used in the main text to find the equivalence with
the linear classical results. After finding this equivalence in the weak-excitation regime, then our model can safely explore
larger pumping regimes as well. Here we just show the influence with an increasing cavity pump rate, whose effect is
of course related to the specific pump model we use in the quantum model. Similar models have been used to explain
nonlinear photoluminescence experiments of excited quantum dot cavity systems in the strong-coupling regime [4, 5].

To appreciate the role of the pump rate beyond weak excitation, we show an example here for the n = 0.5 case that
was also used in Fig. 1 [and figure 2(c) of the main text|, but now we show results for three different pumping rates: (a)
P.=0.1x, (b) P. = 0.5k, and (¢) P. = k, which demonstrate the significant influence for increasing pump strengths. In
particular, larger pump strengths cause additional broadening, that are more notable for the upper polariton, which also
has a reduction in oscillator strength. As in the main text, here we use a flat spectral bath function.
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Figure 3. Hopfield master equation results for n = 0.5, and x = 0.05¢, using Il. = %(P + @), with three different cavity pump
strengths: (a) P. = 0.1k, (b) P. = 0.5%, and (c) P. = k.

V. PERTURBATIVE BLOCH-SIEGERT REGIME

In this section, we compare the spectral linewidths of the dissipative Hopfield model using both classical and quantum
models. To derive analytical results, we limit ourselves to the Bloch-Siegert (BS) regime, where n ~ 0.1, and we can
retain only the lowest order corrections in 7.

First, we consider the classical result. To lowest order in both s (strong-coupling limit), as well as 7 (Bloch-Siegert
regime), we can calculate the complex poles of the classical spectrum given by equation (6) in the main text. The result
is (for the upper half-plane poles) w = wi + i5 a4, where

ax = o [1£1], (5)



with wy given by equation (2) in the main text, and we assume wy = w, from now on.
Next, we compare this result to that of the quantum formalism. Starting from the system Hopfield Hamiltonian in the
dipole gauge (equation (1) in the main text), we first perform the Bogoliubov transformation to eliminate the displacement

squared term:
_ )(—|—1~_\/X—1~Jr
b_\/ 5 b 50, (6)

1+ 2n?
X=—F—, (7)
V14 4n?

where

which satisfies [b, b] = 1. This leads to
Hiiop = weala + 0obto +ig(at — a)(b + 01), (8)

1 _1
where @y = wo [1 +47?] 2, and g = g [1 +4n*] *, and we have dropped a constant term (specifically, D = ng).
Next, we introduce the BS transformation defined by unitary operator

Ups = exp [—zg (ai) + aTi)T)} , (9)

which eliminates the counter-rotating terms to leading order in 1. Retaining terms in the Hamiltonian of order n? at
most, this gives

3 .\ - 2\ S
UESHHopUBS =wp (1 + 2772> bTb + wo (1 - 772> a'a +ig (aTb - abT) + Vs, (10)

2 ~ ~
where V5 = 2970 <a2 +af? — b — bTQ) can be removed by an additional unitary transformation which introduces no other

changes to leading order—we thus neglect it going forward [6]. From here, we can verify (i.e., from calculating the energy
of the lowest two excited states) that the resonances are, to order n?, wi = wp {1 + "2—2 + 17} , in agreement with the exact

Bogoliubov solution in the main text, as expected. To leading order in 7, the lowest energy corrected Jaynes-Cummings—
like excited eigenstates are

I+) = % (1¢g)aw0>+% (i1+g) b |0) (11)

With this, we can calculate the linewidths of the weak-excitation spectra, following the derivation in Ref. [7]. For the
system operator I, which couples to the reservoir, we consider the generic form

I.(f) = cos6Q + sin 6P, (12)

where Q = a+af, and P = i(a’ —a). We first consider the case with no gauge corrections. Under the BS transformation
(denoting transformed variables with primes), we then have

IT(6) = cos [Q + ig(é - BT)} +sind [p - g(z} + ET)} , (13)

and following Ref. [7], the linewidths for well-separated peaks in the weak-excitation limit are, to order 7,
2 g )
P2(60) = | (O] TI(0) 1) | = & [1 % 20sin*(9)] . (14)

Clearly, we see that, without considering gauge corrections due to the single-mode model for the polariton system, there
is no possible system operator II'(9) that can recover the classical result in Eq. (5).

With gauge corrections, we have @ — @, and P — P + 277(5 + IN)T), so in the BS frame we have
/ — cos D —ih)] s 3G+t
c.co(0) = cost Q+z2(b—b) +siné P+2n(b+b) , (15)
and so,

I'E°(0) = 26| (O|TT, oo (0) |[£) | = = [1 4 2nsin®(0)] . (16)

‘ 2

| =



Clearly, only 6 = £7% gives agreement with the classical result of Eq. (5), shown above, which corresponds to II. =

LPEQ)

For completeness we can also carry out this calculation for the QRM. The result is a simple generalization of that from
Ref. [7], and gives

M () = g {1 +7 (; - 2Sin2(9)>} , (17)
without gauge corrections, and
PGCQRM () — g {1 +1 (; n 2sin2(9)>} (18)

with gauge corrections. Letting § = 7/2 recovers the result from Ref. [7],
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