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Abstract
Important tasks in cavity quantum electrodynamics include the generation and control of quantum
states of spatially separated particles distributed in different cavities. An interesting question in this
context is how to prepare entanglement among particles located in different cavities, which are
important for large-scale quantum information processing.We here consider amulti-cavity system
where cavities are coupled to a superconducting (SC) qubit and each cavity hostsmany SCqubits.We
show that all intra-cavity SC qubits plus the coupler SC qubit can be prepared in an entangled
Greenberger–Horne–Zeilinger (GHZ) state, by using a single operation andwithout the need of
measurements. TheGHZ state is createdwithout exciting the cavitymodes; thus greatly suppressing
the decoherence caused by the cavity-photon decay and the effect of unwanted inter-cavity crosstalk
on the operation.We also introduce two simplemethods for entangling the intra-cavity SC qubits in a
GHZ state. As an example, our numerical simulations show that it is feasible, with current circuit-
QED technology, to prepare high-fidelityGHZ states, for up to nine SCqubits by using SC qubits
distributed in two cavities. This proposal can in principle be used to implement aGHZ state for an
arbitrary number of SC qubits distributed inmultiple cavities. The proposal is quite general and can be
applied to awide range of physical systems, with the intra-cavity qubits being either atoms,NV
centers, quantumdots, or various SC qubits.

1. Introduction

Superconducting (SC) devices can be fabricated usingmodern integrated circuit technology, their properties can
be characterized and adjusted in situ, and their coherence time has recently been significantly increased [1–9].
Moreover, various single- andmultiple-qubit operationswith state readout have been demonstrated [10–15],
and nonlinear optical processes in a SC quantum circuit have been investigated [16]. In addition, CircuitQED,
consisting ofmicrowave resonators and SC qubits, is particularly attractive and considered as one of the leading
candidates forQIP [17–23]. The strong and ultrastrong coupling between amicrowave cavity and SC qubits has
been demonstrated in experiments (e.g., [24–26]). In addition, using SC qubits coupled to a single cavity or
resonator (hereafter, the terms cavity and resonator are used interchangeably), a number of theoretical proposals
have been presented for realizing quantum gates and entanglement [17–19, 27–32], and two- and three-qubit
quantumgates and three-qubit entanglement have been experimentally demonstrated [33–37].

In recent years, there ismuch interest in large-scaleQIP, which usually involvesmany qubits. Note that
placing all qubits in a single cavitymay causemany problems, such as increasing the cavity decay rate and
decreasing the qubit–cavity coupling strength. Therefore, for cavity or circuit QED-based large-scaleQIP, the
qubits should be distributed in different cavities, and the ability to performnonlocal quantumoperations for
these qubits is a prerequisite to realize distributed quantum computation. During the past few years, attention
has been paid to the preparation of entangled states of two ormore cavities, or of qubits located in different
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cavities, and implementation of quantum logic gates on photons/qubits distributed over different cavities in a
network. Specifically, rapid progress has been achieved in the following two directions:

(i)Manipulating and generating nonclassicalmicrowave field states with photons distributed in different
cavities. By using a SC qubit (artificial atom) coupled to cavities, schemes have been proposed for synthesizing
different entangled photonic states of two SC resonators [38], and for generatingmulti-particle entangled states
of photons in different cavities [39, 40]. By employing the idea of [41] the so-calledNOON state of photons in
two resonators has been experimentally created [42]. In addition, how to performquantum logic operations on
photons located in different cavities has been investigated [43].

(ii)Quantum state engineering and quantumoperationswith qubits distributed in different cavities. By
using a SC qubit to couple two ormore cavities/resonators, proposals have been presented for generatingGHZ
states withmultiple SCqubits coupled tomultiple resonators via employing cavity photons and through step-
by-step control [40, 44], and for quantum information transfer between two spatially separated SC qubits
distributed in two cavities [45]. Recently, GHZ states of three SC qubits in circuits consisting of two resonators
have been experimentally prepared [7]. Furthermore, using an intermediate SC qubit coupled to two planar
resonators, quantum teleportation between two distant SC qubits has recently been demonstrated in
experiments [46].

GHZ states are not only of great interest for fundamental tests of quantummechanics [47], but also have
applications inQIP [48], quantum communications [49], error-correction protocols [50], quantummetrology
[51], and high-precision spectroscopy [52]. During the past years, experimental realizations ofGHZ states with
eight photons using linear optical devices [53, 54], fourteen ions [55], three SC qubits in circuit QED [7],five SC
qubits via capacitance coupling [56], and three qubits inNMR [57] have been reported. Theoretically, proposals
for generating entangled states with SC qubit circuits have been presented [58]. In addition, based on cavityQED
or circuitQED, a large number of theoreticalmethods have been presented for creatingmulti-qubit GHZ states
with various physical systems (e.g., atoms, quantumdots, and SCdevices) that are coupled to a single cavity/
resonatormode [59–68]. However, we note that how to generate GHZ states with qubits in different cavities has
not been thoroughly investigated.

Motivated by the above, herewe present an efficientmethod to entangle SC qubits in amulti-cavity system,
where cavities are coupled to a SC qubit and each cavity hostsmany SC qubits.We show that the cavity-induced
effective conditional dynamics between the intra-cavity SC qubits and the coupler SC qubit can be employed to
entangle all the SC qubits in aGHZ state. In this work, we also introduce two simplemethods for entangling the
intra-cavity SC qubits in aGHZ state. As an example, our numerical simulations show that it is feasible, with
current circuit-QED technology, to prepare high-fidelity GHZ states, for up to nine SC qubits by using SC qubits
embedded in two cavities. To the best of our knowledge, based on circuitQED, the experimental demonstration
ofGHZ states has only been reported for three SC qubits [7, 34].

This proposal has the following advantages: (i) theGHZ state preparation does not require step-by-step
control, which involves only one operation for entangling all qubits and a few basic operations for entangling the
intra-cavity qubits; (ii) the entanglement is preparedwithout exciting the cavity photons, and thus the
decoherence induced by cavity decay and the effect of unwanted inter-cavity crosstalk on the operation are
greatly suppressed; (iii) because none of the intra-cavity qubits is excited during the operation, decoherence
from the qubits ismuch reduced; (iv)more interestingly, this proposal can in principle be used to implement a
GHZ state for an arbitrary number of qubits distributed inmultiple cavities by using a single coupler qubit, which
is important for the future realization of large-scaleQIP; and (v)we further stress that this proposal is quite
general and can be used for other kinds of qubits, such as atoms,NV centers, and quantumdots.

This paper is organized as follows. In section 2, we introduce the physicalmodel considered in this work and
derive the effectiveHamiltonian used for the entanglement production. In section 3, we showhow to generate
GHZ states for all the intra-cavity SC qubits and the coupler SC qubit based on the effectiveHamiltonian. In
section 4, we further introduce two simplemethods for generatingGHZ states of intra-cavity SC qubits. In
section 5, as an example, we numerically analyze the experimental feasibility of preparing aGHZ state of up to
nine SC qubits with SC qubits distributed in two cavities. A concluding summary is given in section 6. For the
numerical calculations, herewe use theQuTiP software [69, 70].

2. Physicalmodel and effectiveHamiltonian

Weconsider a system composed ofN cavities and assume that cavity j hostsmj SC qubits denoted as ¼j j, , ,1 2
and jmj

. These cavities ( ¼ N1, 2, , ) are coupled to a common SCqubitA (coupler qubit), as shown infigure 1.

Each qubit considered here has three levels, which are denoted as ñ ¢ñ∣ ∣g g, , and ñ∣e (figure 2). The two logical
states of each intra-cavity qubit are represented by the two levels ñ∣g and ¢ñ∣g , while those of the coupler qubit are
represented by the two levels ¢ñ∣g and ñ∣e .The third level ñ∣e for each intra-cavity qubit or ñ∣g for the coupler
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qubit acts as an auxiliary level for realizing, e.g., a conditional phase shift. The level spacing of the coupler qubit
A is different from those of the intra-cavity qubits. The ñ « ñ∣ ∣g e transition of the intra-cavity qubits is coupled
to their respective cavities with coupling strength m,while the ñ « ñ∣ ∣g e transition of the coupler qubitA is
coupled to all the cavities with coupling strength mA (figure 2).We here assume that the level ¢ñ∣g of each qubit is
not affected during the operation, which can be a good approximationwhen the transitions between ¢ñ∣g and
other levels are sufficiently weak or the relevant transition frequencies are highly detuned from the cavity
frequency. The level spacings of SC qubits can be rapidly adjusted by varying the external control parameters
(e.g., themagnetic flux applied to a SC loop for phase, transmon orflux qubits; see e.g. [20, 71–73]), so that the
transitions associatedwith ¢ñ∣g can be tuned far off-resonance with the resonators. In the interaction picturewith
respect to the freeHamiltonian of the system (not shown for simplicity), theHamiltonian is given by

å åm m s s= + + +
=
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and

w wD = - .A eg Ac , Here, wc is the cavity frequency; and weg and weg A, are the ñ « ñ∣ ∣g e transition frequencies for
the intra-cavity qubits and the coupler qubitA, respectively (figure 2).

Figure 1.Diagram of a coupler qubitA (circle at the center) andN cavities ( ¼ N1, 2, , ) each hosting qubits. Each cavity here is a one-
dimensional coplanarwaveguide transmission line resonator. The circleA represents a SC qubit, which is capacitively coupled to each
cavity. A dark dot represents an intra-cavity SCqubit. For simplicity, only three qubits are drawn in each cavity.

Figure 2. (a)Each cavity is dispersively coupled to the ñ « ñ∣ ∣g e transition of the coupler qubitA, with coupling strength mA and
detuning w wD = -A eg Ac , . Here, wc is the cavity frequencywhile weg A, is the ñ « ñ∣ ∣g e transition frequency of the coupler qubitA.
(b)Each cavity is dispersively coupled to its hosting intra-cavity qubits’ ñ « ñ∣ ∣g e transition, with coupling strength m and detuning

w wD = - egc . Here, weg is the ñ « ñ∣ ∣g e transition frequency of the intra-cavity qubits. In addition, d = D - DA. In (a) and (b), a
horizontal solid line represents an energy level of a qubit; and each vertical (red) double-arrow line, linked to amiddle solid line and a
top (red) dashed line, represents the cavity frequency wc. For simplicity, we here consider the case when the level spacing between the
two lowest levels is smaller than that between the upper two levels. This type of level structure is available in superconducting charge
qubits or flux qubits. Alternatively, the level spacing between the two lowest levels can be larger than that between the upper two levels,
which applies to superconducting phase, transmon orXmon qubits. In (a) and (b), the ground level is labeled by ¢ñ∣gA

( ¢ñ∣g ) and thefirst
excited level is denoted as ñ∣gA ( ñ∣g ). One could also denote the ground level as ñ∣gA ( ñ∣g ) and thefirst excited level as ¢ñ∣gA

( ¢ñ∣g ).

3

New J. Phys. 18 (2016) 013025 C-PYang et al



Under the large-detuning condition m mD D , , ,A A, d = D - D∣ ∣ ∣ ∣,A the dynamics governed byH is
equivalent to that decided by the following effectiveHamiltonian [74–76]
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The terms in the first and second lines of (2) account for the ac-Stark shifts of the level

ñ∣g ( ñ∣e ) of the intra-cavity qubits and the coupler qubitA induced by the corresponding cavitymodes,
respectively. In addition, the terms in the third line describe the effective dipole–dipole interaction between the
intra-cavity qubits located in the same cavities. The terms in the fourth line describe the dipole–dipole
interaction between the intra-cavity qubits and the coupler qubitA, and the terms in the last (fifth) line
characterize the coupling between any two cavities.

If each cavity is initially in a vacuum state, theHamiltonian (2) reduces to
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Thus, the dynamics governed byHamiltonian(3) is approximately equivalent to that by the following
Hamiltonian
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When the level ñ∣g of the coupler qubit and the level ñ∣e ofthe intra-cavity qubits are not populated, the
Hamiltonian (5) reduces to
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This effectiveHamiltonian can be turned off by tuning the qubit levels in such away that the transitions between
these levels are highly off-resonant with the cavities, and hence the qubits are effectively decoupled from the
corresponding cavities.

3. Entangling intra-cavity qubits and the coupler qubit

Let us go back to the setup infigure 1. Initially, the qubit system is decoupled from the cavity system, and each
cavity is in the vacuum state. Assume that each intra-cavity SC qubit is in the state +ñ = ¢ñ + ñ∣ (∣ ∣ )g g1 2
and the coupler SCqubit is in the state a b¢ñ + ñ∣ ∣g eA A ( a b+ =∣ ∣ ∣ ∣ 12 2 ). These states can be prepared from
the qubit ground state with classical pulses. For simplicity, let us consider the case of ñ∣g being the ground state (a
case applied to theflux qubits considered in section 5, with three levels illustrated infigure 7). The state ñ∣g can be
transformed to + ñ∣ by applying a p 2 pulse tuned to the ñ « ¢ñ∣ ∣g g transition [29]. The preparation of the
state a b¢ñ + ñ∣ ∣g eA A consists of two steps: (i) apply aπ pulse, tuned to the ñ « ñ∣ ∣g eA A transition, toflip the
state ñ∣g A to ñ∣e ;A (ii) employ a classical pulse to drive the ¢ñ « ñ∣ ∣g eA A transition, with the Rabi frequencyΩ and
duration t satisfying a = W( )tcos and b = W( )tsin .

The initial state of thewhole qubit system is thus given by
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Now adjust the level spacings of qubits, so that the qubit-resonator coupling is turned on and the dynamics
of the qubit system is governed by the effectiveHamiltonian(6).One can see that under theHamiltonian (6), the
state(7) evolves into
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wherem is an integer, equation (8) can be expressed as
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where -ñ = ¢ñ - ñ∣ (∣ ∣ )g g1 2 . Since - ñ∣ is orthogonal to +ñ∣ , the state (11) is amulti-particle GHZ
entangled state for the coupler qubit and the qubits distributed inmultiple cavities. One can see that the
entangled state preparation here is based on aπ-phase shift on the state ñ∣g of each intracavity qubit conditional
upon the coupler qubit being in the state ñ∣e .A Note that by applying a classical pulse to the coupler qubit, the
states ¢ñ∣g A and ñ∣e A can be easily converted into the states +ñ∣ A and -ñ∣ A, respectively. The operation sequence
for preparing theGHZ state (11) is illustrated infigure 3.

Note that when the coupling of qubits to themode in a cavity is spatially dependent, then different intra-
cavity qubits will acquire different conditional phases. The coupler qubit would acquire a single-qubit phase,
when its coupling to the cavitymode is deviated from the preset value. To eliminate the effect of this phase, the
interaction time should be adjusted so that this phase is equal to pm2 , withm being an integer.

It should bementioned that,in order tomaintain the initial states and the preparedGHZ states of the qubit
system, the coupler qubit and the intra-cavity qubits should be decoupled from their respective cavities before/
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after the entanglement production, which requires the qubit–cavity coupling to be switchable. This requirement
can be readily achieved, by prior adjustment of the level spacings of the qubits [21, 71–73] or the frequencies of
the cavities.We note that the rapid tuning ofmicrowave cavity frequencies has been experimentally
demonstrated (e.g., in less than a few nanoseconds for a SC transmission line resonator [77, 78]).

By preparing the initial state of the coupler qubitAwith different values ofα and b, the degree of
entanglement for theGHZ state (11) can be adjusted and thus this protocol can be used to generate GHZ
entangled states with an arbitrary degree of entanglement. As shown above, during the entanglement preparation
no photons are excited in each cavity, nomeasurement is needed, and only a single-step operation is required.

4. Entangling intra-cavity qubits

In this section, wewill briefly introduce twomethods for preparing all intra-cavity SC qubits in aGHZ state. The
firstmethod requires ameasurement on the coupler SC qubit, while the second one does not need any
measurement.

4.1.Method 1
All qubits including the coupler qubit arefirst prepared in theGHZ state(11). One can see from equation (11)
that through a unitary tranformation ¢ñ  ¢ñ + ñ∣ (∣ ∣ )g g e 2A A A and ñ  ¢ñ - ñ∣ (∣ ∣ )e g e 2A A A and then a
measurement on the coupler qubitA, the intra-cavity qubits will be prepared in one of the twoGHZ states

   a bñ = + ñ  -ñ
= = = =

∣ ∣ ∣GHZ
j

N

i

m
j j

N

i

m
j1 1 1 1

j

i

j

i
(depending on themeasurement outcome). The

operation sequence for preparing the states ñ∣GHZ is illustrated infigure 4.
The twoGHZ states ñ+∣GHZ and ñ-∣GHZ can be converted into each other through the local operation on any

one of intra-cavity qubits (say qubitj1): -ñ  - - ñ∣ ∣j j1 1
and +ñ  + ñ∣ ∣j j1 1

. In this sense, the intra-cavity
qubits can be prepared in aGHZ entangled state deterministically.

As discussed here, ameasurement on the coupler qubit is necessary to prepare the intra-cavity qubits in a
GHZ state. Note that fast and highly accuratemeasurements on the state of a SC qubit are experimentally

Figure 3. Sequence of operations on each qubit (from left to right). Here, t satisfies equations (9) and (10), which is the qubit–cavity
interaction time required for producing theGHZ state; while td (within 1–3 ns [77, 78]) is the time required to adjust the qubit level
spacings. Note that the level spacings of qubits are tuned simultaneously. For simplicity, here and infigures 4 and 5, we assume that the
time needed for adjusting the level spacings is the same for both intra-cavity qubits and coupler qubit.

Figure 4. (a) Sequence of operations on each intra-cavity qubit. (b) Sequence of operations on the coupler qubit. The green curves in
(a) and (b) correspond to the operation for producing theGHZ state (11). In (b), the p 2 pulse transforms the state
¢ñ  ¢ñ + ñ∣ (∣ ∣ )g g e 2A A A and the state ñ  ¢ñ - ñ∣ (∣ ∣ )e g e 2A A A , and the square boxwith ameter represents ameasurement on

the coupler qubit along the basis ¢ñ{∣g A , ñ∣ }e A . Note that the operations in (a) and (b) are performed from left to right.
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available at this time (e.g., see [14]). In the following, wewill propose an alternative approach for entangling the
intra-cavity qubits, which does not require anymeasurement.

4.2.Method 2
Assume that one intra-cavity SC qubit, say qubit 11 in cavity 1, is initially in the state ¢ñ∣g , each of all remaining
intra-cavity SC qubits is initially in the state +ñ∣ , and the coupler SCqubitA is in the state a b¢ñ + ñ∣ ∣g eA A.
Then the initial state of thewhole system is thus given by

   a bñ = ¢ñ +ñ Ä + ñ Ä ¢ñ + ñ
= = =

∣ ∣ ∣ ∣ ( ∣ ∣ ) ( )g g einitial . 12
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The procedure for preparing intra-cavity qubits in aGHZ entangled state is listed as follows:
Step 1: Keep qubit 11decoupled from cavity 1,while adjust the level spacings of other qubits such that their

dynamics is governed by theHamiltonian(6) (not including qubit 11) for an interaction time t satisfying
equations (9) and (10). By a similar derivation as shown in equation (8), one can easilyfind that the state (12)
changes to
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Then, adjust the level spacings of the qubits such that the qubit system is decoupled from the cavities.
Step 2: Perform the operations, ¢ñ  ñ∣ ∣g g1 11 1

and ¢ñ  ñ∣ ∣g g ,A A by applying classical pulses to qubit 11 and the
coupler qubit. In addition, perform a swap operation ñ ñ  - ñ ñ∣ ∣ ∣ ∣g e e giA A1 11 1

[75], which can be achieved by
adjusting the level spacings of qubit 11 and the coupler qubit, such that the transitions ñ  ñ∣ ∣g e of qubits 11 and
the coupler qubit are dispersively coupled to cavity 1with the same detuning. Then the state (13) becomes
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which shows that all intra-cavity qubits are deterministically prepared in aGHZ entangled state and disentangled
from the coupler qubit. Since nomeasurement is involved, the operations above are unitary. The operation
sequence for preparing theGHZ state is illustrated infigure 5.

From the description given above, one can see that the entanglement production does not employ cavity
photons. In addition, theGHZ state preparation here does not depend on the number of intra-cavity qubits,

Figure 5. (a) Sequence of operations on qubit 11. (b) Sequence of operations on the intra-cavity qubits (except for qubit 11). (c)
Sequence of operations on the coupler qubitA. The green curves in (b) and (c) correspond to the operation described by step 1, which
is for preparing the state (13). The red curves in (a) and (c) correspond to the operation of step 2 for preparing the state (14). The p
pulse in (a) transforms the state ¢ñ  ñ∣ ∣g g1 11 1, while the p pulse in (c) transforms the state ¢ñ  ñ∣ ∣g gA A. The right-hand square curves
in (a) and (c) represent a swap operation described by ñ ñ  - ñ ñ∣ ∣ ∣ ∣g e e giA A1 11 1 [75]. In (a) and (c), tswap is the swap operation time.
Note that the operations in (a)–(c) are performed from left to right.
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which requires only a few basic operations. Hence, themethods presented here for entangling the intra-cavity
qubits are quite simple.

5. Experimental feasibility of entanglingmultiple qubits: an example

To illustrate the experimental feasibility of our scheme, we consider a systemof two cavites (i.e., two one-
dimensional transmission line resonators) each hostingM SCflux qubits (with M 4 ) and coupled by a SC
flux qubitA. Figure 6 shows the setup for each cavity hosting fourflux qubits. The three levels ñ ¢ñ∣ ∣g g, , and ñ∣e of
eachflux qubit are depicted infigure 7. The ñ « ¢ñ∣ ∣g g transition of eachflux qubit can bemadeweak by
increasing the potential barrier and thus its couplingwith the cavities is negligible. In reality, the ¢ñ « ñ∣ ∣g e
transition needs to be considered because the coupling between this transition and each cavitymay turn out to

Figure 6. (a) Setup of two one-dimensional transmission line resonators each hosting four flux qubits (dark dots) and coupled to flux
qubitA (in themiddle circle). The coupler qubitA is connected to the two resonators via capacitorsC1 andC2, respectively. Each qubit
could be a radio-frequency superconducting quantum interference device (rf SQUID) consisting of one Josephson junction enclosed
by a superconducting loop as depicted in (b), or a superconducting device with three Josephson junctions enclosed by a
superconducting loop as shown in (c).EJ is the Josephson junction energy ( a< <0.6 0.8). The superconducting loop of each qubit,
which is a large circle for (b)while a large square for (c), is located in the plane of the resonators between the two lateral ground planes.
Each intra-cavity qubit is coupled to its cavity via themagneticflux through the superconducting loop of each qubit, which is created
by the cavitymagnetic field threading the superconducting loop. The intra-cavity qubits are placed at locations where the cavity
magnetic fields are the same to achieve an identical coupling strength for each qubit. For each qubit, a tunable-coupler dc current line,
e.g., the red dashed line in (b) or (c) placed on the qubit loop, creates a dcmagnetic pulse threading the loop of each qubit, which is
used for tuning the qubit level spacings. Note that the qubit level spacings can be tuned by varying themagnitude of the dcmagnetic
pulse through changing the current intensity. In addition, for each qubit, amicrowave bias ac current line, e.g., the dark dashed line in
(b) or (c) on the qubit loop, creates an acmagnetic pulse threading the loop of each qubit, which is used to prepare the initial state of
each qubit or/andmanipulate the state of each qubit during theGHZ state preparation.

Figure 7. Illustration of the qubit–cavity dispersive interaction. The left is for the coupler flux qubitA, while the right is for the intra-
cavity flux qubits. The tunneling between the two lowest levels ismadeweak by increasing the potential barrier, such that the level ¢ñ∣g
can be stored for a long time.
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affect the operationfidelity. Note that the ¢ñ « ñ∣ ∣g e transition ismuchweaker than the ñ « ñ∣ ∣g e transition due
to the potential barrier between the twowells.

When the unwanted coupling of the ¢ñ « ñ∣ ∣g e transitionwith the cavities and the unwanted inter-cavity
crosstalk are included, theHamiltonian (1) ismodified as
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and s = ñ á ¢+ ∣ ∣e g .A A The terms in the first

(second)pair of parentheses in the second line describe the unwanted coupling between the ¢ñ « ñ∣ ∣g e transition
of intra-cavity qubits (coupler qubit) and the respective cavities with coupling strength m (mA) and
detuning w wD = -

~
¢egc ( w wD = -
~

¢A eg Ac , ).The terms in the last pair of parenthesesdescribe the inter-cavity
crosstalk between two cavities, with the inter-cavity coupling constant m12.

The dynamics of the lossy system,with finite qubit relaxation, dephasing and photon lifetime being
included, is determined by the followingmaster equation
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Here, kj is the photon decay rate of

cavity aj. In addition, g ¢g g is the energy relaxation rate of the level ¢ñ∣g of qubits, geg (g ¢eg ) is the energy relaxation
rate of the level ñ∣e of intra-cavity qubits for the decay path ñ  ñ∣ ∣e g ( ¢ñ∣g ), and g je, (g j¢g , ) is the dephasing rate
of the level ñ∣e ( ¢ñ∣g ) of intra-cavity qubits. The symbols g ¢ ,g g A, g ,eg A, g ¢ ,eg A, g j ,e A, , and g j¢g A, , denote the
corresponding decoherence rates of the coupler qubit A.

Thefidelity of the operation is given by [79]

 y r y= á ñ∣ ∣ ( ), 19id id

where y ñ∣ id is the output state of an ideal system (i.e., without dissipation, dephasing, and crosstalks) as discussed
in the previous section, and ρ is thefinal density operator of the systemwhen the operation is performed in a
realistic physical system.Without loss of generality, consider now that the qubit system is initially in the state

  +ñ ¢ñ + ñ
= =

∣ (∣ ∣ )g e 2
j i

M
j A A1

2

1 i
(with M 4), and the two cavities are initially in a vacuum state, for

which the ideal state y ñ∣ id is the one given in equation (11)with a b= = 1 2 .
We consider identical intra-cavity flux qubits. GivenD D, ,A and m, the coupling constantμ is determined

by m d= D D D + D∣ ∣ ( )N m2 A A (derived from equations (9) and (10)).We set m m= 0.1 and
m m= 0.1 ,A A which is a good approximation by increasing the potential barrier such that the transitionmatrix
element between the two levels ¢ñ∣g and ñ∣e is smaller than that between the two levels ñ∣g and ñ∣e by one order of
magnitude (figure 7).We choose pD =( )2 1.0 GHz for n=3 and n=5, while pD =( )2 2.0 GHz for
n=7 and n=9.Here, = +n M2 1 is the total number of qubits including the coupler qubit. In addition, we

set pD = D + ´
~

2 1.5 GHz and pD = D + ´
~

2 1.5 GHzA A .We now choose k m=- 15 sj
1 , g m=j

- 5 se,
1 ,

g m=j¢
- 7.5 sg ,

1 , g m=- 5 seg
1 , g m=¢

- 7.5 seg
1 , and g m=¢

- 15 sg g
1 (a conservative consideration, e.g., see [9]). Our

numerical calculations show that when m12 is smaller than mA by two orders ofmagnitude, the effect of the inter-
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cavity crosstalk on the operation is negligible. Thus, we now set m m= 0.01 .A12 With the parameters chosen here
and by numerically optimizing the parameters m, m, andDA, thefidelity versus m mA is plotted infigure 8 for
=n 3, 5, 7 and 9. From figure 9, one can see that for =n 3, 5, 7 and 9, a highfidelity~97.2%, 94.3%, 91.3%,

and 90.1% can be achievedwith the optimized values of m mA being 1.516, 1.641, 1.174, and 1.242, respectively.
We remark that thefidelity can be further increased by improving the systemparameters.

Figure 8. Fidelity versus m mA . Here, n is the total number of qubits including the coupler qubit. Also n=3, 5, 7 and 9 correspond to
the cases of each cavity hosting one, two, three and four qubits, respectively. To have an achievable good fidelity with reasonable
parameters, we increase pD =( )2 2 from 1 to 2 GHz,when going from5 to 7 qubits. For n=3, 5, 7 and 9, a high fidelity∼97.2%,
94.3%, 91.3%, and 90.1% can be achievedwith m mA being 1.516, 1.641, 1.174, and 1.242, respectively.

Figure 9. Fidelity versus t/T. Here, t is the operation time, whileT is the operation time corresponding to themaximum fidelities in
figure 5, which are 46.55 ns, 67.94 ns, 167.19 ns, 106.43 ns for n=3, 5, 7, and 9, respectively. The blue, green, and red curves
correspond to e = 0, 0.05, and 0.1. For t=T, thefidelities corresponding to e = { }0, 0.05, 0.1 are: { }0.942, 0.941, 0.939 for
n=3; { }0.850, 0.848, 0.845 for n=5; { }0.790, 0.789, 0.778 for n=7; and { }0.786, 0.769, 0.760 for n=9.
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Figure 8 shows that with the parameter values chosen above the large detuning condition is not well satisfied
for the optimizedfidelity, e.g., mD ~ 3.95A A for n=9, which implies that the state evolution determined by
the effectiveHamiltonian(6) can be a good approximationwith a suitable choice of parameters, evenwhen the
qubit–cavity detunings are notmuch larger than the coupling strengths. This result has a quantitative
explanation. Beyond the large detuning regime, when the coupler qubit is initially in the state ñ∣e , the total cavity-
qubit systemundergoes Rabi oscillations in the corresponding single-excitation subspace. The associated Rabi
frequencies have a dependence on the number of the intracavity qubits in the state ñ∣g .With a suitable choice of
the qubit–cavity coupling strengths and detunings, all of the state components with the coupler qubit being
initially in ñ∣e can return to their initial forms almost at the same time, with the resulting phase shift being related
to the corresponding Rabi frequency.

As discussed in [39, 80], the condition m m0.01 A12 can bemetwith the typical capacitive cavity-qubit
coupling. Figure 8 shows that at the optimumpoints, the coupling strengths
are m p m p ~{ } { }2 , 2 180.4, 273.5 MHzA (n=3), { }156.4, 256.75 MHz (n= 5), { }232.7, 273.2 MHz
(n=7), and { }269.0, 334.0 MHz (n= 9). The coupling strengths of these values are readily achievable in
experiments because a coupling strength∼636MHzhas been reported for a SCflux device coupled to a one-
dimensional transmission line resonator [26]. For aflux qubit, the ñ « ñ∣ ∣g e transition frequency could be
between 5 and 20 GHz. Thus, we canchoosew p ~2 7.5GHzc . For the value of k-

j
1used in the numerical

calculation, the required quality factor for each cavity is k w= ~ ´-Q 7.1 10 ,j
1

c
5 which is available in

experiments according to previous reports [81, 82]. Therefore, the high-fidelity creation ofGHZ states of up to
nine qubits by using this proposal is feasiblewith current circuitQED technology.

To see howwell thismethodworks in amore realistic situation, we now consider inhomogeneous coupling
of qubits to themode in each cavity, non-uniformdistribution of qubit frequencies, imperfect preparation of the
initial states, error in the operation time, and the existence of thermal photons in each cavity. The density

operator of a thermal state of each cavity is described by år =
+

ñá=
¥

+( )
∣ ∣n

n
n n

1
,

n

n

n0 1
with n being the

average photon number and ñ∣n being an n-photon state. In our numerical simulation, we choose =n 0.1. The
initial state of the qubit system ismodified as
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For simplicity, we here

consider the identical error ε for the preparation of the initial state of each qubit.Without loss of generality, we
will numerically investigate how themaximumfidelity in each subfigure offigure 8 is affected by the above-
mentioned factors.

Asmentioned above, the coupling constant mA of the coupler qubit, corresponding to themaximum fidelity
in each subfigure offigure 8, is calculated to be m m= 1.516A for n=3; m m= 1.641A for n=5; m m= 1.174A
for n=7; and m m= 1.242A for n=9.Here, the value ofμ is shown infigure 8. In addition, the detuningDA for
the coupler qubit takes the same value as infigure 8.

The coupling constants and the detunings for the intra-cavity qubits are listed in tables 1 and 2, where up to
1% inhomogeneous coupling constants and up to 5%non-uniform detunings are considered. In tables 1 and 2,
the values ofμ andΔ are the same as those infigure 8.

With the parameters chosen above, infigure 9we present a numerical simulation of thefidelity versus t/T
for e = 0, 0.05, and 0.1.Here, t is the operation time, whileT is the optimal operation time corresponding to
themaximumfidelities infigure 8, which are 46.55 ns, 67.94 ns, 167.19 ns, 106.43 ns for n=3, 5, 7, and 9,
respectively. Fromfigure 9, one can see that thefidelity is insensitive to the error ε but is significantly affected by
the error in operation time. For t=0.95 T or 1.05 T (i.e., 5%operational time error), thefidelity drops down to
0.5.Note that for =t T , good fidelities0.939 for n=3,0.845 for n=5,0.778 for n=7, and0.760
for n=9 can be obtained.

It is worthwhile to discuss the advantage of utilizing negative detunings versus positive detunings. For the
flux qubits with three levels ñ∣g , ¢ñ∣g , and ñ∣e shown infigure 7, the purpose of using a negative detuning is to

Table 1.Qubits 11, 12, 13, and 14 are four qubits placed in one cavity; whileQubits 21, 22, 23, and 24 are four qubits placed in the
other cavity. Here m takes the same value used infigure 8.

Coupling constants for intra-cavity qubits

Qubit 11 Qubit 12 Qubit 13 Qubit 14 Qubit 21 Qubit 22 Qubit 23 Qubit 24

n=3 0.99μ 1.01μ

n=5 1.005μ 0.99μ 0.995μ 1.01μ

n=7 1.008μ 1.003μ 0.995μ 0.998μ 0.99μ μ

n=9 μ 1.005μ 0.99μ 1.003μ μ 0.998μ 0.993μ 1.01μ
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increase the detuning of the ¢ñ « ñ∣ ∣g e transition frequency from the cavity frequency, in order to reduce the
effect of this unwanted transition on the operation fidelity. It can be seen from figure 7 that the detuning of the
¢ñ « ñ∣ ∣g e transition frequency from the cavity frequencywould be smaller when using a positive detuning (i.e,

the casewhen the cavity frequency is smaller than the ¢ñ « ñ∣ ∣g e transition frequency), compared to using the
negative detuning.

6. Conclusion

Wehave proposed a general and efficient way to entangle SC qubits in amulti-cavity system. In principle, GHZ
states of an arbitrary number of intra-caviy qubits plus the coupler qubit can be created through a single
operation andwithout anymeasurements. Since only virtual photon processes take place, the decoherence
caused by cavity decay and the effect of unwanted inter-cavity crosstalk are greatly suppressed. Also, the higher
energy level is not occupied for any intra-cavity qubit; thus decoherence from the qubits ismuch reduced. In
addition, we have introduced two simplemethods for entangling the intra-cavity qubits in aGHZ state. Our
numerical simulations show that it is feasible to generate high-fidelity GHZ entangled states with up to nine SC
qubits in a circuit consisting of two resonators.We hope this will stimulate future experimental activities. The
method presented here is quite general and can be applied to various other physical systems.We believe that the
cluster-style architecture shown infigure 1 has applications in fault-tolerant code for scalable quantum
computing.Multiple physical qubits in each cavity can be used to construct a logic qubit, as required by error-
correction protocols. The system can also be used to simulate the dynamics of the star-type coupled spin system,
wheremany spins are coupled to a common spin.
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