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Quantum computers promise to simulate complex quantum field theories that are intractable for
classical computers, potentially revealing new physics in strongly interacting systems. Current
approaches for simulating Yang-Mills gauge theories face significant technical barriers due to
complex group structures and complicated truncation schemes that vary drastically between different
theories. Here we show that the orbifold lattice formulation provides a universal framework for
quantumsimulation of Yang-Mills theorieswith arbitrary gauge groups and dimensions. Our approach
reduces all theories to the same simple Hamiltonian form, enabling implementation with standard
quantumgates regardless of systemcomplexity.We demonstrate explicit quantumcircuits using only
controlled-NOT and single-qubit operations, with concrete resource estimates for time evolution
algorithms. This universal framework simplifies quantum simulation of gauge theories and enables
systematic scaling to larger systems on fault-tolerant quantum computers.

Recent advances in quantum error correction have made the prospect of
fault-tolerant quantum computing ever more promising. A very exciting
prospect of achieving the latter lies in quantum-simulating the holy grail of
high-energy physics, QCD1–9. For example, this would provide a com-
plementary venue to dedicated particle colliders for the investigation of
QCD, aiding in unraveling many of its outstanding mysteries10,11.

One of the first steps to realize this potential is to write the QCD
Hamiltonian explicitly in a form that can be implemented on digital uni-
versal quantum computers. The standard method is to replace the infinite-
volume continuum space with a finite-size lattice, in such a way that the
continuum and large-volume result can be obtained systematically by
sending the lattice size to infinity12. Furthermore, because gluons are bosons,
we need to truncate the Hilbert space of the lattice theory by introducing a
certain truncation level Λ and taking the limit Λ→ ∞. We must write the
truncated Hamiltonian explicitly for arbitrary lattice size and arbitrary
truncation level, in such a way that the implementation on quantum
computers is straightforward.

QCD is a Yang–Mills theory with an SU(3) gauge group coupled to
fermions in the fundamental representation13. TheQCDeffects are typically

the least well-understood for Standard Model processes and thus limit the
theoretical precision reached, especially for time-dependent genuinely non-
perturbative processes that cannot be treated by either perturbative QCD
(pQCD) or Lattice QCD (LQCD). Currently, phenomenological models
using various approximations are used to glean, e.g., information about
intermediate-time far-from-equilibrium highly non-perturbative quantum
processes underlying the formation of the Quark-gluon plasma. Quantum
simulation offers the unique prospect of probing such processes fromafirst-
principles standpoint, providing snapshots of this dynamics that can yield
deep insights into outstanding questions14. Furthermore, a major driving
force in particle physics is to find and investigate physics beyond the
Standard Model, e.g., quantum gravity, for which a plethora of suggestions
have been made, typically involving different gauge groups, additional
symmetries, or novel interaction terms15.

Thus, to fully profit from the possibilities opened up by future, fault-
tolerant quantum computing, it will be crucial to develop universal for-
mulations that can easily be adapted to any member of large groups of
theories. (In principle, any formulation with the correct continuum limit is
eligible.) For example, the large-N limit of SU(N) gauge theories plays a
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prominent role because it allows us to obtain exact analytic results16,17. Other
examples are, e.g., SU(5) and SO(10) candidates for Grand Unified gauge
theories. Therefore, the study of SU(N) Yang–Mills theory with N ≥ 3 is a
promising starting point, coveringQCDaswell asmanymodels beyond the
Standard Model.

As an almost trivial but important remark, we note that Yang–Mills
theory andQCDaremerely a small fraction ofmany important problems. It
is presently hoped that quantum computing will allow us to solve a long list
of computational problems for which classical computers are inefficient,
and this list is expected to only get longer with time18. To meet all these
expectations, one will need versatile codes that allow treatingmany of these
problems without the need to undertake quantum code development for
each of them from scratch. The situation will thus be quite different from
what it is now, where development focuses on a few, highly specific appli-
cations, and invests most work on highly specific resource optimization
using, e.g., special properties of the chosenproblem that do not generalize to
other problems of actual interest. It may be better not to rely on special
properties such as the simplicity of the representation theory for U(1) or
SU(2), or perhaps, any features specific to Yang–Mills theory, so that we can
utilize the power of more generic methods developed by the wide research
community.

Currently, the most popular choice of lattice Hamiltonian for SU(N)
Yang–Mills theory within the high-energy physics community is the
Kogut–Susskind formulation19. This is the Hamiltonian version ofWilson’s
Lagrangian formulation20 that uses unitary link variables. Specifically, there
are unitary link operators Û

j; x! living on a link connecting lattice site x!

and x!þ ĵ, where j = 1, 2, 3 are spatial dimensions and ĵ is the unit vector
along the jth direction. In addition, the conjugate momenta Ê

j; x! are

introduced. To describe the Hilbert space, one can use the coordinate basis
(also called magnetic basis) or the momentum basis (also called electric
basis). The coordinate basis uses the coordinate eigenstates ∣Ui that satisfies
Û

j; x!∣Ui ¼ U
j; x!∣Ui, whereU

j; x! is anN ×N special unitarymatrix. For

a quantum state ∣Φi, the wavefunction ΦðUÞ ¼ Uh ∣∣Φi is defined onQ
j; x!½SUðNÞ�

j; x!, where ½SUðNÞ�
j; x! is the SU(N) group manifold cor-

responding to the link between x! and x!þ ĵ. It is a nontrivial task to
truncate the SU(N) group manifold systematically so that the truncation
effect can be evaluated straightforwardly and at the same time Ê

j; x! takes a

simple form. The momentum basis uses the SU(N)-analog of the Fourier
transform defined by the Peter–Weyl theorem21,22. This requires compli-
cated group theory, specifically the knowledge of all irreducible repre-
sentations and their Clebsch–Gordan coefficients. Although the
momentumbasis allows, in principle, a systematic truncation, as shown in a
pioneering paper by Byrnes and Yamamoto23, it is technically complicated
except for special cases such as SU(2). Whether we use the coordinate basis
or the momentum basis, it is nontrivial to write down the truncated
Hamiltonian, particularly for N ≥ 3. To get some intuition for the level of
complications, see the relatively simple cases of the coordinate basis for
SU(2)24,25, Fourier transform for a few discrete subgroups of SU(3)26, the use
of q-deformation27–29, and some simplifications in the large-N limit30.

It is fair to say that it is very challenging to program SU(N) Yang–Mills
theory with N ≥ 3 in 2+ 1 or 3+ 1 on a quantum computer using the
Kogut–Susskind Hamiltonian; starting already with the simplest task of
writing down the explicitHamiltonian in terms of Pauli strings. Perhaps it is
possible to write down the Hamiltonian explicitly either on themomentum
basis or coordinate basis by using automated computer algebra systems, but
still, there is no clear path to resolve other issues associated with the com-
plicated expressions. Indeed, currently the only known large-scale experi-
mental realizations of lattice gauge theories on quantumhardware are either
in 1+ 131,32 or 2+ 1 dimensions33–35, with a two-level representation of an
Abelian gauge field. This motivates efforts to find an alternative lattice
formulation that is straightforward to generalize to any dimension and
gauge group. We suggest choosing the orbifold lattice formulation which

does not suffer from these technical complications because of its use of non-
compact complex link variables Z

j; x! instead of compact unitary link

variables U
j; x!

36,37.

Quantum simulations of a matrix model and a gauge theory using the
orbifold lattice formulationare very similar.Matrixmodels are interesting in
their own right for many reasons, most notably as a non-perturbative
definition of quantum gravity via gauge/gravity duality38. Therefore, by
understanding howmatrixmodels and orbifold lattice gauge theories can be
studied on quantum computers, we can approach many important pro-
blems including QCD and quantum gravity.

In this work, we study SU(N) Yang–Mills theories on orbifold lattices
and SU(N) Hermitian matrix models within a universal framework for
quantum simulation. We show that both classes of theories can be for-
mulated using standard bosonic variables with simple kinetic and quartic
potential terms, so that their Hamiltonians can be written in a compact,
universal form,

Ĥ ¼ 1
2

X
a

p̂2a þ Vðx̂Þ ; ð1Þ

whereVðx̂Þ is at most quartic. This enables direct mapping to Pauli strings,
efficient implementation on digital quantum computers, and unified
resource estimates for qubits and gate counts.Our results establish a broadly
applicable approach that simplifies the study of gauge theories and matrix
models on quantum hardware, laying the foundation for future exploration
of QCD, beyond-the-Standard-Model physics, and quantum gravity.

Results
Basic idea
As we will see in section “Matrix models” and section “Orbifold lattice”, the
Hamiltonians of matrix model and orbifold lattice gauge theory are sche-
matically written as (1), where Vðx̂Þ is at most a fourth-order polynomial.
Therefore, we discuss how a Hamiltonian for Nb bosons of the form

Ĥ ¼
X
a

1
2
p̂2a þ

X
a;b;c;d

Cabcd x̂ax̂bx̂cx̂d ; ð2Þ

where Cabcd is an arbitrary real number, can be simulated on a quantum
device. In this section, we focus on getting a simple truncated Hamiltonian,
postponing an explicit construction of a quantum circuit for the Hamilto-
nian time evolution until the section “Resource estimate for Suzuki–Trotter
time evolution”.

The potential part and kinetic part of the Hamiltonian become simple
in the coordinate basis and momentum basis, respectively. Unlike in the
Kogut–Susskind formulation, the Fourier transform between these two
bases is straightforward for a generic gauge group SU(N). Truncation can be
performed in a way compatible with the quantum Fourier transform.

By settingNb = 1, the summations in (2) reduce to single terms, and the
interaction part can be simplified until we arrive at the simplest nontrivial
example, a single quantum anharmonic oscillator,

Ĥ ¼ p̂2

2
þ x̂4

4
: ð3Þ

We will comment on this example in the section “Discussion”. We are
optimistic that, by then, readers will see how this example captures the
essence of our approach and serves as an excellent starting point for
quantum simulations of more intriguing systems.

We begin by explaining truncation in the coordinate basis. Let us use
f∣ x!�g to denote allNb bosons simultaneously. By using this expression, we
mean that the coordinate eigenstate of the system is

∣ x!� ¼ �a∣xa
�
; ð4Þ

https://doi.org/10.1038/s42005-025-02421-6 Article

Communications Physics |            (2026) 9:67 2

www.nature.com/commsphys


where each boson has coordinate eigenstate ∣xa
�
(a = 1, 2, ⋯, Nb). The

coordinate eigenstate ∣ x!� is defined b

^x!∣ x!� ¼ x!∣ x!�: ð5Þ

Moreover, we consider the system Hilbert space as a tensor product of the
Hilbert spaces of the individual bosons in the coordinate eigenbasis. This
Hilbert spaceH corresponds to the extendedHilbert spaceHext introduced
in later sections.

H ¼ �aHa; Ha ¼ Spanf∣xa
�jxa 2 Rg : ð6Þ

So far, each boson has a wavefunction that can be represented in the
basis given by ∣xa

�
, which lives in an infinite-dimensionalHilbert space. For

example, one can imagine a one-dimensional quantum oscillator being in a
superposition of many coordinates/positions. In order to reduce the pro-
blem to a finite-dimensionalHilbert space, for each boson coordinate xa, we
introduce a cutoff,

�R≤ xa ≤R ; ð7Þ

and discretize xa by introducing Λ≥2 points, with a slight modification of
xa,n and δx required when periodic boundary conditions are imposed, as we
will see shortly and as depicted in Fig. 1.

xa;na ¼ �Rþ naδx ; δx ¼
2R

Λ� 1
; na ¼ 0; 1; � � � ;Λ� 1 :

ð8Þ

WeconsiderΛ, δx, andR as truncationparameters that can andneed to
be adjusted. In particular, they each have limiting values that should be
reached in order to recover the original infinite-dimensional Hilbert space:
Λ should be sent to∞, together with R, while δx goes to 0.

By using ∣na
�
to denote ∣xa;na

E
, we can write the operator x̂a acting

diagonally onHa as

x̂a ¼
XΛ�1

na¼0

xa;na ∣na
�
na
�

∣ ¼ �R � 1þ δx � n̂a ; ð9Þ

where

n̂a �
X
na

na∣na
�
na
�

∣ ð10Þ

is the bosonic number operator. This operator can be extended to the
operator acting onH, assuming that it acts as the identity onHa0 for a

0≠a.
We then write n̂a as a sum of Pauli operators acting on Q qubits

representing a number of states equal to the number of pointsΛ = 2Q. Using

the binary form with ba,i = {0, 1},

∣na
� ¼ ∣ba;1

�
∣ba;2

� � � � ∣ba;Q� ; na ¼ ba;1 þ 2ba;2 � � � þ 2Q�1ba;Q ;

ð11Þ
the number operator can be written by using Pauli σz gates,

n̂a ¼� σ̂z;a;1 � 1

2
� 2 � σ̂z;a;2 � 1

2
� � � � � 2Q�1 � σ̂z;a;Q � 1

2

¼� σ̂z;a;1
2

� 2 � σ̂z;a;2
2

� � � � � 2Q�1 � σ̂z;a;Q
2

þ Λ� 1
2

� 1;
ð12Þ

where σ̂z;a;i is the Pauli σ̂z operator acting on ∣ba;i
�
. Note that our con-

vention is

σz � ∣0i 0h ∣� ∣1i 1h ∣ : ð13Þ

Therefore,

x̂a ¼ �δx �
σ̂z;a;1
2

þ 2 � σ̂z;a;2
2

þ � � � þ 2Q�1 � σ̂z;a;Q
2

� �
: ð14Þ

There are many four-boson couplings of the form x̂a � x̂b � x̂c � x̂d .
Each x̂ is a sumof σ̂z;1,..., σ̂z;Q. Therefore, each four-boson coupling consists
ofQ4 terms, each of which is a tensor product of four σ̂z ’s. If the same boson
appearsmore thanonce in a given coupling, e.g., x̂2ax̂

2
b, then termswith fewer

than four σ̂z ’s also appear. The same structure is already present for the
harmonic oscillator (3) andwas explicitly studied in ref. 39, andmuchearlier
in ref. 40.

Next, we discuss the implementation of the periodic boundary con-
dition. Technically, it is convenient to use the periodic boundary condition
x+ 2R ~ x. In this case, a convenient convention is to take

δx ¼
2R
Λ

ð15Þ

and

xa;na ¼ �Λ� 1
Λ

Rþ naδx ¼ na �
Λ� 1
2

� �
δx : ð16Þ

Hence, xa;na takes values ±
δx
2 , ±

3δx
2 , ..., ±

ðΛ�1Þδx
2 . To reduce the truncation

effect, wemust takeR large enough for x~±Rnot to be significantly excited,
such that the boundary condition does not affect the physics of interest. In
other words: if the boundary condition matters, R is not large enough. The
study of truncation effects is usually specific for the system under study,
including its parameters, such as the coupling constant. It is often the case
that these systematic effects need to be studied numerically. An example
targeting expectation values computed via classical sampling methods was
reported in ref. 39.

Next, we introduce the quantum Fourier transform and the corre-
spondingmomentumbasis.With the periodic boundary condition, the shift
operator Ŝa �

P
na
∣na þ 1

�
na
�

∣ is identified with eiδX p̂a . Therefore, we can

approximate p̂a by
Ŝ
1=2
a �Ŝ

�1=2
a

iδX
up to corrections of order δX. Then,

p̂2a ¼
2 � 1� Ŝa � Ŝ

�1
a

δ2X
¼ 1

δ2X

XΛ�1

na¼0

2∣na
�
na
�

∣� ∣na þ 1
�
na
�

∣� ∣na
�
na þ 1
�

∣
� �

:

ð17Þ
Because

P
na
∣na
�
na
�

∣ is the identity, the nontrivial parts of p̂2a are Ŝa ¼P
na
∣na þ 1

�
na
�

∣ and Ŝ
�1
a .

Fig. 1 |Discretization of a bosonic coordinate.The coordinate operator x̂a acts on a
limited number of different states ∣na

�
with discretized eigenvalues xa;na , labeled by

integers na. The gradient shading represents a possible wavefunction realization for
this single bosonic degree of freedom.
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By applying the quantum Fourier transform, we can switch to the
momentum eigenstates ∣~na

�
(~na ¼ 0; 1; � � � ;Λ� 1):

∣~na
� ¼ 1ffiffiffiffi

Λ
p

X
na

e2πi~naðnaþ1=2Þ=Λ∣na
�
: ð18Þ

The shift operator becomes diagonal in the momentum basis:

Ŝ∣~na
� ¼ e2πi~na=Λ∣~na

�
: ð19Þ

Therefore, p̂a is diagonal, too:

p̂a∣~na
� ¼ 2

δX
sin

π~na
Λ

� �
∣~na
�
: ð20Þ

Alternatively, we can define p̂a as

p̂a∣~na
� ¼ 2π

δXΛ
~na þ

1
2

� �
∣~na
� ¼ π

R
~na þ

1
2

� �
∣~na
�
; ð21Þ

restricting the rangeof ~na from� Λ
2 toþ Λ

2 � 1 insteadof (20).Here,weused
~na þ 1=2 rather than ~na to respect the symmetry under p̂a ! �p̂a. Asso-
ciated with this, the Fourier transform is modified to

∣~na
� ¼ 1ffiffiffiffi

Λ
p

X
na

e2πið~naþ1=2Þðnaþ1=2Þ=Λ∣na
�
: ð22Þ

With this option, the kinetic term is nonlocal in the coordinate basis. These
two options are the same up to truncation effects.

Note that the Fourier transform can be performed for each boson in
parallel, and hence the depth of the circuit depends only on the truncation
level Λ and not on the number of bosons. Therefore, if we can perform a
Fourier transform on a one-boson system, like the anharmonic oscillator
(3), in principle, we only have to add more qubits that can describe more
bosons and add the same circuits for the other bosons.

Scalar quantum field theory
An important example of quantum field theory is a scalar ϕ4 theory in
3+ 1 spacetime dimensions. Despite its simplicity, this theory contains
many important features of quantum field theory, and it is often used to
demonstratenewconcepts or new techniques. See e.g., the famous textbooks
by Peskin and Schröder41 and by Fradkin42. Naturally, the seminal paper on
quantum computing by ref. 43 studies this theory, too.

We regularize this theory on a cubic lattice with equal lattice spacing a
in all three directions. Following the notations in ref. 39, we write the lattice
Hamiltonian as

Ĥ ¼
X
n!

1
2
π̂2
n!þ 1

2

X3
j¼1

ϕ̂
n!þ̂j

� ϕ̂
n!

� �2

þm2

2
ϕ̂
2

n!þ λ

4
ϕ̂
4

n!
 !

: ð23Þ

The scalar field ϕ̂ and its conjugate momentum π̂ are dimensionless. They
correspond to fields in the continuum theory according to ϕ̂ ¼ aϕ̂cont: and
π̂ ¼ a2π̂cont: (where a is the dimensionfull lattice spacing). The Hamilto-
nian and the mass parameter are also made dimensionless, i.e.,
Ĥ ¼ a× Ĥcont:,m = a ×mcont.. The lattice sites are labeled by n!2 Zd ; and
ĵ is the unit vector along the jth dimension of the spatial lattice (j = 1, 2, 3).

The canonical commutation relation is imposed, i.e.,

½ϕ̂
n!; π̂

n!0� ¼ iδ
n!; n!0 : ð24Þ

These operators ϕ̂ and π̂ are the sameas x̂ and p̂ in theprevious sections, and
the Hamiltonian takes the universal form (1).

As a minor comment on terminology, we note that the quadratic term
in ϕ̂ in the lattice Hamiltonian (23) corresponds to the spatial derivative

term ð∂jϕ̂Þ
2
in the continuum theory, which is usually called a kinetic term.

However, in the context of the universal form (1), we regard it as a quadratic
part of the potential Vðx̂Þ, because ϕ̂ is playing the role of a (bosonic)
coordinate.

Next, we define the Hilbert space describing the lattice system. A
convenient way to define the Hilbert space is to use coordinate eigenstates
∣ϕ
�
that satisfy ϕ̂

n!∣ϕ
� ¼ ϕ

n!∣ϕ
�

H ¼ ∣Ψi �
Z

dV latticeϕΨðϕÞ∣ϕ�j Z dV latticeϕ jΨðϕÞj2 <1
	 


; ð25Þ

whereVlattice is the lattice volume (the numberof latticepoints).We can also
use the momentum eigenstates ∣πi that satisfy π̂

n!∣πi ¼ π
n!∣πi

H ¼ ∣Ψi �
Z

dV latticeπ ~ΨðπÞ∣πi∣
Z

dV latticeπ j~ΨðπÞj2 <1
	 


: ð26Þ

Wave functions Ψ(ϕ) and ~ΨðπÞ are related by the Fourier transform. Note
that

πh ∣∣ϕ
� ¼ exp �i

X
n!

π
n!ϕ

n!

0
@

1
A : ð27Þ

We often use a notation

H ¼ Span ∣ϕ
�jϕ 2 RV lattice

� � ¼ Span ∣πijπ 2 RV lattice
� � ð28Þ

assuming the square-integrability condition.
We assign Q qubits to each bosonic degree of freedom. Then, the

number of qubits needed to describe the Hilbert space is QVlattice.

Matrix models
Nowwe turn our attention to the SU(N) bosonic d-matrixmodel, and again
we realize that we are dealing with a Hamiltonian of the form (1). The
Lagrangian is

L ¼ Tr
1
2
ðDtXIÞ2 �

g2

4
½XI ;XJ �2

� �
; ð29Þ

where XI=1,2.⋯ ,d are N × N Hermitian matrices and DtXI is the gauge cov-
ariant derivative defined by DtXI = ∂tXI− ig[At, XI]. The integration of the
gauge field At leads to the Gauss-law constraint.

We can either impose or not impose a traceless condition on XI. Both
options are explained below. There is no difference in physics because the
trace part is free and decoupled from the rest.

Below, we confirm that this model belongs to a class of theories whose
Hamiltonians take the simple form in (1). Let us first consider the case with
the traceless condition. To have real expansion coefficients, we introduce
SU(N) generators τα, where the adjoint index α runs from 1 toN2− 1, that
are normalized as TrðτατβÞ ¼ δαβ. Then the matrix elements are written as

XI;ij ¼
XN2�1

α¼1

Xα
I τα;ij Xα

I 2 R : ð30Þ

By using the structure constant f γαβ, which are related to the generators
through ½τα; τβ� ¼ i

P
γf

γ
αβτγ, we have ½XI ;XJ � ¼ i

P
α;β;γf

γ
αβX

α
I X

β
J τγ. See

Supplementary Note 1 for an explicit construction of the generators.
The corresponding Hamiltonian is

Ĥ ¼ Tr
1
2
P̂
2
I �

g2

4
½X̂I ; X̂J �

2
� �

: ð31Þ
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Here ½X̂I ; X̂J � denotes the commutator of N ×Nmatrices, i.e.,

½X̂I ; X̂J �ij ¼ ðX̂I X̂J Þij � ðX̂J X̂IÞij

¼
XN
k¼1

X̂I;ikX̂J;kj � X̂J;ikX̂I;kj

� �
:

The symbol “Tr” means the trace as an N ×N matrix. When indices are
written explicitly in the commutator, it means a commutator as operator,

½X̂I;ij; X̂J;kl� ¼ X̂I;ijX̂J;kl � X̂J;klX̂I;ij :

Note also that ðX̂I;ijÞ
y ¼ X̂I;ji and ðP̂I;ijÞ

y ¼ P̂I;ji. We can introduce the
operators with the adjoint index α as

X̂I;ij ¼
X
α

X̂
α
I τα;ij ; P̂I;ij ¼

X
α

P̂
α
I τα;ij : ð32Þ

X̂
α
I and P̂

α
I are self-adjoint, i.e., ðX̂

α
I Þ

y ¼ X̂
α
I , ðP̂

α
I Þ

y ¼ P̂
α
I , and they satisfy the

canonical commutation relations

½X̂α
I ; P̂

β
J � ¼ iδIJδαβ ; ½X̂α

I ; X̂
β
J � ¼ ½P̂α

I ; P̂
β
J � ¼ 0 ; ð33Þ

where these commutators are understood as operator commutators, e.g.,

½X̂α
I ; P̂

β
J � ¼ X̂

α
I P̂

β
J � P̂

β
J X̂

α
I :

By using X̂
α
I and P̂

α
I , theHamiltonian (31) can bewritten in the simple form

(1) with d(N2− 1) real bosonic degrees of freedom.
In contrast, let us nowconsider the casewithout the traceless condition.

If we do not impose the traceless condition, we do not need to use gen-
erators. We could simply use the diagonal entries X̂I;ii, which are real, and
the real and imaginary parts of the off-diagonal entries,

X̂
ðRÞ
I;ij �

1ffiffiffi
2

p ðX̂I;ij þ X̂I;jiÞ X̂
ðIÞ
I;ij �

�iffiffiffi
2

p ðX̂I;ij � X̂I;jiÞ ð34Þ

as real bosonic operators with canonical normalization.
The trace part is free and decouples from the SU(N) sector under time

evolution, if the initial momentum of the trace part is zero, it just stays zero.
To stabilize the trace part regardless of the initial condition, we can add a
mass term proportional to ðTrX̂IÞ

2
.

Next, we define the Hilbert space associated with this system. In the
case with the traceless condition, a convenient way to define the Hilbert
space is to use coordinate eigenstates ∣Xi that satisfy X̂α

I ∣Xi ¼ Xα
I ∣Xi

Hext ¼ ∣Ψi �
Z

ddðN
2�1ÞXΨðXÞ∣Xi

Z
ddðN

2�1Þ




 X jΨðXÞj2 <1

	 

: ð35Þ

Here the subscripts ext indicate thatHext is the extendedHilbert space that
contains SU(N) non-singlets. We can also use the momentum eigenstates
∣Pi that satisfy P̂α

I ∣Pi ¼ Pα
I ∣Pi

Hext ¼ ∣Ψi �
Z

ddðN
2�1ÞP ~ΨðPÞ∣Pij

Z
ddðN

2�1ÞP j~ΨðPÞj2 <1
	 


: ð36Þ

Wave functions Ψ(X) and ~ΨðPÞ are related by the Fourier transform. Note
that

Ph ∣∣Xi ¼ exp �i
X
I;α

Pα
I X

α
I

 !
¼ exp �i

X
I

TrðPIXIÞ
 !

: ð37Þ

We often use the notation

Hext ¼ Span ∣XijX 2 RdðN2�1Þ
n o

¼ Span ∣PijP 2 RdðN2�1Þ
n o

ð38Þ

assuming the square-integrability condition.
Under the SU(N) gauge transformation, these states transform

according to

∣Xi ! ∣Ω�1XΩ
�
; ∣Pi ! ∣Ω�1PΩ

�
; ð39Þ

while the operators transform as

X̂I;ij ! ðΩX̂IΩ
�1Þij ¼

P
k;l

ΩikX̂I;klΩ
�1
lj ;

P̂I;ij ! ðΩP̂IΩ
�1Þij ¼

P
k;l

ΩikP̂I;klΩ
�1
lj :

ð40Þ

Gauge-invariant states span a subspace of Hext which we denote by
Hinv. To take into account the gauge-singlet constraint, one can either
restrict the Hilbert space toHinv, or one can identify the states inHext that
transform to each other under SU(N) transformations. Hext admits the
truncation scheme discussed in Sec. Basic idea.

We assign Q qubits to each bosonic degree of freedom. Then, the
number of qubits needed to describe the Hilbert space is d(N2− 1)Q.

If the traceless condition is not imposed, we can repeat the same
construction simply by replacingRdðN2�1Þ withRdN2

.
Next, let us take a closer look at theHamiltonian (31). This analysis will

be useful for estimating the computational cost discussed in later sections.
When the traceless condition is imposed, the kinetic term takes the

form

1
2

Xd
I¼1

TrP̂
2
I ¼

1
2

Xd
I¼1

XN2�1

α¼1

ðP̂α
I Þ

2
: ð41Þ

Therefore, there are d(N2− 1) terms in the kinetic part. When the traceless
condition is not imposed, there are instead dN2 terms:

1
2

Xd
I¼1

TrP̂
2
I ¼

1
2

Xd
I¼1

X
i < j

ðP̂ðRÞ
I;ij Þ

2
þ ðP̂ðIÞ

I;ijÞ
2

� �
þ
X
i

ðP̂I;iiÞ
2

" #
: ð42Þ

In either case, the kinetic term takes the standard form
P

ap̂
2
a=2.

A simple way to treat the kinetic term is to use the quantum Fourier
transform and change the basis to the momentum basis. The operation of
the gates can be completely parallelized because p̂2a is diagonal in the
momentum basis.

Next, we turn to the potential term. When a traceless condition is
imposed, we can write the potential term as

Tr½X̂I ; X̂J �
2 ¼

X
γ

i
X
αβ

X̂
α
I X̂

β
J f

γ
αβ

0
@

1
A i

X
α0 ;β0

X̂
α0

I X̂
β0

J f
γ
α0β0

0
@

1
A

�
X

α;β;α0;β0
Cαβα0β0 X̂

α
I X̂

β
J X̂

α0

I X̂
β0

J ;

ð43Þ

where

Cαβα0β0 � �
X
γ

f γαβf α0β0γ : ð44Þ

There are orderN4 nonzero components ofC. The number of combinations
for I, J is d(d− 1)/2. Therefore, the number of quartic interaction terms in
(43) scales as d(d − 1)N4. It is straightforward to write Cαβα0β0 for a given
choice of generators using any computer algebra system.

Whenwedonot impose the traceless condition, we go back to (31) and
look at the commutator term. We can examine the terms TrðXIXJXIXJ Þ
and TrðXIXIXJXJ Þ separately. As example, let us see the former, which can
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be written as

X
i;j;k;l

XI;ijXJ;jkXI;klXJ;li : ð45Þ

For the counting to the leading order inN, we can assume that i, j, k, l are all
different. Hence, there areN4 terms in the sum. In this way, we can see that
the number of terms in the potential term scales as d(d− 1)N4.

Finally, to impose the singlet constraint, we introduce a penalty term.
By using the structure constant fαβγ that is totally antisymmetric and related
to the generators by [τα, τβ] = ifαβγτγ, generators of gauge transformations
can be written as

Ĝα ¼ i
X
I;β;γ

f αβγX̂I;βP̂I;γ : ð46Þ

Note that there is no ambiguity in the operator ordering on the right-hand
side because fαβγ = 0 if β = γ.

One way to forbid SU(N) non-singlet states explicitly is to add to the
Hamiltonian a penalty term c

P
αĜ

2
α with a large positive coefficient c

44–46. In
this paper, we donot consider this option. If theHamiltonian time evolution
is precise, then it respects SU(N) invariance, and hence the gauge-invariant
sector of the Hilbert space will not be left.

Orbifold lattice
Next, we study (d+ 1)-dimensional SU(N) Yang–Mills theory defined on
the orbifold lattice36. By default, orbifold lattice theory hasU(N) gauge fields
rather thanSU(N). For pureYang–Mills theory, theU(1)part decouples and
the SU(N) part is not affected. See refs. 36,37 for the removal of theU(1) part
in QCD. The present discussion focuses on d = 2 and d = 3, but we keep
d arbitrary as we can equally easily treat larger dimensions. The number of
lattice sites is Ld =Vlattice, and periodic boundary conditions are assumed.

If you already know the orbifold lattice construction, an easy way to
understand why its use simplifies simulations is to notice that the orbifold
lattice is obtained from the SU(NLd) 2d-matrix model via the orbifold
projection47. Therefore, if we can simulate the matrix model with the
Hamiltonian discussed in the previous section, we can also simulate the
orbifold lattice gauge theory.

Theorbifold latticeHamiltonian canbewritten in termsof the complex
link variables Z

j; n! and their canonical conjugates P
j; n!. For d = 3, the

Hamiltonian is

Ĥ ¼P
n!
Tr

P3
j¼1

P̂
j; n!�̂P

j; n!þ g24d
2a3 ∣

P3
j¼1

Ẑ
j; n!�̂Z

j; n!� �̂Z
j; n!�̂j

Ẑ
j; n!�̂j

� �
∣
2

 

þ 2g24d
a3
P
j < k

∣Ẑ
j; n!Ẑ

k; n!þ̂j
� Ẑ

k; n!Ẑ
j; n!þk̂

∣
2

!
þ ΔĤ :

ð47Þ

For d = 2, the same expression applies with the replacement g24d ! ag23d,
where a is the lattice spacing. The additional contribution is

ΔĤ �m2g24d
2a

X
n!
X3
j¼1

Tr∣Ẑ
j; n!

�̂Z
j; n!� a

2g24d
∣
2

þ Nμ2g24d
2a

X
n!
X3
j¼1

∣
1
N
TrðẐ

j; n!�̂Z
j; n!Þ� a

2g24d
∣
2

:

ð48Þ

Note that �Z
j; n! and �P

j; n! stand forHermitian conjugates ofN ×Nmatrices,
i.e.,

�Z
j; n!;ab

¼ ðZ
j; n!;ba

Þ� ; �P
j; n!;ab

¼ ðP
j; n!;ba

Þ� : ð49Þ

Wedo not use dagger † because we save it for conjugate operators acting on
the Hilbert space. For the operators this implies

�̂Z
j; n!;ab

¼ Ẑ
j; n!;ba

� �y
; �̂P

j; n!;ab
¼ P̂

j; n!;ba

� �y
; ð50Þ

The canonical commutation relation is

½Ẑ
j; n!;ab

; �̂P
k; n!0

;cd
� ¼ ½Ẑ

j; n!;ab
; P̂

k; n!0
;dc

� �y
� ¼ iδjkδ n! n!0δadδbc :

ð51Þ
We denote the real and imaginary parts by the superscripts (R) and (I),
respectively, to rewrite the variables and commutation relations as

Ẑ
j; n!;ab

¼
Ẑ
ðRÞ
j; n!;ab

þ iẐ
ðIÞ
j; n!;abffiffiffi

2
p ; P̂

j; n!;ab
¼

P̂
ðRÞ
j; n!;ab

þ iP̂
ðIÞ
j; n!;abffiffiffi

2
p :

ð52Þ

The real and imaginary parts are taken to be self-adjoint, i.e.,

Ẑ
ðRÞ
j; n!;ab

� �y
¼ Ẑ

ðRÞ
j; n!;ab

; Ẑ
ðIÞ
j; n!;ab

� �y
¼ Ẑ

ðIÞ
j; n!;ab

; ð53Þ

and the same for P̂. Therefore, in terms of complex operators,

Ẑ
ðRÞ
j; n!;ab

¼
Ẑ
j; n!;ab

þ Ẑ
j; n!;ab

� �y

ffiffiffi
2

p ¼
Ẑ
j; n!;ab

þ �̂Z
j; n!;baffiffiffi

2
p ;

ð54Þ

and so on. The commutation relation is

½ẐðRÞ
j; n!;ab

; P̂
ðRÞ
k; n!0

;cd
� ¼ ½ẐðIÞ

j; n!;ab
; P̂

ðIÞ
k; n!0

;cd
� ¼ iδjkδ n! n!0δacδbd : ð55Þ

In terms of Ẑ
ðRÞ

and Ẑ
ðIÞ
, the Hamiltonian reduces to the form (1).

So far, the Hamiltonian is merely a quiver matrix model. (See e.g.,
ref. 48 for a review on quivers in the context of quantum field theory and
string theory.) A crucial step is to generate a lattice by using dimensional
deconstruction49. To see how Yang–Mills theory is obtained from this
Hamiltonian, we write Z

j; n! as

Z
j; n! ¼

ffiffiffiffiffiffiffiffiffi
a

2g24d

r
W

j; n!U
j; n! ð56Þ

where U
j; n! is unitary and W

j; n! �
ffiffiffiffiffiffi
2d24d
a

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z
j; n!Zy

j; n!
r

is a positive-

definite Hermitian matrix. By writing U
j; n! and W

j; n! as U
j; n! ¼

exp iag4dAj; n!
� �

and W
j; n! ¼ exp ag4dϕj; n!

� �
, respectively, we can

interpret Aj and ϕj as the gauge fields and adjoint scalars47. To justify this
interpretation, we can stabilize scalars by introducing a large mass in the
additional term ΔĤ. Nonzero vacuum expectation values of scalars
effectively shift the lattice spacing. Optionally, one could add a quadratic

term TrðẐ
j; n! �̂Z

j; n!Þ to control the vacuum expectation value of scalars

without introducing an extremely large bare mass. Then, we obtain
Yang–Mills theory coupled to scalar fields. Indeed, if we turn off the scalars
(i.e., choosing W to be the identity), the term

Tr∣
P3

j¼1 Ẑ
j; n!

�̂Z
j; n!� �̂Z

j; n!�ĵ
Ẑ
j; n!�̂j

� �
∣
2

in (47) becomes zero while

the term,
P

j < kTr∣Ẑj; n!Ẑ
k; n!þ̂j

� Ẑ
k; n!Ẑ

j; n!þk̂
∣
2
gives theplaquette term,
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which leads to the magnetic term of Yang–Mills theory. Focusing on the
leading order in ϕ, the first term gives TrðPjDjϕjÞ2 while the second term
gives

P
j < kTrðDjϕk � DkϕjÞ2, which sum up to

P
j;kTrðDjϕkÞ2 up to total

derivatives.Thequartic interactionTr½ϕj; ϕk�2 appearsaswell. See refs. 36,37
for details. At low energy, large mass scalars decouple and pure Yang–Mills
theory is obtained. The mass of scalars can be as large as the lattice
cutoff scale.

Wenowdefine theHilbert spaceused in this formulation. SU(N) gauge
transformations are defined by Z

j; n! ! Ω�1

n!Z
j; n!Ω

n!þĵ
, which is

equivalent to U
j; n! ! Ω�1

n!U
j; n!Ω

n!þ̂j
andW

j; n! ! Ω�1

n!W
j; n!Ω

n!.

We use the extended Hilbert spaceHext, which can be defined by using the
coordinate eigenstates ∣Zi that satisfy Ẑ

j; n!∣Zi ¼ Z
j; n!∣Zi as

Hext ¼ ∣Ψi �
Z

d2dN
2V latticeZΨðZÞ∣Zi

Z
d2dN

2V lattice





 Z jΨðZÞj2 <1
	 


: ð57Þ

We can also use the momentum eigenstates ∣Pi that satisfy
P̂
j; n!∣Pi ¼ P

j; n!∣Pi

Hext ¼ ∣Ψi �
Z

d2dN
2V latticeP ~ΨðPÞ∣Pi

Z
d2dN

2V lattice





 P j~ΨðPÞj2 <1
	 


: ð58Þ

Wave functionsΨ(Z) and ~ΨðPÞ are related by the Fourier transform. Under
the SU(N) gauge transformation, these states transform as

∣Zi ! ∣Ω�1ZΩ
�
; ∣Pi ! ∣Ω�1PΩ

�
; ð59Þ

while the operators transform as

Ẑ
j; n!;ab

! ðΩ
n!Ẑ

j; n!Ω�1

n!þ̂j
Þ
ab
¼P

c;d
Ω

n!;ac
Ẑ
j; n!;cd

Ω�1

n!þĵ;db
;

P̂
j; n!;ab

! ðΩ
n!P̂

j; n!Ω�1

n!þ̂j
Þ
ab
¼P

c;d
Ω

n!;ac
P̂
j; n!;cd

Ω�1

n!þ̂j;db
:

ð60Þ

Gauge-invariant states span a subspace ofHext which we denote byHinv.
In this paper, we do not impose an SU(N)-singlet constraint on the

Hilbert space. There are dVlattice links and each link carries 2N
2 real bosonic

degrees of freedom. Therefore, there are 2N2dVlattice real bosonic degrees of
freedom in total. We assignQ qubits to each of them, such that the number
of qubits needed to describe theHilbert space is 2N2dVlatticeQ. Next, we take
a closer look at theHamiltonian. This analysis serves as a preparation for the
cost estimate presented in later sections; readers primarily interested in the
overall scaling may skip the following details. By construction, the kinetic

term is

Ĥ ¼ 1
2

X
n!
X3
j¼1

XN
a;b¼1

ðP̂ðRÞ
j; n!;ab

Þ
2
þ ðP̂ðIÞ

j; n!;ab
Þ
2

� �
; ð61Þ

which is the same as the standard form in (1).
There are 2N2dVlattice terms, which can be easily treated by using a

quantum Fourier transform and going to the momentum basis.
We then turn to the potential term in the Hamiltonian, which can be

written as

g24d
a3
P
n!
Tr
P
j

Ẑ
j; n!�̂Z

j; n!Ẑ
j; n!�̂Z

j; n!� Ẑ
j; n!�̂Z

j; n!�̂Z
j; n!�̂j

Ẑ
j; n!�̂j

� �

þ g24d
a3
P
n!
Tr
P
j < k

Ẑ
j; n!

�̂Z
j; n!Ẑ

k; n!
�̂Z
k; n!þ Ẑ

j; n!
�̂Z
j; n!

�̂Z
k; n!�k̂

Ẑ
k; n!�k̂

�

þ�̂Z
j; n!�̂j

Ẑ
j; n!�̂j

Ẑ
k; n!�̂Z

k; n!þ �̂Z
j; n!�̂j

Ẑ
j; n!�̂j

�̂Z
k; n!�k̂

Ẑ
k; n!�k̂

�2Ẑ
j; n!Ẑ

k; n!þ̂j
�̂Z
j; n!þk̂

�̂Z
k; n!� 2Ẑ

k; n!Ẑ
j; n!þk̂

�̂Z
k; n!þ̂j

�̂Z
j; n!
�
:

ð62Þ

In (62), in addition to plaquettes (the final line), there are terms of the forms
Figs. 2 and 3. By using the real and imaginary parts of Ẑ, it is straightforward
to rewrite them in the standard form of (1). The number of terms scales as
d2N4Vlattice.

The additional term ΔĤ does not change this conclusion. The first
term on the right-hand side of (48) is

X3
j¼1

Tr∣Ẑ
j; n!�̂Z

j; n!� a
2g24d

∣
2
¼
X3
j¼1

Tr Ẑ
j; n!�̂Z

j; n!Ẑ
j; n!�̂Z

j; n!� a
g24d

Ẑ
j; n!�̂Z

j; n!
� �

þ const :

ð63Þ

Note that the first term Ẑ
j; n!�̂Z

j; n!Ẑ
j; n!�̂Z

j; n! is in Ĥ as well.

TrðẐ
j; n! �̂Z

j; n!Þ has 2N2 × d terms of the form x̂2. From the second term on

the right-hand side of (48), we obtain TrðẐ
j; n!

�̂Z
j; n!Þ and

TrðẐ
j; n!�̂Z

j; n!Þ
� �2

. The latter can be written as a sum of 4N4 × dVlattice

terms of the form x̂21x̂
2
2.

To impose the singlet constraint, we introduce a penalty term asso-
ciated with the local gauge generators. The generators of gauge

Fig. 2 | Quartic interaction diagrams. Panel (a)

shows Ẑ
j; n! �̂Z

j; n!Ẑ
j; n! �̂Z

j; n! and panel (b) shows

Ẑ
j; n! �̂Z

j; n! �̂Z
j; n!�ĵ

Ẑ
j; n!�̂j

. Red solid lines represent

links in the lattice.
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transformations at a spatial lattice site n! can be written as

Ĝ
n!;pq

� i
X3
j¼1

�Ẑ
j; n!�̂P

j; n!þ P̂
j; n!�̂Z

j; n!� �̂Z
j; n!�̂j

P̂
j; n!�̂j

þ �̂P
j; n!�̂j

Ẑ
j; n!�̂j

� �
pq

:

ð64Þ
As we already mentioned in section “Matrix models”, it is possible in

principle to remove SU(N) non-singlet states explicitly from the spectrum
by adding apenalty termproportional to

P
αĜ

2
α
44–46. In this paper,wedonot

consider this option. If the Hamiltonian time evolution is precise, then it
respects SU(N) invariance, and hence such a penalty term is not necessary.

Resource estimate for Suzuki–Trotter time evolution
In this section, we estimate the resources (gate count) needed for Hamil-
tonian time evolution on a digital quantum computer using the
Suzuki–Trotter decomposition. For gauge theories (i.e., matrix model and
orbifold lattice) we adopt the extended Hilbert space.

Given the rapid pace of innovation in quantum computing hardware
and software, accurately predicting the performance of an orbifold lattice-
based code on a quantum computer by, say, 2030, is challenging. None-
theless, we aim to provide a preliminary upper-bound estimate of its
resource requirements to demonstrate how straightforward it is to make
such estimates for an orbifold lattice across various lattice geometries,
symmetry groups, and matrix models.

As stated above,we do not include a penalty term to enforce the singlet
constraint such as Ĝ

2
α and focus on just one step in the Suzuki–Trotter

decomposition. One should keep in mind that often we would need to
implement multiple Suzuki–Trotter steps, with their number scaling with
the system size and details of interaction terms in order to keep dis-
cretization errors under a given threshold50. For example, the first-order
product formula will need a number of steps scaling quadratically with the
total simulation time and inversely with the discretization error we want to
achieve51. We neglect this complication in the following analysis, and pro-
vide resources for a single step.

We point out that a recent work has studied an efficient formulation of
Hamiltonian lattice gauge theories in the Kogut–Susskind formalism52.

To analyze the structure of our Hamiltonian, it is useful to decompose
it into its basic pieces.We can treat themomentum part and the interaction
part separately. Because ½p̂j; p̂k� ¼ 0, the momentum part factorizes as

exp �iθ
X
j

p̂2j

 !
¼
Y
j

exp �iθp̂2j

� �
: ð65Þ

Therefore, the total cost is that for one boson times the number of bosons.
The interaction part factorizes as well. Schematically, it takes the form

Y
j;k;l;m

exp �iθCjklm x̂jx̂kx̂l x̂m
� �

: ð66Þ

Here, we ignored the cost of the quadratic and cubic couplings, which are
computationally cheaper than the quartic couplings.

We now estimate the computational cost associated with the operator
exp �iθx̂jx̂kx̂l x̂m
� �

. As mentioned before, x̂jx̂kx̂l x̂m is a sum of tensor
products of four Pauli σz. Schematically, the interaction term is a product of
the Pauli rotations,

Y
pqrs

exp �iθC0
pqrsσ̂z;pσ̂z;qσ̂z;r σ̂z;s

� �
: ð67Þ

Below, we will first demonstrate how each of these Pauli rotations can be
implemented using CNOT gates and a single-qubit rotation. For
simulations on noisy intermediate-scale quantum (NISQ) devices, it is
important to reduce the number of CNOT gates. Next, we will discuss how
many T gates are needed to simulate a single-qubit rotation. This is because,
for fault-tolerant quantumcomputing (FTQC), it is important to reduce the
number of T gates, which have the largest cost. We begin by examining the
counting of CNOT gates. In the following, we demonstrate how these Pauli

Fig. 3 | Quartic interactions in the orbifold lattice.
Panel (a) shows Ẑ

j; n! �̂Z
j; n!Ẑ

k; n! �̂Z
k; n!, panel (b)

shows Ẑ
j; n! �̂Z

j; n! �̂Z
k; n!�k̂

Ẑ
k; n!�k̂

, panel (c) shows

�̂Z
j; n!�̂j

Ẑ
j; n!�̂j

Ẑ
k; n! �̂Z

k; n!, and panel (d) shows

�̂Z
j; n!�̂j

Ẑ
j; n!�̂j

�̂Z
k; n!�k̂

Ẑ
k; n!�k̂

. Red solid lines

represent links in the lattice.
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rotations can be implemented using CNOT gates and a single-qubit
rotation. Note that these exponentials are also known as Phase gadgets, or
Pauli gadgets53, and are well-recognized structures in quantum circuits.
They can bemanipulated and synthesized efficiently by quantum compilers
(e.g., thanks to ZX-calculus54). To make this paper self-contained, we will
show some useful relations that will help diagonalize these exponentials and
decompose them into two-qubit and one-qubit operations. First, we show
that

σ̂z;pσ̂z;qσ̂z;r σ̂z;s ¼ CNOTp;qCNOTq;rCNOTr;sσ̂z;sCNOTr;sCNOTq;rCNOTp;q ;

ð68Þ
where CNOTp,q is the CNOT gate which uses the qubit p as the controlled
qubit and the qubit q as the target qubit:

CNOTp;qð∣0ip∣0iqÞ ¼ ∣0ip∣0iq ; CNOTp;qð∣0ip∣1iqÞ ¼ ∣0ip∣1iq ;
CNOTp;qð∣1ip∣0iqÞ ¼ ∣1ip∣1iq ; CNOTp;qð∣1ip∣1iqÞ ¼ ∣1ip∣0iq :

ð69Þ

Equivalently,

CNOTp;q∣bp
E
p
∣bq
E
q
¼ ∣bp

E
p
∣bp � bq

E
q
; ð70Þ

where ⊕ represents exclusive OR, i.e., bp ⊕ bq = bp+ bq mod 2.
Let us see how (68) can be obtained. From (70), it is straightforward to

show

CNOTr;sCNOTq;rCNOTp;q∣bp
E
p
∣bq
E
q
∣br
�
r ∣bs
�
s

¼ ∣bp
E
p
∣bp � bq

E
q
∣bp � bq � br

E
r
∣bp � bq � br � bs

E
s
:

ð71Þ

Since (13) is equivalent to σ̂z∣bi ¼ ð�1Þb∣bi ;

σ̂z;sCNOTr;sCNOTq;rCNOTp;q∣bp
E
p
∣bq
E
q
∣br
�
r∣bs
�
s

¼ ð�1Þbp�bq�br�bs ∣bp
E
p
∣bp � bq

E
q
∣bp � bq � br

E
r
∣bp � bq � br � bs

E
s

ð72Þ

by combining the former and the latter, and by further multiplying with
CNOT gates, we obtain

CNOTp;qCNOTq;rCNOTr;sσ̂z;sCNOTr;sCNOTq;rCNOTp;q∣bp
E
p
∣bq
E
q
∣br
�
r∣bs
�
s

¼ ð�1Þbp�bq�br�bs ∣bp
E
p
∣bq
E
q
∣br
�
r ∣bs
�
s:

ð73Þ

On the other hand,

σ̂z;pσ̂z;qσ̂z;r σ̂z;s∣bp
E
p
∣bq
E
q
∣br
�
r∣bs
�
s ¼ ð�1Þbp�bq�br�bs ∣bp

E
p
∣bq
E
q
∣br
�
r∣bs
�
s : ð74Þ

Comparing (73) and (74), we conclude (68).
From (68), we obtain

exp �iθC0
pqrsσ̂z;pσ̂z;qσ̂z;r σ̂z;s

� �
¼ CNOTp;qCNOTq;rCNOTr;s exp �iθC0

pqrsσ̂z;s

� �
CNOTr;sCNOTq;rCNOTp;q ;

ð75Þ

which shows how the Suzuki–Trotter step can be implemented by using
CNOT gates and one-qubit rotation gates. See Fig. 4 for the pictorial
representation of (75). Note that one can construct rotations with respect to
any Pauli operator from (75). For instance, if a Pauli operator contains σ̂x or

σ̂y , one can simply use the change of basis, i.e., ĥσ̂zĥ ¼ σ̂x and

ŝyĥσ̂z ĥ̂s ¼ �σ̂y , where ĥ is the Hadamard gate and ŝ is the phase gate, i.e.,

ĥ ¼ 1ffiffiffi
2

p 1 1

1 �1

� �
; ŝ ¼ 1 0

0 i

� �
: ð76Þ

The number of CNOT gates needed to realize (67) is at most six times
the number of combinations p, q, r, s, which is 6Q4 times the number of
interaction vertices (~d(d− 1)N4 for amatrixmodel and ~d2N4Vlattice for an
orbifold lattice). Here, Q is the number of qubits assigned to each boson.
Note that we can reduce the number by taking the products in an appro-
priate order. For example,

exp �iθC0
pqrsσ̂z;pσ̂z;qσ̂z;r σ̂z;s

� �
� exp �iθC0

pqrs0 σ̂z;pσ̂z;qσ̂z;r σ̂z;s0
� �

¼ CNOTp;qCNOTq;rCNOTr;s exp �iθC0
pqrsσ̂z;s

� �
CNOTr;sCNOTq;rCNOTp;q

×CNOTp;qCNOTq;rCNOTr;s0 exp �iθC0
pqrs0 σ̂z;s0

� �
CNOTr;s0CNOTq;rCNOTp;q

¼ CNOTp;qCNOTq;rCNOTr;s exp �iθC0
pqrsσ̂z;s

� �
CNOTr;s

×CNOTr;s0 exp �iθC0
pqrs0 σ̂z;s0

� �
CNOTr;s0CNOTq;rCNOTp;q:

ð77Þ

In this way, we can eliminate four CNOT gates. This simple relation is very
useful. Each exp �iθCjklmx̂jx̂kx̂lx̂m

� �
can be written schematically as

exp �iθCjklmx̂jx̂kx̂l x̂m
� �

¼
Y
pqr

Y
s

exp �iθCpqrsσ̂z;pσ̂z;qσ̂z;r σ̂z;s

� � !

ð78Þ

and CNOTp,qs and CNOTq,rs in
Q

s exp �iθCpqrsσ̂z;pσ̂z;qσ̂z;r σ̂z;s

� �
cancel

out, leaving only two CNOTp,qs and two CNOTq,rs; for each set of (p, q, r),
the number of CNOT gates left in

Q
s � � �

� �
is 2Q+ 4 rather than 6Q.

The combination of CNOTgates and single-qubit rotation gates forms
a universal gate set, enabling the construction of any quantum algorithm
using only these gates. This gate set is especially important in the NISQ era,
where quantumcomputations are performedonphysical qubitswithout the
benefit of error correction. In NISQ devices, all gates are implemented
directly on the physical qubits. Note that there exist different physical
implementations of qubit gates and some platforms, like the H-series
hardware by Quantinuum55, can implement directly arbitrary angle two-
qubit gates e�iθpq σ̂z;p σ̂z;q using a single laser pulse.

Without error corrections, the fidelity of quantum gates becomes a
critical factor in determining how well a computation can be performed.
Notably, the fidelity of two-qubit gates, like the CNOT gate, is typically

Fig. 4 | Multi-qubit Z-rotation circuit. The unitary expð�iθσ̂z � � � σ̂zÞ is imple-
mented using controlled-NOT gates and single-qubit RZ(θ) rotations,
where RZðθÞ ¼ expð�iθσ̂z=2Þ.
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much lower than that of single-qubit gates. As a result, errors accumulate
more rapidly when a quantum circuit relies heavily on two-qubit gates,
which can significantly degrade the overall performance of the algorithm.

Given the lowerfidelity associatedwith two-qubit gates, it is reasonable
to consider the number of CNOT gates as a key computational resource
when assessing the efficiency and accuracy of quantum simulations in the
NISQ regime. TheCNOTgate count serves as a usefulmetric for estimating
how error-prone a quantum algorithm might be on current hardware. By
minimizing the number of CNOT gates in a circuit, we can reduce the
potential for error accumulation, thereby improving the fidelity of the
computation.

We now turn to the counting of T gates. In FTQC, the computational
paradigm shifts significantly compared to NISQ systems. In FTQC, error
correction is employed through the use of logical qubits, which are con-
structed from multiple physical qubits. This allows for the protection of
quantum information from noise and errors, enabling more robust and
scalable quantum computations. As a result, the focus on computational
cost changes: the number ofCNOTgates, whichplays a critical role inNISQ
systems, is no longer the primary factor determining the computational
expense.

The most commonly used universal gate set in FTQC is the combi-
nation of Clifford gates and the T gates. The T gate is defined by

T̂ ¼ 1 0

0 exp iπ
4

� �
 !

:

Clifford gates, including the Hadamard, phase, and CNOT gates, are gen-
erally not resource-intensive in various error-correcting codes, such as the
surface code56. They can often be implemented efficiently through
techniques like code deformation and lattice surgery57,58. Additionally,
Clifford gates can be pushed to the end of a quantum circuit, where they can
be seamlessly absorbed into Pauli measurements59, further optimizing
resource usage.

In contrast, non-Clifford gates, such as the T gate, are typically much
more resource-intensive. A fault-tolerant implementation of the T gate
often involves gate teleportation, which relies on specialized resource states
known as magic states60,61. However, producing high-fidelity magic states is
considerably costly. As a result, the T gate count has become a standard
metric for estimating resource requirements in FTQC. There has been
significantprogress in improving the efficiencyofmagic statedistillation; for
instance, see the recent advancements in ref. 62.

In order to switch from the universal gate set {CNOT, single-qubit
rotations} to {Clifford, T}, each rotation gate—specifically the RZ gate,
RZðθÞ ¼ exp � iθ

2 σ̂z
� �

—needs tobe approximatedusing a combinationofT
gates and single-qubit Clifford gates. For instance, ref. 63 demonstrated that
each RZ rotation can typically be approximated with a T gate count of
3 log 1=ϵ

� �þ O log log 1=ϵ
� �� �

, where ϵ represents the desired accuracy of
the approximation. We also point out that an intermediate framework
between NISQ and FTQC can be implemented, which is partially fault-
tolerant64. This framework canbeused to compile the typeofTrotter circuits
we are considering in this section65. The RZ gate can be written in terms of
more elementary one-qubit gates, among which the T gate is usually the
most costly one. The typical T gate count per RZ gate will fall within the
range of 10–5066, depending on factors such as the rotation angle, desired
accuracy, and the specific algorithm used to decompose the RZ gate into T
gates and Clifford gates. In the following, we denote the T gate count perRZ
as Ttyp and use Ttyp = 10–5066,67.

We now estimate the computational cost associated with the operator
exp �iθp̂2
� �

. One of the advantages of the orbifold lattice over the
Kogut–Susskind formulation is that the Fourier transform is straightfor-
ward. By switching from the coordinate basis to the momentum basis via
Fourier transform, we can diagonalize the kinetic terms. Earlier in this
paper, we showed two options, (20) and (21). The second option (21) is
obtainedbyomitting thehigher-order termsof theTaylor expansionof (20).

Here, we choose the second option, because these two options give the same
results when the truncation is removed, but higher powers of Pauli σz
appear, and more gates are needed for the first option. Then, p̂ in the
momentum basis takes essentially the same form as x̂ in the coordinate
basis. Specifically, p̂ is a linear sum of Q Pauli σz (we call them
σ̂z;1; � � � ; σ̂z;Q), and therefore p̂2 is a combination of σ̂z;jσ̂z;k (1≤j < k≤Q).
We can write e�iθp̂2 as

exp �iθp̂2
� � ¼Y

j < k

exp �iθCjkσ̂z;jσ̂z;k

� �
: ð79Þ

Each term in the product can be written in terms of CNOT gates and one-
qubit gates as before:

exp �iθCjkσ̂z;jσ̂z;k

� �
¼ CNOTj;k exp �iθCjkσ̂z;k

� �
CNOTj;k : ð80Þ

In this case, there is no cancellation betweenCNOT gates. 2 ×
Q
2

� �� �
¼

QðQ� 1Þ CNOT gates are needed for each boson. The number of RZ
rotations is Q(Q − 1)/2, and the number of T gates in FTQC
is O QðQ� 1Þð Þ.

The cost of implementing the diagonal kinetic terms (79) is dominated
by the need to perform quantum Fourier transforms between the potential
terms and the kinetic terms. In Fig. 5, we show the exact quantum Fourier
transform circuit.

The quantum Fourier transform circuit consists of Hadamard gates
and controlled-phase gates. A controlled-phase gate is defined as

Pk ¼

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 exp 2πi
2k

� �

0
BBBB@

1
CCCCA : ð81Þ

Up to a global phase, a controlled-phase gate is decomposed into CNOT
gates and 1 qubit rotation gates RZ(θ) as in Fig. 6.

The quantum Fourier transform circuit (Fig. 5) has Q(Q− 1)/2
controlled-phase gates. In terms of CNOT gates, the two-qubit gate count is
Q(Q− 1), and the number of RZ rotation gates is 3Q(Q− 1)/2. An
approximate quantum Fourier transform can also be used by truncating
rotations with angles below a specified threshold. With this approach, both
the T gate and CNOT gate counts can be reduced to OðQ logQÞ68.

In the NISQ era, it may be advantageous to avoid using the Fourier
transform altogether and instead operate solely in the coordinate basis. For
the coordinate basis, Ŝ �Pn ∣nþ 1i nh ∣þ ∣ni nþ 1h ∣ð Þ can be written as

Ŝ ¼ σ̂x ð82Þ

Fig. 5 | Quantum Fourier transform circuit. The circuit implements the discrete
Fourier transform on qubit basis states using controlled-phase gates and
Hadamard gates.
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for Q = 1,

Ŝ ¼ σ̂x � 12 þ
σ̂x � σ̂x þ σ̂y � σ̂y

2
: ð83Þ

for Q = 2,

Ŝ ¼σ̂x � 12 � 12 þ
σ̂x � σ̂x � 12 þ σ̂y � σ̂y � 12

2

þ σ̂x � σ̂x � σ̂x � σ̂x � σ̂y � σ̂y þ σ̂y � σ̂x � σ̂y þ σ̂y � σ̂y � σ̂x
4

ð84Þ

for Q = 3,

Ŝ ¼σ̂x � 12 � 12 � 12 þ
σ̂x � σ̂x � 12 � 12 þ σ̂y � σ̂y � 12 � 12

2

þ σ̂x � σ̂x � σ̂x � 12 � σ̂x � σ̂y � σ̂y � 12 þ σ̂y � σ̂x � σ̂y � 12 þ σ̂y � σ̂y � σ̂x � 12
4

þ 1
8

σ̂x � σ̂x � σ̂x � σ̂x þ σ̂x � σ̂x � σ̂y � σ̂y þ σ̂x � σ̂y � σ̂x � σ̂y � σ̂x � σ̂y � σ̂y � σ̂x

n
þ σ̂y � σ̂x � σ̂x � σ̂y � σ̂y � σ̂x � σ̂y � σ̂x � σ̂y � σ̂y � σ̂x � σ̂x � σ̂y � σ̂y � σ̂y � σ̂y

o
ð85Þ

forQ = 4, and so on. In general, we canwrite Ŝ as a sumof 2q−1 Pauli strings
of length q consisting of σ̂x and σ̂y , where q runs from 1 to Q. This
decomposition can be practical when Q is relatively small.

A potential advantage of the implementation in the coordinate basis is
that the truncation effect can be quantitatively estimated by using a classical
sampling method39. We now combine all the preceding components to
estimate the computational resources required for Hamiltonian time evo-
lution. Specifically, we evaluate the cost of one Suzuki–Trotter step for the
scalar QFT, matrix model, and Yang–Mills theory. We focus on the
asymptotic behavior with respect to the system size parameters, i.e., matrix
size N, lattice volume Vlattice = Ld, and truncation parameter Q. Again, we
neglect the cost related to reaching a constant accuracy.

We begin with the case of scalar quantum field theory. The number of
bosons isVlattice with one boson on each lattice site. By assigningQ qubits to
eachboson, a total ofVlatticeQqubits are utilized. Recently, ref. 69has studied
this case withQ = 2 andVlattice = L = 60 in (1+ 1) dimensions, for a total of
120 qubits on a near-term quantum device.

The potential term of the Hamiltonian (23) consists of quadratic and
quartic terms. The former consists of two-σz couplings, while the latter
consists of two-σz couplings and four-σz couplings.

Let us focus on the four-σz couplings. The number of such couplings is
Q
4

� �
×V lattice 	 Q4V lattice. As explained above, Suzuki–Trotter time

evolution with respect to each of these couplings can be written by using six
CNOTgates and one RZ rotation acting on one of the four qubits. By taking
appropriate ordering, about 2/3 of CNOTgates cancel (see a comment right
after (78)). The RZ gate can be built usingmore elementary one-qubit gates,

including Ttyp = 10–50 T gates. Therefore, we are left with O(Q4Vlattice)
CNOT gates, O(TtypQ

4Vlattice) T gates, and O(Q4Vlattice) one-qubit gates
simpler than the T gate. Next, we consider the kinetic terms. If we use an
approximate quantum Fourier transform to change to the momentum
basis, the cost in terms of bothCNOTgates andTgates isOðV latticeQ logQÞ.
As we saw, Q(Q − 1) CNOT gates and about TtypQ(Q − 1)/2 T gates are
needed in themomentum basis for each boson.Multiplying by the number
of bosons, we obtain the total cost as O(Q2Vlattice) CNOT gates,
O(TtypQ

2Vlattice) T gates, and O(Q2Vlattice) one-qubit gates, simpler than
the T gate.

Next, we consider the case of thematrixmodel. The number of bosons
scales as dN2. Typically, we are interested in the large-N limit, where the
difference between N2 and N2 − 1 is not important. We assign Q qubits to
each boson, and hence dN2Q qubits are used in total. Firstly, we consider the
interaction terms. As we saw in Sec. Matrix Models, the number of quartic
interactions of the form x̂jx̂kx̂lx̂m increases as d(d − 1)N4. Each x̂ can be
expressedby usingQPauli σ̂z ’s, andhence, there are ~ d(d− 1)N4Q4 quartic
couplings of σ̂z ’s.

Furthermore, Suzuki–Trotter time evolution with respect to each of
these four-σz couplings can be written by using six CNOT gates and about
one-qubit gate (or Ttyp T gates).We need ~ d(d− 1)N4Q4 CNOT gates and
~ Ttyp × d(d − 1)N4Q4 T gates.

Because the number of both one- and two-qubit gates scales asd(d− 1)
N4Q4, we can estimate the depth of the circuit by simply dividing this
number by the number of qubits dN2Q, which leads to the conclusion that
the depth scales like (d − 1)N2Q3.

As for the kinetic terms, we consider the implementation in the
momentum basis with the quantum Fourier transform. As we saw,
Q(Q− 1) CNOTgates andTtypQ(Q− 1) T gates are needed for each boson,
once we are in the momentum basis. Multiplying by the number of bosons,
we obtain the cost as dN2Q(Q − 1) CNOT gates and TtypdN

2Q(Q − 1) T
gates. In addition, we add the cost of the quantum Fourier transform as we
did before: if we use an approximate quantumFourier transform, this cost is
OðdN2Q logQÞ CNOT (and T) gates.

In total, the cost for the kinetic term is negligible compared to the cost
for the interaction terms.

Finally, we consider the case of the orbifold lattice. The number of
bosons and logical qubits used for encoding them are 2N2dVlattice and
2N2dVlatticeQ, respectively. To see the cost for one Suzuki–Trotter step of the
interaction part, we combine the results in this section and Sec. Orbifold
Lattice. There are ~ d2VlatticeN

4 terms quartic in x̂.We canwrite themusing
σ̂z , leading to ~ Q4 CNOT gates and ~ Ttyp ×Q4 T gates for each quartic
interaction. In total, we need ~ d2VlatticeN

4Q4 CNOT gates and
~ Ttyp × d2VlatticeN

4Q4 T gates.
As for the kinetic terms, we consider the implementation in the

momentum basis with the quantum Fourier transform. Then, we need
N2dVlatticeQ(Q− 1) CNOT gates and ~ Ttyp ×N2dVlatticeQ(Q− 1) T gates
once we are in the momentum basis. The cost of the quantum Fourier
transform itself is OðN2dV latticeQ logQÞ CNOT (and T) gates.

In total, the cost for the kinetic term is negligible compared to the cost
for the interaction terms.

Fig. 6 | Controlled-phase gate decomposition. The
decomposition uses CNOT gates and single-qubit
rotation gates (equivalent up to a global phase) to
illustrate how controlled-phase shifts can be
implemented within a universal gate set.
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Discussion
In this paper, we provided a universal framework for the quantum simu-
lation of SU(N) Yang–Mills theories with arbitrary N, arbitrary spatial
dimensions, and arbitrary lattice sizes, adopting the orbifold lattice for-
mulation, taking the Hamiltonian time evolution as an example. Technical
difficulties associated with the Kogut–Susskind Hamiltonian, which
researchers struggled for years to solve on a case-by-case basis—such as the
definition of the coordinate basis (magnetic basis), the quantum Fourier
transform, and the realization of complicated interactions in the momen-
tum basis (electric basis) expressed by the Clebsh–Gordan coefficient in
terms of quantum gates—simply do not exist in the orbifold lattice for-
mulation. This is a consequence of a simple and universal form (1) that is
common among many theories. In this paper, we did not consider theories
with fermions; see ref. 37 for the orbifold lattice construction of QCD, i.e.,
Yang–Mills theory with fermions in the fundamental representation. We
have focusedhere onbosonic theorieswithout fermions, but the inclusionof
fermions is straightforward, and we plan to discuss quantum simulation
with fermions in a separate paper in the near future.

We knowexplicitly how the orbifoldHamiltonian can be programmed
on a quantum computer for any N, any dimensions, and any lattice size.
Furthermore, we need only standard, well-established tools in the field of
quantum computing. As a warm-up example, we also considered the
Yang–Mills matrix model and the more standard scalar quantum field
theory on a lattice. It was straightforward to write a circuit for the unitary
Hamiltonian evolution operator explicitly in terms of CNOTgates and one-
qubit gates and count the number of gates.

We used the extended Hilbert space Hext that contains SU(N) non-
singlets. This is a standard approach, and we believe one should not stick to
the projection to singlet Hilbert spaceHinv because bothHext andHinv lead
to mathematically equivalent formulations and, on Hinv, one cannot even
define the coordinate andmomentum operators. It is often claimed that the
use ofHext is too costly because thedimension is exponentially larger. Such a
claim might be missing an important point: although it is true that brute-
force computations on a classical computer are hard if the dimension of the
Hilbert space is exponentially larger, on a quantum computer, it only
requires a moderate number of additional qubits. Adding longitudinal
modes just increases the number of qubits by 50% in three spatial dimen-
sions. However, with this overhead, the structure of the Hilbert space and
quantum circuits simplify drastically, outweighing the increase in space
resources. Because our target is a quantum simulation and not a classical
simulation, it is therefore advantageous to use the extended Hilbert space.
Note also that, if onewants to remove non-singletmodes explicitly from the

spectrum, one can add a penalty term such as
P

n!TrĜ
2

n! to the

Hamiltonian44–46. We also note that it is rather straightforward to construct
many singlet states in the extended Hilbert space because the confined
vacuum is a singlet and any state that is obtained by acting with singlet
operators on it is also a singlet.Many singlet operators can be constructed by
using Wilson loops, which are traces of products of link variables Ẑ

j; n!,

�̂Z
j; n! along a closed contour.Regarding theHamiltonian timeevolution, for

example, the only thing we need to keep the states in the singlet sector is the
precision of the unitary time evolution, which is made significantly more
tractable by the simplicity of the simulation scheme in the orbifold lattice
formulation.

In this context, it is important to note that the violation of gauge
symmetry is suppressed exponentially with regard to the truncation levelΛ;
see Supplementary Note 2. Furthermore, note that the violation of gauge
symmetry is only one of many possible truncation effects. Our universal
approach leads to efficient suppression of all kinds of truncation effects,
because we can more easily remove the truncation. On the other hand,
imposing exact gauge symmetry at truncated level makes the Hamiltonian
complicated andmakes it harder to remove truncation. Also, as a trade-off,

other kinds of truncation effects can become severer70. Finding a good
gauge-invariant basis that circumvents such an unwanted trade-off would
be as challenging as finding the energy eigenstates.

We also note that the key role of gauge symmetry is to introduce
massless vector fields compatible with Lorentz symmetry without having
negative-norm states. In lattice Hamiltonian formulations, even when the
truncation in the Hilbert space is removed, Lorentz symmetry is broken at
finite lattice spacing. Adherence to the single Hilbert space can make it
difficult to go to sufficiently small lattice spacing andhence can lead to larger
breaking of Lorentz symmetry, spoiling the original motivation of gauge
symmetry.

We note that the scalar ϕ4 theory considered in ref. 43 has the same
simple form (1). (We show this in the section “Scalar quantumfield theory”)
The only difference is in the detail of the polynomialVðx̂Þ. In this sense, the
implementation of the Hamiltonian of SU(N) Yang–Mills theory on a
quantum computer is not more complicated than that of scalar ϕ4 theory.
We can see the essence already in much simpler models, e.g., the anhar-
monic oscillator.

In Table 1, we show a summary of qubit and T gate requirements for
theHamiltonian time evolution of the theories we study in this paper. Here,
Vlattice is the lattice volume (number of lattice sites), d is the spatial
dimension (for scalarQFT and orbifold YM) or the number ofmatrices (for
matrixmodel),N characterizes the gauge group SU(N), andQ is the number
of qubits assigned to each bosonic degree of freedom. For fault-tolerant
quantum simulations, ‘the number of qubits’means the number of logical
qubits. As for the gate counts, we showed only the number for one time step
in the Suzuki–Trotter decomposition, and we showed only scaling with the
parameters characterizing the system size. More details are explained in the
following sections.Note that thenumber of gates in this table is proportional
to the number of interaction terms in the Hamiltonian. Each interaction
term can be implemented efficiently so that the simulation cost does not
become large.

Given the striking simplicity of the Hamiltonians, it is important to
investigate efficient simulation techniques for orbifold lattice theory and
matrixmodel systematically.Note that even theHamiltonian of the scalarϕ4

theory belongs to the same class (specifically, it takes the same simple form
(1)) and hence a very large class of theories can be studied in a unified
manner. It is also interesting to try simulations on real quantum devices. A
good startingpoint is randomly-coupled spin systems71–76.Among them, the
spin-XY4model74 consists of four-body random coupling of σ̂x and σ̂y . We
can replace σ̂y with σ̂z without any change to the physical properties, and σ̂x
can be written by using σ̂z and the Hadamard gate ĥ according to
ĥσ̂zĥ ¼ σ̂x . Therefore, quantum simulation of the spin-XY4model can be a
good exercise toward the simulation ofmatrixmodels and gauge theories on
anorbifold lattice.A simplified version of thematrixmodel studied in ref. 77
or the anharmonic oscillator (3) (see ref. 40 for the analysis of this model in
the context of quantum simulation) would also be a good target for the first
quantum simulation on real devices.

Table 1 | Resources for a Suzuki–Trotter step

Number of
qubits

# T gates in
Vðx̂Þ term

# T gates in p̂2 term

Scalar QFT VlatticeQ V lattice
Q
4

� �
VlatticeQ(Q − 1)

Matrix
Model

dN2Q d(d − 1)N4Q4 dN2Q(Q − 1)

Orbifold YM 2dN2VlatticeQ d2VlatticeN
4Q4 N2dVlatticeQ(Q − 1)

The table summarizes qubit counts and T gate counts for Hamiltonian time evolution of the
considered theories, which share the universal Hamiltonian form. Detailed derivations are provided
in the section “Resource estimate for Suzuki–Trotter time evolution”.
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If we use four logical qubits for a single anharmonic oscillator (one
boson), for example, then the coordinate operator is

x̂ ¼ �δx �
σ̂z;1
2

þ 2 � σ̂z;2
2

þ 4 � σ̂z;3
2

þ 8 � σ̂z;4
2

� �
; ð86Þ

and x̂4 contains σ̂z;1 � σ̂z;2 � σ̂z;3 � σ̂z;4. This is exactly the interaction we
need to describe a wide class of theories, including Yang–Mills theory, as we
have argued in this paper. To study a larger system with more bosons, we
need to add more logical qubits. However, we only have to add the same
four-qubit gates acting on different sets of qubits. Furthermore, to switch to
the momentum basis, we only have to perform the same quantum Fourier
transform to different sets of qubits that describe different bosons. In the
literal sense,we knowhow to scale up such a simulation systematicallywhen
more logical qubits are available. Therefore, it would be already meaningful
ifwe coulduse a few logical qubits anddemonstrate the preciseHamiltonian
time evolution, even if the system size is small and there is no quantum
advantage. In the context of NISQ, we have recently witnessed how the
simpleprotocolwepropose canbe enhancedbyvariational circuits andused
to study particle scattering in a (1+ 1) dimensional Scalar FieldTheorywith
up to 120 qubits69. This is a testament to the fact that there are no theoretical
obstacles in going to more complicated theories and to higher dimensions
using our universal framework.

It is also important to identify the types of hardware suitable for
quantum simulations. The large-N limit of the matrix model involves
nonlocal interactions between matrix entries, and hence, the truncated
theory has nonlocal interactions between qubits. Trapped-ion quantum
computers would be suitable for such a Hamiltonian because any pair of
qubits ( = ions) can be brought close to each other, and nonlocal interaction
can naturally be realized. On the other hand, the orbifold lattice Hamilto-
nian has a local structure associated with the spatial lattice, although there is
somenon-locality that increaseswith thenumber of colorsN and truncation
level Λ = 2Q, and hence, quantum hardware with qubits at fixed locations,
such as the superconducting qubit machines, may also perform well. We
also note that standard lattice simulations on classical devices are a powerful
tool for studying the non-perturbative features of the orbifold-lattice
Hamiltonian, because the Euclidean counterpart can be obtained by
employing a spacetime lattice and taking the continuum limit along the time
direction. Such amethodwas applied for the Kogut–SusskindHamiltonian,
by usingWilson’s action on an anisotropic lattice. Just as an incomplete list:
refs. 78,79 related Hamiltonian time evolution with finite Suzuki–Trotter
step to simulations on Euclidean anisotropic lattices. Their main interest
was in the discretization effects. If the Suzuki–Trotter step is sent to zero,
then their setup is the same as ours. Ref. 80 studied the renormalization of
the anisotropy ratio in (2+ 1)-dimensional QED on an anisotropic lattice.
Such a renormalization is directly related to the tuning of the coupling as a
function of spatial lattice spacing, which is needed for the restoration of
Lorentz symmetry. See also ref. 81.

In this paper, we focused on digital simulations with qubits. However,
the simplifications coming from the use of non-compact variables are not
limited to this particular setup. For example, it is straightforward towrite the
truncated Hamiltonian in terms of qudits. Furthermore, quantum simula-
tion with continuous variables (see ref. 82 for a review and refs. 83,84 for a
recent application to quantum field theory) is potentially a good framework
to simulate orbifold lattices and matrix models. Another potentially pro-
mising route is to engineer an analog simulator to be described by the same
Hamiltonian. Itwould be an interesting research avenue to identify the right
setup that allows quantum simulations before the arrival of fault-tolerant
quantum computers.

As an important side comment, we note that the simplicity of the
orbifold lattice is connected to the emergent geometry. The orbifold lattice
emerges from a matrix model with a certain background, via dimensional
deconstruction47,49. A related example is the emergence of D2-branes from
D0-branes via the Myers effect85 that enables us to describe a (2+ 1)-
dimensional theorybyusing a (0+ 1)-dimensional theory,whoseprototype

dates back to the non-commutative torus in the twisted Eguchi–Kawai
model86. In these examples, theories on emergent spaces inherit simple
structures from the original theories87. We could say that nature is smarter
than humans, and hence dynamically-generated spatial dimensions can
have better properties than a lattice crafted by humans. Holographic dua-
lities provide us with even more profound examples: gravitational geome-
tries emerge from non-gravitational theories, providing us with simple
Hamiltonians of the non-gravitational theories. We contend that the
quantum simulation of quantum field theory should be considered within
the broader context of the web of dualities and emergent geometry.

To conclude this paper, we would like to refer to a famous essay on AI
research The Bitter Lesson written by Rich Sutton in 2019. The opening
phrase of this essay is “The biggest lesson that can be read from 70 years of AI
research is that generalmethods that leverage computation are ultimately the
most effective, and by a large margin.” Then, it continues as "[...] Seeking an
improvement that makes a difference in the shorter term, researchers seek to
leverage their human knowledge of the domain, but the only thing that
matters, in the long run, is the leveraging of computation. [...] And the
human-knowledge approach tends to complicate methods in ways that make
them less suited to taking advantage of general methods leveraging compu-
tation. [...] ” The same lesson applied to classical computing for quantum
field theory. Indeed, revolutionary algorithms such as Metropolis88 and
Hybrid Monte Carlo89 do not assume too many details of the theories, and
the same methods can be used for a wide class of theories. Similar lessons
may apply to quantum computing, and hence, it is important to develop
general methods that do not rely on the details of the systems and can
straightforwardly be scaled up on universal quantum computers.

Data availability
The data supporting this study (Supplementary Fig. 1) is available at Fig-
share: https://doi.org/10.6084/m9.figshare.30290674.
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