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S.1 Effective Hamiltonian of our non-Hermitian optical system

S1,82

Following the conventional notion of spin states>" >4, we use the slow-varying atomic density

operator 6‘{1, = | ,u)j(vl to describe the j-th atom spin state. In particular, the atomic operator at

position z in the rotating frame can be defined by locally averaging over a transverse slice
containing many atoms 6,,,(z,t) = limy,_ ﬁzzqﬁﬁ Az &p{v (z,t) with &;{v (z,t) = |w j(vle‘i“’#vt
and transition frequency wy,. In fact, since the optical coherences 63, and 63, decay much faster
than the ground-state coherences 4,,, we can assume that they follow the slow oscillations in the
ground-state coherences. Consequently, the atomic ground state coherence 6;,, the so-called
atomic spin wave, plays an essential role in the dissipative coupling. Regarding the conception of
atomic spin wave, the energy-level structure of the atoms in the ensemble consists of the ground
states |1) and |2), and the excited state |3) (see Fig.1 in the main text). A transition [1) — |3) (or
|2) — |3)) is coupled by the classical control laser, and the forward-scattered Stokes photon comes
from the transition |3) — [2) (or |3) — |1)), which is co-propagating with the control beam. Such
scattering events are uniquely correlated with the excitation of the collective atomic mode, and
this excitations in atomic ensembles can be viewed as waves of excited spins®?.

The effective Hamiltonian of the two atomic spin waves (atomic ground state coherence) in
the two channels can be described by the following HamiltonianS*:

|Ao| = iy12 ir
= (1l ) Y
ir —|Agl = i¥12 .1)

where I" and y;, are the coupling rate and the decay rate of the two spin waves, respectively. The
off-diagonal coupling term is imaginary due to the random nature of the coherence transfer
between the two channels via ballistic motion and wall bouncing of atoms. The eigenvalues of this

anti-parity-time symmetric Hamiltonian correspond to the two eigen-modes of electromagnetically



induced transparency: wy = —iy;, ++/A§ — I'2, where the real and imaginary parts are the
centres of electromagnetically induced transparency and corresponding linewidths, respectively.
Here, y;, and |A,| are the common decay rate and half the frequency difference of the two spin
waves, respectively. Anti-parity-time symmetry breaking occurs at the exceptional point, |Ay| =
I', where the two supermodes perfectly overlap. In the symmetry-unbroken regime (|A,| < I'), the
two centres coincide, but with different linewidths. This system enters the symmetry-breaking
regime for |Ay| > I', and the resonances bifurcate, resembling a passively coupled system. Here,
we have:
Ao= (813 — w13) — (623 — w23)

= W3 — W13 + (MpguB — my guB)

= Wy3 — w13 + 2guB (5.2)
where B is the magnetic induction intensity, g is the Landég-factor, and u is the total magnetic
moment. Here, §;5 (853) is the frequency of the transition |1) — |3) (|2) = |3)), w3 (wy3) is the
frequency of the light coupled to |1) — |3) (|2) = |3)), and m; = —1 (im, = 1) is the magnetic
quantum number of |1) (|2)). We note that this detuning A, can be tuned by the optical
frequencies; thus, the magnetic induction intensity B does not play any direct role in creating
quantum nonreciprocity in our study.

If |Ay| is large enough, the phases of the two spin waves are not synchronized, resulting in a
reduced efficiency in mutual coherence stimulation between the two channels, as reported in Ref.
[S5]. Consequently, the two noise spectra are offset away from the Larmor frequency and become
dispersive-like, accompanied by a drop of the contrast and broadening of the narrow peak. These
effects together reduce the Gaussian discord. When |A,| is smaller than I', the system is in the
unbroken regime, and the frequencies of the two spin waves are pulled together, giving rise to a

relatively larger discord generated by the operation of the non-Hermitian parametric-amplifier.

S.2 Modelling the coupling between the two channels in the Rubidium Vapor

We consider two channels which are dissipatively coupled to each other via atoms in thermal
motion. In the forward case (Fig. S1a), the atoms “see” the same chirality for the beams having
the same polarization and propagating in the same direction in CH1 and CH2. In this case, one
atomic spin excitation /T (|2) - |1)) in CHI is accompanied by a lower sideband photon

annihilation (|2) — |3)) locally, represented as H; « d,Jt + h. c. This excitation may diffuse to



a Forward: dissipative beam-splitter (DBS) coupling b  Backward: non-Hermitian parametric amplifier (NHPA) coupling
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Fig. S1| Propagation-direction-dependent interactions between two channels. a, Schematics of the three-
level A energy level in each channel. The ground states |1) and |2) are Zeeman sublevels of |F = 2), and the
excited state |3) is |F' = 1) of the ’Rb D1 line. An effective linear dissipative beam-splitter (DBS) interaction
is achieved when the two light beams with same right circular polarizations propagate along the same direction.
b, A non-Hermitian parametric-amplifier (NHPA) coupling is realized by reversing the input direction of the
light in CH2. The lower panels of a and b show the electromagnetically induced transparency (EIT) response
amplitudes in CH1 (orange circle) and CH2 (blue square) when the control power in CH2 is varied. For the
dissipative beam-splitter coupling, the amplitude in CH1 decreases with increasing amplitude in CH2. For the
non-Hermitian parametric-amplifier coupling, both of amplitudes in CH1 and CH2 increase.

the dark region outside the beam into the reservoir resulting in dissipation or to CH2 where it
interacts with a light of the same polarization. In the latter case, the photon in the lower sideband
(13) — |2)) is forward scattered along with the annihilation of the same spin excitation J (|1) —
|2)), described by H, o alf + h.c.

Thanks to the collective effect buildup along the propagation direction of light, this two-step
interaction results in a linear dissipative beam-splitter (DBS) coupling between the two channels,
which is dictated by A, « a, c’i;r - &I a,, and hence no quantum correlation emerges.

In contrast, in the backward case (Fig. S1b), the atoms “see” the opposite chirality for the
beams having the same polarization but propagating in opposite directions in CH1 and CH2. In
this case, a photon in the lower sideband (|3) — |2)) is scattered in CH1 along with the annihilation
of a spin excitation J (|1) = |2)) captured by the Hamiltonian A; « @,/ + h.c. When it diffuses
to CH2, in the reversed A-type EIT polarization configuration, this annihilation of the spin

excitation J (|1) — |2)) in CHI is equivalent to the creation of a spin excitation St (]1) - |2))in



CH2. Thus, in CH2 the control beam locally interacts with atoms, which results in the annihilation
of a spin excitation S accompanied by the upper-sideband photon creation (|3) — |1)) in CH2, as
described by Ay o ai$ + h.c.= aljt + h.c.

Different from the forward case, this two-step interaction with collective dissipative coupling
produces a nonlinear interaction, Hy c’iI c’i;r — @,8, , leading to the buildup of quantum
correlations between the light (denoted by a a1 and az) in the channels. More details can be found
in the following derivation.

In the forward case, by adiabatically eliminating the excited state, one can obtain the

following coupled equations of two collective spin-wave excitations (or in short, spin waves)

associated with the ground-state coherences, pg) (in CHI) and pg) (in CH2):

1 *
Piz) = _Vlng) + Fcpg) [le) -Qz()l)]/yn

. (S.3)
2 *
Piz) Vlng) lcpg) ["222) 'Qp(Z)]/VB

Here, y;, is the total effective decay rate of the ground-state coherence, y,5 is the decay rate of the

coherence between states |1) and |2), I, is the coupling rate of the ground-state coherences in the

two channels, an) and .(27()") are the resonance frequencies of the transition |1) — |3) and |2) —

|3) in the channel n, respectively. For pg) = pg) = 0, the steady-state solutions are:

o = Bl-riza" 0 - o s
Pl = B|- yizﬂ?)*rz,&”—rcﬂﬁ”*rz;”]

where B = 1/[(y13 — I,?)y,3]. The coherence p;, corresponding to the detected signal can be
written as: pi) = [lﬂ(l)pfz) + l'.()z(f)pgiz)]/y32 , dED Jdz = ikyWE® /2 = ikNpoplD /2Ve, ,
where €, and i, are the vacuum permittivity and permeability, respectively, k is the average wave
vector, N is the number of atoms, V is the interaction volume, and y® is the atomic polarizability

in channel i. Then, the coupling equations for the probe signals (i.e., the particular vacuum mode

or the newly generated quantum signal) in the two channels are:

dE® A * ' *
o= {01 - Bo ol | + 9P Br.oP ol
$.5)
@ . N E (
=2 {021 - Ba® 0P| + 0 Br.oP ol
23



with A = (N CE,UO) /2Ve€,, and the light speed ¢ in the vacuum. Since the power of the control

light is much greater than that of the probe signals, i.e., p,, = 1, the coupling equations is:

dED /dt = —y"EMD + ['E®
{ / y (5 (8‘6)

dE® /dt = —y"E®@ + /*EMW ~

withy"" = A,uo[l — B.le)* (l)yiz]/ym, I = AuyBI, .(2(1)!2(2)*/)/23 Therefore, the effective
interaction Hamiltonian in the forward case can be written as, with g = —il"""*:
i, « h(gala -9 alaz) (S.7)

In the backward case, similar to the derivation in the forward case, the steady-state solutions

of the ground state coherence are:

pl; = B|-vi0" 0 - o 0l | 55
piy = Blvio? 0 — ol o

Note that, the probe signal in CH1 is still coupling to p,3, but the probe signal in CH2 is coupling
o prz:pSy = 1003 + 05008 | fvsa . 03 = [-i08p3 = i | /yaz . Thus, the

coupling equations for the probe signals in the two channels are:

dEM /dt = —y"ED + ["E@)~
5 5 D (S.9)
dE@*/dt = —y"E@* + ""ED
The effective interaction Hamiltonian in the backward case is given by:
Hy « h(ga —g'a,ay). (S.10)

According to the multi-region model®> 56, we analyze the dynamics of the two-channel
coupling by spin wave mixing, where the region of the atomic spin evolution is divided into three,
labelled as dark (outside of the laser beams), bright 1 (CH1) and bright 2 (CH2). Associated spin
states are denoted as 6(©, (M and 6, respectively. In the dark region, there is no light field,
whereas in the bright regions, light fields with beam diameter of d are present. The time evolution

of the system for these three regions is given by the coupled Heisenberg-Langevin equations:

d® =—- [Hglt, 6] = W6© 4 5@ — (ko + ko1)E@ + k16D + k6@ + FO, (S.11)
60 = —~[Hh, 60] = L6 + 5D — kyo6® + kyo8©@ + W, (S.12)



6@ = —~[H2,6@] = [P6@ + 5@ — k306 + k6@ + F, (S.13)

where I“r(ell) (i =0,1,2) are the relaxation matrices accounting for the decays of the atoms,

S (i = 0,1, 2) are repopulations of atoms in the ground levels in the dark, bright 1, and bright

2 regions due to decays, respectively. Here, §® are the Langevin operators, which are

characterized by < fuv £D (g, t)> = 0 and

(DG OFE () = £ Dyviaps 82 = 208t = 1), (S.14)

with the diffusion coefficients Dy, o5;°". Also, kig(20) are the hopping rates from bright 1 (2) to

dark region, and kg (z) are the hoping rates from the dark region to bright 1 (2), which can be
written as k;o = dN;/(N;dt), and k,; = dN;/(Nydt), with i = 1, 2, and the atom numbers in the
dark (N,), bright 1 (N;) and bright 2 (N,) regions. Here, k;; = k ~ 7/d~10°s"1, and ky; =
k(d/D)?~103s™1, where D is the cell diameter, and ¥ is the thermal velocity of the atomic
motion. Since optical coherences decay much faster than the atomic hopping between the two
channels, it is properly assumed that only ground-state coherences and populations in the two
channels are effectively coupled through the thermal motion.

Here we take the non-Hermitian parametric amplifier as an example to illustrate the model in

detail (Fig. S1). The spin dynamics in bright 1, bright 2, and dark regions are governed by the

following Hamiltonian H&:ﬁ 2
AS, = =2 [ dz|-A©6% - 56|, (S.15)
A, = =22 [ dz| A6 — §W63) + 9,650 + 0,65 +H.C.|,  (S16)
A2 = -2 ["dz [ AP _ @52 4 5.6Pp 4+ 0,62 + H. c.], (S.17)

where g = ue/h is the single-photon Rabi frequency with the transition dipole moment p, and the
electric field of a single photon € = \/hw/(2€,V)%. Here, Q; = uE;/h is the control laser Rabi
frequency with the control laser electric field amplitude E,. Here the atomic dipole operator at

position z in the rotating frame is defined by locally averaging over a transverse slice containing

many atoms

Ou(2,t) = Zz<z} <z+Az O-;w (z,t). (S.18)
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The Zeeman shift induced by the common bias magnetic field B and the frequency shift of

the spin wave are denoted as &g and A, respectively, which contribute to various detunings in

HO
A© = 578 5@ =g, (S.19)
AD =98 4 A,, sW =65 + A, (S.20)
2
A — 5789 §@ =6, — A,. (S.21)

Since the control is much stronger than the probe, the populations 61(1), 62(;), 61(?, 62(? and

the coherences 61(;), 62(? are mainly determined by the control fields. In this case, the nonlinear

differential equations can be separated into two subsystemsS®. In the first subsystem, the effect of
the two quantum probe fields @, b can be neglected, and these equations are solved in the steady
state. The corresponding solutions are then injected into Egs. (S.2-S.4), which determine the
coherences 653, 6,61, 62 as a function of @, bt

In order to derive the quantum fluctuations of the light and the atoms, linearization around

the steady state should be used:

I =15+ 85, 5 = (65.87.65,652. 819,69, 65" (S.22)
The first-order solution is determined by the equation:
(2 + M)E, = S, A+ if, (S.23)
with Langevin operators
f=G R0 BB D BT (8:24)

The mean value of X; is derived as |X;| = M{ 15'1(A>. For the Fourier-transformed quantum
fluctuations, one can obtain:

82, = (M; + wl)™18,64 + i(M; + wI)*F. (S.25)
The Maxwell wave equations for o, and o_ polarized quantum fields A = (&, b)Tare given by:

(5 +co) Az t) = igNTZ, (2, D), (S.26)

where c is the speed of light, and N is the total atom number. The associated propagation matrix
for the quantum-field in the frequency domain is obtained as

§A(w,L) = exp[M(w)L](64(w,0) + F,), (S.27)

with the matrices



M) = 18T, + 071y, Fy = [F explM(@)LIMp(@)F (2, w)dz, (S:28)
where

Mp(w) = =T M, + wD)~ L. (S.29)

Cc

™= 21 0000 0

The Langevin atomic forces f are characterized by their diffusion coefficients matrix, which can
be calculated using the generalized Einstein relation®’.
(a) Gain in non-Hermitian nonlinear parametric processes

Defining

_ (Alw) B(w)

we can rewrite Eq. (S.27) as follows,

a(w,L)\ _ (Aw) B(w)\[/adw,0) £ (w)
(B*(w,L)) B (C(w) D(w)) [(m(w’ 0)) + (13;(0)))], (S.31)

which allows us to represent the mean values (A) and fluctuations §A4 of the output fields. When

(S.30)

the mode b is the vacuum, (b;,)=0, it is observed that the probe field with mean value (@) is
amplified with gain G, = |[A(w = 0)|?, i.c.,

(Gour) = |A(w = 0)[{@in). (8.32)
(b) Noise spectrum of the correlated beams

Introducing the amplitude and phase quadratures of light as:

Re=5@+eh, P=r—eh, (S.33)

with ¢ = @, b, we can express the amplitude correlation and phase anti-correlation of the noise

spectra S,_ and S, of the joint variables to be detected as follows:

S, 2m8(w —w") = %([)?a(w) — X (@)][Xa (@) — Xy (w)]), (S.34)

Sp+216(w = ") = Z{[Palw) + Py(w)][Pa(@) + By (")]). (S.35)

Since our system utilizes warm atoms, the matrices M, My and My - D - Mg should be modified as

follows to take into account Doppler broadening:

M= (ZHZBT)% [ Mw)exp|- z’zBZT | dv. (S.36)
My = (ZJZBT)% [ Me()exp [~ 222 ] dv,, (837)
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m

)% 27 Me(v) - D) - Miexp [- 22 du,,  (3.38)

Dt M* =
M- D" Mg (Zn:kBT - 2kgT
where we have used the Maxwell distribution function for the atomic velocity v,, m is the mass
of the 8’Rb atom, and kj is the Boltzmann constant.

Note that, in the classical picture, the probe is a coherent state for the seed input with mean
value (@;,) # 0 and (b;,) # 0. In contrast, in quantum nonreciprocity experiments, only control
beams are applied in each channel, and the input probe is the vacuum, i.e. {(G;,) = {(b;,) = 0.

Regardless of whether we use the classical or quantum scenario, the quantum fluctuations of
the input probe are the same, since both coherent state and vacuum state share the same variance
of the quadratures Var(X/") and Var(P/") (i = a, b).

In the framework of dissipative coupling, two spatially separated pump lights with circular
polarizations interact with the atomic ensembles (input probes are vacuum), leading to the
generation of the new quantum signals to be detected at the output, which fulfill the two-photon

resonance condition.

S.3 Gaussian quantum discord

The concept of quantum discord was initially proposed as a measure of quantum correlation,
more resilient to dissipative environments than quantum entanglement. Especially, Gaussian
quantum correlations beyond entanglement can be captured by the measure of Gaussian discord.
Entanglement is one type of strong quantum correlation, and “no entanglement “does not mean
“no quantum correlation” °,

In the literature, for instance, in Ref. [S10] (highly cited paper), it is stated that “Quantum
discord, a measure of genuinely quantum correlations... On pure states, quantum discord coincides
with the entropy of entanglement. States with zero discord represent essentially a classical
probability distribution embedded in a quantum system, while a positive discord, even on separable
(mixed) states, is an indicator of quantumness”.

In Ref. [S11], it is stated that “The quantum discord D expands the concept of quantum
correlations to include separable states. D > 0 indicates the presence of correlations that originate
from the noncommutativity of quantum operators, which also applies to mixed states. Quantum

discord has been shown to be a valuable resource for sensing, cryptography and quantum phase

estimation and compared to entanglement, is expected to be more resilient to a dissipative bath”.



As a well-established measure, quantum discord can faithfully evaluate quantum correlations.
In addition, we provide the values of Gaussian quantum discord with error bars in Fig. S2. The
error bars are very small, which ensure that the quantum discord is nonzero.

Finally, we would like to provide more information about the factors that may limit the
measured quantum discord.

(1) Beam size: Large beam size can increase the effective coupling rate between beams, which
determines the Gaussian discord. But the overlap area between beams will also increase, which we
do not want; so we choose proper beam diameters about 6 mm, which is large enough for high
effective coupling rate and small enough to prevent significant overlap between the beams in the

two channels.
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Fig. S2| Quantum discord. The measurement data are shown in this figure in five times of the cases in backward
with same polarization (blue) and forward with different polarizations (red). The mean values are respectively
2.4x1073 and 1.0x107. The error bars are the standard deviations of each data, which represent s.d. from five
measurements, and the values are 8.3x10” and 1.0x10.
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(2) Temperature: Temperature determines the density and mean velocity of the atoms, which
influence the exchange rate of atoms between the two beams (i.e., channels). We need a larger
atom density to obtain a larger quantum discord. However, temperatures above 70°C will affect

the paraffin coating, and the atom-atom collision cannot be neglected in high temperature as well.

(3) The information remains in the reservoir: Some useful information will not be read out by

the laser beams. The information remains in reservoir and has a lifetime of about 20 ms.
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