Supplementary Material for
“Topological phonon blockade and its transfer via dark-mode engineering”

Deng-Gao Lai,!** Adam Miranowicz,"? and Franco Nori'3#

! Theoretical Quantum Physics Laboratory, Cluster for Pioneering Research, RIKEN Wako-shi, Saitama 351-0198, Japan

2Institute of Spintronics and Quantum Information, Faculty of Physics and Astronomy, Adam Mickiewicz University, 61-614 Poznari, Poland

SRIKEN Center for Quantum Computing (RQC), 2-1 Hirosawa, RIKEN Wako-shi, Saitama 351-0198, Japan
*Physics Department, University of Michigan, Ann Arbor, Michigan 48109-1040, USA

In this Supplementary Material, we show detailed results on topological phonon transfer and topological
phonon blockade enabled via dark-mode engineering which is induced by synthetic magnetism, in phase-
dependent loop-coupled optomechanical configurations. Specifically, this document consists of five sections on:
(i) Physical system and its dark-mode engineering; (ii) Effective non-Hermitian Hamiltonian and its exceptional
point; (iii) Dark-mode-engineered topological phononics; (iv) Scalable network-based topological phonon
transfer enabled by synthetic magnetism; and (v) Quantum collective motion using dark-mode engineering.

Contents

I. Physical system and dark-mode engineering
A. Physical model and its Hamiltonian
B. Dark and bright modes
C. Dark-mode engineering

II. Effective non-Hermitian Hamiltonian and its exceptional point
. Effective non-Hermitian Hamiltonian

. Exceptional point

. Malfunction and function of the exceptional point

. Inactivation and activation of topological operations

. Eigenvalue distributions around an exceptional point

moQwp>

II1. Dark-mode-engineered topological phononics
A. Efficiency of topological phonon transfer
B. Topological phonon blockade and its transfer by engineering dark modes
C. Dark-mode-engineered nonreciprocal topological dynamics

IV. Scalable network-based topological phonon transfer via synthetic magnetism
A. Dark-mode engineering in quantum optomechanical networks
B. Scalable network-based topological phonon transfer

V. Quantum collective motion using dark-mode engineering
A. Dark-bright mode engineering

B. Occupations of dark and bright modes
C. Quantum collective ground-state preparation of both dark and bright modes

References

*“Electronic address: denggaolai @foxmail.com

(9 BLUST \S 2 \O]

10
12
13
14

14
14
15
16

16
17
20

20
20
21
21

22


mailto:denggaolai@foxmail.com

I. PHYSICAL SYSTEM AND DARK-MODE ENGINEERING

Nonreciprocal topology is engendered by imposing topological operations winding around an exceptional point (EP), and it
extremely fragile in face of all dark modes. As a result, these dark modes enable the deactivation of topological operations
and EPs, which leads to a complete blockade of both mode conversion and phonon transfer between dark and bright modes. In
this work, we show how to overcome this outstanding challenge and to achieve a versatile yet unique nonreciprocal topological
phonon transfer (TPT) and topological phonon blockade (TPB) via dark-mode engineering. This is achieved by employing
synthetic magnetism, which results in a flexible transition between the dark-mode-nonbreaking (DMAN) and dark-mode-
breaking (DM®B) regimes, in a precise and controlled manner. For example, we find that when the system operates in the
DMN regime, TPB happens; while TPT is observed in the D MB regime, which offers an exciting opportunity of bridging TPB
and TPT at will, having no counterpart in all previous studies. In particular, we apply the dark-mode-engineering mechanism to
quantum networks, making the dark-mode-immune network-based TPT from dark to bright modes feasible. Our study maps a
general path towards generating profoundly different nonreciprocal topological quantum resources with immunity against dark
modes. In a broader view, our study sheds new light on the combination of dark-mode engineering, topological operations, and
quantum networks, and offers an exciting prospect of revealing a unique topology with immunity against dark modes.

In this section, the quantum Langevin equations for both photon and phonon modes are detailedly derived in a loop-coupled
three-mode optomechanical system, where a common photon mode optomechanically coupled to two phonon modes, which are
coupled to each other via a phase-dependent phonon-hopping interaction. Then, the linearized optomechanical Hamiltonian of
our system can be derived by applying the linearization procedure and then, we study in detail the dark mode and the dark-mode
engineering, which is enabled by the synthetic magnetism.

A. Physical model and its Hamiltonian

In this section, we focus on quantum optomechanical networks, which consist of N phonon modes coupled to a common
photon mode through radiation-pressure couplings. The nearest-neighboring phonon modes are coupled to each other via phase-
dependent phonon-hopping interactions. Then, the Hamiltonian of quantum optomechanical networks reads (7 = 1)

N N-1
H = weata+ Z[wjbjb_,- +gja’ab’ + b))+ Z E(E®ID i + €7D, b)) + i VKin€in(a'e™ " — H.c)), (S1)
j=1 j=1

where the operators a' (a) and bj (b)) are creation (annihilation) operators of the photon mode and the jth phonon mode, with
resonance frequencies w. and wj, respectively. The g; terms denote the optomechanical interactions between the photon mode
and the jth phonon mode, with the parameter g; being the single-photon optomechanical-coupling strength. The laser driving
of the system is described by the €, = VP/(hiwy) term, with the laser power P, frequency wy, linewidth «, and input-coupling
rate kj,. In addition, we introduce the phase-dependent phonon-hopping interactions between the nearest-neighboring phonon
modes, with the coupling strengths &; and modulation phases ®;. A synthetic gauge field, which is employed for engineering all
dark modes, can be induced on demand, using phase-dependent loop-coupled setups, made up of the g; and &; terms.

To facilitate a clear understanding of the proposed dark-mode engineering and its underlying physical mechanisms, we first
consider the simplest three-mode optomechanical devices (i.e., N = 2) consisting of two phonon modes coupled to a shared
photon mode. In this case, we study in detail both TPT and TPB between the dark and bright modes, and it is achieved
by employing dark-mode engineering. Specifically, a unique photon mode is supported by an optomechanical cavity with an
external laser driving, leading to the in-parallel optomechanical couplings of the photon mode to the two phonon modes via
radiation-pressure radiation, and the two phonon modes are coupled to each other via a phase-dependent phonon-exchange
interaction. Note that a related three-mode optomechanical system has recently been reported in experiments and proposals,
and especially, it has already been implemented using state-of-the-art technology to achieve topological responses, fully evading
dark modes [S1, S2]. Consequently, the Hamiltonian of the two-phonon-mode optomechanical system reads

H = wa'a+ [wbib;+gjata®’ + b))+ &E®b by + e ®blb)) + i Vkmen(a'e ™" —H.c.), (52)
1770 J Jj J 1 2
j=1.2 ‘

where a synthetic gauge field, which is employed to flexibly manipulate the dark mode, can be induced on demand by the £ term,
with a modulation phase ® and a phonon-exchange coupling strength & between the two phonon modes.

For a standard optomechanical system which is composed of a photon mode linearly coupled to a single phonon mode, a
pair of coupled differential equations for both photon and phonon modes are resulted from an input—output approach to these
systems. Subsequently, these equations of motion can be easily treated in the Fourier domain for better understanding the
optical modification of the mechanical susceptibilities. Here, we concentrate on a simple extension of these standard models, by



considering two phonon modes, each of which is coupled to a common photon mode. Subsequently, this leads to the following
equations of motion for both photon and phonon modes, i.e.,

a=- (g + ia)c)a —igiazy —igrazo + \Kin€n, (S3a)
by =- (% + iwn)bl —igia'a—ige®by + \yim, (S3b)
by =- (% + iwg)bz —igya'a — iEe”®by + \yam, (83¢)

where the parameters « and «;, are the dissipation rate of the linewidth and the input coupling rate of the cavity field, respectively;
Zj= b; + b is the position operator for the jth phonon mode. In addition, w}, g;, and y; are the mechanical resonance frequency
of the jth phonon mode, the single-photon coupling strength of the photon mode and the jth phonon mode, and the mechanical
dissipation rate of the jth phonon mode, respectively. The optical and vibrational modes are driven by the input fields €, and 7;,
respectively.

Then, a linearization procedure can be applied so that one can simplify the physical model by considering the case in the
strong-driving regime of quantum systems. Specifically, both photon and phonon operators used in Eq. (S3) can be expressed as
sums of their classical averages and quantum fluctuations, i.e.,

a= a+oa, bjz Ej+6bj. (84)

By separating the classical motion from their quantum fluctuations, the equations of motion for the classical-motion variables
can be obtained and then, we have the classical average of the optical dynamical variable:

\//afin
k/2 —iN’

(85)

a=

where the parameter A ~ w; — w, is the driving detuning. Subsequently, we can easily obtain the linearized equations of motion
for quantum fluctuations, defined as:

Sa = - (g - iA) Sa — iG1621 - iGabza, (S62)
P (Y. (v ) _ e i®
Sby = — (3 + uul)ébl ~i(Gjoa +Goa’) - ige®6bs + Ny, (S6b)
6by = — (% + iw2)6b2 — i(G30a + Gysa') — ie”6by + \yam., (S6¢)

where the parameter G,—;, = g;a is the linearized optomechanical-coupling strength between the photon mode and the jth
phonon mode.

Below, the dark and bright modes are studied in detail in the three-mode optomechanical systems, which consists of two
phonon modes coupled to a common photon mode. In addition, the dark mode and its breaking in this system is analyzed in
detail. We see in Eq. (S6) that these photon and phonon modes are coupled to each other via the bilinear-form interactions.
Mathematically, an effective Hamiltonian can be easily inferred to govern these bilinear interactions, including both beam-
splitting-type (excitation-exchanging) terms and the two-mode-squeezing (excitation-creating) terms.

In our studied optomechanical TPT, the linearized couplings in this system are dominated by the beam-splitting-type
interactions of these bosonic modes and therefore, the system Hamiltonian can be easily simplified by assuming the rotating-
wave approximation (RWA). As a result, the linearized Hamiltonian takes the following form discarding the noise terms:

2
Hin = —A6a’6a + Z[w j6b'6b; + G (5adh’, + 6b;6a")] + £(e'©6b|6by + e 5bloby), (S7)
j=1

where the parameter A ~ w; — w, is the driving detuning. Below, we analyze in detail both the dark and bright modes based on
the Hamiltonian Hy;, in Eq. (S7).

B. Dark and bright modes

As is well known, topological phenomena in topological physics are generally destroyed by dark modes naturally decoupled
from the system, which results in a complete deactivation of both EPs and topological operations. For example, TPT and
mode switching can always happen when executing adiabatic closed paths enclosing an EP. Surprisingly, once dark modes are
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FIG. S1: (a) Coupling strength |G_|/w; versus the frequency ratio w,/w; and the optomechanical-coupling-strength ratio G,/G, of the two
phonon modes. (b) Coupling strengths |G.|/w; (dashed lines) and |G_|/w; (solid lines) versus the frequency ratio w,/w; when G,/G,=0.5
(black lines), 1 (blue lines), and 1.5 (red lines). Here we set G,/w; = 0.2. (c) Redefined coupling strengths G, /w,, and G_/w,, versus the
modulation phase ®. Here we set the resonance frequency w,, as the frequency scale, and assume G;/w,, = é/w,, = 0.1 and w;/w,, = 1.

possessed by the system, both the mode conversion and TPT between dark and bright modes are unfeasible regardless of the
adjustment of adiabatic trajectories and system parameters, due to the dark-mode-induced destruction of topological operations
and EPs.

In this section, we study in detail both the dark and bright modes in our three-mode optomechanical system, by demonstrating
the cases where the synthetic magnetism is absent (i.e., &£ = 0) and present (i.e., & # 0 and O # nm), respectively.

Specifically, in the absence (i.e., ¢ = 0) of the synthetic magnetism induced by the phase-dependent loop-coupled
configurations, the system Hamiltonian (S7) becomes

2
Hiin = —Aba’a + Z[w ,(sbjab i+G j((sa(sbj +6b;6a")]. (S8)

J=1

In this system, the two phonon modes 6b; and 6b,, which are coupled to a common photon mode da, form the following two



motional normal modes:

_ G10b1 + G,6by

B, , bright mode, (S9)
\JG? + G}
g = G200 =Giobr Lk mode. (S10)

\JG?+G3

Note that the bosonic commutative relations (i.e., [B., Bi_;] = 1) are satisfied by the above vibrational normal modes B.. The
system Hamiltonian in Eq. (S8) can be rewritten with these two vibrational normal modes B.. as

Hin = —Ada’6a+w,BIB, +w_B B_ + G, (6aB! + B.6a") + G_(B.B_ + B' B,), (S11)

where w. and G. are the resonance frequencies and the coupling strengths, respectively, defined as:

G%wl +G§a)2 G%wl +G%w2
we=—-—2= W= 21— S12a
TG+ G G? + G2 (G120
GiGa(w —
G, = JG?+G.  G.= D) (S12b)
G| +G;

In the absence of the synthetic magnetism (i.e., ¢ = 0), it is seen from in Egs. (S11) and (S12b) that when w; = w,, the
normal mode B_ is completely decoupled (i.e., G_ = 0) from the system, indicating the emergence of a dark mode (i.e., B_). In
stark contrast to this, the normal mode B, is a bright mode because of an effective coupling (i.e., G, > 0) of B, to the system.
The dark mode is decoupled from the system, resulting in a complete blockade of both mode conversion and phonon transfer
between the dark and bright modes.

To further elucidate this point, we display in Fig. S1(a) the redefined light-motion coupling strength |G_|/w; versus the
coupling-strength ratio (i.e., G»/G1) and the resonance frequency ratio (i.e., w,/w1) of the two phonon modes. Clearly, it reveals
that without the synthetic magnetism (i.e., £ = 0) and w, = w;, we counterintuitively obtain G_ = 0, resulting in the existence
of the dark mode B_. Due to the appearance of the dark mode, all EPs and topological behavior are completely destroyed in
practical quantum devices.

The underlying physics behind these counterintuitive phenomena is that the two phonon modes coupled to a common photon
mode are hybridized into the dark and bright modes. This dark mode is fully decoupled from the system and, as a result, the
thermal phonons concealed in the dark mode cannot be extracted to the bright mode, leading to the destruction of all the EPs
and topological responses. Therefore, it is naturally to arise the question whether a general topological mechanism, which is
completely immune to the dark mode, can be generated in quantum systems.

C. Dark-mode engineering

Previously established topological achievements are focused exclusively on the conventional scenarios where dark modes
are entirely circumvented, owing to the fragility of topological responses due to these dark modes [S1, S2]. Nevertheless, the
practical applicability of modern topological technologies has challenged such progresses by demonstrating that a universal
approach must be explored for confronting this outstanding challenge posed by the dark modes, rather than evading it [S3—S12].
In view of its significance and urgency, utilizing a fundamentally distinct nonreciprocal topology immune to dark modes, as
well as shielding both EPs and topological operations from dark-mode disturbances in practical devices, is highly desirable.
Here we show how to address this long-standing challenge and reveal its counterintuitive immunity against dark modes. This
occurs because of the synergy of topological operations [S1, S2] and synthetic magnetism [S13—S21], resulting in an exceptional
transition between the DMN and DMSB regimes in a well-controlled manner. Note that reconfigurable synthetic gauge fields
have recently been reported based on the phase-dependent loop-coupled optomechanical platforms [S13-S21].

Now, we show in detail how the dark mode is flexibly engineered on demand by simply employing the synthetic magnetism
(i.e., &£ # 0 and ® # nm). To demonstrate this, two superposition-phonon modes, associated with the synthetic magnetism, are
introduced as @J, and B_, which are defined by

B, = Fbb, — ¢©K6bs, (S13a)
B_ = e OK6b, + F6bs. (S13b)



Then the system Hamiltonian in Eq. (S7) becomes
Hyy = —Aéa'6a+ @, B8 8, + 0 B'B_ + (G:6aB] + G, B,6a") + (G 6aB’ +G_B_sa"), (S14)

where the resonance frequencies @, and the coupling strengths G are, respectively, defined as

Be = 5(0n ot w1 - 0P +48%) (S15)

and
G: = FG, - e ®KG,, (S16a)
G- = é°KG, + FGs, (S16b)

with
F = |- - wil/ (@- — w)? + &, (S17a)
K = EF [(@- — w)). (S17b)

To illustrate the dark-mode engineering mechanism, we plot the redefined coupling G as a function of the modulation phase
® when w; = w, and G| = G», as shown in Fig. S1(c). We find that when ® = nn, a dark mode decoupled from the system
emerges (i.e., G, = 0), corresponding to the DMN regime. Counterintuitively, an effective coupling of the dark mode to the
system can be flexibly achieved just by tuning ® # nr, resulting in the DMB regime. The fundamental physics driving these
counterintuitive phenomena lies in the fact that a reconfigurable synthetic gauge field is built on demand by simply tuning the
modulation phase ® in the loop-coupled system, enabling an exceptional transition between the DMN and DMB regimes.

Beyond the above numerical simulations used to investigate the dark-mode engineering mechanism, we below further derive
analytical expressions to explicitly reveal the dark-mode breaking process, providing deeper physical insight. Specifically, when
the two mechanical modes are degeneracy in their resonance frequencies (i.e., w; = wy), the effective optomechanical coupling
strengths shown in Eq. (S16) can be simplified as

G, =G +¢©Gy)/ V2, (S18a)
G- =(G, - €°G))/ V2. (S18b)
We perform a systematic analysis of dark-mode engineering, examining its dependence on both the modulation phase (®) and

the optomechanical coupling strengths (G| and G,), with particular focus on three representative cases.
(i) When the system operates in the symmetric-coupling case, i.e., G| = G, = G, the following relationship holds:

G, =G(1 + ¢7®)/ V2, (S19a)
G_ =G(1 - ®)/ V2. (S19b)

We clearly see from Eq. (S19) that, when ® = nz (where 7 is an integer), one of the two hybrid phonon modes is completely
decoupled from the cavity mode, indicating the emergence of the dark mode. In this case, thermal excitations stored in the dark
mode cannot be extracted through the optomechanical-cooling channel or topological operations. In general cases of ® # nm,
this dark mode can be completely broken and then, both quantum collective ground-state preparation and TPT become accessible
under proper parameter conditions.

(ii) For an even-integer phase condition (i.e., ® = nz where n is even), Eq. (S18) simplifies to

G, =(G, + G2/ V2, (S20a)
G- =(G, - G/ V2. (S20b)

As evident from Eq. (S20), the mode B_ enters a dark state when G| = G,, while imbalanced coupling strengths (G; # G»)
completely break this dark mode. These findings establish that simultaneous ground-state cooling and TPT require a broken
coupling symmetry (G,/G; # 1).

(iii) For an odd-integer phase matching (i.e., ® = nm where 7 is an odd), Eq. (S18) transforms to

G, =(G) -G/ V2, (S21a)
G- =G, + G))/ V2. (S21b)

Equation (S21) establishes that the B, mode becomes a dark mode under symmetric coupling (i.e., G; = G3), with a complete
breaking of this dark mode occurring for asymmetric coupling (i.e., G; # G,). This analysis demonstrates that the broken
symmetry in optomechanical coupling (i.e., G,/G # 1) enables the concurrent quantum collective ground-state preparation and
TPT.



II. EFFECTIVE NON-HERMITIAN HAMILTONIAN AND ITS EXCEPTIONAL POINT

In this section, we show in detail (i) an effective non-Hermitian Hamiltonian; (ii) an exceptional point (EP); (iii) malfunction
and function of the EP; (iv) inactivation and activation of topological operations; (v) eigenvalue distributions and transient
behaviors around the EP.

A. Effective non-Hermitian Hamiltonian

The solution of Eq. (S6) can be used to solve both TPB and TPT, which is achieved by transforming all the system variables
into the frequency domain by the Fourier transformation. Physically, this method can be utilized for a better understanding of
the optical modifications of vibrational susceptibilities.

We apply the Fourier transformation for operators o and their conjugates o', i.e.,

o(t) = \/% [: &0 (w)dw, and o' (f) = \/% [: ol () dw, (S22)

for o = a, b1, and b,. By executing the Fourier transformation using Eq. (S22), the equations of motion in Eq. (S6) can be
expressed in the frequency domain as:

—iwba (w) = (g - iA) 5 () — iG162) () — iG202, (W) (S23a)
—iwda' (@) = - 5 +iA)a’ (@) +iGi57] (@) + G307} (), (S23b)
—iwdby (@) = - (% N iw1)6b1 (@) - i[G}6a(w) + Gioa’ ()] - i&e®sbs (@) + VT, (S23¢)
—iwdbs (@) = - (% N iw2)6b2 (@) - i[G30a (W) + Gada' ()] - iée by (@) + Vo (S23d)

Using Eq. (S23), we subsequently have the following equations:

|5 - i@+ m)]6a() = - G160 (@) - G202 (@), (S24a)
[g +i(A - w)|da" (w) = iG}67] (w) +iG567 (w), (S24b)
[% Ci(w- w,)] 5b1 () = - i[G}6a (W) + G16a’ (@)] — ige®6bs (@) + vy, (S24c)
|2 = i@ - 0|00 (@) = = 1[G30a (@) + Gaba’ ()] - ige ™01 (@) + VT, (S24d)

where we define an optical susceptibility y(w) as

v =[5 i) (525)
Therefore, one can easily find
8a(w) = =iGyx (w) (8b] + 6b1) = iGax () (6b] + 6by) (S26)
where the position operators z; are defined as
zj=bi+b;. (S27)

Subsequently, we substitute Eq. (S27) into Eq. (S26), and obtain
[g LiA- w)] sa' (w) = iGI67 +iG362, = iG62) + iG362. (S28)

Consequently, we can easily find

da’ (w) = iGx" (~w) 671 + iGhx" (~w) 622, (S29)



where the optical susceptibilities are defined as

» .
X () = 5 i(w+ A)] , (S30a)
- -1
¥ @=|3+iw+d)| (S30b)
:K -1
xo =[5 -icors)| (530¢)
¥ (w) = g +i(A- a))]il . (S30d)
Therefore, we have:
da (w) = — iy (w) (6b] + 6by ) — iany (w) (6] + 6b2). (S31a)
sa’ (w) = i}y (~w) (6b] + 6b1) + isx” (~w) (8D} + 6b2). (S31b)

Next, the expressions of da and da’, which are shown in Eqs. (S31), are substituted into Eqs. (S24c) and (S24d), and, then, we
obtain:

2 —iw-wn]oh @ =61
iG |
% —i(w- wz): 6by (w) = — iG; [—iGl)( (w) (6b1f + 5b1) — iGyy (W) ((517; + 6b2)]

—iGx () (6b] + 6b1) = iGax (w) (8D} + 6by)|

iGix" (—w) (8b] + 6by) + iGox" (~w) (b} + 6by)| - ie™6by + vy, (S32a)
([ ¥ ek ¥ L 0

— G, |iGix" (~w) (8b] + 6b1) + iG3x" (~w) (8b] + 6b2)| — ige™ by + Pyama, (S32b)

L i(w- )| 6b (@) =G1G} [-x (@) +x" (~w)] (6b] + 5by)

[ 2
+[~G}Gox (W) + G1Gx” (~w)] (6D5 + 6by) — iée™®by + yimi, (S32¢)

% i (0.) - wz)i 5b2 (a)) = [_G;GIX (0.)) + GzGTX* (_w)] (61’)1‘ + 6[)1)

+[~G3Gax (@) + GaGix” (~w)] (8D} + 6b2) — ike™™®5by + vyam,. (S32d)

We here safely drop the counter-rotating terms b’ and the mechanical drive terms n;. These terms are not necessary for the
physical model that operates far from the ultrastrong coupling regime. This is because we drive the system into a particular initial
state, turn off the drive, and then, focus on the evolution of the system without any mechanical drive. Consequently, Egs. (S32)
become:

[ﬂ —i(w- wl)] 6b1 (w) =G1G] [—x (W) + ¥ (—w)] 6b; (W) + [-G|Gax (W) + G1G3x" (—w)] 6bs (W) — i£e™5b,, (S33a)

2
|2 - i@ - 0|00 (@) = [-G1G3x (@) + GiGax” (~0)] b1 (@) + G562 [-x (@) +x° (~)] 83 (@) = ige™0by. (S33b)
Subsequently, using Egs. (S33), one can easily obtain:
|2 = itw = )| 8h1@) =IGIF [ (<)~ x @] 651 @) + GGz " (~) = x @)] s (@) = ige®b, (S34a)
% —i(w- m)] by (w) =G1G, [x" () = x ()] b1 (0) + Gal* [ (—w) = x(w)] 6ba(w) — iée™ D). (S34b)

Equation (S34) can be rewritten in a standard form:
—iwdb; (w) = — (% + iw1)6b1 (w) — i£e"5by (w) + 1G1* [x* (~w) — x ()] 6b1 () + G;G2 [x; (~w) — xc ()] 6b2 (W), (S352)
by () = - (% N iw2)5bz (@) — i€ 6y () + G1Ga [ (~w) — x (@)] b1 (@) + G [¥* () — x ()] 63 () . (S35b)

Thus, based on Eq. (S35), the matrix form can be given as

. o0b; (w) _ —(ﬂ+ia)1> —ife@ oby (w) |G1|2 G*G, . 5by (W)
_lw(‘”’z(w)) _( igeo (2 +iv) N o @ )\ Gi6, 16 | W T XN Gy | B3O



A single-mode optomechanical intrinsic self-energy, in the traditional standard optomechanical systems, can be give as

D@ =il6 ¢ (~w) - x @)]. (S37)

Note that ))(w) is often called the optomechanical intrinsic “self-energy”, and represents the optical modification of the
mechanical resonance. This arises from the self-interaction occurring via the dynamical system formed by the optics/mechanics.
From the definition of ) (w), we see that it is a complex quantity depending on the laser power and detuning [through its
dependence on incavity photon numbers @ and and optical susceptibly y(w)]. We also note here that the dependence on w comes
only through the cavity susceptibility, which varies with w on a scale of . Since we are considering only a weak interaction,
we can assume that the width of the mechanical resonance will be significantly less than x. Thus, we can assume that y(w) and
hence }(w) are constant with respect to w over the relevant mechanical bandwidth. Therefore, we can eliminate the frequency
dependence and simply evaluate the self-energy at the mechanical frequency: }(w) = > (wo) = Y.

By inspecting the appearance of }; in the effective susceptibility, we see that the real part of ), corresponds to a shift in
the mechanical frequency (“optical spring”), while the imaginary part results in a change in the effective damping rate of the
oscillator (“optical damping”). This dynamical backaction is the mechanism by which one is able to control the motion in an
optomechanical system, by exploiting and controlling the radiation pressure force. We now explore this control in a more detail,
to better understand its limitations and tunability.

Specifically, Eq. (S37) can be rewritten as

_ (G i|GiGo| . _( —igle —igiga0
2@ = (iG7G2| Gy WO —x@l=|_ —igZs |’ (838)

where the complex mechanical susceptibilities, i.e., o introduced by the laser driving of the system, can be defined as

PKin 1 1
o= - . S39
Now, we obtain
C(oby )\ _ (- (% +iw) -ige® [ ob(w)) . 8b1 (w)
- = . - . 4
""( 5b> (@) ) [ Cige® (2 +ian) )\ 002 @) P22\ b (@) (540)
Subsequently, Eq. (S40) is safely rewritten in a matrix form defined:
Lotiw)  ige®
—iwB =- <2 . B(w)—-i B(w), S41
iwB () ( £ © (2 +iw) @ =i) (@B W) (S41)
where the matrix B (w) is obtained as
_ [ 0b1 (w)
B(w) = ( ) ) (s42)

Before moving back to the time domain, we note that ), (w) varies on the scale of x, whereas the mechanical modes are
susceptible to the drives only within their linewidths, which is substantially smaller than «, by our assumption.
Therefore, it is both safe and sufficient to consider the following assumptions:

INOEDNCOIEDNCIEDI (S43)

where

> = Yo=Y (452), (S44)
for
wo = ((1)1 + 0)2)/2 (S45)

We note that the vibrational modes are also assumed to be nearly degenerate. Therefore, owing to the fact that }’ is not a function
of w, we can easily move back to the time domain, to find the following equation:

B(t)z—[(%"'iwl) i£e™® )]B(t)—iZB(z). (S46)

ige™® (% +iw
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Mathematically, we adiabatically eliminate the optical mode and then, an effective Hamiltonian only for two phonon modes (i.e.,
by and b,) can be obtained as

iB(t) = HeaB (1), (S47)
with
w =2 —iglo &e® ~ig1820

—i® ; 2 )
e —ig1g20 wy — F - g0

Her = (S48)

The simplified complex vibrational susceptibility o, which is introduced by the laser driving and based on Eq. (S39), can be
defined as

_ Pkin [xr L(w0) = X" (=wo)]
T hw|(k/2)* + A?]

, (S49)

where the optical susceptibility y(wy) is defined as

-1
X(wo) = [g —i(wo + A)] . (S50)

Below, an exceptional point (EP) of the physical system will be derived in detail, and the TPT performance using the Hamiltonian
He in Eq. (S48) will be analyzed in detail.

B. Exceptional point

In this section, we focus on a three-mode optomechanical device consisting of two phonon modes, each of which is
linearly coupled to a common photon mode through radiation-pressure interactions. In addition, the two phonon modes are
coupled to each other via a phase-dependent phonon-hopping interaction, and this interaction together with the optomechanical
couplings form a phase-dependent loop-coupled configuration, which can induce synthetic magnetism for achieving dark-mode
engineering.

Adiabatically eliminating the photon mode leads to a tunable effective interaction between the two phonon modes, and this
effective interaction, which induces an EP, is generated by the driving field of the system. In the following detailed analysis, we
can safely eliminate the common evolution, with a mean frequency wy [see Eq. (S45)] of the two phonon modes and an average
damping rate I" of the two phonon modes defined as

T'= (1 +72)/2. (S51)

Note that the parameters w; and 7; are replaced with the redefined parameters wy, , I', and y. Therefore, the effective non-
Hermitian Hamiltonian H.g, which is given in Eq. (S48), becomes

T ) 0 _
Hyp = ( wo glez—"@g} igll;zalgla . ;.g“ge ’ Qlillg%zcz o ) (S52)
where Q and y are defined as:
Q= (w2 —w)/2, (853)
and
Y= =7)/2 (854)

Subsequently, we easily obtain the following equations:
ii b)) _ wo — i ;)Q—l% —iglo ?lgi@—iglgzo - NG) ’
dit\ b2 (1) &e™® — g g0 wy— iz +Q+it —igio )\ b2 (1)

_ (a)o—ig 0 )(bl(t))+(—Q—i%—ig%0' §ei®—ig1g20')(b1(t))

0 wo — ig by (1) £e® —igigo Q+ il - ig5o )\ by (1)

_ [wo-i5 0 b)), .d (b @)
_( 0° wo—ig)(m(r))“a(b_u))’ (S55)
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FIG. S2: (a,b) For the symmetrical optomechanical-coupling case (g, = g;), mechanical linewidths and resonance frequencies of both the dark
and bright modes versus the driving power P and the driving detuning A € [-1800 kHz, 0], when the system operates in (a) the DMN (£ = 0)
and (b) DMB (£/w; = 5x 107 and ®/x = 1/2) regimes. (c,d) For the asymmetrical optomechanical-coupling case (g, = 2.76g;), mechanical
linewidths and resonance frequencies of both the dark and bright modes versus the driving power P and detuning A € [-1800 kHz, 0], when
the system operates in (c) the DMN (¢ = 0) and (d) DMB (¢/w; = 5 x 10~ and ®/n = 1/9) regimes.

where

Yar

4 (b.(D)
b_ (1)

by (1)

)_ ( —Q—i% —ig%(r £ —igigro )(b1 (1) )

£e7® —igig0 Q+i) —igio

We then obtain the eigenvalues of the effective non-Hermitian Hamiltonian, shown in Eq. (S52), as

where the parameter A is defined as

Az

i (g%+g%)0'¢/l,

(S56)

(S57)

A= i\/{g?g%cr2 s [y + (g2 - &2) C’]z - - fz} ~i{Qfy + (st - 83) o] - 2518260 cos O},

Therefore, we obtain:

4

1
/1:;20.)()———

‘ (g% +g§)0'$/l.

(S58)

(S59)
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Just by simply tuning the complex vibrational susceptibilities o, the system possesses an EP. Thus, one needs to control over
both Re(o) and Im(o). The imaginary and real parts of the complex eigenvalues of the two phononic normal modes B, and B_
are the mechanical linewidths y. (A, P) = —2Im(4.) and the mechanical resonance frequencies w. (A, P) = Re(A.), respectively.
Note that in our model, the control of the optomechanical system is achieved by a separate laser, and its driving power P and
driving detuning A are set by an acousto-optic modulator. We can measure the vibration spectra of the phonon modes as functions
of the driving detuning A and the driving power P, so that the presence of the EP in our system can be accurately established.
In addition, these mechanical spectra are acquired by driving the motions and monitoring its response via a heterodyne signal.
We fit each spectrum to determine the two motional damping rates, y.(A, P), and the two vibrational resonance frequencies,
w<+(A, P). Note that the subscripts “+” refer to the phononic normal modes, as introducing the optical field into the physical
system.

Now, in both the DMAN and DMSB regimes, we show measurements of both the real and imaginary parts of the corresponding
complex eigenvalues for the two vibrational normal modes over a narrow range of the driving detuning A and the driving power
P, which are centred at Agp and Pgp. The parameters Agp and Pgp denote the parameter position of the EP. These measurements
show the characteristic features of an EP. In the vicinity of this point, they exhibit the same structure as the Riemann sheets of
a complex square-root function. The surfaces are such that if the driving-laser detuning A and the driving-laser power P were
varied to execute a single closed loop, the resulting smooth evolution on the eigenvalue manifold would return to its starting
point only if the loop does not enclose the EP. By contrast, a loop enclosing the EP would result in a trajectory starting on one
sheet, but ending on the other.

In addition, the complex eigenvalues of the two phononic normal modes are shown in Fig. S2, by considering the symmetrical
and asymmetrical optomechanical coupling cases. Specifically, we plot the motional decay rates [y.(A, P), see the vertical axis]
and the vibrational resonance frequencies [w+(A, P), see the horizontal axis] of the two phononic normal modes as functions of
the driving detuning A and the driving laser power P, when the system operates in both the DMN and DMB regimes. Note
that the values of the driving laser power P are described by different colors, and the eigenvalues of the system are varied with
the driving detuning A € [-1800 kHz, O] at a fixed P.

When considering the cases of symmetrical and asymmetrical photon-phonon couplings, for the DMN regime, we show that
despite the continuous evolution of the mechanical spectra with system parameters, the EP vanishes at both low and high laser
powers, owing to the emergence of the dark mode, as shown in Figs. S2(a) and S2(c). Counterintuitively, when transitioning
to the DM®B regime, we find from Figs. S2(b) and S2(d) that for a lower value of the driving-laser power P, each eigenvalue
follows an enclosed path, which begins and ends at the same point, and that for a higher value of the driving power P, both
eigenvalues follow open paths, each starting at the ending point of the other, indicating the emergence of the EP because of
breaking the dark mode.

In particular, we reveal that the EP (see the yellow star in Fig. S2), where the eigenstates coalesce, occurs by just tuning the
laser power P and the driving detuning A. More specifically, we see from Eqs. (S48) and (S61) that in the resolved-sideband
regime (i.e., k < wy), both reaching and encircling the EP require just to tune the driving power P and the driving detuning A,
without the need of any complicated arrangements [S22]. This is due to the fact that the parameters P and A in our system can
be easily steered in situ with timing accuracy, a high-precision degree, and dynamic range.

C. Malfunction and function of the exceptional point

Nontrivial topology is mainly governed by non-Hermitian degeneracies [S22-S39] and has led to a various of
counterintuitive and fascinating topological properties by adiabatically encircling an EP in parameter spaces, e.g., chiral phase
accumulation [S40, S41], non-adiabatic jumps [S42, S43], and nonreciprocal TPT or mode conversion [S1, S2, S44-S52]. These
topological phenomena, however, are generally destroyed by dark modes naturally decoupled from the system, which results in
a complete deactivation of both EPs and topological operations. Specifically, the TPT and mode switching can always happen
when executing adiabatic closed paths enclosing an EP [S1, S2]. Surprisingly, once dark modes are possessed by the system,
both the mode conversion and TPT between dark and bright modes are unfeasible regardless of the adjustment of adiabatic
trajectories and system parameters, due to the dark-mode-induced destruction on topological operations and EPs.

In this section, we show how to address this long-standing challenge and achieve a profoundly different EP with a
counterintuitive immunity against dark modes. This occurs because of the synergy of topological operations [S1, S2] and
synthetic magnetism [S13-S21], resulting in an exceptional transition between the DMN and DMB regimes in a well-
controlled manner. Note that a reconfigurable synthetic gauge field has recently been demonstrated in phase-dependent loop-
coupled optomechanical configurations [S13-S21]. Specifically, we adiabatically eliminate the photon mode, and obtain an
effective Hamiltonian for the two phonon modes, i.e.,
wi — 1771 —iglc &© — 818207

= -0 _ - vy _ .2
e —ig1g20 wy — F - g0

Hesr ; (560)
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FIG. S3: (a-d) For the symmetrical optomechanical-coupling case (g = g1), (a,b) the resonance frequencies and (c,d) the decay rates of both
the dark and bright modes versus the laser power P in (a,c) DMN (£ = 0) and (b,d) DMB (£/w; = 5% 107 and O/ = 1/2) regimes,
when A/2n = —783 kHz. (e-h) For the asymmetrical optomechanical-coupling case (g, = 2.76g1), (e,f) the resonance frequencies and (g,h)
the mechanical linewidths of both the dark and bright modes versus the driving laser power P in (e,g) the DMN (¢ = 0) and (f,h) DMB
(¢/w; =5%x10"* and ®/7 = 1/9) regimes, when A/2r = —847.74 kHz.

where the laser driving induces a complex motional susceptibility o, which is defined as

_ Prinlx(wo) — x*(—wo)]
T hwr[(k/2)? + A2

(Se61)

with the driving detuning A = w; — w, and an optical susceptibility y(wo) = [«/2 — i(wy + A7 for wy = (w; + wy)/2. By
tuning o, the EP is easily reached, needing to control over both Im(c) and Re(o). Physically, the imaginary and real parts of the
corresponding complex eigenvalues are the mechanical spectral linewidths and resonance frequencies, respectively. It is enough
to tune P and A for reaching and encircling this EP, because these parameters are easily manipulated in situ with a high-precision
degree, timing accuracy, and dynamic range [S1].

For elucidating the effect of the dark mode on the EP, the mechanical spectra are plotted as functions of A and P in both the
DMN and DMB regimes, when the system operates in the symmetrical or asymmetrical optomechanical-coupling case, as
shown in Fig. S2. We reveal in the DMAN regime that for either lower or higher power of the laser, the mechanical spectrum
on the dark mode remains invariant under the parameter evolution. However, the eigenvalue of the bright mode always follows
an enclosed trajectory, which begins and ends at the same point, indicating the vanishing of the EP due to the dark mode [see
Figs. S2(a,c)]. Counterintuitively, in the DM®B regime, for a lower laser power, each eigenvalue follows an enclosed path,
beginning and ending at the same point; while for a higher laser power, both eigenvalues follow open trajectories, each of which
ends at the starting point of the other, meaning the emergence of the EP owing to breaking the dark mode [see Figs. S2(b,d)].
By adjusting A and P, an EP (marked by the yellow star), where the eigenstates coalesce, appears when the system operates in
the DMB regime, while not in the DMAN regime.

D. Inactivation and activation of topological operations

In this section, we show in detail inactivation and activation of topological operations via dark-mode engineering. Specifically,
when the system operates in either the symmetrical or asymmetrical optomechanical-coupling case, we display both vibrational
resonance frequencies and decay rates versus a narrow range of the laser power P in both the DMN and DMSB regimes,
as shown in Fig. S3. In the DMN regime, only the bright mode evolves with P, while the dark mode remains invariant
irrespective of the adjustment of system parameters, resulting in a completely deactivation of both the EP and topological
operations [Fig. S3(a)]. It enables a complete blockade of the mode conversion and phonon transfer between the dark and
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bright modes. However, in the D M®B regime, both the bright and dark modes evolve simultaneously with P, which leads to the
emergence of the characteristic features of the EP, enabling the activation of the EP and topological operations [Fig. S3(b)]. This
offers, in general, an exciting opportunity of the revival of the mode conversion and phonon transfer between dark and bright
modes.

Specifically, the eigenstates coalesce at a specific value of the control parameters, and in the vicinity of this point, they display
a structure analogous to the Riemann surfaces of the complex square-root function. When executing a closed-loop path by
adiabatically varying P and A, the generating smooth evolution on the eigenvalue manifold returns to its starting point only if the
EP is not enclosed by the loop. In contrast, encircling the EP in a closed-loop trajectory induces a counterintuitive path starting on
one sheet but ending on the other, giving rise to TPT. Our study sheds new light on the synergy of the dark-mode engineering and
topological operations, offers an unconventional tool for tasks that cannot be executed by conventional topological mechanisms,
and benefits for implementing dark-mode-free topological physics.

E. Eigenvalue distributions around an exceptional point

In this section, the eigenvalue distributions around an EP for different laser powers are shown in detail. In addition, we present
in detail the transient behaviors of the studied systems in parameter spaces.

First, a detailed depiction of eigenvalue distributions around the EP is exhibited with the increasing of the laser powers.
Physically, the imaginary and real parts of the complex eigenvalues of the two phonon modes are the mechanical linewidths
v+(A, P) = —2Im(A1.) and the mechanical resonance frequencies w.(A, P) = Re(A.), respectively. We highlight that the
manipulation of the optomechanical devices can be realized by a separate laser, which the driving detuning A and driving power
P are set by an acousto-optic modulator. One can measure the mechanical spectra that is plotted as functions of the driving
detuning A and the driving power P. As a result, we can accurately find the EP in the physical system. In particular, by driving
the vibrations and monitoring their response via a heterodyne signal, these mechanical spectra can be easily acquired. One can
fit each spectrum to tune the two mechanical resonance frequencies, w. (A, P) and the two mechanical decay rates y.(A, P). Here
we emphasize that the subscripts “+” refer to the phonon normal modes, when applying the driving field into the investigated
physical system.

(1) In the symmetrical optomechanical coupling case (i.e., g2 = g1), we show in the DM®B regime that when P < Pgp = 344.5
uW, the eigenfrequencies exhibit an identical imaginary part and two different real parts, which, respectively, indicate that the
system possesses an identical mechanical linewidth and two different mechanical resonance frequencies [see the left-hand sides
of Figs. S3(d) and S3(b)]. This refers to the 7 -symmetric regime. When P > Ppp ~ 344.5 uW, the eigenfrequencies have
two different imaginary parts and an identical real part, which means the appearance of two different mechanical linewidths
and an identical mechanical resonance frequency, respectively, as shown on the right-hand sides of Figs. S3(d) and S3(b). This
corresponds to the broken-P7 -symmetric regime. Clearly, the phase transition of the system is presented around the border
point P = Pgp = 344.5 uW, indicating the emergence of an EP [see the yellow stars in Figs. S3(d) and S3(b)].

(ii) In the asymmetrical optomechanical coupling case (i.e., g» = 2.76g;), we find in the DMB regime that when P < Pgp =
108 uW or P > Pgp ~ 108 uW, the eigenfrequencies always exhibit two different real parts and two different imaginary parts,
corresponding to two different mechanical resonance frequencies and two different mechanical linewidths, respectively [see
Figs. S3(f) and S3(h)]. In particular, the phase transition of the system is presented around the border point P = Pgp =~ 108 uW,
corresponding to an EP [see the yellow discs in Figs. S3(f) and S3(h)].

III. DARK-MODE-ENGINEERED TOPOLOGICAL PHONONICS

In this section, we define a topological-phonon-transfer efficiency to quantify the energy transfer between the two motional
normal modes, and show in detail topological phonon blockade and its transfer via dark-mode engineering, and dark-mode-
controlled nonreciprocal topological dynamics.

A. Efficiency of topological phonon transfer

The projection onto the instantaneous eigenbasis is necessary to see the state evolution during the applied perturbations. Allow

T
V. (¢) to serve as the instantaneous eigenvectors of Heg. Whenever necessary, the solution l;(t) = (bl(t), bz(t)) can be written as

a projection based on this basis,

b(r) = B_(OV_(t) + B ()7, (D). (S62)
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If the perturbation is slow compared to the energy gap (1, —A_), one naive and unjustified approach to thinking about this system
would be to assume that adiabaticity (in the sense of smooth evolution along the eigenvalue surface) would occur as long as the
perturbation is slow. That is, if we were to prepare B_(0) = 1 and B,(0) = 0O, then for all times ¢, B_(¢) = 1 remains the dominant
projection. We can use standard computational techniques to numerically integrate the linear differential equations to see if this
happens. The calculation provides a complete solution for the system’s time-dependent nature, l_;(t). It is worth pointing out that
this result is based on the differential equation, not the eigenbasis. (i.e. b;»(¢) not B.(¢)). A change of the basis defined by a
matrix of instantaneous eigenvectors is necessary to find the projection into the instantaneous eigenbasis,

B, (1) _ by (1)
( B_(1) ) - N(’)( by (1) ) (S63)
where
711
N() = [(ﬂ(t) 17_(1‘)) ] , (s60

We have already mentioned that this energy transfer is a result of an adiabatic-like process, and should be influenced by the
geometry of the loop, in relation to the topology of the eigenvalue manifolds. A metric for quantifying energy transfer would
be beneficial, in order to systematically characterize this behavior. Essentially, if we initialize the system into a particular mode,
ie., B.(t = 0) = 1, we would like to know the amplitude of the other mode at the end of the loop, i.e., B:(¢#) = 1. Normalizing
the total energy at the end of the loop is necessary, owing to the growth/decay of the overall system energy. To quantify the
energy transfer from one motional normal mode ($-) to the other (8..), we define an efficiency of topological phonon transfer:

1B (D)

= , S65
1B, (D) + |B_(7)]? (563)

+

denoting the fraction of the remaining energy in the 8, mode after executing the control loops. Analogously, we can define
F_ =1 -F.. Note that before performing all the control loops, the definition of F, needs to satisfy the condition that all energy
remains in B_. Specifically, we see from Eq. (S65) that

F, -0 (566)

indicates that no energy transfer occurs from the vibrational mode $_ to B, ; while a perfect energy transfer happens from B_ to
B, when

F, > 1. (S67)

That is before the adiabatic control loop, 100% of the energy is concealed in the 8_ mode, whereas after the adiabatic loop,
100% of the remaining energy is in the 8, mode. We here should emphasize that our analysis and numerical simulations were
all made assuming injecting the initial drive to the motional normal mode $B_, and subsequently, performing a control loop only
in the counter-clockwise direction. In this case, the adiabatic paths enclosing the EP correspond to the less-damped eigenmode
for the majority of the control loop. On the contrary, executing clockwise the same control loop leads to an adiabatic path, which
corresponds primarily to the more-damped eigenmode. Next, we study in detail the topological phonon blockade and its transfer
via dark-mode control.

B. Topological phonon blockade and its transfer by engineering dark modes

The dark mode naturally decoupled from the system results in a complete blockade of both the mode conversion and phonon
transfer between the dark and bright modes. Surprisingly, this dark mode can be controlled at will by simply employing synthetic
magnetism (i.e., £ # 0 and ® # nr). Note that this synthetic magnetism can be achieved at will using a phase-dependent loop-
coupled configuration, which results in an effective synthetic gauge field [S13—-S21], inducing a path interference between two
phonon-transfer channels. Physically, the dark mode can be flexibly engineered just by tuning the synthetic magnetism in our
phase-dependent loop-coupled optomechanical system.

We reveal that executing a topological operation in the DMN regime yields the TPB between the dark and bright modes (see
blue dashed lines in Fig. S4); whereas performing it in the DM regime gives rise to the TPT (see red curves in Fig. S4). This
enables a versatile yet unique topological physics and provides an exciting possibility of bridging the TPB and TPT at will, as
shown in Fig. S4, which is otherwise unattainable in previously established demonstrations [S1, S2, S40-S52]. Unlike previous
schemes, where both EPs and topological operators are entirely malfunctioning in the presence of dark modes [S1, S2, S40-
S52], our approach is entirely immune to this detrimental inactivation effect. In a broader view, our study sheds new light on
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FIG. S4: (a,b) Efficiency F. of TPT from the dark to bright modes versus the maximum driving: (a) detuning Ay, and (b) power Py, by
executing a closed control loop. Two insets show how the loops vary along the horizontal axis of each panel, and the black crosses indicate the
location of the EP. (c,d) Imposing topological operations in (c) the DMN (g, = g1, &/w; =5 x 107, and ® = 0) and (d) DMB (g, = 2.76g,
&/w; =5x107*, and O/n = 1/9) regimes yields TPB and TPT, respectively.

the combination of the dark-mode engineering, topological operations, and quantum networks, and offers an exciting prospect
of revealing a unique topology with immunity against dark modes.

Specifically, the TPT efficiency F. is plotted versus Apax and Py in both the DMN and DMPB regimes, as shown in
Figs. S4(a,b). We reveal that in the DMAN regime, TPB occurs (F. = 0, blue dashed lines); while in the DMPB regime,
an excellent TPT emerges (F, = 1, red solid curves). Specifically, in the DMN regime, thermal phonons concealed in the
dark mode cannot be transferred to the bright mode regardless of the tuning of the system parameters, giving rise to TPB [see
Fig. S4(c)]. In stark contrast to this, in the DM®B regime, an efficient extraction of thermal phonons stored in the dark mode to the
bright mode is achieved, enabling the TPT [Fig. S4(d)]. These findings demonstrate that simply utilizing the dark-mode control
enabled by synthetic magnetism establishes not only an extremely flexible switch between TPB and TPT, but also provides a
possibility of immunizing all topological quantum resources against various dark-mode disturbances in practical devices.

Physically, in conventional schemes (i.e., without the synthetic magnetism), all topological behaviors are inherently fragile
to dark modes decoupled from the system, leading to a complete malfunction of both EPs and topological operations [S1, S2].
However, by employing the synthetic magnetism, all topological responses are immune to these dark modes, resulting in the
function of topological operations. Our approach offers a new way enabling practical dark-mode-sensitive setups to be ideal,
beneficial for achieving dark-mode-immune topological resources.

DMN = Inactivation of topological operations = TPB; (S68)

{ Tuning ® = Switching between the DMN and DMEB regimes;
DMSB = Activation of topological operations = TPT.

C. Dark-mode-engineered nonreciprocal topological dynamics

To study the dependence of one-way topological dynamics on the dark-mode engineering, we display the TPT efficiency
versus the duration 7 of the closed control loops, when the system operates in the DMN and DMB regimes, as shown in
Fig. S5. In the DMN regime, TPB always happens (F, = 0) no matter how to execute the EP-enclosing control loops in
parameter spaces (see lower solid horizontal lines). In the DM®B regime, by rapidly winding around the EP (i.e., 7 — 0), TPB
(i.e., F. — 0) is observed; while with adiabatically encircling this EP (i.e., 7 > 1 ms [S1]), an excellent TPT appears (i.e.,
F. — 1). These findings demonstrate that a vanishing TPT, corresponding to the emergence of TPB, is resulting from either the
dark mode for the DMN regime or a rapid encirclement of the EP for the D M3 regime.

By adiabatically winding around the EP, the TPT limiting behavior is contingent upon both the direction of the loop and the
mode initially excited. For example, by executing a clockwise (counterclockwise) loop, the blue (red) data represent conventional
adiabaticity (F, — 1 when increasing 1), while the red (blue) data show an opposite behavior (F, — 0 as increasing 7). These
results clearly elucidate the nonreciprocity of each topological operation for an anticlockwise or clockwise control loop enclosing
an EP.

IV. SCALABLE NETWORK-BASED TOPOLOGICAL PHONON TRANSFER VIA SYNTHETIC MAGNETISM

In this section, the established dark-mode-engineering mechanism, induced by synthetic magnetism, is generalized to generate
the TPT networks in optomechanical networks, consisting of a single photon mode optomechanically coupled to N phonon
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FIG. S5: Efficiency of TPT versus the duration 7 of a closed control loop, in the DMN (g, = g1, é/w; = 5 x 1074, and ® = 0) and DMB
(g2 =2.76g,, /wy =5 x 107*, and O/ = 1/9) regimes. The control-loop shape enclosing an EP is the same for all data series, and this EP is
encircled in (a) the clockwise and (b) counterclockwise directions. Blue or red curves correspond to the data where the bright or dark mode is

initially excited, respectively.
modes.

A. Dark-mode engineering in quantum optomechanical networks

In this section, we elucidate the dark modes in an optomechanical network consisting of N (N > 3) phonon modes
optomechanically coupled to a common photon mode, and the nearest-neighboring phonon modes coupled to each other through
the phase-dependent phonon-hopping interactions. For convenience, we focus on the case of no interaction between the last and
the first phonon modes. Then, the optomechanical-network Hamiltonian reads

N N-1
H = wa'a+ Z[wjbjb i+ jaTa(b; +b)] + Z fj(e'@fb;bjﬂ + e_’@"bjﬂb ) + i VKin€in(a'e " — H.c.). (S69)
j=1 j=1

The phase-dependent phonon-hopping interactions between the nearest-neighboring phonon modes are employed with coupling
strengths £; and modulation phases ®;. As a result, the synthetic gauge fields, which is used to manipulate the dark mode, can
be induced by using a phase-dependent loop-coupled setup that is made up of the g; and &; terms.

Now, the research procedure, which is similar to that used in the two-phonon-mode case (see Sec. [ A), is applied to infer
a linearized optomechanical Hamiltonian, which governs the evolution of quantum fluctuations. Specifically, this is achieved
by applying a linearization procedure and expanding all operators o €{a, b;, a', bj} as sums of their classical averages and
quantum fluctuations, i.e., 0 = 0 + do. Subsequently, the linearized optomechanical Hamiltonian for quantum fluctuations, in the
N-phonon-mode case, takes the following form:

H; = —Ada'sa+w; T, 6biob; + V.| G(6a'sb; + 6b'5a) + Hyni, (S70)

where A = w; — w, is the driving detuning after the linearization procedure, and G; = g;a is the linearized optomechanical-
coupling strength between the jth phonon mode and the photon mode. The last term in Eq. (S70) is given by

Honi = 205 H, (S71)
where the subscript “phi” stands for the phonon-hopping interaction of the Hamiltonian, and
Hj = £(e6b6b, | +€6by.16b), (S72)

describes the phonon-hopping interaction between the jth and (j + 1)th phonon modes.

To study the dark modes in the N-phonon-mode optomechanical system, we first consider the case where the phase-dependent
phonon-hopping interaction is absent, i.e., Hpn = 0. For convenience, we assume that all the phonon modes have the same
resonance frequency (i.e., w; = w,,) and optomechanical-coupling strength (i.e., G; = G).
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In this case, there exists a single bright mode

N
1
B=—>"6b;, bright mode, (S73)
VN &

and N — 1 dark modes which are completely decoupled from both the bright mode and the photon mode.

To control all the dark modes in the N-phonon-mode optomechanical system, we employ phase-dependent phonon-hopping
interactions Hppi, Which in combination with optomechanical couplings are utilized for forming a phase-dependent loop-coupled
configuration, resulting in the synthetic magnetism. Without loss of generality, we assume that all the coupling strengths of the
phonon-hopping couplings are the same, i.e., £; = £. Thus, we diagonalize the Hamiltonian of these coupled phonon modes to
obtain the phonon-hopping terms, i.e.,

N-1
Hont = wn Z sbisb; + fZ(e"@f(Sb Sbt,, + € ©5bj10bT) = Z B! By, (S74)
J=1 Jj=1 k=1

where the subscript “pht” depicts the phonon-hopping terms of the Hamiltonian, and By, is the kth phonon normal mode with its
resonance frequency defined as

kawm+2§cos( kx

, k=1,2,3,---,N. S75
N+1) (575)

Subsequently, the phonon modes 6b; and the normal modes By can be related by

1vN .

sin By, =1,

o= {12 e / 70
e W 1s1n( )Bk, j=2,

N+1
where A = V(N + 1)/2. Then, with these phonon normal modes, we can rewrite the Hamiltonian in Eq. (S70) as
H; = Ada'da+ Y, QB! By + Hom, (S77)

with H,,, being the optomechanical-coupling Hamiltonian, which reads

N N .
G|. krm g . [ jkm
- G20,
Hom = - + E -
© k_l{A Sm(zv+1) sm(zv+1)

j=2
When N > 3, the coupling Hamiltonian Hx between the cavity-field mode @ and the kth normal mode B; can be expressed
based on Eq. (S78) as

aB] + H.C.} : (S78)

He = G(N)aB] + H.c., (S79)

where the effective coupling strength Ggg.(N ) shown in Eq. (S79), between the photon mode @ and the kth normal mode By, is
defined as

G krm ul j-1 Jkm
GO i + ) el T O gin[ || S80
F(N) = sin Nil jz;e 17V sin NTl (S80)
Obviously, we see from Eq (S80) that the total effect of these modulation phases in the optomechanical interactions is simply

governed by the sum Z’ ®,. Consequently, a smgle modulation phase can be applied to achieve dark-mode engineering. For
convenience, the case of G) = 0 for j = 2,---,N — 1 has been considered in the following discussions, and subsequently,
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Eq. (S80) can be easily divided into the following four forms:

- G ; k
G (N = 0dd) = 2| (1 4+ ) sin( Z

2km
N+1

+ 261 sin
N+1

+ 261 gin 3kn + .-+ 26© 6in M
N +1 2(N+1)
, k
+ & sin(?")], (S81)
_ G . krn . 2km
(k=odd)  n; _ _ G 01 o 0
G (N—even)—A[(1+e )sm(N+1)+26 sm(N+1)
) 3k . Nk
+2¢ sin (N +"1) + -+ 26 sin (Z(N—fl)) ] (S82)
_ G . k
Gg;f_even)(N =odd) = Z (1 _ el®1) sin (N _7: ; ) , (S83)
G V(N = even) = GE="(N = odd). (S84)

According to Egs. (S81)- (S84), it shows that for an odd number &, the effective coupling strength between the photon mode a
and the kth normal mode By is nonzero, i.e.,

GU=ON) £ 0. (S85)
However, we see that for an even number £, the effective coupling strength is expressed as
- G ; kr
(k=even) _ 01
Geﬁ”“(zv)_z(l—e ‘)s1n(N+1). (S86)
Clearly, Egs. (S79) and (S86) imply that when
®; = 2nm, (887)

the strength of the effective coupling, between an even normal mode Bj—even and the photon mode q, is equal to zero, i.e.,
GU= D (N) = 0. (S88)

In this case, all the even normal modes are decoupled from the photon mode and the system. Therefore, the TPT cannot happen
because of the emergence of the dark modes. As a result, the breaking of all N — 1 dark modes in optomechanical networks can
be flexibly realized by simply tuning the modulation phase

®, # 2nm. (S89)

Our findings establish a versatile platform for an on-demand switching of quantum optomechanical networks between the DMN
and DMSPB regimes, unlocking new possibilities for dynamic control in quantum networks.

Here, we highlight the fundamental significance and broad implications of our dark-mode engineering approach, which
resolves a persistent and critical challenge in topological phononics. Notably, two seminal back-to-back studies [S1, S2]
implicitly revealed a fundamental constraint in the field of topological phononics: dark modes inherently suppress topological
dynamics, thereby impeding both mode conversion and phonon transport. Our work directly addresses this limitation, offering a
transformative solution to unlock previously inaccessible topological phenomena.

While previous studies have primarily sought to circumvent dark modes [S1, S2], our work directly confronts and addresses
the fundamental challenge posed by dark-mode contaminations. By engineering phase-dependent phonon-hopping interactions,
we selectively activate dark modes to enable topological phonon transport and topological mode switching. Crucially, unlike
existing approaches [S1], which rely on non-degenerate mechanical resonators to achieve topological encircling around an EP,
we demonstrate that even degenerate mechanical resonators can exhibit analogous topological behavior. This finding is both
counterintuitive and unprecedented, representing a significant conceptual advance in topological phonics.

In particular, the proposed dark-mode engineering mechanism demonstrates substantial conceptual originality, bridging
quantum optomechanics and topological physics. A recent experiment [S53] had emphasized that dark modes decoupled from
the system defy quantum ground-state preparation, restricting cooling to the bright mode alone. Leveraging this framework,
we pioneer the exploitation of dark-bright mode engineering to uncover topological phenomena, enabling both TPT and TPB
between dark and bright modes. This breakthrough establishes a previously unexplored paradigm for topological control in
quantum optomechanical systems.
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B. Scalable network-based topological phonon transfer

In this section, we further generalize our dark-mode-engineering method to generate the scalable network-based TPT and TPB
in quantum optomechanical network, where an photon mode couples to N phonon modes via radiation-pressure interactions, and
the nearest-neighbor phonon modes are coupled to each other through the phase-dependent phonon-exchange couplings.

Note that in Sec. IV A, we have demonstrated in detail that, when synthetic magnetism is absent, there only a single bright
mode coupled to the system is induced and N — 1 dark modes are decoupled from the optical mode, and that owing to synthetic
magnetism, all the dark modes can be engineered by tuning the modulation phase. Specifically, we reveal that in the absence of
synthetic magnetism, there is only a single bright mode and N — 1 dark modes. Surprisingly, synthetic gauge fields, induced by
the phase-dependent loop-coupled quantum networks, can lead to a simultaneous breaking of all N — 1 dark modes, offering an
exciting opportunity of switching a quantum network between the DMN and DMB regimes. Therefore, thermal phonons from
the dark to bright modes are blockaded in the DMN regime, while transferred in the DMSB regime, making the TPT between
the dark and bright modes feasible. These findings mean that the scalable network-based TPT, which is immune to dark modes,
can be achieved just by applying the dark-mode engineering to quantum optomechanical networks.

In this work, we have demonstrated a versatile switch between TPB and TPT arising from a general dark-mode engineering,
without which it vanishes. Note that our study differs from what is known in previously established demonstrations, mainly
because we are focused on overcoming the challenging from dark-mode contamination in the topological response, but not
on deliberately circumventing it. Our work provides a general approach to engineer and protect topological resources from
dark modes, and maps a new perspective on constructing an unconventionally nonreciprocal topology and topological quantum
networks with immunity against dark modes.

V.  QUANTUM COLLECTIVE MOTION USING DARK-MODE ENGINEERING

The proposed dark-mode engineering mechanism has a broad applicability and relevance, because it could introduce a versatile
strategy with wide-ranging implications. Specifically, the framework developed here can be broadly applied to control collective
quantum motion in macroscopic mechanical systems. As highlighted in Ref. [S53], the quantum control of collective phonon
modes in large-scale mechanical resonators represents an emerging research frontier. Our method for engineering nonreciprocal
and topological phonon transfer via dark-mode manipulation contributes a powerful and widely applicable tool for this growing
field.

Specifically, this breakthrough experiment [S53] highlights a key limitation in observing quantum collective motion in
macroscopic mechanical resonators: Only a single bright mode, coupled to the system, can be cooled to its quantum ground
state, while all N — 1 dark modes remain entirely decoupled from the system. This inherent decoupling renders the dark modes
inaccessible to conventional quantum control and ground-state preparation. Building on this pioneering work [S53], our study
fundamentally overcomes this constraint by introducing a mechanism that enables simultaneous ground-state preparation of both
bright and dark modes. By simply activating synthetic magnetism, our scheme unlocks the full quantum potential of collective
phononic dynamics. In doing so, it establishes a new paradigm in quantum optomechanics, which is no longer bound by the
limitations imposed by dark modes.

We show that in the DMN regime, all dark modes remain uncooled; whereas in the D MPB regime, they are simultaneously
cooled to their quantum ground states. These counterintuitive phenomena arise from the underlying physical mechanism: dark
modes are naturally decoupled from the system and then, thermal noise trapped in dark modes cannot be extracted through
sideband cooling [S54-S57], making the quantum ground-state preparation of these dark modes unattainable [S53]. In contrast,
upon transitioning into the DMSB regime, simultaneous quantum ground-state preparation of both dark and bright modes
becomes achievable near the red-sideband resonance. These findings demonstrate that the proposed dark-mode engineering
offers flexible control and effective protection of fragile collective quantum ground states.

In the following, we will elucidate in detail how dark-mode manipulation overcomes this outstanding challenge imposed by
dark modes, enabling simultaneous quantum ground-state preparation of both dark and bright modes.

A. Dark-bright mode engineering

In Sec. IV A, we have detailedly demonstrated how to control both the dark and bright modes in quantum optomechanical
networks, consisting of N mechanical modes coupled to a shared cavity-field mode. Evidently, we see from Eq. (S86) that when
®; = 2nnr, the emergence of dark modes that completely decouple from the system gives rise to the DMN regime. Surprisingly,
however, by simply tuning ®; # 2nm, all dark modes can acquire finite effective couplings to the system, thereby transitioning
into the DMB regime. Consequently, while achieving the quantum ground state for all dark modes is inherently unattainable in
the DMN regime, it is, counterintuitively, rendered feasible in the DMEB regime.
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In the groundbreaking experimental work [S53], it shows that the coupling of N phonon modes to a shared photon mode
results in a single bright mode coupled to the system and N — 1 dark modes are decoupled from this system. Consequently,
although the quantum ground state can be prepared only for the bright mode, it remains intrinsically unattainable for all dark
modes [S53]. Building upon this pioneering work [S53], the proposed dark-mode engineering method can directly address this
outstanding challenge posed by dark modes, introducing a novel paradigm for the quantum ground-state cooling of both the dark
and bright modes.

Below, we establish a quantitative framework for quantum collective ground-state cooling by deriving exact expressions for
the final phonon occupancies in both dark and bright modes.

B. Occupations of dark and bright modes

By utilizing the covariance matrix representation in the basis of mechanical modes, we can systematically quantify the phonon
occupation in all dark and bright modes. Given that the initial state is Gaussian, the Gaussian nature of the state is preserved
throughout its evolution. As a result, the covariance matrix provides a complete description of the system and, in the vibrational-

mode basis, takes the form [S53]
6bi6by) (6bIsby) -+ (Sbloby
6bi6by) (6blsby) -+ (Sblsby

(51)};51),) <6b1,.6b2> - <6bj;,.6bN>

Cov = , (S90)

where
" 1 +eo
(sblsb;) = o I S 1y, (@) do. (S91)

The occupations of the dark and bright modes can be directly determined by diagonalizing the covariance matrix Eq. (S90). The
eigenvalues of Eq. (S90) encapsulate the occupations of these collective modes: the lowest eigenvalue corresponds to the phonon
numbers in a single bright mode (i.e., ng), while the remaining N — 1 eigenvalues represent the occupations of N — 1 dark modes
(i.e., np,), respectively.

Given the presence of N — 1 dark modes, we define the mean phonon number of these dark modes as

1 N-1
np= s ; no,, (S92)

which explicitly reveals that the condition np < 1 signifies simultaneous preparation of all dark modes in their quantum ground
states.

C. Quantum collective ground-state preparation of both dark and bright modes

The strategic engineering of dark modes provides a viable pathway for realizing and protecting fragile quantum collective
motion from various disturbances associated with dark modes in practical devices. Furthermore, it facilitates the implementation
of noise-free quantum optomechanical networks.

We demonstrate that in the DMN regime, all dark modes persist in an uncooled state (nyp = 10%), whereas in the DMB
regime, they are efficiently cooled to their quantum motional ground states (nyp < 1). The underlying mechanism arises from the
intrinsic decoupling of dark modes in the DMAN regime, which suppresses thermal phonon extraction via sideband cooling [S54—
S57], thereby precluding their quantum ground-state cooling.

In stark contrast to this, when the system operates in the DM® regime, all dark and bright modes can be simultaneously driven
into their quantum ground states near the red-sideband resonance, i.e., A ® —w,,. These findings highlight that the preparation
of fragile quantum collective ground states can be not only flexibly engineered but also robustly protected through synthetic
magnetism.
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