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This paper starts with a brief review of the topic of strong and weak pre- and post-selected
(PPS) quantum measurements, as well as weak values, and afterwards presents original
work. In particular, we develop a nonperturbative theory of weak PPS measurements
of an arbitrary system with an arbitrary meter, for arbitrary initial states of the system
and the meter. New and simple analytical formulas are obtained for the average and the
distribution of the meter pointer variable. These formulas hold to all orders in the weak
value. In the case of a mixed preselected state, in addition to the standard weak value, an
associated weak value is required to describe weak PPS measurements. In the linear regime,
the theory provides the generalized Aharonov-Albert-Vaidman formula. Moreover, we
reveal two new regimes of weak PPS measurements: the strongly-nonlinear regime and the
inverted region (the regime with a very large weak value), where the system-dependent
contribution to the pointer deflection decreases with increasing the measurement strength.
The optimal conditions for weak PPS measurements are obtained in the strongly-nonlinear
regime, where the magnitude of the average pointer deflection is equal or close to the
maximum. This maximum is independent of the measurement strength, being typically of
the order of the pointer uncertainty. In the optimal regime, the small parameter of the
theory is comparable to the overlap of the pre- and post-selected states. We show that
the amplification coefficient in the weak PPS measurements is generally a product of two
qualitatively different factors. The effects of the free system and meter Hamiltonians are
discussed. We also estimate the size of the ensemble required for a measurement and
identify optimal and efficient meters for weak measurements. Exact solutions are obtained
for a certain class of the measured observables. These solutions are used for numerical
calculations, the results of which agree with the theory. Moreover, the theory is extended
to allow for a completely general post-selection measurement. We also discuss time-
symmetry properties of PPS measurements of any strength and the relation between PPS
and standard (not post-selected) measurements.
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1. Introduction

The issue of measurement is of fundamental significance in quantum mechanics (see, e.g., Refs. [1-7]). Recent develop-
ments in fabricating ever smaller nano-devices as well as in quantum information processing (see, e.g., Refs. [8-17]) have
made it more important to understand quantum measurement.

Over the past several decades, there has been significant progress in the study of general quantum measurements, which
differ from projective (ideal) measurements described in textbooks on quantum mechanics. In particular, in recent years,
there has been increasing interest in quantum measurements with pre- and post-selection as well as in weak or, more
generally, non-ideal measurements.

One of the most striking developments in the studies of such measurements was the discovery that measurements that
are both weak and pre- and post-selected provide the so called weak value of the measured observable [18]. Weak values
possess unusual properties. In particular, a weak value can be complex, and its real part can be far outside the range of
the eigenvalues of the observable. The unusual properties of weak values initially gave rise to controversy [19,20], and the
physical meaning and significance of weak values is not understood completely until now. In spite of this, weak values
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proved to be very useful in various fields of physics, including fundamentals of quantum mechanics and high-precision
metrology.

This paper starts with a brief review in Section 2 and afterwards presents many original contributions. Note, however,
that this distinction between the review and non-review parts is not absolute, since we have included in Section 2 some
original results in order to make the text more self-contained, while in other sections we discuss previous work in order
to put our results into appropriate perspective. Most of this paper is original work, which sometimes is explicitly linked
to previous theoretical and experimental work. Many special cases are considered in some detail, because the study done
here is systematic and quite general, spanning many specific cases—some of which have been studied before, while most
are new.

The present paper is organized as follows. In Section 2, we provide a brief review of quantum measurements of arbitrary
strength, with and without post-selection, the emphasis being on weak pre- and post-selected (PPS) measurements and
weak values. The subsequent sections are devoted to extensions of the theory introduced in Section 2, with the emphasis
on developing a nonperturbative theory of weak PPS measurements in a very general but simple form. In particular, in
Section 3 we provide a general theory of standard (i.e., not post-selected) measurements of arbitrary strength and discuss
in detail weak standard measurements. In Section 4 we provide a general theory of PPS measurements of arbitrary strength.
In Section 5 effects of the free system and meter Hamiltonians are discussed. In Section 6 we develop a nonperturbative
theory of weak pre- and post-selected measurements for the case of a pure preselected state. In Section 7 the results of
Section 6 are extended to the case of a mixed preselected state. In Section 8 we specialize our general formulas for several
types of meters, including continuous-variable and two-level meters. In Section 9 we discuss the distribution of the pointer
values for various types of meters. In Section 10 we consider in detail weak values and weak PPS measurements for a
qubit system. In Section 11 we obtain exact solutions for PPS measurements of arbitrary strength in the case when the
measured quantity has two, possibly degenerate, eigenvalues with equal magnitudes and opposite signs; meters of various
types are considered. In Section 12 we provide numerical calculations and discussions; in particular, our general simple
formulas for weak PPS measurements are shown to approximate the exact solutions very well. In Section 13 we show that
the recent experiments [21,22] are described by two limits of the same formula, obtained in this paper. In Section 14 we
consider an extension of the theory to the case of a general post-selection measurement described by an arbitrary POVM,;
we also obtain conditions under which PPS measurements of any strength are equivalent to standard (i.e., not post-selected)
measurements and discuss time-symmetry properties of PPS measurements. Concluding remarks are given in Section 15.
The four Appendices supplement the main text and provide some details of the calculations.

Some important symbols used in this paper, with their description and the places where they are defined, are listed in
Tables 1 and 2. The general formulas for different regimes of weak PPS measurements obtained in the present paper are
listed in Table 3. Moreover, a number of the main results of the present paper are briefly summarized in Section 2.8.

2. Measurements with and without post-selection, weak values

In this section, we provide a brief review of measurements of arbitrary strength, with and without post-selection, some of
the results of this section being original. In particular, we discuss in detail strong PPS measurements; however, the emphasis
here is on weak PPS measurements and weak values.

2.1. Measurement in quantum mechanics

The mathematical apparatus of quantum mechanics and its (Copenhagen) interpretation were created about eighty
years ago, and since then they were confirmed in a countless number of experiments in various areas of physics. In
spite of this, a complete understanding of quantum mechanics has not been achieved yet. From time to time, there occur
revelations of phenomena which illuminate from an unexpected side the nonclassical nature of quantum mechanics and thus
deepen our understanding of this discipline. Examples include experiments on Bell-inequality violations [23-28], which
show the impossibility of local hidden-variable theories, and the emerging fields of quantum computation and quantum
communication [8], where tasks which are believed to be impossible or very difficult to perform in the realm of the classical
world were shown to be solvable. Weak values of physical quantities [ 18] are another example of nonclassical phenomena
with unexpected results, as discussed below.

In quantum mechanics, each physical quantity A is described by a Hermitian operator A in the Hilbert space of a quantum
system S. Ideal (or projective or strong) measurements of a system S are described by the projection postulate. Let the
operator A have discrete, nondegenerate eigenvalues g; and the corresponding eigenvectors |a;), and let the system S be in
the state p. Then the projection postulate states that a measurement of A yields the value g; with probability

P; = (aij| pla;) (2.1)

and that due to this measurement the state of the system becomes |a;) (the so called wave-function collapse). Such
measurements are “complete”, in the sense that no subsequent measurement can provide any information on the original
state of the system, since the states of the system before and after the measurement are not correlated.
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Table 1
The list of important symbols used in this paper, their description, and the places where they are defined. Part 1—Latin
letters.
Symbol Description Defined in:
A Physical quantity for the system S Section 2.1
A Operator for A Section 2.1
Ay Weak value of A Egs. (2.36), (2.60), (14.17)
AQLD Associated weak value of A Egs. (7.5), (14.19)
A (Proper) amplification coefficient for the linear and strongly-nonlinear Section 6.7.1
regimes
AT Total amplification coefficient for the linear and strongly-nonlinear Eq. (6.90)
regimes
A (Proper) amplification coefficient for the inverted region Eq. (6.83)
A Total amplification coefficient for the inverted region Eq.(6.91)
b The parameter characterizing the quadratic phase After Eq. (2.51)
E POVM operator corresponding to the post-selection Section 2.3.2
& Enhancement factor Eq. (6.87)
F Input meter variable After Eq. (2.8)
F Operator for F After Eq. (2.8)
F. “Centered” variable F After Eq. (6.9)
Inm Identity operator for the meter M After Eq. (4.6)
Is Identity operator for the system S After Eq. (2.3)
No Minimum ensemble size Sections 3.2, 6.10
0 Average of the operator O over the initial state of the system or meter Footnote 3
p Meter momentum Section 2.2.2
q Meter coordinate Section 2.2.2
R Pointer (or output) meter variable After Eq. (2.11)
R Operator for R Footnote 1
Rc “Centered” variable R Before Eq. (4.10)
Rf Average pointer value for a standard measurement Eq.(3.1)
Rs Average pointer value for a PPS measurement Section 2.3.4
R Signal-to-noise ratio for quantum noise Eq.(6.119)
U Unitary transformation due to the system-meter coupling Eq. (2.10)

Table 2
The list of the important symbols used in this paper, their description, and the places where they are defined.
Part 2—Greek and Latin letters.

Symbol Description Defined in:
y Strength of the system-meter coupling Eq.(2.11)
AO Uncertainty of the observable O Footnote 3
ARmax Shift of the maximum of the pointer distribution due to measurement Section 2.4.2
¢ (p) Phase of the meter state in the momentum space Eq. (8.12)

0 Argument of the weak value Eq.(6.21)

6o Argument of R.F Eq.(6.21)

% Small parameter for weak PPS measurements Eq.(6.11)
o Measurement strength Eq. (6.15)

n1 Strength of the unitary transformation due to F Eq. (6.16)
&(q) Phase of the meter state in the coordinate space Eq.(8.12)
Iy Projector on the state |¢) Eq.(2.22)

o Preselected (possibly mixed) state of the system Section2.2.1
oM Initial (possibly mixed) state of the meter Section2.2.1
OFR Covariance for the meter variables F and R Eq. (6.22)
Ds(R) Pointer distribution after a PPS measurement Section2.3.4
|p) Post-selected state of the system Section2.3.1
[vr) Pure preselected state of the system Section2.2.1
[Ym) Pure initial state of the meter Section2.2.1

47

When the operator;\ has degenerate eigenvalues, the projection postulate should be generalized as follows [29]. A general
Hermitian operator A with discrete eigenvalues has the spectral decomposition

A: Zaiﬂi,
i

(2.2)

where a; # a; for i # j, and [, is the projection operator on the subspace of eigenstates with eigenvalue a;. The set of all IT;
is the projection-valued measure associated with the measurement of A, with the projectors IT; possessing the properties

Hi17j = Hi 81‘]', 217] = IS7
J

(2.3)
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Table 3
General formulas for the average pointer deflection in different regimes of weak PPS measurements.
Case Preselected state ~ Formula Validity condition
General nonlinear formula Pure (6.18) or (6.19) (6.11)
Mixed (7.3)or (7.4) (7.16)
Linear-response (AAV) regime Arbitrary (6.20) (6.32)
Strongly-nonlinear regime Pure (6.18) or (6.19) (6.41)
Mixed (7.3) or (7.4) (7.24)
Inverse region Pure (6.34) (6.33)and (6.11)
Mixed (7.23) (7.22) and (7.16)
Resonance for |F| > AF Pure (6.100) (6.98) and (6.99)
Mixed (7.26) (6.98) and (6.99)

where §; is the Kronecker symbol and s is the identity operator for the system. A projective measurement of the quantity A
yields an eigenvalue a; with probability

P; = Tr (IT; p), (24)
leaving the system in the state
IT; p IT;
pi= P (2.5)
Tr (IT; p)

Eq. (2.5) implies that for a degenerate a;, the state p; may depend on p and thus is unknown; hence a subsequent
measurement may extract additional information about the initial state of the system. Thus, measurements of observables
with degenerate eigenvalues are generally incomplete.

A peculiar feature of quantum mechanics is that a measurement changes the state of the measured system [cf. Eq. (2.5)].
As aresult, consecutive measurements of a quantum system result in an evolution of the system, which is basically different
from the unitary evolution due to the Hamiltonian. The measurement-induced evolution is a purely quantum phenomenon.
This evolution is generally random.

Thus, quantum measurements can play, at least, two fundamentally different roles. One role is proper measurements,
i.e., obtaining information on the values of physical observables. The other role is generating an evolution of the quantum
system. An example of the second role is the possibility to transform an arbitrary state of a quantum system to any other state
with a probability arbitrarily close to one by means of a sufficiently large number of projective measurements [ 1]. Generally,
the evolution of a quantum system is generated both by the Hamiltonian and by measurements. Examples of evolution
driven simultaneously by the Hamiltonian and frequent measurements are the quantum Zeno and anti-Zeno effects [30-42].

The situations where measurements play both roles simultaneously are especially interesting. One example is the
conditional evolution due to post-selected measurements. In this case the information provided by the measurements is
used to choose only a subset of realizations of the measurement-induced random evolution. Post-selection has recently
grown in importance as a tool in fields such as quantum information, e.g., for linear optics quantum computation [43],
where it is used to implement quantum gates. Another example where measurements play both roles is one-way quantum
computing [44-50], where a series of measurements is employed to achieve the required evolution, each measurement
being chosen on the basis of the information provided by the previous measurements. As an additional example, we mention
the problem of preparing an arbitrary state of a quantum system by a restricted set of measurements [51,52].

In recent decades, there have appeared generalizations of the projection postulate to non-ideal and weak
measurements [8,53-55]. In particular, when the state of the system after the measurement is not important, the
measurement in the most general case is described by a positive operator valued measure (POVM) {E}, where E, are
Hermitian operators with nonnegative eigenvalues satisfying the relation

ZEk = 1. (2.6)
k

The operator Ej, determines the probability of the kth measurement outcome by
P, =Tr (Ek ,0) (27)

Note that the above generalizations do not change the postulates of quantum mechanics. Namely, the most general
measurement is equivalent to a projective measurement of a composite system consisting of the system S and an auxiliary
system [8,53,56]. Experimental realizations of general measurements have been considered, see, e.g., Ref. [57] and references
therein.

General measurements are incomplete, in the sense that the state after the measurement depends on the state before
the measurement. The measurement-induced change of the state (measurement backaction) is commensurate with the
measurement strength [58], so that weak measurements change the state weakly. Recently, significant attention has been
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given to the subject of multiple and continuous weak measurements, and many interesting topics were touched upon, such
as measurement-induced decoherence, interplay of the unitary evolution and measurement backaction, quantum feedback
control, entanglement amplification, etc. [59-74].

Pre- and post-selected (PPS) measurements, which are of primary interest here, were introduced by Aharonov, Bergmann,
and Lebowitz (ABL) [75] in an attempt to achieve a better understanding of the role of measurements in quantum mechanics.
PPS measurements are performed on ensembles of quantum systems chosen (pre- and post-selected) in the given initial
and final states. In particular, PPS measurements and the closely related two-wave-functions formalism were applied
for an analysis of time-symmetry properties of measurement-induced evolution [76-79]. In Ref. [75], only strong PPS
measurements were considered.

As an important extension of the ABL theory [75], Aharonov, Albert, and Vaidman (AAV) [18] introduced the concept of
weak PPS measurements. Such measurements of an observable A produce the so called weak value A,,, which has unusual
properties. In particular, generally a weak value is a complex number, and its magnitude is unbounded, so that Re A,, can be
far outside the range of eigenvalues of the operator A. Unusual (or strange) weak values, i.e., weak values that are complex
or outside the spectrum of A were observed in a number of experiments [21,80-102].

It has been shown that, at least in some cases, unusual weak values cannot be explained classically. In particular, as shown
in Ref.[103], a negative weak value of the energy of an oscillator contradicts all classical models; Johansen and Luis [ 103] also
proposed a method for measuring such a value in a coherent state of the radiation field. Furthermore, as shown by Williams
and Jordan [104], there is a one-to-one correlation between achieving real unusual weak values A, for a projection of a spin
1/2 (ie., A, such that |A,| > 1/2) and violating the Leggett—-Garg inequality for a two-level system (a qubit) [105-110],
i.e., violating one or both of the assumptions required for classicality: macrorealism and a noninvasive detector. This relation
between weak values and the Leggett-Garg inequality violations was verified experimentally in Ref. [97].

The unusual properties of weak values initially gave rise to controversy over their meaning and significance [19,20].
However, subsequent research has made significant progress in elucidating the interpretation of weak values and indicating
avariety of situations where they provide interesting physical insights [76,86,89,91,92,101,111,112]. Moreover, irrespective
of the interpretation of unusual weak values, they have proved useful in such diverse physical areas as quantum paradoxes,
high-precision metrology, and superluminal propagation.

Inrecent years, there has been a fast growing interest in weak values. They were discussed extensively [103,111,113-146]
and reviewed in Refs. [76-79]. (After this work was completed, two recent reviews on quantum measurements and weak
values have appeared [147,148].) Weak values were measured in a number of experiments [21,80-102], primarily in the
field of optics, though one of the early experiments was in NMR [81]. There are recent proposals for the observation of
weak values using electrons in solids [104,149,150] and photons and atoms [141]. The experiments performed included
applications to metrology [21,80,90,93-95,99,100], optical communications [84,85], and Hardy’s paradox [91,92].

In the rest of Section 2 we review PPS measurements, whereas in subsequent sections we elaborate on different aspects
of the theory of PPS measurements, the emphasis being on developing a nonperturbative theory of weak PPS measurements.

2.2. Standard (preselected only) quantum measurements of variable strength

Here the term “standard quantum measurement” or “standard measurement” refers to measurement of a physical
quantity A without post-selection. Standard quantum measurements may be ideal (i.e., projective or strong) or non-ideal,
with an arbitrary measurement strength (e.g., standard measurements can be weak). Standard quantum measurements of
arbitrary strength are discussed here with the help of the von-Neumann-like measurement scheme.

2.2.1. Von-Neumann-like measurement scheme

Quantum measurements are usually performed in the laboratory by bringing the system under study into an interaction
with the measuring apparatus (the meter) and then measuring the meter. Von Neumann developed a model which describes
how the above process produces projective measurements [ 1]. Many studies of quantum measurements are based on the
von Neumann measurement model or its generalizations.

Consider the von-Neumann-like measurement scheme, which is a direct extension of the original von Neumann
measurement model [1]. In this scheme, the quantum system S and the measurement apparatus M (meter) are coupled
by the interaction described by the Hamiltonian

H=g(t)AQF, (2.8)

where g(t) is the instantaneous coupling rate, which differs from zero in the interval (t;, t¢), Ais the operator representing
the measured quantity A, and F is the operator!corresponding to the “input” meter variable F.

1 Generally, we denote a Hermitian operator and the corresponding physical quantity by the same symbol, the exception being only the notation for the
operators A, F and R of the quantities A, F, and R.
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o
w1

=0 t t¢ v

Fig. 1. Schematic diagram for standard quantum measurements of arbitrary strength. The system S becomes correlated with the meter M by the unitary
transformation U in Eq. (2.10). Then a projective measurement of the meter pointer variable R is performed. The double line carries classical information.
Initially (at t = 0), the system state is p and the meter state is py;, and they are uncorrelated.

We assume that initially (at t = 0 < t;) the system and the meter are uncorrelated, being in the pure states |¢) and
|Ym), respectively (the case of arbitrary system and meter states, o and py, is discussed in Section 3). Then for t > t; the
state of the system and the meter becomes correlated,

[Yr) = U ¥) [¥m), (2.9)

by the unitary transformation

U = exp(—iy A®F), (2.10)

where y is the coupling strength,

t
Y =/fg(t) dt (2.11)
G

(we use measurement units in which i = 1). Finally, a measurement of the “output” meter observable R (the “pointer
variable”) at ty; > t; provides information about the system. This process is depicted schematically in Fig. 1. (In Figs. 1
and 3 the standard quantum-circuit notation [8] is used: single and double lines carry quantum and classical information,
respectively.) Here we make the common assumption that the free Hamiltonians of the system and meter can be neglected
[1,18]; the effects of the free Hamiltonians of the system and the meter are discussed in Sections 5 and 8.2.4.

2.2.2. Canonically conjugate meter variables

The problem becomes drastically simplified when the meter is a continuous-variable system, e.g., a free linearly moving
particle, whereas F and R are canonically conjugate variables. We also make the customary assumption that the free
Hamiltonian of the meter can be neglected, which implies that the particle mass is very large. As in the original von Neumann
model [1], we assume that F is the momentum p and R is the coordinate g,

F=p. R=gq. (212)

To simplify the problem even more, we assume here that A has discrete and nondegenerate eigenvalues. Then, expanding
|} in the basis of the eigenvectors of A, |/) = Zj ajla;), Eq. (2.9) yields

V(@) = exp(—iyA®p) Y _ o |a;) Ymi(@)
J
= Y ajexp(—iyap) Yu(q) laj)
Jj
= Z%‘ Ymq — va) laj), (2.13)
j

where |y (q)) = (q|¥y), and ¥m(q) = (q]|¥m). A projective measurement of g at t > ¢ results,? to a very good approxima-
tion, in a projective measurement of A, when different wave packets yrv(p — ya;) practically do not overlap in Eq. (2.13).
This is realized when the coupling is sufficiently strong,

lyl(da) > Aq, (2.14)
where §a is the minimal distance between different a;’s and Aq is the uncertainty>of g at t = 0.

2 Since q is a continuous variable, projective measurement of q always has a finite error. For our purposes, this error should be much less than |y |(§a).
3 The average of an arbitrary operator O in a state py is given by O =Tr (Opo) (in particular, for a pure state |¥), 0 = (¥|0|¥)), whereas the uncertainty
of an observable O is given by the square root of the variance, AO = (02 — 0%)'/2,
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Fig. 2. A schematic diagram of pre- and post-selected quantum measurements. It involves the pre-selection of the identical systems from an ensemble
in the initial state |vr), measurement of a variable A (the thin arrow) for each system, and the post-selection by means of a projective measurement of a
variable B and selecting the systems in a final state |¢).

2.2.3. Non-ideal and weak standard measurements
When the coupling is not sufficiently strong, i.e., when Eq. (2.14) is not satisfied, a measurement is non-ideal (partial).
However, for any y one can still measure the average (expectation value) of A over the initial state |i),

A= (YIAlY), (2.15)
since Eq. (2.13) implies that [18]
& — =i (2.16)

where q and gy are the averages of gatt = O and t > t, respectively.

A standard measurement with a small coupling strength y is called a weak standard measurement or simply a weak
measurement.

Note that a weak measurement of one system provides almost no information, since the average pointer deflection
(2.16) is much less than the pointer uncertainty. Therefore, to obtain A, one must perform measurements on each member
of a sufficiently large ensemble of systems prepared (preselected) in the same state and then average the results of the
measurements. The measurement error decreases when increasing the size of the ensemble and thus can be made arbitrarily
small. The way of extracting the expectation value A in weak measurements differs conceptually from that in projective
measurements. Indeed, projective measurements provide probabilities P; of the eigenvalues a; of an observable A, and A is
obtained from the standard definition of the expectation value by the formula

A = ZaiP,-. (2']7)
i

In contrast, in weak measurements A is extracted by Eq. (2.16) directly, without measuring each P; individually.

In the general case, when the input and output meter variables F and R are not canonically conjugate to each other,
Eq. (2.16) does not hold for arbitrary y. However, for a sufficiently small coupling strength, when the linear response holds,
the average deflection of the pointer R is generally proportional to 4, i.e., weak standard measurements are still possible (see
Section 3 for further details).

2.3. Pre- and post-selected measurements

2.3.1. General considerations

In classical mechanics, one can completely determine the motion of an isolated system for all future and past times,
if its Hamiltonian and state at some moment are known. In contrast, in quantum mechanics, only a fraction of the
observables can be completely determined in a given state of a system, whereas other observables cannot be determined, as
demonstrated explicitly by the Heisenberg uncertainty principle. This makes the evolution of the system non-deterministic,
i.e., probabilistic.

In the usual approach, the (random) behavior of a quantum system is studied assuming the knowledge of the state at
some initial time ty. As an extension of the usual approach, ABL [75] asked the question: How does the description of a
quantum system in the interval (ty, ts) change, when not only the initial state at time t, but also the final state at time ts are
known, so that one has more complete information on the system than in the usual approach?

To answer this question, ABL[75] devised pre- and post-selected measurements described as follows (see Fig. 2). Consider
an ensemble of quantum systems prepared initially (preselected) in the same state |y). Each member of the ensemble is
subjected to a measurement of the quantity A, which may be strong or weak (the thin arrow before A in Fig. 2). Then, at a later
moment, a final projective measurement of a variable B with a discrete, nondegenerate spectrum is performed, which, in
view of the projection postulate (Section 2.1), leaves the system in one of the orthogonal states |¢), |¢'), . ... The ensemble
of the system can be broken into subensembles with different final (post-selected) states |¢), |¢’), .. .; such a subensemble
is called a pre- and post-selected ensemble. The statistical distribution of the results of the measurement of A for a given



52 A.G. Kofman et al. / Physics Reports 520 (2012) 43-133

subensemble depends on the subensemble and is different from the statistical distribution over the whole ensemble. Thus,
the possible results of the measurement of A depend both on the initial and the final states of the system. A measurement in
a pre- and post-selected ensemble is called a pre- and post-selected measurement. Above we considered one measurement
in a pre- and post-selected ensemble, but there may be two or more such measurements of some observables A, A', ...
[75,77]. Note that, though the terms “pre-selection” and “post-selection” are very similar, they denote conceptually different
physical processes: preparation of the initial state and conditioning of the measured statistics on the acquired information,
respectively; see also the discussion in Section 14.4.

Until now we discussed pure PPS ensembles, i.e., ensembles with pure initial and final states. More generally, we will
consider also mixed PPS ensembles, where the pre-selection is incomplete, i.e., the initial state p is mixed. In addition to the
aforementioned preselected and PPS ensembles, there is also a third type of ensemble—post-selected only ensembles [76],
i.e., ensembles of systems with a pure final state |¢) and the completely mixed initial state

(2.18)

where d is the dimension of the Hilbert space of the system. Post-selected ensembles are the limiting case p — p¢.m. of
mixed PPS ensembles.

Another important generalization of PPS ensembles is for the case where the post-selection measurement is performed
by a general measurement described by an arbitrary POVM; then the PPS ensemble includes the systems with a certain
measurement outcome. Such a measurement is generally incomplete, i.e., it does not specify a single post-selection state
independent of the state of the system before the post-selection.

This generalization allows one to connect PPS and preselected ensembles. Namely, when B is a multiple of the unity
operator, the measurement of B does not provide any new information which could be used for the post-selection, and a
PPS ensemble becomes a preselected (only) ensemble. As a result, in this case PPS measurements of an arbitrary strength
coincide with standard measurements. For the cases of strong and weak measurements with a pure preselected state, this
was formally proved in Ref. [76] (see also Section 2.3.2), whereas for the general case of measurements of arbitrary strength
with an arbitrary preselected state this will be proved in Section 14.2.

PPS measurements have unusual properties, some of which hold only for strong or weak PPS measurements, whereas
others hold irrespective of the strength of measurements. These properties are discussed below. Here we mention only one
of them: in a pure PPS ensemble, any observable with an eigenstate |) or |¢) has a definite value, equal to the corresponding
eigenvalue [151]. This means that PPS measurements of any strength will always yield the above value of such an observable.
As a consequence, when |¢) # |¥), there are, at least, two non-commuting observables with no common eigenstates
(e.g., components of spin 1/2), which have definite values in a PPS ensemble. This is in sharp contrast with the conventional
case of systems preselected only in a state |y), for which solely the observables with the common eigenstate |y) have
definite values.

2.3.2. Strong (ideal) PPS measurements

Let us discuss PPS measurements in more detail. Consider first strong (ideal) PPS measurements.

Let an ensemble of quantum systems be prepared (preselected) in a (pure or mixed) state p. According to the projection
postulate (Section 2.1), a projective measurement of an observable A with discrete eigenvalues provides an eigenvalue q;
with probability P; (2.4) and leaves the system in the state p; (2.5). In the most general case, the final measurement is
characterized by a POVM (see Section 2.3.1), and the PPS ensemble includes systems with a certain measurement outcome
which is characterized by a POVM operator E and occurs with probability Tr (Ep;) [cf. Eq. (2.7)]. The joint probability to
measure the eigenvalue g; of A and to observe the outcome corresponding to E is the product of the respective probabilities,

Pg =P Tr(Ep;) = Tr (E IT; p IT;). (2.19)

As follows from Eq. (2.19) and Bayes’ theorem, the probability that a projective measurement of A yields the value a;,
provided the system is post-selected by means of E, is

P — Pg  Tr(EMipll)

= _ ,

TR T YT EDp 0
j j

(2.20)

This equation is an extension of the ABL formula [75,77] to general E and p. It is obvious from the first equality in Eq. (2.20)
that the probability distribution P;¢ is normalized to one,

ZPI'IE =1. (2.21)

When E is the unity operator, strong PPS measurements become strong standard (not post-selected) measurements, and
correspondingly, as can be easily checked, Eq. (2.20) reduces to Eq. (2.4) (compare the discussion in the last but one paragraph
of Section 2.3.1).
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Henceforth (with the exception of Section 14), we will assume that the post-selection measurement is a projection on
a nondegenerate, discrete eigenvalue of a variable B. Such a post-selection measurement is complete in the sense that it
specifies a single post-selection state |¢). In this case,

E =11, = |p)(¢l. (2.22)

and Eq. (2.20) becomes the probability that a projective measurement of A yields the value a;, provided the system is post-
selected in the state |¢),

(91T; p ITi|p)

Pijp = —————"—. (2.23)
T (¢l p Tl
J
Consider now special cases. For a nondegenerate eigenvalue a;, one has IT; = |a;){(a;|, and Eq. (2.23) becomes
a;)|? (aj|pla;
o = [{¢lai}| i ilplai) ' (224)
2 l{la) ? (ail plas)
j
For a pure initial state p = |¥)(¥|, Eq. (2.23) becomes
| IT|y)?
i = 7'2 (2.25)
> (@1 1y)]
j
Finally, in the case of a pure preselected state |1/) and a nondegenerate a;, Eq. (2.25) yields the result
2
a;) (a;
Pip = H@lai) {ail )] (2.26)

2@l (aly) 2
J

Egs. (2.25) and (2.26) were obtained in Refs. [151] and [75], respectively. In particular, Eq. (2.26) is the ABL formula for the
case of the vanishing system Hamiltonian, whereas Eqs. (2.20) and (2.23)-(2.25) are extensions of the ABL formula.

When |) or |¢) coincides with an eigenstate |ay) of the observable A, Eq. (2.26) yields P4 = d;y, i.e., the eigenvalue ay
is observed with the probability one. This proves the unusual property, discussed in the last paragraph of Section 2.3.1, for
the case of strong PPS measurements.

In the case when the pre- and post-selected states are pure, strong PPS measurements are invariant under time
reversal [75-77], which is seen from the fact that the ABL formulas (2.25) and (2.26) are symmetric with respect to an
exchange of the initial and final states. Moreover, the idea was suggested that quantum mechanics is time-symmetric in PPS
ensembles (at least, when the pre- and post-selected states are pure), and the corresponding two-state vector formalism
was developed [75-79]. For the present, this approach is not generally accepted; for recent discussions of time-symmetric
quantum mechanics see Refs. [152,153].

Note, however, that generally PPS measurements are not symmetric with respect to an exchange of the initial and final
states. In Section 14.4 we will obtain a general time-symmetry relation, which holds for PPS measurements of arbitrary
strength, with arbitrary (possibly mixed) preselected states and arbitrary non-ideal post-selection measurements.

In the limit of a completely mixed initial state, p — p.m. [see Eq. (2.18)], Eq. (2.23) provides the following probabilities
of measurement outcomes for an ensemble post-selected only in the state |¢),

Pyy = (Pl 11| ). (2.27)

This formula coincides with the result (2.4) with p = |¢)(¢|. Thus, the probability distribution of the outcomes of a mea-
surement performed at time t, ty < t < ts, in a post-selected ensemble is identical to that for the system preselected in the
state |¢) [76]. A similar property holds also for weak PPS measurements (see paragraph g in Section 2.5.2).

2.3.3. Contextuality of strong PPS measurements

A peculiar property of strong PPS measurements is their contextuality. Namely, for systems with the Hilbert-space
dimension d > 3, the probabilities given in Egs. (2.20) and (2.23)-(2.26) are context-dependent, i.e., the probability of
an outcome of a strong PPS measurement depends not only on the projector associated with that outcome but on the entire
projection-valued measure associated with the measurement [151,154]. For a two-level system (qubit), the probabilities of
strong PPS measurements are not contextual, since any of the projectors I7; in Eq. (2.2) determines the other one by the
completeness relation [the second equality in Eq. (2.3)] and thus determines the entire projection-valued measure.

The contextuality of strong PPS measurements is illustrated by the three-box problem [151]. Consider a particle which
can be located in one of three boxes. The state of the particle when it is in box i is denoted by |[i). At time ¢, the particle is
prepared in the state

1

V) 7

(1) +12) +13), (2.28)
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Fig. 3. Schematic diagram of a model for pre- and post-selected quantum measurements. This approach differs from the von Neumann scheme in Fig. 1
in that the measurement of the pointer variable R is conditioned (“post-selected”) on the measurement of the system S in a state |¢).

and at a later time ts the particle is found in the state
_ 1

V3

We assume that in the time interval [y, ts] the Hamiltonian is zero. Opening box i at time ¢, t; < t < ts, corresponds to
measuring the projection operator

P) (1) +12) = 13). (2.29)

IT; = |i){i|. (2.30)

Now Eq. (2.25) involves two operators, I7; and

;=Y Lil. (231)
J#i
Hence, one obtains from Eq. (2.25) that the probability to find the particle in box 1, without opening the other boxes, is

l1) (1Y) I? (1/3)

b(Il1=1) = = =1. 2.32

prob (I = 1) = T IR + 16120 21¥) + @B GBI . (/37 + (1/3 = 1/37 (232)
Similarly,

prob(Il, =1) =1 (2.33)

and prob (I73 = 1) = 1/5. Thus, we obtain a paradoxical result that on opening any of boxes 1 and 2 one is certain to find
the particle in the opened box. The results (2.32) and (2.33) were verified experimentally [86].

For comparison, consider opening the three boxes simultaneously, which corresponds to measuring a nondegenerate
observable with the eigenstates |1), |2), and |3). Now the probability to find the particle in box i is given by Eq. (2.25),
where the projection-valued measure is (I1y, IT,, IT3) [Eq. (2.30)], or, equivalently, by Eq. (2.26), yielding

1
Prjg = Pop = Pyp = 3. (2.34)
The probabilities in Eqs. (2.32) and (2.33) differ from, respectively, the probabilities Py, and P4 in Eq. (2.34). This shows
explicitly the contextuality of strong PPS measurements.

2.3.4. Model for PPS measurements of arbitrary strength

Non-ideal PPS measurements can be discussed by analogy with non-ideal standard measurements (Section 2.2) [18],
with the help of a suitably generalized von Neumann model, as follows (see Fig. 3). Let us consider an ensemble of pairs
consisting of a system and a meter in the pure states |{) and |y ), respectively (extensions to the cases of arbitrary states
p and/or py are given in Sections 4-7). For each system-meter pair the coupling (2.8) is turned on in the interval (t;, t;);
then a PPS ensemble is formed by performing a projective measurement of a variable B for each system at ts > t; and
selecting for further consideration only the systems which are in the eigenstate |¢) of B. A PPS measurement is completed
after measuring the pointer observable R of the meters at tyy > tr and performing the statistical analysis of results in the PPS
ensemble, with the goal, e,g., to obtain the average pointer value Rs or the distribution of the pointer values & (R).

Note that the meters can be measured both after (ty; > ts) and before (t; < ts) the post-selection. The only difference
is that for ty; > ts it is sufficient to measure only the meters corresponding to the PPS ensemble, whereas for ty; < ts all
meters in the initial ensemble should be measured, but in the statistical analysis after the post-selection (at t > t5) only the
meters corresponding to the PPS ensemble should be included.
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2.4. Weak PPS measurements

2.4.1. Simple approach

Let us now consider weak PPS measurements. Here we describe the simple approach [18,113,114], which has been used
in most studies on weak values; a more general approach is discussed in the following sections. As in Sections 2.2.2 and
2.2.3, we consider the coupling (2.8) with F = p (the case F = q is not essentially different, as discussed in Section 2.4.2).
Using Egs. (2.9) and (2.10), we obtain that when ty; > ts, the unnormalized meter state after the post-selection but before
the measurement of the meteris (ts < t < ty)

(1Y (0)) = (d] exp(—ivA @ P)IV) Ym(P)

~ (11— iyA®p ) Yu(p)

= (ol¥) (1 — iyAuwp) ¥m(p)

~ (@|¥) exp(—iyAuwp) Ym(p). (2.35)
Here |7 (D)) = (p|¥y), ¥m(P) = (plY¥ym), and A, is called the weak value of A[18],

_ Ay
(@ly)’

where Agy = (¢|A|¥). The approximations in Eq. (2.35) hold up to first order in Y.

Traditionally, in the present approach [18,113,114] the meter wavefunction is taken as a real Gaussian in both p and
q spaces, which implies that the averages p and q vanish. Here we make a slight generalization, assuming that vy (p) is a
complex Gaussian with a phase linear in p,

(2.36)

w

V)
Ym(p) = Z, exp [—% - ic'zp] , (2.37)

where Z, = (V2m/ Ap)'/2, and p and Ap are, respectively, the average and the uncertainty of p at t = 0. The Fourier
transform of Eq. (2.37) yields a Gaussian wavefunction ¥y (q) with a phase linear in g,

(q—9)7?
4(Ag)?

Ym(q) = Zgexp [— + iﬁq] ; (2.38)
where Z; = (V2 Aq)~"/? and the uncertainty Aq = (2Ap)~". The latter equality implies that in the Gaussian state
[Eq. (2.37) and/or (2.38)], the Heisenberg uncertainty relation is saturated,

AqAp =1/2. (2.39)

This fact is advantageous for weak measurements, as discussed below (see, e.g., Section 3.3).
Inserting Eq. (2.37) into Eq. (2.35) yields a Gaussian wavefunction which differs from the initial wavefunction (2.37) only
by the changes ¢ — ¢s and p — ps, where the shifts in the averages q and p are determined by

gs —q =y ReA,, (2.40)

Ps — b =2y (Ap)*ImA,,. (2.41)

The quantities g; and p, are the post-selected averages of q and p. Thus, weak PPS measurements of the averages of p and
q provide the real and imaginary parts of the weak value, respectively. Note that the magnitudes of the average pointer
deflections |gs — q| and |p; — p| in Egs. (2.40) and (2.41) are much less than the respective statistical dispersions of the
measurement results Aqand Ap, and therefore performing weak PPS measurements requires averaging of the measurement
results obtained for many identical systems prepared in the same initial state. Eq. (2.40) looks very similar to the result (2.16)
of weak standard measurements. However, in contrast to standard measurements (Section 2.2), now not only g but also p
contains information about the system, as shown by Eq. (2.41).

Eqs. (2.40) and (2.41) show that weak PPS measurements in the linear-response (or AAV) regime provide the weak value
A, of the quantity A. The physical significance of the weak value arises from the fact that in the linear-response regime the
backaction of measurements on the system is very small, and therefore the weak value provides, in a sense, information on
the unperturbed system.

The weak value in Eq. (2.36) has unusual properties, which drastically distinguish it from the expectation value of a
variable (2.15) resulting from a standard measurement. The weak value diverges when the overlap |(¢|y)| tends to zero.
For instance, the weak value of a component of spin 1/2 can be equal to 100 [ 18]. Moreover, the weak value can be complex.
Later we will discuss weak values in further detail.
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The results Egs. (2.40) and (2.41) were obtained* by AAV [18] for real Gaussian functions vy (p) and ¥ (q), i.e., for
p = q = 0. As shown above, Egs. (2.40) and (2.41) also hold for Gaussians with a linear phase. Jozsa [ 124] considered the
case of an arbitrary meter wavefunction and showed that generally there is an additional term, proportional to ImA,,, on
the right-hand side of Eq. (2.40), whereas Eq. (2.41) remains valid in the general case.

Hosten and Kwiat [90] showed experimentally that the term proportional to ImA,, may arise in Eq. (2.40) due to the
free meter Hamiltonian; they utilized this term to achieve strong amplification in a measurement of a weak optical effect
(for details see Section 8.2.4). Below we show that in the most general case, i.e., for arbitrary meter variables F and R,
the term proportional to ImA,, arises in the linear-response regime whenever there is correlation between F and R (see
Section 6.5.1 for more details), the presence of a nonzero meter Hamiltonian being only one of the possible ways to generate
this correlation (see Section 8.2). Furthermore, below we show that a correlation between p and q arises whenever the phase
of the wavefunction vy (p) or ¥\ (q) is nonlinear in p or g, respectively (see Section 8.2, cf. also Section 2.4.2).

In addition to the average pointer variable, one can measure also the distribution of the pointer variable. In the present
case the measured distributions of q and p are Gaussian; they are given by the squares of the moduli of the functions (2.38)
and (2.37), respectively, with the changes ¢ — g; and p — ps. Thus, a weak PPS measurement results in a displacement
of the Gaussian distributions in the coordinate and momentum spaces, without changes in their shapes and widths. In
particular, the maxima of the probability distributions of g and p are shifted by, respectively,

AQmax = ¥ Re Ay, (2.42)

APmax = 2y (Ap)* ImA,,. (2.43)

Note, however, that generally weak PPS measurements change the shape of the pointer distribution, as discussed below.
The conditions for the validity of Eqs. (2.40) and (2.41) were obtained in Ref. [ 113] for the special case ¢ = p = 0. Namely,
the first and second approximations in Eq. (2.35) hold, respectively, for

1/(n-1)

(A gy
4

and
|lyAw|Ap < 1. (2.45)

The results (2.40)-(2.43), as well as their generalizations mentioned above, hold up to first order in y, i.e., in the linear-
response regime. The linear response is important, since in this regime the measurement backaction is minimal, and hence
one may expect to reveal in this regime such properties of the system that cannot be probed by strong measurements, which
strongly perturb the system state. Therefore the linear response is the most well studied regime of weak PPS measurements.

In the linear-response regime, the weak value is bounded by the condition (2.45). Correspondingly, for any given y, the
condition (2.45) is always violated for a sufficiently large weak value or, equivalently, for sufficiently small overlap (¢|v).
In this case, linear-response results are not applicable, even though the condition (2.44) holds and hence PPS measurements
are weak. It would be of interest to extend the theory of weak PPS measurements beyond limits of the linear response. A
simple and general theory of weak PPS measurements, which is correct to all orders in yA,,, will be developed and discussed
in Section 6 and henceforth.

In the remainder of this section we will continue to review PPS measurements in the linear-response regime.

2.4.2. The pointer distribution

In addition to the average value of the pointer variable R, it is of interest to consider the probability distribution of the
pointer values, since it is measured directly in experiments. For simplicity, we assume that the initial pointer distribution
@ (R) has a bell-like shape (e.g., Lorentzian or Gaussian).

Here we consider situations where the pointer distribution @,(R), resulting from a weak PPS measurement in the linear-
response regime, has the following property, which is advantageous for experimental realizations:

(i) @s(R) is displaced with respect to the initial distribution ®(R) = |¥n(R)|> without a change of the shape of the
distribution (at least, for the central part of the distribution; the tails of the distribution can be deformed by the measurement
even in the linear-response regime, see Section 9.2 for details). This property is equivalent to the following relation,

®y(R) = P(R+R —R,). (2.46)

Property (i) implies the following property:
(ii) The shift of the maximum of the distribution AR,.x equals the average pointer deflection,

ARmax = R — R. (2.47)

4 Actually Egs. (2.40) and (2.41) differ somewhat from the AAV results [18] in that here the roles of p and q are exchanged in comparison to Ref. [18], as
in some optical experiments [80,90]. The original AAV results are given below by Egs. (2.58) and (2.59).
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Note, however, that property (ii) does not necessarily imply property (i) and Eq. (2.46). [The general case, where properties
(i) and (ii) may not hold, is discussed in Section 9.2.]

In particular, property (i) and hence Eqs. (2.46) and (2.47) hold in the following cases.

a. Real weak value. Let A,, be real, whereas the meter variables are canonically conjugate, e.g., F = p and R = q. Then
from Eq. (2.35) rewritten in the coordinate representation we obtain that

(@1¥5 (@) ~ (9|¥) exp(—iyAup) ¥m(q)

= (oY) ¥m(q — yAuw). (2.48)
Thus, when A,, is real, an arbitrary coordinate distribution is shifted, due to a weak measurement, by the value [90,124]
Gs—q=yAy. (2.49)
In particular, if the coordinate distribution is bell-like, we have
Afmax = Gs — q = yAy. (2.50)

b. Conjugate-variable meter in a general complex Gaussian state. Consider a meter with canonically conjugate meter
variables, e.g., F = p and R = q. We assume that the meter is in a general complex Gaussian state.
The most general form of a complex Gaussian state is given by

AP
4(Ap)? Pl

Here b is a real parameter characterizing the quadratic phase—the phase of the state (2.51) is a quadratic function of p, with
the quadratic term proportional to the parameter b.
In coordinate space, a general Gaussian state has a similar form,

Ym(p) = Zp exp [ (2.51)

(ib—1)(q—-9* .
=Z;e — +ipq |, 2.52
Ym(@) = Zq XP[ 20 +ipq (2.52)
where Aq is determined from the equality
1+ b2
Ap Aq = % (2.53)

This equation has the meaning of the generalized uncertainty relation with the equals sign [cf. Eq. (8.26) below]. In Eq. (2.52),
similarly to Eq. (2.51), the phase is a quadratic function of g, with the quadratic term proportional to b.

Inserting Eq. (2.51) into Eq. (2.35) yields a wavefunction of the same form as Eq. (2.51) with the only difference that p is
shifted by the value (2.43), whereas q is shifted by the value

AQmax = Gs — q =y (ReA, + bImA,). (2.54)

In other words, a weak PPS measurement shifts the Gaussian distributions of p and q, |¥w(p)|?> and |¥m(q)|?, without a
change of the form, by the values (2.43) and (2.54), respectively.

The case of a Gaussian state with a zero or linear phase considered in Section 2.4.1 [see Eq. (2.42)] follows from the
present case for b = 0. The term proportional to Im A,, in Eq. (2.54) arises due to the nonlinear (quadratic) phase.

It is often stated [76,78,90] that the imaginary part of the weak value does not affect the probability distribution of the
meter coordinate, and ImA,, can be observed only in the distribution of the meter momentum. Eq. (2.54) shows that this
statement is not exact, since Im A,, enters the shift of the coordinate distribution for a general Gaussian wavefunction. The
same holds for a general (non-Gaussian) meter state, as discussed in Section 9.2.

. Meter with R = F and a Gaussian distribution of F. Consider a meter with R = F. Similarly to Eq. (2.35), one obtains that

(@15 (F)) ~ (9|¥r) exp(—iy Ay F) Ym(F). (2.55)

Let F be a continuous variable with a Gaussian initial distribution @ (F) = |y (F)|?. Then the distribution of F after the
measurement, given, up to a normalization factor, by the squared modulus of Eq. (2.55), is also a Gaussian, which differs
from @ (F) only by a shift of the center equal to

AFmay = Fs — F = 2y (AF)? ImA,,. (2.56)

Eq. (2.56) was proved in Section 2.4.1 [see Eq. (2.43)] for the special case, when F = p and vy (p) is a Gaussian state whose
phase is constant or linear in p. Here Eq. (2.56) is shown to be valid for states v (F) with a Gaussian modulus and an arbitrary
phase. This result will be extended to the case of a mixed meter state py in Section 9.2.1.

In the above formulas for weak PPS measurements we assumed that F = p [except for Eq. (2.56)]. It is easy to show that
for F = g, the above formulas for s, ps, AqQmax, and Apmax change according to the rule

p < q, ReA, — —ReA,. (2.57)
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For example, Egs. (2.40) and (2.41) become [18]
ps —p = —Y ReA,, (2.58)
Z]S - (_Z = 2)’ (AQ)Z ImA,. (259)

Note that Egs. (2.41) and (2.59) are special cases of the second equality (2.56).
It is worth mentioning that meters described in paragraphs b and c are well suited for weak PPS measurements, as argued
below (see, e.g., Sections 6.6.1 and 6.10.2).

2.5. Discussion of weak values

2.5.1. Interpretation of weak values in terms of probabilities

Until now, we have assumed that the preselected state in a weak PPS measurement is pure. It is of interest to extend the
theory to a mixed preselected state. In the case of a mixed preselected state p, the definition of the weak value becomes
[120,150] (see Section 7 for the derivation)

A
Ay = Ms (260)

Pos
where pgy = (¢|p|¢). For a qubit with a mixed preselected state, weak values are always finite (see Section 10 for more
details). However, for d-level systems with d > 3, weak values can be unbounded even with a mixed preselected state, when
p has one or more zero eigenvalues. In this case, the weak value diverges, when the pre- and post-selected states approach
orthogonal subspaces [130]. Below the definition of the weak value will be further extended to the case of a general post-
selection measurement (see Section 14).
The results (2.36) and (2.60) for weak values are surprising in the sense that one might expect, by analogy with the result
(2.16)-(2.17) of weak standard measurements, that a weak PPS measurement yields the average of A obtained in a strong
PPS measurement,

As = Zai Py, (2.61)
i

where P4 are given by Eq. (2.24) or (2.26). Eq. (2.61) is a “usual value” of A, i.e., a real number within the range of the eigen-
values of A, and hence it generally significantly differs from the weak value. Even so, as shown below, there are situations
where the weak value coincides with Eq. (2.61).

It is possible to obtain an expression for the weak value similar to Eq. (2.61). Indeed, inserting Eq. (2.2) into Eq. (2.60)
yields the weak value in a useful form

Aw =Y a;(IT),, (2.62)

where (IT;),, is the weak value of IT;,

(o, — (@TI®) 263)
(Plpl@)
Eq. (2.62) implies that, in contrast to the results of strong PPS measurements, weak values do not depend on the mea-
surement context, just as the standard (preselected only) measurements. Indeed, due to the fact that A, is linear in A, the
contributions to A,, from different projectors in Eq. (2.62) are independent of each other.
The quantity (17;),, in Eq. (2.63) can be called the weak probability corresponding to the eigenvalue g; [86]. Summing both
sides of Eq. (2.63) over i and using the second equality in Eq. (2.3), we obtain that the weak probabilities are normalized [86],

> Ty = 1. (2.64)

The weak probability distribution {(/7;),,} is generally nonclassical, in the sense that some weak probabilities may be greater
than one or negative or even complex; such weak probabilities are unusual weak values of the projectors I7;. Nonclassical
discrete [86,91,92] and continuous [89] probability distributions were measured experimentally. However, whenever all
(IT;) , are positive or equal to zero, the normalization (2.64) ensures that the set {(/1;),,} is a classical probability distribution,
and hence A,, is a usual value [136].

Egs. (2.62) and (2.64) imply that the weak value A,, is the average of the observable A over a nonclassical probability
distribution which can assume negative and complex values. It is often stated [101,134] that the weak value should be
understood as the mean value of the observable A when weakly measured between the pre- and post-selected states.
However, we stress that, in view of Eq. (2.62), the “mean value” here is not a usual (classical) mean value, since it is taken
over a nonclassical probability distribution.
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An additional insight into weak values is provided by the fact that the weak probability (/T;),, in Eq. (2.62) can be
interpreted as a (nonclassical) conditional probability of the measurement result g; given that the subsequent measurement
result corresponds to the state |¢) [116]. Indeed, the weak probability (2.63) can be recast in the form of Bayes’ theorem

. Py  Tr(IsIT; p)
(), = Py = -2 = 217 (2.65)
P¢ Tr (H¢ ,0)
where [Ty is given in Eq. (2.22).
The quantity

in Eq. (2.65) is known as the Kirkwood distribution [155,156]. It may be interpreted as the joint probability that two
(generally non-commuting) observables have the values corresponding to the eigenstates |a;) and |¢). Indeed, recall that
ideal quantum measurements yield an eigenvalue of an observable with the probability given by the average of the
corresponding projection operator [see Eq. (2.4)]. The quantity 13,-¢, being the average of a product of projection operators,
is a direct generalization of this probability and can be considered as the joint probability. Generally, 13,~¢ is a nonclassical

probability, i.e., 15,-¢ may be negative or even complex, since the operator IT,IT; is not Hermitian unless /T4 and IT; commute
with each other.

2.5.2. Sufficient conditions for usual weak values

The most interesting situations occur when the weak value is unusual. It is not easy to provide necessary and sufficient
conditions for unusual weak values. However, it is easy to list some situations where weak values are usual, i.e., real and
within the range of the eigenvalues of A.

In particular, when the preselected state is pure, weak values are usual in the following cases a-d:

a. In the case |¢) = |¥), Eq. (2.36) yields

A, =Ayy =A. (2.67)

Now A, is equal to the result A of a weak standard measurement (see Section 2.2.3). The reason for this is seen from the
fact that in the present case, when measurements are sufficiently weak, the post-selection probability equals approximately
ol |? = [{¥]|¥)|*> = 1,i.e., the post-selected ensemble almost coincides with the total ensemble. Hence, now there is
practically no difference between weak PPS measurements and weak standard measurements.

b. When |¢) is an eigenstate of Awith eigenvalue q;, then
Ay = a;. (2.68)

c. When |@) is an eigenstate of A with eigenvalue a;, then Eq. (2.68) holds.

Note that for a pure PPS ensemble, statements b and c prove the unusual property, discussed in the last paragraph of
Section 2.3.1, for the case of weak measurements.

d.When, in a pure PPS ensemble, a strong measurement yields a particular eigenvalue g; of a variable A with certainty, then
Ay = a;[76,151]. Indeed, then P;, = §; in Eq. (2.25), i.e,, fori # j, (¢|11;|yy) = 0; hence due to Eq. (2.36) (11;),, = 0 (i # J).
The latter result implies, in view of Eq. (2.64), that (/T;),, = §;;, and hence Eq. (2.62) yields A,, = a;.

Moreover, for a mixed preselected state weak values are usual in case ¢ and also in the following cases e-g:

e. When |¢) is an eigenstate of p with a nonzero eigenvalue X, then Eq. (2.60) yields

Ap = 222 = Ay (2.69)

The present situation is an extension of case a.
f. When A commutes with p,

[A, p]l =0, (2.70)

then A, is given by Eq. (2.61). Indeed, taking into account that Eq. (2.70) implies [IT;, p] = 0 and using the properties of the
projection-valued measure in Eq. (2.3), we obtain that the weak probability in Eq. (2.63) equals the probability Py, in Eq.
(2.23) and hence Eq. (2.62) coincides with Eq. (2.61). The present situation is an extension of case b.

g. When the initial state is completely mixed, Eq. (2.18), i.e., the measurement is made on a post-selected only ensemble,
then Eq. (2.60) yields

Ay = Apgp. (2.71)

The present situation is a special case of paragraph f. The result (2.71) is the same as for a weak standard measurement
on an ensemble preselected only in the state |¢). A similar property holds also for strong measurements in post-selected
only ensembles (see Section 2.3.2). The above two results are special cases of the time-symmetry relation, which states
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that measurements of any strength in an ensemble post-selected only in state |¢) give the same results as in an ensemble
preselected only in the same state (see the proof in Section 14.2).

The usual weak values obtained in the above cases b- d and f- g (but not in a, e) coincide with A in Eq. (2.61). In cases b,
¢, f, and g the reason for this is that in these cases ITy = |¢){(¢| or p commutes with A. As shown in Section 14.2, this implies
that PPS measurements of any strength are formally equivalent to standard measurements with a suitable preselected state.
As aresult, in these cases A,, = A; [see Eq. (14.11)].

The requirement that all the above sufficient conditions for usual weak values should be violated provides a necessary
(but not sufficient) condition for unusual weak values. A thorough discussion of the conditions needed to obtain unusual
weak values in a qubit is given in Section 10.

2.5.3. Quantum interference in PPS measurements

In order to understand the reason why the weak value generally sharply differs from Eq. (2.61), it is useful to compare
the meter states for standard and PPS measurements just before the measurement of the pointer. Eq. (2.13) implies that
in standard measurements, there is no interference between the wave packets y¥(q — y g;), since they are multiplied by
mutually orthogonal vectors |g;). In contrast, for PPS measurements we obtain from Eq. (2.13) that for ts < t < ty the
unnormalized meter wavefunction is

(Blyr@) =) o (dla) Yu(g — ya), (2.72)
J

i.e., the post-selection creates interference between the wave packets yv(q — y a)).
In the case of a large y, different wave packets in Eq. (2.72) do not overlap, and interference is practically absent in a
measurement of q; therefore, a strong PPS measurement results in a projective measurement of a; with probability

Py = cloi (lai) > = cl(¢lai) {ail )| (2.73)

Here c is a numerical factor, which can be obtained from the normalization condition ) ; P;4 = 1[cf. Eq. (2.21)]. As a result,
Eq. (2.73) yields the ABL formula (2.26). In particular, this shows explicitly that the model of PPS measurements introduced
in Section 2.3.4 contains strong PPS measurements as a special case.

In the opposite limit of a small y, i.e., for a weak PPS measurement, different wave packets significantly overlap, and
interference strongly affects the measurement results. Quantum interference is especially strong (and destructive), when
the pre- and post-selected states, |/) and |¢), are almost orthogonal. This strong interference effect explains the striking
difference between the weak value and Eq. (2.61).

Thus, it is the interference in the meter state that leads to unusual weak values. Let us discuss the physical origin of
this interference. As mentioned above, after correlating the system and the meter, there is no interference in the meter
state, as implied by (2.13). The reason for this is that different wave packets yv(q — ya;) are “tagged” by the mutually
orthogonal system states |a;) and hence can be completely distinguished by measuring the observable A, even though they
can significantly overlap each other. In contrast, a measurement of system S with post-selection transforms the state of the
system and the meter into a product state, thus eliminating any correlation between the system and the meter. Now, unless
the meter is measured, an observer even in principle cannot obtain information in which wave packet the meter is located,
which results in interference between different wave packets in Eq. (2.72).

2.5.4. Sum rule for weak values

To provide a further insight into how complex and/or very large weak values and amplification result from post-selection,
we mention an interesting property of weak values, which can be called the “sum rule”.

The result of a weak standard measurement [cf. Eq. (2.16)] is the expectation value of the linear-response results of
weak PPS measurements [cf. Eq. (2.40) or (2.54)] corresponding to all subensembles resulting from the post-selection
measurement of the quantity B (cf. Fig. 2). The weights in the above expectation value are provided by the probabilities
of different outcomes of the measurement of B, given in the linear-response approximation by PiB = |(¢i|¥)|%, where |¢;)
are the eigenvectors of B. As a result, we obtain that A is an expectation value of the weak values corresponding to different
subensembles. This can be shown also by writing

» (BilAly)

A= (VIAly) =Z<w|¢l (BilAly) = Z| (ilv)I? R (2.74)
which yields the sum rule [136]
> PPAL =A, (2.75)
where
/A
— IR, A= PAYD (276)

(¢ilyr)
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Eq. (2.75) shows explicitly that, though weak values can be complex and very large, their average over all subensembles is
a usual value of A. In the special case B = A, the sum rule (2.75) reduces to Eq. (2.17). The sum rule (2.75) is equivalent to
the following two equalities,

Y PPReA,i=A, Y PPImA,=0. (2.77)
i i

The first equality here was obtained in Ref. [121].
The magnitudes of the contributions from different subensembles in the sums in Eq. (2.74) have the same upper bound,

(¥ 1) (dilAlY) ] < |{ilAlr)| < ||A]l, where ||A] is the norm of A given by the maximum of the magnitudes of the eigen-

values of A (here ||A|| is assumed to be finite). In contrast, the weak values given by the fractions in the last sum in Eq. (2.74)
diverge when the overlap |(¢;|v)| tends to zero. As a result, generally in subensembles where |(¢;|1{)| is small, the pointer
deflection, and correspondingly the signal-to-noise ratio (SNR) characterizing quantum noise, are strongly amplified. How-
ever, since this amplification is achieved in a relatively small number of measurements proportional to |(¢;|1/)|?, the SNR
with respect to quantum noise in weak PPS measurements is of the same order as in standard measurements [90] (for details
see Sections 6.7.1 and 6.10.5). Still, this amplification is very useful since it increases the SNR with respect to technical noise.

It is easy to see that the sum rules (2.75) and (2.77) hold also for a mixed initial state, as one should expect. In this case,
in Egs. (2.75) and (2.77) we have A = Tr (12\,0) and [cf. Eqs. (2.4) and (2.60)]

(BilAplgn)
PP = (¢ilpl¢i), Avi=——F7—F - 2.78
P = (Gilelgn @ilplon) (278)

2.6. Experimental realizations of weak PPS measurements

The general scheme for performing PPS measurements was described in Section 2.3.4. Note that the choice of systems
suitable for use as a meter is much broader for weak (standard and PPS) measurements than for strong measurements.
Indeed, to perform a projective measurement of a variable A with n4 unequal eigenvalues, one requires the meter to be a
dy-level system with dy; > n,. This is necessary for correlating n, eigenstates of A corresponding to the unequal eigenvalues
with ns orthogonal meter states [cf. Eq. (2.13)], in order to obtain from the measurement the maximum information allowed
by the projection postulate. In contrast, weak standard and PPS measurements provide such parameters as A and A,,
respectively, which contain much less information than ideal measurements. In consequence, for weak standard and PPS
measurements of any system one can use any other system as a meter, including a two-level system (a qubit), see Section 8.3.
Moreover, the choice of meters is broader for weak PPS measurements than for weak standard measurements. For example,
meters with R = F are not suitable for weak standard measurements (see below Sections 3.1 and 4.1) but are suitable for
weak PPS measurements [cf. Egs. (2.41) and (2.56)].

Below we overview the experimental studies on weak PPS measurements.

In their seminal paper [18], AAV proposed to perform weak PPS measurements using a Stern-Gerlach setup, where
the shift of the transverse momentum of the particle, translated into a spatial shift, yields the outcome of the spin-1/2
measurement. The meter now is a particle performing one-dimensional free motion, the input and output variables being

F—q R=p. (2.79)

Post-selection of the spin state in a certain direction can be performed by another (now strong) Stern-Gerlach coupling
which splits the particle beam. The analysis of the required beam provides the result of the weak PPS measurement. The
meters associated with the two measurements should be implemented by two independent systems (here two transverse
translational degrees of freedom). This is achieved by arranging the spatial shifts due to the two Stern-Gerlach devices to
be orthogonal to each other.

An optical analog of the above Stern-Gerlach experiment was proposed in Ref. [113] and realized in Ref. [80], which is
the first experimental study of weak values. In this experiment, the system of interest is the optical polarization rather than
the spin of a spin-1/2 particle. The polarization of a light beam is weakly coupled to a transverse degree of freedom of the
beam by a birefringent plate, whereas the pre- and post-selection are performed by polarization filters. In this setup, the
meter variables are given by Eq. (2.12) rather than® Eq. (2.79). Moreover, in Ref. [80] A is the projector on a state with a
linear polarization, and y is the birefringence-induced separation. Figure 2(b) in Ref. [80] and Eq. (2.49) imply that Ritchie
et al. [80] obtained a real unusual weak value A,, &~ 20, which is very far outside the range of the eigenvalues (0, 1).

Knight and Vaidman [115] proposed a slightly different optical realization of the AAV experiment, which uses a
birefringent prism instead of a plate; as a result, the meter variables are given now by Eq. (2.79). This experiment was
performed in Ref. [83], where results similar to those in Ref. [80] were obtained.

5 We remind that the results of weak PPS measurements with the meter variables (2.12) are very similar to the results with the meter variables (2.79),
as follows from the discussion in the last paragraph of Section 2.4.2.
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Detector

Polarizers

Fig. 4. (Color online). Schematic diagram of the experiment, reported in Ref. [90], for performing a weak PPS measurement of photon polarization.
Source: The figure is reprinted from Ref. [78].

Fig. 4 depicts a typical scheme of a weak PPS measurement [90]. In this experiment, the system S is the photon
polarization, whereas the meter is a transverse degree of freedom of the photon, the meter variables F and R being given
by Eq. (2.12). In Fig. 4, the pre- and post-selection are performed by the polarizers, which are almost crossed, whereas the
prism in between provides a coupling of the system and the meter due to the spin Hall effect of light [ 157-160]. The initial
wave packet along the meter coordinate is shown on the left in Fig. 4. After passing through the prism, the wave packet
becomes a superposition of two slightly shifted wave packets with mutually orthogonal polarizations [cf. Eq. (2.13)]. The
post-selection produces a strong destructive interference of the wave packets [cf. Eq. (2.72)], resulting in a wave packet with
a significantly reduced intensity but with a strongly enhanced shift.

In the case studied in Ref. [90], the above simple picture is complicated somewhat by the presence of a nonzero meter
Hamiltonian (see the discussion of the Hamiltonian effects in Section 8.2.4). Using weak PPS measurements, Hosten and
Kwiat [90] succeeded to detect the prism-induced wave-packet shift of 1 angstrom and thus to measure the very weak
coupling produced by the spin Hall effect of light. This experiment resolved long-standing controversies concerning the
polarization-dependent transverse shifts of light beams [157,158,161,162] and confirmed theoretical predictions by Bliokh
and Bliokh [158,163]. A classical interpretation of this experiment was derived in Ref. [ 164]. Further extensions of the weak-
measurement approach to the optical spin Hall effect shifts, including employment of both real and imaginary weak values,
were discussed in [165-167].

Until now, a large body of experimental work on weak PPS measurements has been made [21,80-102], and a great variety
of physical systems, couplings, and experimental setups have been used. Most of the experiments were performed in optics,
except for one [81], which was done in NMR. Those optical experiments that use low-intensity light allowing for detection
of single photons are evidently non-classical [81,87,88,91,92,97,98,101,102], whereas other experiments, which use intense
optical beams [21,80,82-86,89,90,93-96,99,100], admit both classical and quantum interpretations.

Alinear classical optical experiment can always be interpreted quantum-mechanically, in terms of single photons. Indeed,
photons in laser beams are prepared in a coherent state and behave independently in linear optical systems; hence the
intensity measurements one performs are guaranteed to be the same for coherent states as for single-photon states [168].

Irrespective of the interpretation adopted, the “weak-value approach” for designing experiments is not conventional
in classical physics and thus can lead to new results for classical systems. For example, the enhanced shift of the light-
beam distribution in the coordinate or momentum space by passage through a (post-selection) filter is essentially a new
classical interference effect [83,115]. Furthermore, recently weak PPS measurements were applied in new classical optical
interferometric techniques for beam-deflection [94,99,100], phase [22], and frequency [95] measurements.

Note that the theory in Ref. [22] is purely classical (though the earlier version [169] of the paper contains a brief
discussion in terms of the weak value). In Section 13 we provide a quantum interpretation of the experiment in Ref. [22];
this interpretation is based on the nonlinear theory of weak PPS measurements, which is developed below.

The systems for which weak values were measured involved spin 1/2 [81], photon polarization [80,82-85,87,88,90,
96-98], photon which-path states in a Sagnac [21,93-95] and a three-rail Mach-Zehnder [86] interferometers, a transverse
translational degree of freedom of the photon [89,101,102], and which-path states of two photons in a pair of Mach-Zehnder
interferometers [91,92].
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The meters used in the experiments included, in particular, (a) systems with continuous variables F and R: a trans-
verse [21,80,83,86,89,90,93-96] and the longitudinal [85] translational degrees of freedom of the photon, (b) a qubit: spin
1/2[81], photon polarization [87,97,101,102], and which-path states in a Mach-Zehnder interferometer [82,98], and (c) two
qubits: the positions of two photons on the two sides of a beam splitter [88] in the Hong—Ou-Mandel interferometer [170]
and the polarizations of the two photons [91,92].

The coupling between the system and the meter was created, in particular, by a tilted birefringent plate [80,96], a
birefringent prism [83], retarders (a Soleil-Babinet compensator [82], a birefringent optical fiber [85], and birefringent [88,
101] and half-wave [98] plates), a tilted glass plate [86,89], a tilted mirror [21,93,94], a glass prism [95], the spin Hall effect
of light [90], a nondeterministic photon-entangling circuit [87,97], a polarization rotator [91,92,102], and an Ising-type spin
coupling [81].

In the above experiments, the system and the meter were prepared in pure states, except for Ref. [96], where effects of
a mixed meter state were studied.

As discussed above, in the present paper we adopt a conventional approach to weak PPS measurements, based on
an extension of the von Neumann model (see Fig. 3). For completeness, we mention that there exist also somewhat
different approaches to weak values, which do not involve explicitly the von Neumann model and employ instead such
theoretical tools as POVM and measurement operators [68,104,118], negative probabilities [103,171], and contextual values
of observables [112]. In particular, weak values for continuous measurements in quantum optics [118] and solid-state
systems [ 104] were considered, and an experiment on cavity quantum electrodynamics [172] was interpreted [ 118] in terms
of weak values. A more detailed discussion of these approaches is out of the scope of the present paper.

2.7. Applications of weak PPS measurements

Weak PPS measurements possess a number of unique features, which make possible a host of important applications.
Such measurements can play, at least, two different roles.

First, weak PPS measurements can be employed with the aim of obtaining a weak value of an observable. The fact that a
weak PPS measurement disturbs the system only slightly in the interval between the pre- and post-selection allows one to
obtain information about the undisturbed behavior of the system in that interval. Therefore, weak values have been used to
shed new light on a great variety of quantum phenomena, especially those related to fundamentals of quantum mechanics.
An example of such phenomena are quantum paradoxes discussed below.

Second, weak PPS measurements can produce strong amplification of the pointer deflection [18], owing to the fact that
the weak value can become arbitrarily large when the overlap of the initial an final states (¢|y) is sufficiently small, cf.
Eq.(2.40). Correspondingly, in its second role, a weak PPS measurement acts as a peculiar amplification scheme, rather than a
“proper” measurement of an observable. This amplification is one of the most important features of weak PPS measurements,
since it can be exploited for different uses, e.g., to produce superluminal and slow light propagation [76,84,85,88,114,116].
Moreover, the amplification can yield experimental sensitivity beyond the detector resolution and thus can be used for
measuring weak physical effects responsible for the coupling between the system and the meter, as well as for precision
measurements of other parameters characterizing the system and the meter.

Furthermore, the weak value can be a complex number, which has important consequences for weak PPS measurements.
It is interesting that a complex weak value is always unusual, irrespective of its magnitude, whereas a real weak value
becomes unusual only when it is outside the spectrum of the observable. The terms proportional to ImA,, entering
Eqs. (2.41) and (2.54) have no analogs in standard measurements. As a result, in particular, the class of meters which can
be used for weak PPS measurements is broader than the class of meters appropriate for weak standard measurements. For
instance, meters with commuting F and R (and, in particular, with F = R) cannot be used for standard measurements, but
they can be used for weak PPS measurements [cf. Egs. (2.41) and (2.56)]; this point is discussed in more details in subsequent
sections. Moreover, the terms involving Im A,, are proportional to a factor characterizing the classical correlation between F
and R. This correlation provides an independent source of enhancement in addition to the amplification due to A,, mentioned
above [90], as discussed in detail in subsequent sections.

Experiments on weak PPS measurements have involved various interesting applications, all of them being related to
unusual weak values. In particular, such measurements were used to elucidate quantum retrodiction (i.e., “prediction”
about the past) paradoxes with pre- and post-selection, such as the three-box problem [151] and Hardy’s paradox [173].
Such problems show vividly that in quantum mechanics it is difficult to answer the question what is the value of a physical
quantity in the middle of a time evolution, especially for a PPS ensemble. Weak PPS measurements are very well suited to
answer such questions by two reasons. First, strong measurements utterly change the time evolution, and hence their results
are loosely related to the evolution in question, whereas weak measurements almost do not affect the evolution. Second,
weak values are context-independent, in contrast to the results of strong PPS measurements, as mentioned after Eq. (2.63).

Consider, for instance, the three-box problem [151]. One can ask the question, in which box the particle is located in
between the pre- and post-selection. Strong PPS measurements, being contextual, do not provide an unambiguous answer
to this question [cf. Egs. (2.32)-(2.34)]. In contrast, in weak PPS measurements, which are not context dependent, the
“weak probability” (IT;),, (with IT; = |i)(i|]) is determined uniquely for each state |i). In particular, consider the above case,
when the pre- and post-selected states are Egs. (2.28) and (2.29), respectively. In view of paragraph d in Section 2.5.2 and
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Fig. 5. (Color online). Schematic diagram of Hardy’s gedanken experiment. The setup consists of a pair of overlapping Mach-Zehnder interferometers
(MZI). In each MZI, there is an arm, overlapping with the other MZI, and a non-overlapping arm. If the arms have the right lengths, in the absence of the
other particle, the electron (positron) entering the MZI, as shown in the figure, can only emerge towards the detector C~ (CT). When both particles enter
the setup simultaneously, the presence of one of them in an overlapping arm disturbs the motion of the other particle—the same effect as in interaction-free
measurements; as a result, the latter particle may trigger the corresponding detector D* or D~. Assuming the existence of “realistic trajectories” leads to
Hardy’s paradox, as follows. Quantum mechanics predicts a nonzero probability of simultaneous triggering D and D~. One should infer that in this case
both electron and positron have gone through the overlapping arms. However, this is impossible due to the fact that, when traveling along the overlapping
arms, electron and positron should meet in the annihilation area and destroy each other. The figure is reprinted from Ref. [174].
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Eqgs. (2.32) and (2.33), we obtain that

M)y = L)y = 1. (2.80)
Moreover, Eq. (2.80) and the normalization condition (2.64), which becomes now (I1y),, + (IT2),, + (I13),, = 1, yield
(I13)y = —1. (2.81)

Thus, the outcomes (2.80) of weak PPS measurements are consistent with the paradoxical results (2.32) and (2.33), rather
than with Eq. (2.34). The outcome (2.81) for box 3 is no less paradoxical, since it is a negative weak probability and hence
an unusual weak value. The results (2.80) and (2.81) were verified experimentally in Ref. [86].

Hardy’s paradox is a contradiction between classical reasoning and the outcome of measurements on an electron and a
positron in a pair of overlapping Mach-Zehnder interferometers (MZI) [173]. It is a variation on the concept of interaction-
free measurements [175]. The scheme of Hardy’s gedanken experiment and a description of Hardy’s paradox are given in
Fig. 5. In the case of interest, when the detectors D™ and D™ are triggered simultaneously, the joint probabilities of different
paths taken by the two particles in the interferometers can be obtained with the help of weak PPS measurements [176].
Namely, let P;,, denote the weak probability that the positron and electron go through the arms i and j, respectively. Here
i,j = O, N, where O (N) corresponds to the overlapping (non-overlapping) arm of the respective MZI. Then the theory
predicts that [176]

Poow = 0, Ponw = Pnow = 1, Pynw = —1. (2.82)

Here the values of the three latter probabilities are paradoxical. As in the three-box problem, two of these probabilities equal
one, whereas the third probability is negative. Eq. (2.82) was verified in experiments on photons performed in Refs. [91,92].

An important feature of the experiments [91,92] on Hardy’s paradox is that there the authors performed joint weak
measurements, i.e., obtained weak values of two-particle variables, which are products of one-particle variables. These
measurements were performed by two different methods: by calculating the correlations between the pointer variables for
the two photons [91] and by using an entangled state of the two qubits (the photon polarizations) comprising the meter [92].
There is also a proposal of performing a joint weak PPS measurement of two qubits with a one-qubit meter, using trapped
ions [130]. Weak PPS measurements of multiparticle observables can have important applications in the future, e.g., for the
probing and characterization of one-way quantum computing, which involves pre- and post-selected multiparticle states,
such as cluster states [44-49].

Furthermore, the weak-value approach was employed to elucidate the complementarity between wave and particle
behavior in Young’s double-slit experiment [89]. The measured weak value of the momentum-transfer distribution took
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both positive and negative values. As a result, this distribution was shown to be compatible with two conflicting claims
concerning the complementarity [177,178]. Recently, weak PPS measurements were applied to obtain information on the
wavefunction of a quantum particle [101,102]. In particular, the proposal in Ref. [111] was realized in Ref. [101], where weak
PPS measurements were used to obtain average trajectories of single photons in a double-slit interferometer. In Ref. [102],
the transverse spatial wavefunction of a single photon was directly measured with the help of weak PPS measurements.
Lundeen et al. [102] also showed how their technique can be extended for directly measuring the quantum state of an
arbitrary quantum system.

The shift of the pointer distribution due to weak PPS measurements (see Sections 2.4.1, 2.4.2 and 9.2) in the cases when
the weak value is unusual can result in both superluminal propagation and slow light, as was demonstrated experimentally
in Refs. [84,85,88]; see also discussions in [76,114,116]. Applications of weak values to optical communications were
discussed in Refs. [84,85,119]. Moreover, weak values are closely related [116] to the method of measuring the tunneling
time, which involves the so called “Larmor time” (a recent review on the tunneling time and superluminality can be found
in Ref. [179]).

As mentioned above, one of the most important applications of weak PPS measurements is strong amplification of the
measurement result in comparison to standard measurements. In particular, this amplification allows one to measure very
small values of the coupling strength y and thus to obtain information on weak effects responsible for the system-meter
coupling, as, e.g., small differences in the indices of refraction [80,82,83,85,88,96], the spin Hall effect of light [90], a mirror
tilt [21,93,94,99,100], and an Ising-type spin coupling [81]. In Ref. [95] an amplification factor of 80 was achieved in optical
frequency measurements; the method developed there can be used in high-resolution relative frequency metrology and for
laser locking.

In the early studies, complex weak values attracted much less attention than real weak values. In particular, until recently,
weak PPS measurements were performed only with real weak values. However, in recent years the situation began to change.
Jozsa [124] revealed theoretically a term proportional to ImA,, in the coordinate deflection. Moreover, recently a number
of experiments using imaginary weak values were performed [21,90,93-95,99,100]. In such experiments, the amplification
is enhanced in comparison to experiments with real weak values. Namely, in experiments with imaginary weak values,
the total amplification coefficient is a product of the (proper) amplification coefficient due to a large weak value and the
enhancement factor due to correlation between the meter variables F and R (see the discussion in Sections 6.7 and 8.2).
The total amplification does not increase the SNR due to the quantum noise, but can strongly reduce the effects of technical
errors [90] (see Section 6.10).

Using imaginary weak values, very precise measurements were made. For example, Hosten and Kwiat [90] detected
a light-beam displacement of 1 angstrom by amplifying it by a factor of 10, whereas Dixon et al. [21] measured a
mirror-actuator travel of ~10 fm and the mirror angular deflection of 400 frad. Turner et al. [99] adjusted the scheme of
Ref. [21] for the use in torsion balance experiments in gravity research; they demonstrated picoradian accuracy of deflection
measurements. Hogan et al. [100] included a folded optical lever into the scheme of Ref. [21] and achieved a record angle
sensitivity of 1.3 prad/+/Hz; their scheme is potentially applicable for gravitational wave detection. Brunner and Simon [134]
showed that in measuring small longitudinal phase shifts, the use of imaginary weak values has the potential to outperform
standard interferometry by several orders of magnitude, whereas standard interferometry greatly outperforms weak PPS
measurements involving real weak values; see also the discussion in Ref. [143].

Unfortunately, for a given value of the coupling strength y, the amplification cannot be made arbitrarily strong, since the
linear-response results, such as Eqgs. (2.40), (2.41), and (2.54), fail when |y A, | becomes sufficiently large [cf. the condition
(2.45)]. It would be of interest to develop a theory of weak PPS measurements which holds to all orders in yA,,, since such a
theory would allow one to perform measurements under optimal conditions, where the magnitude of the pointer deflection
is close to the maximum value. Such a theory is developed in subsequent sections.

2.8. General theory of weak PPS measurements

In Section 3 and henceforth we consider PPS and standard measurements of arbitrary strength. The emphasis is made
on developing a general theory of weak PPS measurements (see especially Section 6 and henceforth). The present theory of
weak PPS measurements extends the existing theory in several respects. In particular,

(i) we derive results valid for any value of yA,,,

(ii) we obtain formulas for arbitrary meter variables F and R,
(iii) we consider arbitrary, pure and mixed, initial states of the system and the meter,
(iv) we discuss both the average and the distribution of the pointer variable R.

Our main results include the following:

(1) We derive a simple and general formula for the average value of the meter pointer deflection, which holds for all orders
in the weak value and for arbitrary system and meter.

(2) We reveal that there are three qualitatively different regimes of weak PPS measurements. In addition to the AAV
linear-response regime, there exist also the inverted region (the limit of very large weak values) and the intermediate,
strongly-nonlinear regime.
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(3) The optical experiment reported in Ref. [22] is interpreted quantum-mechanically as a weak PPS measurement in the
inverted region.

(4) The optimal conditions for weak PPS measurements are obtained in the strongly-nonlinear regime, since then the
pointer deflection is maximized, and correspondingly the ensemble size is minimized.

(5) The maximal pointer deflection is independent of the coupling strength y, being typically of the order of the initial
uncertainty of the pointer R.

(6) We propose procedures for measuring the coupling strength y and the weak value A,, in the nonlinear regime.

(7) The amplification due to weak PPS measurements is generally a product of the proper amplification, which increases
the quantum SNR in post-selected systems, and the enhancement which does not change the quantum SNR.

(8) The measurement enhancement arises due to the correlation between the meter variables F and R. Moreover, we find
that generally the canonically conjugate variables q and p are correlated whenever the phase of the state in the p or g
representation is nonlinear in the corresponding variable.

(9) In the case of a mixed preselected state, in addition to A,,, an associated weak value Af}*” is required to describe weak
PPS measurements. _

(10) Beyond the linear response, weak PPS measurements significantly depend on the average value F of the meter variable
F. In particular, the optimal regime is significantly different for |[F| < AF and |F| > AF, the amplification being
proportional to F for F > AF.

(11) Weidentified meters which are optimal or just efficient for weak standard and weak PPS measurements. All meters that
are efficient for weak standard measurements are also efficient for weak PPS measurements; however, the converse is
not true.

(12) For continuous-variable meters, we obtain the shift of the maximum of the pointer distribution for a broad class of
initial states of the meter, and not only for a real Gaussian state, as was done previously.

The general formulas for different regimes of weak PPS measurements, obtained in the present paper, are listed in Table 3.
Approaches to weak PPS measurements beyond the linear response, resembling some aspects of the present
nonperturbative theory, were developed for the special case of a continuous-variable meter in Refs. [133,141,142].

3. Theory of standard measurements of arbitrary strength

Here we provide a general theory of standard measurements of arbitrary strength. Moreover, weak standard measure-
ments are considered in detail.

3.1. General formulas for standard measurements

Before we consider PPS measurements, let us discuss weak measurements without post-selection. Here we extend the
results of Section 2.2 to the case of any meter observables F and R and of any, generally mixed, initial states of the system
and the meter. As mentioned above, such measurements are performed using the standard (von-Neumann-like) scheme of
quantum measurements (see Fig. 1). We assume that the coupling of the system and the meter is given by the Hamiltonian
(2.8), whereas we neglect the free Hamiltonians of the system and the meter. We also assume a general product initial
condition: at t = 0 the state of the system and the meter is p ® pu, where the system and meter states p and py, respectively,
can be pure or mixed. The average value of a meter observable R (the “pointer”) at any time t > t¢ is given by

Ry =Tr[(s ® MU(p ® pw)U], (3.1)

where R is the Hermitian operator representing the observable R, U is given by Eq. (2.10), and Is is the identity operator for
the system. _
It can be seen from Eq. (3.1) that, irrespective of the measurement strength y, Ry in Eq. (3.1) equals the initial value

R=Tr (IAQpM), i.e., a measurement on the system cannot be performed, whenever

[F,R] =0 or [F, pu] = 0. (32)
Indeed, the first equality in Eq. (3.2) implies that [(Is ® ﬁ), U] = 0, so that Eq. (3.1) yields

Ry =Tr[U(s ® R(p ® pw)UTT =Tr[(Is ® R)(p ® p)U'UI = Tr[(Us @ R)(p ® pw)] = TrpTr (Rpw) =R.  (3.3)

Moreover, let us show that Rf = Ralso in the case when the second equality in Eq. (3.2) holds. Now the meter initial state is
either an eigenstate of F or, more generally, oy = D ¢ A¢|F)(F|. Here |F) is an eigenstate of F corresponding to the eigenvalue
F, so that F|F) = F|F). Then Eq. (3.1) yields

R =D A TrlUs @ MU ® IF)(FNUTT =) ap Tr(@pU") Tr RIF)(F))
F F

= Y A Tr(RIF)(F|) = Tr (Row) = R. (3.4)
F
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Here we took into account that now Eq. (2.10) yields U = Uy withU = exp(—iyF ;\), whereas Tr (U,oUT) =Tr (,ol:ITU) =
Tr p = 1. Eq. (3.2) is equivalent to the statement that a necessary condition for standard measurements to be possible is

[F,R1#0 and [F, pu]#0. (3.5)

3.2. Weak standard measurements

Eq. (3.1) can be expanded in powers of y, using the familiar expansion

2.2
utcu = € +iy[D, C] + 12—’/'[13, (D, Cl] +- -- (36)

withD =AQ®FandC = Is ® R. As a result, we obtain that the average pointer deflection is given by
i2y? A2
2!

where A = Tr (Ap), R = Tr (Rpm), [R, F] = Tr (R, F1pm), etc.
For weak coupling, i.e., a small y, we can retain in Eq. (3.7) only the terms up to the first order in y, yielding

Ry —R=iyA[F,R] + [F,[F,RIl+..., (3.7)

Ry —R= yAIm[R, F]. (3.8)

Eq. (3.8) is an extension of the AAV result (2.16) for weak standard measurements to an arbitrary pair of meter variables R

and F and arbitrary initial states of the system and the meter. For canonically conjugate meter variables, [ﬁ, F ]is a constant,
and the higher-order terms neglected in Eq. (3.8) vanish, as follows from Eq. (3.7), i.e., Eq. (3.8) is exact. An example of
this case is provided by Eq. (2.16). However, generally the higher-order terms do not vanish, and Eq. (3.8) holds only for
sufficiently weak measurements.

Eq. (3.8) implies that a weak standard measurement can be performed if and only if

[R, F] # 0. (3.9)

This necessary and sufficient condition can be shown to be more restrictive than the necessary condition (3.5), as one should
expect.

3.3. Optimal and efficient meters for weak standard measurements

Let us estimate the magnitude of the average pointer deflection in Eq. (3.8). According to the Heisenberg-Robertson
uncertainty relation [180],

AF AR > |[R, F1|/2, (3.10)
where AR and AF are the uncertainties of R and F in the state oy, so that Eq. (3.8) implies
IRf — R| < 2|yA|AF AR. (3.11)

As follows from Eq. (3.11), the upper bound for the magnitude of the average pointer deflection for given |y;\|, AF, and
AR is

IRf — Rlmax = 2|y A|AF AR. (3.12)

This upper bound is achieved when |[R, F]| is maximum for given AF and AR, that is, when the Heisenberg-Robertson
uncertainty relation in Eq. (3.10) becomes an equality,

IR, F1| = 2AF AR. (3.13)

Meters satisfying the condition (3.13) are optimal for weak standard measurements. The class of such meters includes, in
particular, meters where F and R are canonically conjugate and the state is a Gaussian, which is real or has a linear phase
[cf. Egs. (2.37)-(2.39)]. A qubit meter can be also optimal for weak standard measurements, as shown in Section 8.3.

More generally, we say that meters are efficient for weak standard measurements, when the variables F and R and the initial
state py are chosen such that both sides of the Heisenberg—Robertson uncertainty relation (3.10) are of the same order,

[[R, FI| ~ AF AR. (3.14)
Such meters provide a pointer deflection whose magnitude is of the order of the upper bound,

IRe — R| ~ |yA|AF AR. (3.15)
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Moreover, we determine the minimum size Ny of the ensemble required for weak measurements without post-selection.
For this purpose, we require that the squared shift of the maximum of the distribution of the sum of Ny pointer values be
equal to the variance of this distribution, [No(Rf — R)]> = NoAR?, yielding

N _< AR )2 (3.16)
" \R -R '
or, in view of Egs. (3.8) and (3.10),

No = (AR>2 (3.17)
VAR '

The Heisenberg-Robertson uncertainty relation (3.10) sets the lower bound on Ny in Eq. (3.17) for given |y;\| and AF,

No > 2y AAF)™2. (3.18)
The lower bound for the ensemble size in Eq. (3.18),
No = 2y AAF) 2, (3.19)

is achieved for meters optimal for weak standard measurements [i.e., meters satisfying Eq. (3.13)], as one would expect.
More generally, for efficient meters, Eq. (3.14), the ensemble size is of the order of the lower bound,

No ~ (y AAF)72. (3.20)

4. Theory of pre- and post-selected measurements of arbitrary strength

In this section we provide a general theory of PPS measurements, which holds for an arbitrary measurement strength.
We consider PPS ensembles with a single pure post-selected state. An extension of this theory to the case of a general post-
selection measurement is given in Section 14.

4.1. General formulas for PPS measurements

As discussed in Section 2.3.4, the pre- and post-selected (conditional) average R; is obtained in experiments by performing
a measurement of the pointer variable R for each member of an ensemble of systems prepared (preselected) in the same state
p and then averaging only the results for the systems obtained (post-selected) in the state |¢) after a projective measurement
att > t;. Fig. 3 shows a schematic diagram illustrating pre- and post-selected quantum measurements.

The joiAnt probability that after a measurement the system is in the state |¢) and the meter is in an eigenstate |R) of the
operator R is

Per = Tr[(I1y ® ITg) pr]. (4.1)
Here

Iy = |p)(dl, g = [R)(R|, (4.2)

pr=U(p ® pmUT, (4.3)

where py is the initial state of the meter. By Bayes’ theorem, the probability to obtain the state |R) provided the system is
in the state |¢) is given by

Por _ Tr [(Hq) ® HR)Pf]

1T, (Mg ’
where £, = (1) is the probability to find the system in the state |¢) at t > t,
Py =Y Por=Tr[(s ® lw)pr] = ();. (4.5)

R
Here in the second equality we used the completeness relation for the meter,

ZHR . IM, (46)
R

where Iy is the identity operator for the meter. The average value of the pointer variable R at t > t; conditioned (post-
selected) on the measurement of the system in the state |¢) is given by

Re=Y RPry. (4.7)
R
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where R is the eigenvalue of the Hermitian operator R corresponding to the eigenstate |R). Finally, inserting Eq. (4.4) into
Eq. (4.7) yields that R; is given by the normalized cross-correlation function
- I14R
R, = {TeR)r (4.8)
(y)s

where the cross-correlation function (/74R) is an average at t > tz,

(ITyR); = Tr[(ITy ® R) pr]. (4.9)
For definiteness, we assumed above that the variable R has a discrete spectrum; when the spectrum of R is continuous,
the sums in Eqs. (4.5)-(4.7) should be replaced by integrals over R. Note that R; is real, since it is an average of a physical
observable; mathematically, this follows from Eq. (4.8), taking into account that R is Hermitian.
The quantity of direct phy51cal 1nterest is the average pomter deflection (R; — R) rather than the average pomter value
R, itself. On substltutng — R = R— R, where the operatorR corresponds to the “centered” quantity R. = R—R, i.e., the
fluctuating part of R, Eq. (4.8) yields the following expression for the pointer deflection,

<H¢RC )f
{Iy)r
Egs. (4.8) and (4.10) are the starting point for the present theory of PPS measurements. These equations are very similar, but

one of them can be more convenient than the other for a specific application.
A necessary condition for a PPS measurement to yield a nonvanishing pointer deflection is
AF #0. (4.11)

Indeed, the states py with AF = 0 are eigenvectors of F or mixtures of elgenvectors of F with the same eigenvalue F. For
such cases FpM = ,oMF = Fpw, and Egs. (4.8)-(4.9) yield the zero pointer deflection, R, — R = 0, i.e., PPS measurements are
impossible.

In contrast to standard measurements, PPS measurements are generally possible even when the condition (3.2) holds.
Hereafter, meters with [R, F] # 0 are called “standard”, since such meters are suitable for weak standard measurements
[cf. Eq.(3.8)]. Correspondmgly, we call meters with [R, F] = 0 “non-standard”. Examples of non-standard meters are meters
with commutmgF and Ror with AR = 0. As shown below, for weak PPS measurements, non-standard meters provide almost
the same information as standard ones. R R

It may look paradoxical that meters with commuting F and R are suitable for PPS measurements. Indeed, in this case
R commutes with the coupling Hamiltonian (2.8) and hence is a constant of motion. As a result, I_Qf = R, and standard
measurements are impossible [cf. the first equality in Eq. (3.2)]. However, the post-selection makes the average pointer
value proportional to the correlation function (I14R); [see Eq. (4.8)], which generally does change under evolution with the

Hamiltonian (2.8), for any F, unless |¢) is an eigenstate of A.

—R= (4.10)

4.2. Gauge invariance of PPS measurements

Here we discuss useful invariance properties of PPS measurements (with arbitrary measurement strength) under unitary
“gauge” transformations of the system and the meter.

4.2.1. System transformations _ B B _
Eq. (4.10) shows that R; — R is independent of R. In contrast, R; — R generally depends on F. However, it is easy to see
that R in Eqs. (4.8) and (4.10) is invariant under a “gauge” transformation

F>F=F—F, (4.12)
where Fy is a real number, if simultaneously the pre- and post-selected states undergo unitary transformations,

p — exp(—iy'FoA) p exp(iy'FoA), (4.13)

|#) — |¢') = exp(iy"Foh) |9), (4.14)

where " and y” are real numbers satisfying y’ 4+ y” = y. Note that one can choose y =y (ory” =y)andy” =0
(y’ = 0), leaving thus |¢) (or p) without a change. In particular, for y’ = y and y” = 0 the transformation (4.13)-(4.14)
reduces to the change of the initial state,

o — exp(—iyFoA) p exp(iy FoA). (4.15)
The transformation (4.12)—(4.14) allows one to change F according to
F—>F =F—F, (4.16)

where Fj is an arbitrary real number.
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4.2.2. Meter transformations
Consider the invariance of the average pointer deflection under a “gauge” transformation of the meter. It is easy to see
that Eq. (4.10) yields that in PPS measurements of arbitrary strength the pointer deflection is invariant,

R, —R=R;—R, (4.17)
under the following class of transformations of the meter initial state and the pointer variable,

;OM_)[]MIOM[][I/[’ &—)kzﬁgﬂk M+C, (418)

where Uy isa unitary operator commuting with F and C is a real constant. When C = 0, then not only R; — R but also R, and
R individually are invariant under the change (4.18).
For example, if F = p and R = g, one can use in Eq. (4.18) operators of the form

Uw = exp[—io(p)], (4.19)

where ¢o(p) is an arbitrary real function of p. The operator (4.19) changes the phase of the meter initial state in the
momentum representation. In this case, Eq. (4.18) implies the following change of the pointer,

q— R=q+® +C, (4.20)

where the prime denotes the differentiation with respect to p.

5. Effects of the system and meter Hamiltonians on quantum measurements

In the previous sections, we have neglected the system and the meter Hamiltonians, Hs and Hy. Let us now discuss the
effects of these Hamiltonians on PPS and standard measurements. The results in this section hold for PPS and standard
measurements of arbitrary strength.

We take into account the possibility that the Hamiltonians during the time of the system-meter interaction may differ
from the Hamiltonians after the interaction, so that Hs(t) = Hs; and Hy(t) = Hy; for 0 < t < t;, whereas Hs(t) = Hs, and
Hy(t) = Hyp for t > te. These assumptions include, in particular, the case of time-independent Hamiltonians,

Hs1 = Hs; = Hs, (5.1)
Hy1 = Hwz = Huw, (5.2)

A measurement scheme with H;; # Hj; (i = S, M) was discussed in Ref. [149].

When Hs; and/or Hy; is nonzero, the correlation of the system and the meter is performed by means of the Hamiltonian
(2.8) transformed into the interaction picture. In this paper, we consider only the cases when the coupling Hamiltonian (2.8)
is the same in the Schrédinger and interaction pictures. This holds when Hs and Hy; commute with the coupling Hamiltonian
(2.8), so that in the interval (0, t;), Hs(t) = Hsy [Hu(t) = Hym1] commutes with A (ﬁ) or vanishes,

[Hs;,A]=0,  [Hwi1,F1=0. (5.3)

However, for t > t;, the Hamiltonians Hs(t) = Hs, and Hy(t) = Hy, can be arbitrary.

The first relation in Eq. (5.3) ensures that the measured observable is A and not some other quantity; measurements
satisfying this relation are often called quantum nondemolition measurements [3]. The second relation in Eq. (5.3) is
assumed for convenience; when it is violated, the input meter variable can deviate from F and depend on time, which
complicates calculations.

Instead of assuming the conditions (5.3), one can require that the coupling is instantaneous (impulsive),

tr—t; — 0. (5.4)

Then the effects of the Hamiltonians Hs; and Hy;; are negligibly small.
Without loss of generality, we will assume below that

ti=0. (5.5)
This means that the “initial” states p and oy are the states of the system and meter immediately before the coupling

Hamiltonian in Eq. (2.8) is switched on.

5.1. Effects of the Hamiltonians on pre- and post-selected measurements

First, consider PPS measurements. Assume that the post-selection is made at ts > t; and the measurement of the meter
is performed at ty; > t;. Then the effects of the system and meter Hamiltonians are taken into account by the change
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U — (Us® Uy)U (5.6)

in the general formulas for PPS measurements in Section 4.1, especially in Egs. (4.3), (4.5), and (4.8)-(4.10). In Eq. (5.6), we
use the notation

Us = exp[—iHs;(ts — tr)] exp[—iHsqt¢], (5.7a)
Um = exp[—iHma(tm — te)] exp[—iHmite]. (5.7b)

Instead of changing U, one can equivalently make the following replacements. A nonzero system Hamiltonian can be
accounted for by changing the initial and final states of the system,

p—UspUl, 1) = USle), (5.8a)

whereas a nonzero meter Hamiltonian can be accounted for by changing the meter state and the pointer variable,

PM — UMl PM UI:r/ll’ k — UIT/IZ& UMZ- (58b)

The unitary operators Usy, Us,, Uy, and Uy, in Egs. (5.8) are not unique. They only should be such that Us; (Uy;) commutes
with A (F) and

UspUsy = Us, Umz2Umi = Un. (5.9)
Thus, there is a freedom in selecting Usy, Usy, Upq, and Uy, which is a convenient feature facilitating considerations of the
Hamiltonian effects.

5.2. Effects of the Hamiltonians on standard measurements

For standard measurements, it is easy to see that the system Hamiltonian does not affect the measurement result in
the general formula (3.1), at least, in the case of quantum nondemolition measurements [the first relation in Eq. (5.3)]. The
effects of the meter Hamiltonian are taken into account by the change

U — (Is ® Uy)U (5.10)

in Eq. (3.1). Instead of changing U, a nonzero meter Hamiltonian can be accounted for by changing the meter state and the
pointer variable, as shown in Eq. (5.8b).

5.3. Special cases for the meter Hamiltonian

Let us consider in more detail the effects of the meter Hamiltonian. The results shown below hold both for PPS
and standard measurements, irrespective of the measurement strength. The effects of the system Hamiltonian on PPS
measurements can be similarly considered.

In the general case, when Hy, does not necessarily commute with F, the change of the pointer variable in Eq. (5.8b) cannot
be eliminated. Then it may be convenient to include all the effects of the meter Hamiltonian into the effective pointer variable
by the relation

R — R(tw) = Uj;R Uy, (5.11)

where R(t) is the quantity R in the Heisenberg representation, while py; is left unchanged [see Eq. (5.8b) with Uy; = Iy].
Consider now several simple cases.
When the meter Hamiltonian is time-independent, Eq. (5.2), then Eq. (5.7b) simplifies to

Um = exp(—iHMtM). (512)

In this case the operator ﬁ(t) obeys the equation

aR .
T(tr) = i[Hw, R(D)] (5.13)

with the initial condition
R(0) =R. (5.14)
An alternative simplification exists in the special case, when not only Hy;; but also Hy;; commutes with F ,
[Hwa, F] = 0. (5.15)

In this case, the effect of the meter Hamiltonian can be taken into account without a change of R, by changing only py in
the formulas of the present theory. Indeed, now, Uy in Eq. (5.7b) and hence Uy, in Eq. (5.9) commute with F. Hence, we
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can choose in Eq. (5.9) Uy; = Uy and Uy, = Iy. Then Eq. (5.8b) yields that R is unchanged, whereas oy is changed by the
relation

om = pu(t) = Uyt ow Uy (5.16)

Here py(t) is the meter state in the Schrodinger representation; the state py(ty) would be obtained at the moment ty; of
the measurement of the meter if the system-meter coupling were absent.

When the condition (5.2) holds, Eq. (5.16) is independent of t; [cf. Eq. (5.12)]. This means that now, as far as the
measurement is concerned, it is not important in which part of the interval (0, ty;) the coupling (2.8) is nonzero.

Finally, when the meter measurement is instantaneous (impulsive), ty, t — 0, the measurement results are independent
of the meter Hamiltonians Hy; and Hyp, since then Uy — 1 [see Eq. (5.7Db)].

As shown in this section, if necessary, Hamiltonian effects can be easily taken into account in the theory of measurements
where the Hamiltonians are neglected, at least, in the case (5.3). Therefore below, as a rule, we neglect the Hamiltonians. An
exception is Section 8.2.4, where we discuss some applications of the general theory developed in this section.

6. Nonlinear theory of weak pre- and post-selected measurements

Using Egs. (4.8) and (4.4) one can try to obtain expressions both for the average pointer value and for the distribution
of the pointer values that hold for an arbitrary coupling strength y. However, such expressions can be obtained in a closed
analytical form only for some simple special cases (see examples in Section 11 and Refs. [80-82,84,85,87,89,104,113,115,
119,145,181]). The resulting expressions significantly differ for different cases. Moreover, they are rather complicated and
usually can be analyzed only numerically. In contrast, the linear-response results discussed above in Section 2.4 (see also
Section 6.5.1) are simple and general. However, they hold only for sufficiently small values of yA,,. Fortunately, as shown
below, it is possible to obtain for weak PPS measurements simple and general expressions, which involve A,, explicitly and
hold for arbitrarily large values of |y A, |.

In this section we develop a nonperturbative theory of weak PPS measurements for the case of a pure preselected state.
This theory serves as a basis for discussion of many aspects of weak PPS measurements in the following sections. Extensions
of this theory to the cases of a mixed preselected state and a general post-selection measurement are given in Sections 7
and 14.

6.1. Expansions in the coupling parameter

To obtain the description of weak PPS measurements for arbitrary values of yA,, we expand the numerator and
denominator of Eq. (4.10) in the parameter y, as follows.
From Eq. (4.9) with R replaced by R., we obtain that

(MsRc)y = Tr[UTCU(p ® pw)] (6.1)

withC = Ty ® f?c. Then we use the expansion (3.6), where consecutively embedded commutators are expanded by the
formula (see Appendix A)

D, ... Z( 1)"( )D" kepk, (6.2)

n

to obtain the formula

S
]
o
%
I
M-
~

n .
_1)k (k) (AkpAn_k)¢¢ Fn—k R, Fk’ (6.3)

where the overbar stands for the average over py, so that 0=Tr (épM) for a meter operator 0. The quantity (I1y)f is
calculated similarly to Eq. (6.3) with C = [Ty ® IAQC replaced by C = ITy ® Iy, yielding

<H¢>f _ Z l"]/n“F" Z( .1)k( ) (AkpAn k)¢ (64)

n=0 : k=

For completeness, we show also the expansion of (IT4R) obtained similarly to Eq. (6.3),

00 .

(MTyR); Z

n=0

Z( 1)"( ) (A% A"y 5 F1KRFE, (6.5)

An advantage of using Eq. (4.10) instead of Eq. (4.8) is that in the expansion (6.3), in contrast to Eq. (6.5), the term withn = 0
vanishes.
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In the next section we will consider the important case when the system is preselected in a pure state |i), so that
o = |¥) (Y|, whereas the meter state py, is generally mixed (the case of a mixed preselected state is discussed in Section 7).
In this case Eqs. (6.3) and (6.4) yield that

(MTyR:)r = [(@|Y)1*{2y Im(RFA,) + y*{FRF|A,|* — Re[RcF2(A%), ]}
— y’Im[F2RFA, (A}, + ReF3(A%), /31 + ... ., (6.6a)
(My)r = 1{@I¥) (1 + 2y FImA, + y*F2[|A, [ — Re (A%),,] — Y F3Im [A, (AD)}, + (A%)w /31 + ... (6.6b)
Here (A"),, = (A") gy /(@|¥) [cf. Eq. (2.36)] and the dots denote the terms of fourth and higher orders in y.

6.2. Validity conditions for weak PPS measurements

As mentioned above, weak PPS measurements in the AAV (linear-response) regime are limited by the two conditions
in Egs. (2.44) and (2.45). However, only the condition (2.44) is necessary for the measurements to be weak, whereas the
stronger condition (2.45) is required to ensure the linearity of the theory in y. The condition (2.45) limits the magnitude
of A,, or, equivalently, bounds from below the overlap |{¢|y)|. Below we will show that under a condition ensuring the
weakness of PPS measurements, simple general formulas can be obtained which hold for arbitrary values of A,,.

The crucial point that allows us to treat weak PPS measurements nonperturbatively in A,, is the fact that, in the limit
(¢|¥r) — 0, the terms of zero and first orders in y vanish in Egs. (6.6), whereas higher-order terms survive. Therefore
for a sufficiently weak system-meter coupling, one can neglect the third- and higher-order terms in Egs. (6.6), whereas
the second-order terms should be retained, since they may dominate the zero- and first-order terms, at least, in the most
interesting case |(¢|¥)| < 1. As a result, for this situation of weak PPS measurements, we are able to obtain a simple
analytical formula valid for arbitrarily large weak values, as described in Section 6.4.

Here we derive validity conditions for weak PPS measurements. For this purpose, we estimate the terms in the expansions
(6.6). To obtain the validity conditions in a simple form, we will make several simplifying assumptions, which hold, at least,
for some typical cases.

We begin with the expansion (6.6b). The magnitudes of nth-order terms in Eq. (6.6b) are of the order of

1y A4y A" gy F1| (0 <k < n), (6.7)

k being an integer. In weak PPS measurements |Agy | is typically sufficiently large. For simplicity, we assume that |Agy | is so
large that

(AN gy | < 1Agy " (6.8)
This holds, e.g., when [Agy | ~ ||A|l, where the norm ||A|| of A is the maximum of the magnitudes of the eigenvalues of A. (of
course, the latter remark applies only to quantities A with a finite ||A]|. An extension of this remark to unbounded quantities
is out of the scope of the present paper.) We also assume that

IFI| < (AF)", (6.9)
where F. = F — F. Eq. (6.9) implies that

[F"| < (IF| + AF)". (6.10)
Using Egs. (6.7), (6.8), and (6.10), we find that the terms in Eq. (6.6b) of orders higher than two are negligibly small in
comparison with the second-order terms under the weak-coupling condition,

1 = lyAsy|(IF| + AF) < 1, (6.11)

where p is the small parameter of the present theory.
Consider now the expansion (6.6a). The magnitudes of nth-order terms in Eq. (6.6a) differ from Eq. (6.7) only by the
replacement

F" — FkR.Fn=k (0 <k < n). (6.12)

The estimation of the moments F¥R.F"~¥ is simple for canonically conjugate F and R, but is rather intricate in the general
case. As shown in Appendix B, the terms in Eq. (6.6a) of orders higher than two are negligibly small under the above condition
(6.11). The assumptions used to derive this result are given in Appendix B.

The small parameter of the theory p in Eq. (6.11) has a simple physical meaning: u is an estimation of the exponent
y;\ ®F of the unitary transformation (2.10). Thus the validity condition of the present theory (6.11) is a requirement for the
weakness of the unitary transformation (2.10). The condition (6.11) simplifies in two cases,

|yApy|AF <1 ([F| < AF), (6.13a)
lyAsyFl <1 (IF| 2 AF). (6.13b)
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6.3. Quantifying the strength of a measurement

In the experiments performed so far, the conditions were chosen in such a way that F was zero, either exactly or
effectively. Here we allow for F # 0. To understand the effects of a nonzero F, we recast the Hamiltonian (2.8) in the
form

H=g(t)A®F. 4+ g(t)FA. (6.14)

Here obviously only the first term on the right-hand side can correlate the system and the meter, whereas the second term
is responsible for a unitary transformation of the system alone. Correspondingly, the unitary transformation (2.10) splits
into two factors relating to the two types of the evolution.

The evolution due to F occurs simultaneously with the evolution due to the coupling and hence affects the results of
PPS measurements, the effect of F increasing with |F|. In particular, weak PPS measurements are in a qualitatively different
regime for |[F| 3> AF than for |F| < AF (see Section 6.9). However, as shown below, it may be beneficial for experimentalists
that F have a nonzero value, such as, e.g., |F| ~ AF or even |F| > AF.

The two conditions (6.13) ensure the weakness of the two types of evolution shown above. Thus, the small parameter of
the theory u in Eq. (6.11) is the sum of two small parameters, which have different physical meanings. Namely,

1o = |yAgy|AF (6.15)
quantifies the degree of correlation between the system and the meter or, in other words, the measurement strength, while
11 = lyAsyF| (6.16)

characterizes the strength of the unitary transformation of the system due to F.

6.4. General nonlinear formula for the average pointer deflection

Under the condition (6.11) the terms of orders higher than two can be neglected in Egs. (6.6), as was discussed in
Section 6.2. Moreover, the terms involving (A?),, can also be neglected in Egs. (6.6), since, in view of Eq. (6.8), | (A?),| < |Aw|?
in the most interesting case |{¢|y¥)| < 1, whereas for |{¢|y)| ~ 1 all second-order terms are negligibly small due to the
conditions (6.8) and (6.11). Thus, for weak PPS measurements Eqgs. (6.6) become

(MgR)r = [(@|¥)1*[2y Im (R-FA,) + y? FRF |A, %], (6.17a)
(My)r = {BIY)P(1 + 2y FImA,, + ¥y F2|A, ). (6.17b)

As mentioned above, the second-order terms here generally cannot be neglected, since they dominate for sufficiently small

(Pl¥).
Inserting Eqs. (6.17) into Eq. (4.10), we obtain

- 2y Im(R.FAy) + y? FR.F|A, |2
Ry —R=

1+2yFImA, + y2F2A, 12
The approximation (6.18) may fail when both terms in the numerator are vanishing or anomalously small or if they cancel,
exactly or approximately; then the (4?),, terms and perhaps higher-order terms [see Eq. (6.6)] should be taken into account.

However such cases are of little interest, since then Ry — R is very small.
It is easy to see that Eq. (6.18) can be recast in another form,

(6.18)

R__R+2ymuﬁ%w%ﬁﬂﬁ?MMz
©T 142yFImA, + 2 F2IA, P

(6.19)

which can sometimes be useful. The general nonlinear formula (6.18) [or (6.19)] is one of the main results of the present paper.
A large portion of the remainder of the paper is devoted to a discussion and to extensions of this formula.

Eq. (6.18) holds to all orders in the weak value. It is remarkable that, according to Eq. (6.18), weak PPS measurements
depend on A only through one parameter A,, (at least, for a pure preselected state). Moreover, weak PPS measurements
depend on y and A,, through the product yA,. Eq. (6.18) shows that the average pointer deflection as a function of y|A,|
can have Lorentzian and dispersive lineshapes as well as linear combinations thereof (see also numerical calculations in
Section 12).

6.5. Regimes of weak PPS measurements

Consider the limiting cases of Eq. (6.18).
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6.5.1. Linear response
In first-order (linear in y ) approximation, Eq. (6.18) yields the result, which we write in three equivalent forms,

Ry — R = 2y Im (R.FAy) (6.20a)
= 2y|R.FAy| sin(6 + 6p) (6.20Db)
= yIm|[R, F]ReA, + 2y oz ImA,, (6.20c)

where

0 = argA,, 0y = argR.F, (6.21)

O = {Rcz’ F_ {R’ZF} —RF, (6.22)

and {,} denotes the anticommutator. Eq. (6.20c) results from Eq. (6.20a), on writing R.F as a sum of a real and an imaginary
terms,

=— [R, F]
RCF = O + 2 . (623)

Eq. (6.23) also implies that the quantity | R. F| in Eq. (6.20b) is given by

+ 0. (6.24)

The quantity o in Eq. (6.22) is a measure of the correlation between F and R [182]; indeed, o is the quantum analog of
the covariance, which is a measure of the correlation between classical random variables. In particular, when F = R, the
covariance o, equals the variance (AF)?.

Under the present assumptions, each of Egs. (6.20) describes in the most general form the linear response for weak pre-
and post-selected measurements. In particular, Eq. (6.20c) contains the previous results on the weak value [ 18,124] as special
cases. Eq. (6.20b) shows that the magnitude of the linear response is maximized,

Ry —R=2(=D"YIRFA,l (6.25)

when the weak-value argument 6 assumes the values

1
0 =—6y+ (k—l— 2)7{ (k=0,%£1,...). (6.26)

In contrast, the linear response vanishes for
0 =—6y+kr (k=0,=%1,...). (6.27)

The first term in Eq. (6.20c), involving Re A, is an analog of Eq. (3.8), differing only by the replacement A — ReA,,.
This term is due to quantum properties of the meter, since it vanishes for commuting F and R. In contrast, the second term,
involving ImA,,, has no analog in weak measurements without post-selection; it arises for correlated F and R, and hence it
generally does not vanish for commuting variables.

Eq. (6.20c) implies that in the linear-response regime, meters with the zero covariance provide only the real part of A,,.
The class of such meters includes, in particular, meters optimal for weak standard measurements, Eq. (3.13). In contrast,
meters unsuitable for weak standard measurements, i.e., non-standard meters ([R, F] = 0), provide in the linear-response
regime only the imaginary part of A,,.

Recall that for standard measurements, the average pointer deflection was estimated above with the help of the
Heisenberg-Robertson uncertainty relation (3.10). Similarly, weak PPS measurements are closely related to the generalized
uncertainty relation given by (see Appendix B.1)

ARAF > |R.F| (6.28)
or, in view of Eq. (6.24),

+ 0&- (6.29)

The generalized uncertainty relation will be used repeatedly below.
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Since |R.F| can be much greater than |[R, F]| [cf. Eq. (6.24)], a comparison of Egs. (3.8) and (6.20b) shows that the average
pointer deflection in weak PPS measurements can be strongly enhanced relative to that in standard measurements. Notice
that this enhancement is independent of the amplification due to a large weak value discussed by AAV [18] (for further
details see Section 6.7).

The necessary condition for the validity of linear response is that the denominator of Eq. (6.18) is close to one, i.e., the
post-selection probability in Eq. (6.17b) approximately equals the unperturbed value |{¢|v)|? (the value in the absence of
measurements in between the pre- and post-selections). This holds for

ly ALl (F)'? <« 1. (6.30)

The same condition allows one to neglect the quadratic term in the numerator of Eq. (6.18) if the linear term is not too small.
Since

F2 = F> + (AF)?, (6.31)
Eq. (6.30) is equivalent to the condition
|yAu|(IF| + AF) < 1. (6.32)

6.5.2. Inverted region (the limit of very large weak values)
In the opposite limit of very large weak values,

lyAuwl(IF| + AF) > 1, (6.33)
the average pointer deflection can be approximated by the expansion of Eq. (6.18) up to first order in (yA,) ™",

- - FRF 2 RF  2FFRF 1

R —R = + I Im —. (6.34)

— — im + —
F2  yF2 A, y(F2)2 Ay
When the overlap (¢|¥) tends to zero, i.e.,, A,, — 00, the average pointer deflection tends to the value [cf. Eq. (6.34)]

_ - FR.F
Rioo —R= ——, (6.35)
FZ
where the limiting value of the average meter variable is
_ .- FRF
RSAOO = llm RS = . (6.36)
' Ay—00 F2

It is remarkable that this quantity depends only on the meter but not on the system or the coupling. Thus, the case
of orthogonal pre- and post-selected states provides no information on the system. Note that this holds only for weak
measurements, whereas higher-order corrections to Eq. (6.35) still can depend on the system.

_Now the quantity of interest, which directly provides information on the system, is not the average pointer deflection
Rs — R but the (average) adjusted pointer deflection R; — R — (R0 — R) = Rs — R . Only when in the meter FR.F = 0, the
adjusted pointer deflection Ry — R; o, coincides with the average pointer deflection R; — R. As follows from Eq. (6.34),
- 2 RF 2FFRF. 1
R — Ry 0o = —=1Im —— Im —. (6.37)
S yFP2 Ay (P2 Ay
The region (6.33) can be called the inverted region, since here the adjusted meter deflection (6.37) is inversely proportional
to the weak value, decreasing with the increase of the measurement strength.

In the traditional case F = 0 or for FR.F = 0, the magnitude of the adjusted pointer deflection is maximized under the
condition (6.26), when

Rs — Rooo = (= 1)k 2ReF]
' y F?1A,|

Eq. (6.34) can be also considered as a first-order expansion of the pointer deflection in the overlap (¢|y ). Correspond-
ingly, the condition (6.33) can be recast as

Holy) K [yApy |(IF| + AF). (6.39)
The regime (6.33) is well suited for measuring very small values of (¢|y) (see also Sections 6.7.2 and 6.10.4). The inverted
region (6.33) has not been discussed explicitly until now. However, the interferometric method of phase measurements
demonstrated experimentally in Ref. [22] can be shown to admit a quantum-mechanical interpretation as a weak PPS mea-
surement in the inverted region (see Section 13).
In the inverted region, the dependence on the coupling strength and the system parameters is quite different from that
in the linear and the intermediate nonlinear regimes, which hold in the region

lyAwl(IF| + AF) < 1. (6.40)
Therefore below in many cases the regions (6.33) and (6.40) are discussed separately.

(6.38)
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6.5.3. Intermediate (strongly-nonlinear) regime
Consider now the region intermediate between linear response and the inverted region,
|YAwl(IF| + AF) ~ 1. (6.41)

We refer to this region as the strongly-nonlinear (or intermediate) regime. In this region, Eq. (6.18) cannot be simplified
since the dependence of the average pointer deflection on y is significantly nonlinear. The condition (6.41) can be recast in
the form

n~ [ld)l, (6.42)

i.e,, in the intermediate regime the small parameter of the theory is of the order of the overlap of the pre- and post-selected
states. _

In the important case |[F| < AF, which is of primary interest in most of the present paper, the condition of the strongly-
nonlinear regime in Eq. (6.41) becomes

|YAu|AF ~ 1 (6.43)
or, equivalently,

o ~ [@1¥)]. (6.44)

Eqgs. (6.42) and (6.11) imply that the strongly-nonlinear regime (6.41) can be obtained for weak PPS measurements only
when the initial and final states are almost orthogonal,

oY) < 1. (6.45)

In the case (6.45), the weak value (2.36) is anomalously large, at least, when Ay, is not too small, as in Eq. (6.8).

Below (Section 6.6.2) it is shown that optimal conditions for weak PPS measurements are obtained in the nonlinear
intermediate regime. Thus, Eq. (6.41) or (6.42) [or, equivalently, (6.44)] provides the optimality condition, at least, for
|F| < AF, whereas for |[F| > AF, the condition (6.41) [or (6.42)] is necessary but not sufficient for the optimal regime
(see Section 6.9).

6.6. Estimation of the average pointer deflection

Let us now estimate the typical magnitude of the average pointer deflection R, — R for the linear and strongly-nonlinear
regimes.

6.6.1. Linear response
In the linear-response regime, Eq. (6.20b) implies that the magnitude of the pointer deflection satisfies the inequality
IRy — R| < 2|yAy, RcFI. (6.46)
Combining the generalized uncertainty relation (6.28) and Eq. (6.46) yields
IR; — R| < 2|yAu|AF AR. (6.47)
Eq. (6.47) implies that the upper bound for the magnitude of the average pointer deflection for given |y A, |, AF, and AR is

IRs — R| = 2|yAu|AF AR. (6.48)

This upper bound is achieved when |R.F| equals the maximum allowed by the generalized uncertainty relation (6.28),

|[R.F| = AR AF. (6.49)

As discussed below in Section 6.10, meters satisfying Eq. (6.49) are optimal for weak PPS measurements, at least, in the linear-
response regime. The class of such meters includes, in particular, two important types of meters: (a) meters where F is a
linear function of R (e.g., F = R) and (b) meters with canonically conjugate F and R and a general complex Gaussian state
[cf. Eq. (2.53)]. o

As follows from Eq. (6.20b), the estimate of a typical value of |R; — R| for a given |y A,,| is

|R5 - R| ~ |yAw RCT| (650)

This estimate holds unless 6 + 6, is close to kr, i.e., unless |6 + 6y — k| < 1 for some integer k. Furthermore, usually both
sides of the generalized uncertainty relation equation (6.28) are of the same order,

|[R.F| ~ AR AF. (6.51)
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Inserting Eq. (6.51) into Eq. (6.50) yields
IR — R| ~ |yAw|AF AR. (6.52)

In the present paper we call meters satisfying the condition (6.49) or, at least, (6.51) regular meters. Such meters provide the
magnitude of the average pointer deflection which is equal to or of the order of the upper bound not only in the linear regime
but, as shown below, in most cases beyond the linear regime. As discussed in Section 6.10, regular meters are efficient for
weak PPS measurements.

The average pointer deflection in the linear-response region vanishes or becomes very small when the weak-value phase
0 is close to —6, [cf. Eq.(6.20b)] or when AR is vanishing or very small [cf. Eq. (6.47)]. For such cases, weak PPS measurements
cannot be performed in the AAV (linear) regime. However, as shown below, weak PPS measurements are possible in the
nonlinear regime, even when the linear response is vanishing or very weak.

6.6.2. Strongly-nonlinear regime

Consider now the strongly-nonlinear regime (6.41). In this regime, measurements of A,, and/or y are optimal, since now
the dependence of (R; — R) on A,, and y is the strongest and, moreover, as we will show now, in the regime (6.41) IRy — R|
achieves the maximum value |RS — R|max or, at least, values of the order of |R$ — R|max Let us estimate |R; — R|max-

Here we consider the most important case |F| < AF (the case |F| > AF is discussed in Section 6.9). First, we estimate
the maximum value of |R; — R| for the strongly—nonlinear regime (6.43) and then show that the resulting estimate holds for
all parameters. Under the condition (6.43), the denominator of Eq. (6.18) is of the order of one, so that the maximum value
of |Rs — R| is given by

= = IRF| | |FRCF|

IRs — Rlmax ~ AR (6.53)
Taking into account that

FR.F = F.R.F. + 2FReR.F, (6.54)
Eq. (6.53) becomes finally

- [ReF|  |FeR.F|

IRs — Rlmax ~ ACF (CA;); . (6.55)

This quantity is of the order of or greater than the magnitude of the result (6.34), which means that Eq. (6.55) provides an
estimate of the maximum of the magnitude of the pointer deflection (6.18) over all values of yA,,. Eq. (6.55) holds for any
F, since the same result is obtained also for |F| 3> AF (see Section 6.9). For regular meters [Eq. (6.51)], Eq. (6.55) simplifies,

|FeRcFe|
(AF)?

In the peculiar case when AR vanishes or is very small, whereas AF is bounded (which is possible, e.g., for finite-
dimensional Hilbert spaces), R.F also vanishes or is very small [cf. the uncertainty relation in Eq. (6.28)]. Then the first
term on the right-hand side of Eq. (6.55) can be neglected, but the pointer deflection generally does not vanish,

Ry — Rl ~ eRFel (g o IFReFe] (657)
S max (AF)Z C F . .

|Rs - R|max ~ AR+

(6.56)

This shows that PPS measurements may be performed even when AR = 0.
However, usually R.F is sufficiently large to obey
|FeRF|
AF

Then the second term on the right-hand side of Eq. (6.55) can be dropped without changing the order of the magnitude of
the result, yielding

IRF| 2 (6.58)

IRy — Rlmax ~ IReF| (6.59)
S max AF . .
In this case, the pointer deflection is of the order of the maximum for a given AR if the meter is regular [Eq. (6.51)],
IR; — Rlmax ~ AR. (6.60)
This result holds under the condition [which is a special case of Eq. (6.58) for a regular meter]
FcR.F,
[FeRF| (6.61)

T o(aR)?
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Note that Eq. (6.60) holds for any AR, when [I:‘, IAQ] is a c-number. This occurs, e.g., in the cases when the variables F and
R are commuting or canonically conjugate (e.g., F = p, R = q) or are linear combinations of such variables. Indeed, then

|F.R.F:| = |Fc[R, F] + F2R.| = |F2R.| < (AF)*AR (6.62)

[see Eq. (B.7)], yielding Eq. (6.61) and hence Eq. (6.60).

Egs. (6.55) and (6.56) provide simple estimates of the maximum magnitude of the pointer deflection over all possible
A, and all allowed y. Moreover, since the pointer deflection (6.18) depends on A,, and y through the product yA,, the
maximum (6.55) or (6.56) results also when only one of the parameters A,, and y is varied, while the other is fixed. Thus,
we obtain that the maximum of the pointer-deflection magnitude over all A,, for a given y is independent of y and hence
remains finite for y — 0.

This result may look paradoxical. Note, however, that Egs. (6.55) and (6.56) hold for a subensemble of the measured
systems with the relative size (I1,4);. In the present case of a strongly-nonlinear regime, Eq. (6.43), with |F| < AF, the
quantity (/14); in Eq. (6.17b) becomes

(My)y ~ 1Y) (6.63)
This quantity decreases with the decrease of y as y? [cf. Eq. (6.44)], (I1y); ~ [{¢p|¥)|*> ~ 2 « y?2. Correspondingly, the
average over the whole ensemble would yield the result (3.8), which vanishes with y — 0.

6.6.3. Inverted region o
_ Letusestimate the magnitude of the adjusted pointer deflection |R; — Rs | in the inverted region for the important case
|F| < AF.Taking into account Eq. (6.54), we obtain from Eq. (6.37) that

___IRF| |FFRF|
[YAWl(AF)2 " [yAu (AP |yAu|(AF)?

[(pl¥)| {RF |FFCRCFC|]

|Rs - Rs,oo|

_ |FF.R.F
[|RCF|+| civc Cl}

(AF)?
= 6.64
lyAgy |(AF)? (664)

The latter expression shows that weak PPS measurements in the regime of very large weak values (the inverted region) can
be used to measure small overlaps. In the usual case F = 0 or, more generally, for

— F F.R.F,
mfl~| el (6.65)
(AF)?
Eq. (6.64) becomes,
_ R.F
R — Ry ~ LRI (6.66)
lyApy |(AF)

Similarly to the linear and strongly-nonlinear regimes above, in the inverted region the pointer deflection is of the order
of the maximum for regular meters [Eq. (6.51)], at least, when AR is not too small. Namely, for regular meters, when

FE.R.F,
> IF FeReFel (ACF;3“|, (6.67)
Eq. (6.64) yields,
- AR[{p|V¥)]
IRs — Rs ool ~ —————- (6.68)

Note that in the present limit the overlap {(¢|y) is very small. However, Eq. (6.68) implies a strong amplification of the
adjusted pointer deflection, as discussed below in Section 6.7.2. Therefore, weak PPS measurements in the inverted region
are suitable for measuring the overlap.

It is of interest also to estimate the value of the post-selection probability (/T4); in the inverted region. In the present
limit, Eq. (6.33), we obtain that Eq. (6.17b) becomes

(M) ~ [(@1V) Py ? F2|Aw 2 = y?|Agy|* F2. (6.69)
In the common case where F is zero or small, |[F| < AF, Eq. (6.69) yields

(M) ~ y*|Apy > (AF)?. (6.70)
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6.7. Amplification in weak PPS measurements

Weak PPS measurements can result in very significant amplification of the average pointer deflection in comparison
with weak standard measurements. There are two different types of amplification peculiar to weak PPS measurements, the
(proper) amplification due to a large weak value and the enhancement due to correlation between the meter variables F
and R. Note that there can be also enhancement of the pointer deflection due to the free meter Hamiltonian Hy;; this effect
generally holds for both standard and PPS measurements, as discussed in Section 8.2.4.

Until now, amplification was discussed in the literature only for the linear response, however it takes place also in the
two other regimes—the strongly-nonlinear regime and the inverted region. Here we discuss amplification for all the three
regimes in the typical case |[F| < AF. Amplification for the case |F| > AF will be considered in Section 6.9. In the discussion
of amplification we will assume that the meter is regular [Eq. (6.51)], since such meters are efficient in PPS measurements,
as noted in Section 6.6.1.

6.7.1. Proper amplification due to a large weak value
Here we consider amplification for the linear-response and strongly-nonlinear regimes, i.e., for the region (6.40), given
now by

lyAy|AF S 1. (6.71)

We estimate amplification in weak PPS measurements by comparing the magnitudes of the average pointer deflection
in weak PPS and standard measurements. In this comparison, we assume that y and F are the same in both types of
measurements. Moreover, we require that the magnitudes of Ay, and A be equal or, at least, of the same order of magnitude,

Agy | ~ 1A (6.72)

In the region of interest (6.71), we define the coefficient 4 of the proper amplification by the order of magnitude with
the help of the relation

IR — R|
A~ . (6.73)
o AR
In Eq. (6.73) the quantity
o AR = |yAgy | AF AR (6.74)

is of the order of a typical value of the pointer deflection for standard measurements [cf. Egs. (3.11) and (6.72)].
In the linear regime, inserting Eqs. (6.52) and (6.74) into Eq. (6.73) with the account of Eq. (2.36) yields [ 18,80,90]

A~ Bl (6.75)

In the nonlinear regime, we assume the validity of Eq. (6.60) (amplification in the peculiar case of a vanishing or very small
AR is out of the scope of the present paper). Inserting Eq. (6.60) into Eq. (6.73) and taking into account Eq. (6.44) yields the
relation

A~ gt~ 1ol (6.76)

which results again in Eq. (6.75). Thus, the result (6.75) holds in the whole region (6.71).
The inequality (6.7 1) with the account of Eq. (6.75) can be rewritten in the form

Ao S 1, (6.77)

where the similarity sign is achieved under the optimal conditions. Thus, though + can be very large, for a given ug the
amplification coefficient + has the upper bound equal to L

An important quantity characterizing quantum noise in PPS measurements is the SNR in the post-selected ensemble per
one measurement, i.e., the ratio of the magnitude of the average pointer deflection to the pointer uncertainty after the
measurement AR,

|Rs - R|
AR
In the typical case considered here, where AR is not vanishing or too small, we have AR; & AR in the linear-response
regime, whereas beyond the linear response in weak PPS measurements ARs; ~ AR. Thus, generally in the typical case Ry =~
IR; — R|/AR.
Eq. (6.73) implies that, for a fixed 11, the quantity &R, increases in direct proportion with the amplification coefficient +,

Ro =

(6.78)

|Rs - R|
AR

~

0 ~ A Mo = A|)/A¢1/,|AF. (679)
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In view of Eq. (6.60), the maximum value of this ratio is of the order of one,
(Ro)max ~ 1, (6.80)

which is achieved under the optimal conditions, i.e., in the strongly-nonlinear regime. Note, however, that if one takes into
account the total ensemble, the amplification cannot increase the quantum SNR; correspondingly, the latter is the same in
weak PPS and standard measurements [90,94] (see Section 6.10.5 for further details.) Thus, Egs. (6.79) and (6.77) imply the
remarkable fact that irrespective of how small the coupling strength y is, the amplification -4 can be made so large that R,
achieves the maximum (6.80); this makes measuring very small y values possible, as discussed in Section 6.8. The price for
this is that the size of the total ensemble increases as 42 [see below Eq. (6.126)].

The amplification coefficient satisfies an important relation, as follows. It is easy to see that in the region (6.71) (I14); ~
[{(¢|¥)|2. As a result, expression (6.75) can be recast in the form

A~ ()72 (6.81)

This relation holds in all cases for which the proper amplification is considered here (see also Sections 6.7.2 and 6.9). It
shows that the proper amplification is closely related to the post-selection, increasing with the decrease of the post-selection
probability (/14); and disappearing in the limit (I74); — 1.

6.7.2. Proper amplification in the inverted region
Weak PPS measurements in the inverted region involve a strong amplification. Here we estimate this amplification for
the typical case (6.67). In this case we can use Eq. (6.68), which can be recast as

IR = Rsool _ (01¥)]

=A . 6.82
AR v Agy IAF {1yl (6.82)

Here the factor
A = (|y Agy| AF) T > 1 (6.83)

provides the proper amplification for the measurement of the overlap; this factor is large in weak PPS measurements, as
implied by Eq. (6.13a). As follows from Egs. (6.70) and (6.83), the amplification coefficient A’ satisfies the same relation as
A [cf. Eq. (6.81)],

—1/2
A~ () 2 (6.84)
The factor A4 describes the increase of the quantum SNR in the PPS ensemble (per one measurement)

R;—R R;—R
2y = B~ Rooel IR = Roas (655)
AR AR
relative to the case when the small parameter approaches the limit |y Agy |AF ~ 1, where the measurement becomes not
weak and hence the present theory breaks. Indeed, Eq. (6.82) yields

IRy — Ryl 6.86
AR elv)l (6.86)

when [yAgy | AF ~ 1.Eq.(6.83) shows that now, paradoxically, the decrease of the measurement strength |y Ay, | AF increases
the magnitude of the average adjusted pointer deflection |R; — 1_25,00| (for given AR and |(¢|vy)|) and hence increases the
measurement accuracy with respect to technical errors.

However, 4’ cannot be increased indefinitely, since Eq. (6.68) holds only until A'|{¢|¥)| < 1 [cf. Eq. (6.33)]. When A’
becomes so large that 4’| (¢|¥)| ~ 1, the inverted-region case (the limit of very large weak values) is not applicable any
more. Instead, the measurement is performed in the strongly-nonlinear regime [cf. Eq. (6.41)], which provides the highest
accuracy and hence is optimal, as mentioned above.

6.7.3. Enhancement due to correlation between the meter variables

The pointer deflection in a measurement depends both on the system and the meter. Correspondingly, in weak PPS
measurements there exists not only the effect of amplification due to a large weak value discussed above but also the effect
of enhancement due to correlation between the meter variables.

Indeed, as follows from Eqgs. (6.20b), (6.59) and (6.66), in all regimes of weak PPS measurements there is the effect of
enhancement, i.e., an increase of the average pointer deflection due to an increase of |ogg| for given AF and [R, F]. This effect
can be characterized by the enhancement coefficient

20 V2
=1+ ( R ) , (6.87)
[[R, F]

2RF
[R. F]

& =
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which is equal to or of the order of the factor by which the magnitude of the average pointer deflection for a nonzero oy is
increased with respect to the case oz = 0 [cf. Eqs. (6.20b), (6.59), and (6.66)]. In the second equality in Eq. (6.87) we used
Eq. (6.24). The enhancement coefficient (6.87) can be also recast in the form

& = | csc by, (6.88)

where 6y is defined in Eq. (6.21). Eq. (6.87) implies that the enhancement is large if and only if there is a strong correlation
between R and F, i.e., the covariance is large,

> 1 when |og| > [[R, F]|/2. (6.89)

_ ‘ ZOFR
| IR F]

This enhancement occurs always in the linear regime, whereas beyond the linear regime it occurs, at least, in typical
situations, when Eq. (6.59) and (6.66) hold. The coefficient & in Eq. (6.87) characterizes also an increase of the magnitude of
the average pointer deflection in the linear regime for PPS measurements with respect to that for standard measurements
due to a nonzero covariance, as follows from a comparison of Egs. (3.8) and (6.20b).

An increase of |ogg| for given [R, F] and AF yields an increase of not only the pointer deflection but also the pointer
uncertainty AR, as implied by the generalized uncertainty relation (6.29). However, for regular meters [Eq. (6.51)], which
are of interest here, the pointer deflection is typically proportional to AR in all regimes [see Egs. (6.52), (6.60), and (6.68)].
Therefore, in this case, for given AF and [R, F], the SNR in the PPS ensemble per one measurement R, Eq. (6.79), is
independent of ogz. Though an increase of |og| does not improve the quantum limit of the measurement accuracy, even
for the PPS ensemble, an enhancement of the pointer deflection increases the accuracy of the readout of the measurement
result with respect to technical noise and thus is beneficial.

Eq. (6.20c) implies that in the linear regime, the enhancement is possible only when ImA,, # 0 [90]. However, in the
nonlinear regime, the enhancement is possible not only for ImA,, # 0 but also for a real A,,, when F # 0. For a discussion
of specific cases, see below Section 8.2.3.

6.7.4. Discussion

Since the proper amplification 4 (or ') and the enhancement & are independent of each other, we can write the total
amplification coefficient in the linear-response and strongly-nonlinear regimes as

AT = AE (6.90)
and in the inverted region as
AL = A'E. (6.91)

The amplification by a weak PPS measurement, described by Eqs. (6.90) and (6.91), does not amplify technical noise [90,94]
and hence is an important effect with promising applications in ultra-sensitive measurements and precision metrology.

It is worth noting here an important advantage of the enhancement & over the proper amplification 4. As seen in
Eq.(6.81), there is a trade-off between + and the post-selection probability, that is, 4 cannot be made large without making
the post-selection probability small. In contrast, the enhancement & can attain arbitrary large values in cases where the post-
selection probability is of order unity.

For non-standard meters ([R, F] = 0) the enhancement cannot be described by the parameter &, because in this case
Eq. (6.87) yields & = oo, which is an expression of the fact that standard measurements are impossible for non-standard
meters. Moreover, the parameters s and 4} are also infinite and hence do not make much sense, but the proper
amplification is still a meaningful notion.

6.8. Measuring weak values and coupling strengths

Eq. (6.18) allows one to measure any parameter entering this expression provided the other parameters are known. Here
we discuss measuring the weak value A,, and the coupling strength y . Both linear and nonlinear regimes of the measurement
are considered.

Since y is real and A,, is complex, in principle one or two weak PPS measurements are sufficient for obtaining y or
Ay, respectively. Below we discuss extracting y and A,, for the above minimal number of measurements. Alternatively, to
increase the accuracy of the value of A,,, one may perform more than the minimal number of measurements and then fit the
measurement results to Eq. (6.18). Note, however, that an increase in the number of measurements requires an increase in
time and resources.

6.8.1. Measuring the coupling strength y

The parameter y can be measured in either the linear or nonlinear regime. As discussed above, optimal measurements
of y are obtained in the nonlinear regime (6.41), where |R; — R| is of the order of its maximum value.
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Note a difference between the measurement procedures in the linear and nonlinear cases: Given a measured value of
the pointer deflection (R — R), in the linear (nonlinear) regime y results from a solution of a linear (quadratic) equation
[cf. Egs. (6.20) and (6.18)]. The roots of the quadratic equation can be obtained in analytic form; only one of them yields the
correct solution. Namely, the correct root y, is determined uniquely by the condition y, — 0 for Ry — R.

Thus, the nonlinear Eq. (6.18) allows one to optimize the measurement of the coupling strength. Another advantage of
Eq. (6.18) is that it allows for measurement of y, even when the first-order result (6.20a) vanishes or is very small; in this
case, it is required that FR.F # 0.

6.8.2. Measuring weak values: one unknown parameter

Consider now the measurement of weak values. A,, is a complex quantity, and generally both the magnitude |A,,| and
the argument 6 of A,, are unknown.

We first discuss the simple situation, where 6 is known, at least, with an accuracy of up to 7. Then A,, and |A,,|? can be
presented in the form,

A, = Ay exp(i)), |A,l* =A%, (6.92)

where A, is real but its sign may be unknown, so that 6’ equals 0 for A, > 0 or 6 + 7 for A, < 0. We assume that 6’
in Eq. (6.92) is known. (For example, when A,, is known to be real or imaginary, one can set ' = 0 or 7 /2, respectively,
ie,A, = Ayoor A, = iAyo, respectively.) Then, on inserting Eq. (6.92) into Eq. (6.20a) or (6.18), Ay [and hence A,, in
Eq. (6.92)] can be obtained similarly to y (see Section 6.8.1), from a linear or quadratic equation, respectively.

6.8.3. Tomography of weak values

Consider now tomography of weak values, i.e, measuring a complex A,, in the absence of any preliminary information
onA,.A complex A,, depends on two real parameters and hence to obtain A,, from Eq. (6.18), it is sufficient to perform two
measurements with different values of the coupling strength y and/or of one or more of the meter parameters. The meter
parameters which can be varied include the observables R and F [150] and the meter state py [96]. Hereafter, we regard
meters with different parameters as different meters, even if they are realized with identical physical systems.

As mentioned above, the nonlinear regime is optimal for measurements. However, the nonlinear regime can be achieved
only for sufficiently large weak values or, in other words, for sufficiently small values of the overlap (¢|v) (cf. Section 6.5.3).
Therefore the linear regime is also important, since this is the only regime of weak PPS measurements achievable for not
too large weak values. Another reason why the linear regime is of interest is that the linear regime is somewhat easier
to analyze than the nonlinear regime. Below we show how to extract A,, with two measurements for both the linear and
nonlinear regimes.

6.8.4. Tomography of weak values: linear regime
Since the linear response (6.20) is proportional to y, in the linear regime a variation of y cannot be used for tomography

of weak values. Thus, in the two required measurements, the meters should necessarily differ by one or more parameters
(e.g., the meters may have different pointer variables), so that the parameter 6, in Eq. (6.21) has different values in the two
measurements. We require that these values, denoted by 6, and 6}, obey the condition

|60 — 6yl # 0, 7,27, .... (6.93)
The two measurements yield by Eq. (6.20b) the quantities

S = |Aw| sin(@ + 90)3 5/ = |Aw| Sin(9 + 9(/)) (694)

The equalities (6.94) can be recast as a set of two linear equations for ReA,, = |A, | cos# and ImA,, = |A, | sin 8, which has
a solution under the condition (6.93). As a result, we obtain

_ & exp(—ify) — &' exp(—ibh)

Ay -
sin(6p — 6p)

(6.95)

For instance, in the experiment [102], the tomography of weak values was realized with 6, = 7 /2 and 6, = 0. In this case,
Eq. (6.94) implies that £ = ReA,, and &’ = ImA,,; correspondingly, Eq. (6.95) yields A,, = & + i&’.

The condition (6.93) requires that, at least, in one of the two measurements [R, F] # 0, while in the other measurement
om # 0.1f opg = O ([R, F] = 0) in the measurements, only Re A,, (ImA,,) can be measured in the linear regime. Finally,
when [R, F] = o = 0, the linear response vanishes and hence cannot be used for measurements. The situation is drastically
different in the nonlinear regime, as follows.
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Table 4

Measurability of Re A, ImA,,, and |A,,| for different types of measurements. Here we use the following conventions: (a) the word “any”
means any F satisfying |F| < AF, (b) the parameters denoted as nonzero should be nonzero, at least, in one of the two measurements; (c)
the parameters denoted as zero vanish in all the measurements; (d) when both [R, F] and o vanish, we assume that F R. F # 0. Note that
|A, | is generally measurable in all the cases listed here.

Case Measurement type Measurability of:

[R, F] O F ReA, ImA, lAul
1 #0 #0 Any Yes Yes Yes
2 #0 0 0 Yes [ImA,| Yes
3 #0 0 #0 Yes Yes Yes
4 0 #0 Any |Re Ay | Yes Yes
5 0 0 #0 |Re Ay | Yes Yes
6 0 0 0 No No Yes

6.8.5. Tomography of weak values: nonlinear regime

Consider now tomography of weak values in the nonlinear regime (6.43) for the important case |F| < AF. Asin the linear
case, two measurements with different meters can be performed. However, now one has also an alternative possibility: to
perform the two measurements with different values of the coupling strength y, using only one meter for all measurements.
The condition (6.93) is generally not required now. The coupling strength y can be varied by changing the duration of the
interaction and/or the amplitude of the coupling rate g(t), cf. Eq. (2.11).

Inserting the measurement results on the left-hand side of Eq. (6.18) yields two second-order algebraic equations for
ReA, and ImA,,. Indeed, multiplying both sides of Eq. (6.18) by the denominator of the fraction on the right-hand side,
transferring all the terms to the left-hand side and simplifying the expression yields

Doi + DiiRe Ay, + Dy ImA,, + DsilA,12 =0 (i=1,2), (6.96)

where the coefficients Dy; can be easily expressed through the parameters of the problem and i denotes the two
measurements.

Egs. (6.96) can be solved analytically, as follows. Multiplying Eqs. (6.96) fori = 1 and 2 by D3; and —Ds;, respectively,
and summing the resulting equations cancel the nonlinear terms and yield a linear relation between Re A,, and Im A,,. This
relation allows one to express Re A,, through ImA,,, thus reducing the problem to obtaining ImA,,. Finally, inserting the
above expression for Re A,, into one of Egs. (6.96) yields a quadratic equation for ImA,,. The root of this equation, which
tends to zero for R; — R, gives Im A,,, which then is used to find Re A,,.

Table 4 shows the feasibility of measuring the weak value parameters ReA,, ImA,, and |A, | for different types of
measurements. Generally, Eq. (6.18) involves A,, through terms proportional to Re A,,, ImA,,, and |A,|*. To determine A,
completely, i.e., to obtain Re A,, and Im A,, with correct signs, each of Re A,, and Im A,, should enter linearly in Eq. (6.18) for,
at least, one of the two measurements. In particular, this happens when both [R, F] # 0 and o # 0 do not vanish for, at
least, one of the two measurements (Table 4, case 1).

In case 2, a term linear in Im A,, is absent in Eq. (6.18), and hence ImA,, can be determined only up to a sign. In case 3,
A, can be determined completely, since ImA,, enters linearly in the denominator of Eq. (6.18) when F # 0. Actually, the
optimal values of F are those satisfying |F| ~ AF, since then in the present nonlinear case (6.43) all the three terms in the
denominator of Eq. (6.18) are generally of the same order.

In cases 4 and 5, Re A,, can be obtained only up to a sign, whereas in case 6, only |A, | can be measured. Note that in cases
5 and 6 the linear response is absent, but still information on A,, can be extracted (such a case takes place, e.g., for AR = 0,
see Section 8.1.2).

In summary, generally A,, can be obtained completely when, at least, one of the two measurements is performed with a
standard meter ([R, F] # 0). Measurements using only non-standard meters ([R, F] = 0) typically yield ImA,, and |[Re A, |,
but not the sign of Re A,,.

6.9. Peculiar case: large average input variable, |F| > AF

Until now we have focused mainly on the typical situation when |F| < AF. Usually in experiments on weak PPS mea-

surements, the conditions are chosen to make F to vanish, exactly or effectively. However, as shown above, a moderately
large value of F, |F| ~ AF, may be useful in measuring weak values and coupling strengths. _

Here we discuss the case of a large F, |[F| > AF. This case differs significantly from the above situation |F| < AF. Now
the pointer deflection is generally small, except for the optimal regime which has the form of a narrow resonance whose
width decreases with increasing |F|. Let us consider the linear response and the optimal region.

The linear-response regime is independent of F, and it is described in the above Section 6.5.1. The region of its validity is
given by Eq. (6.32), which now becomes

ly Aw F] < 1. (6.97)
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Since now F is large, the maximum value of |yA, | allowed by Eq. (6.97) is small, and hence the average pointer deflection
in the linear-response regime is very small in the present case. The amplification coefficient in the linear response is given
by the above Eq. (6.75). _

Consider now the optimal regime. When |F| 3> AF, and Re A,, is small or vanishes,

[ReA,| < [ImA,], (6.98)
then R, versus y has a narrow resonance at

y FImA, ~ —1. (6.99)
In the vicinity of this resonance, Eq. (6.18) simplifies to

F.R.F./JF —€eIm|[R, F] — 20 X

Ri—R= _ _ (6.100)
F [x? + €2+ (AF/F)?]
where
x=1+ yFImA,, (6.101)
ReA, T
€= or € =sgn(ImA,) — —0. (6.102)
ImA, 2

The two expressions for € in Eq. (6.102) are equivalent in the approximation where Eq. (6.100) holds. In the derivation of
Eq. (6.100) we used Eqs. (6.54) and (6.22); moreover, in the numerator and denominator of Eq. (6.100) we neglected terms
of higher orders in x, €, and AF/F. _

Eq. (6.100) describes a resonance in R as a function of the two variables x and ¢ or, in other words, versus any of the
parameters ImA,, ReA,, y, and F. Depending on the parameter values, the resonance as a function of x or € can have either
Lorentzian or dispersive shape or a linear combination thereof. The resonance arises due to the fact that destructive quantum
interference results in a strongly reduced post-selection probability,

(M) ~ (1Y) P[X* + €% + (AF/F)?]. (6.103)

The resonance as a function of x and € has one or two extrema; the extremum with the largest magnitude lies in the optimal
region,

2 2 (AFY

Let us obtain the maximum of the magnitude of the average pointer deflection in Eq. (6.100) as a function of x and €. The
second and third terms in the numerator of Eq. (6.100) can be written in the form —2|R.F|v/x2 + €2 cos(0y — 6), where
| RcF| is given by Eq. (6.24) and 6, is determined by the equalities cos 6, = x/+/x2 + €2 and sin 6, = €/+/x2 + €2. Thus, we
obtain that for a given value of x> + €2 the quantity |R; — R| assumes the maximum value

R Ry = IR +2IFIRFIVA + &
s TR [x + €2 + (AF/F)?]

(6.105)

which is attained under the condition | cos(6y — 6,)| = 1; when F; R, F. # 0, there is an additional condition that the signs
of cos(6p — 6,) and —F, R F./F coincide. The maximum of Eq. (6.105) as a function of the variable ~/x? + €2 can be easily
found, and we obtain that the maximum of |[R; — R| is

VA(AF)2[R.F|2 + (F.RF. )? + |FR.F|

|Rs - R|max = Z(AF)Z

(6.106)
The maximum magnitude in Eq. (6.106) satisfies the simple estimate (6.55) obtained above for the case |F| < AF.Thus, the
estimate (6.55) holds irrespective of the value of F.

The validity conditions of Eq. (6.106) depend on whether F.R.F; vanishes or not. When F.R.F, = 0, the maximum
magnitude (6.106) is achieved for

AF o AF AFImIR, F] AF
X=+—— =+— cosby, €e=t+———— - =+—5inb,. (6.107)
FIR.F| F 2F|R.F| F

Inserting Eq. (6.107) into Eq. (6.100) yields

R _R_¢I&7l
s AF

In Egs. (6.107) and (6.108) the upper (or lower) signs should be taken simultaneously.

(6.108)
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When F.R.F; # 0, the maximum (6.106) is achieved for

- o2
_ UF_RFciRch 1—l14 2 AF|R.F| ,
2F|R.F|? FcR.F;
- g2
Im [R, F] FR.F, 2 AF|R.F
6:$ 1— |1+ 2 AFIRF] (6.109)
4F |R.F|? FeRcFc
Indeed, one can check that inserting Eq. (6.109) into Eq. (6.100) yields
Rs - R = Sgn(FcRch )|Rs - leaXv (6-110)

where |R; — R|may is given in Eq. (6.106). L
As a special case of Egs. (6.109)-(6.110), we obtain that for non-standard meters with R.F = 0 (cf. Section 8.1.2) the
maximum in Eq. (6.106) is achieved for

x=e€=0, (6.111)

when

FRcF
(AF)?

R,—R=

(6.112)

To obtain the amplification coefficient in the optimal region (6.104), we use Egs. (6.73) and (6.74), which yield

IRs — R| AR |F|
A~ ~ - = , (6.113)
lyAsy|AF AR |(¢p|¥)/FIAF AR AF|{¢p|¥)]

Here we took into account that, in view of Egs. (6.99) and (6.98), |yA¢¢F| ~ |{¢|)|; we also assumed the typical situation
(6.60). Thus, we obtain
IF|
A~ (6.114)
AF (oY)

In the optimal region (6.104), we obtain that Eq. (6.103) yields
_ F
(My); % ~ _ (6.115)
AF (Y]

Hence, the amplification coefficient in Eq. (6.114) satisfies the same relation (6.81), as the amplification coefficient in
Eq. (6.75), though the two coefficients significantly differ from each other. An estimation of the magnitude of Eq. (6.100)
for x> + €2 > AF?/F? also can be shown to yield Eq. (6.81).

Note that in the present case when |F| 3> AF, the optimality condition (6.104) is much stricter than the condition for
the strongly-nonlinear regime (6.41) [or, equivalently, (6.42)].

_ An advantage of the present case |[F| > AF is that the optimal regime occurs at a much smaller value of |y | than for
|F| < AF [cf.Eqgs. (6.99) and (6.43), respectively]. Correspondingly, the amplification coefficient (6.115) is much higher than
the value (6.75) obtained in the case [F| < AF, for a given overlap magnitude |(¢|v)|. This allows for an increase of the
measurement precision in the present case as compared to the case |F| < AF, when, by some reason, the overlap (¢|y)
cannot be made too small.

Moreover, the fact that Eq. (6.100) is a narrow resonance as a function of a number of parameters makes this resonance
very sensitive to small perturbations of the parameters of the problem. This sensitivity of the resonance can be used for
precise measurements of these parameters.

6.10. The minimum size of the ensemble, the signal-to-noise ratio, and efficient meters

Here we estimate the minimum size Ny of the ensemble required for a weak PPS measurement, as well as the signal-
to-noise ratio (SNR) characterizing quantum noise. We also discuss optimal and efficient meters for weak PPS and standard
measurements.
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6.10.1. General formulas
Consider an ensemble of N pairs consisting of a system and a meter. Only (/74);N of the N pairs are taken into account
in a PPS measurement. A measurement produces a shift of the maximum of the distribution of the sum of (I7,)¢N pointer

values, equal to (/74);N (Rs — R). The SNR R characterizing quantum noise equals the ratio of the magnitude of the above
shift (the signal) to the standard deviation of the above distribution AR;,/(I1,)s N (the noise level), yielding

R —R
®= = | ()N (6.116)
S
or, equivalently,

R = Roy/(My)N, (6.117)

where Ry is defined in Eq. (6.78).
We determine the minimum size of the ensemble Ny by requiring that at N = Ny the signal and the noise levels be equal
(R = 1), which yields, in view of Eq. (6.116),

_ (ARY?
(M) Ry — R)?
Now Eq. (6.116) can be recast as

a= |N (6.119)
=/ ,

Thus, the quantity Ny determines the SNR for a given ensemble of size N through Eq. (6.119).

(6.118)

6.10.2. The linear response. Efficient and optimal meters
In the linear-response regime, we have AR; &~ AR and (I1y); ~ (ITy) = Tr (I14p). Then Eq. (6.118) becomes
(AR)?
(My) (Rs — R)?
We insert Eq. (6.47) into Eq. (6.120), taking into account Eq. (2.36) and the fact that in the present case of a pure initial state

(M) = [{P|Yr) |2. Then we obtain the lower bound on Ny for a given value of the measurement strength o = |YAgy |AF
[Eq. (6.15)],

0= (6.120)

No = (27 1Apy |AF) % = (2110) . (6.121)

Meters for which the value of Ny achieves the lower bound are called here optimal. Equivalently, for optimal meters, the
SNR achieves the upper bound. From Eq. (6.120), we obtain that the lower bound on Ny,

No = (2y|Agy|AF) 2, (6.122)

is achieved when Eq. (6.48) is valid, i.e., when the condition (6.49) holds. Thus, meters satisfying Eq. (6.49) are optimal for
weak PPS measurements, at least, in the linear-response regime.

More generally, we call meters efficient if the value of Ny (the SNR) for measurements with such meters is equal to or
of the order of the lower (upper) bound. For regular meters, i.e., meters satisfying Eq. (6.51), Ny is of the order of the lower
bound,

No ~ (y|Agy |AF) 2. (6.123)

Thus, regular meters [Eq. (6.51)] are efficient for weak PPS measurements, at least, in the linear-response regime.

Beyond the linear-response regime, the minimal ensemble size Ny is determined by Eq. (6.118), which is more
complicated than Eq. (6.120). In this case, it is impossible to obtain an exact general result for the lower bound on Ny, and
hence conditions for optimal meters are different for different types of meters. However, we can obtain a simple general
condition for efficient meters for weak PPS measurements, as follows.

Our analysis shows that beyond the linear-response regime,

AR; ~ AR. (6.124)
This holds, at least, in the common case when AR is not too small, Eq. (6.61); here we restrict our consideration to this case.
Now we can insert Eq. (6.124) into Eq. (6.118) to obtain
(AR)?

NQ N~ .
(M) (R — R)?

(6.125)
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This result implies that Ny is of the order of its lower bound when IR, — R| is of the order of its maximum. As follows from
the results of Sections 6.6.2, 6.6.3 and 6.9, |R; — R| is of the order of its maximum for not too small AR when meters are
regular, i.e., when the condition (6.51) holds. Thus, regular meters are efficient beyond the linear-response regime. But, as
mentioned above, regular meters are efficient also for the linear-response regime. Hence, regular meters are efficient for all
regimes of weak PPS measurements.

6.10.3. The strongly-nonlinear regime

As follows from the results of Sections 6.6.2 and 6.9, in the strongly-nonlinear regime the upper bound of the magnitude
of the average pointer deflection for not too small AR is given by Eq. (6.60). Inserting Eq. (6.60) into Eq. (6.125) yields

No ~ (ITy); ' ~ A% (6.126)

Here the second relation follows from Eq. (6.81). Thus, in the optimal regime the ensemble size equals roughly the inverse
post-selection probability or, equivalently, the squared proper amplification coefficient.

This statement is valid irrespective of the value of F. We note that in the optimal regime the following estimate of the
post-selection probability can be used for any F,

ely) P

Mo ™ T Frame

(6.127)

Indeed, Eq. (6.127) reduces to Eqs. (6.63) for |F| < AF and to the first relation in Eq.(6.115) for |[F| 3> AF.Inserting Eq.(6.127)
into Eq. (6.126) yields an explicit expression for Ng,

14 (F/AF)?

L lglv)P (6128)
This result implies that the ensemble size is minimal,
No ~ [(¢l¥)] 72, (6.129)
in the usual case |F| < AF, whereas in the case |F| 3> AF, the ensemble size increases as F?,
F2
No (6.130)

T ARl

6.10.4. Inverted region

We estimate Ny in the inverted region in the important case where |F| < AF. Now the relevant part of the average
pointer deflection, which directly depends on the system, is the adjusted pointer deflection R; — R o (cf. Section 6.6.3).
Correspondingly, in the above Egs. (6.116), (6.118) and (6.125) one should perform the substitution

Rs — R — Ry — Rs 0. (6.131)

We consider the typical case (6.67). Inserting Egs. (6.68), (6.70) and (6.131) into Eq. (6.125) yields the minimal ensemble
size

No ~ [{¢|¥)| 2, (6.132)

which has the same form as in the optimal regime, Eq. (6.129). Note, however, that in the inverted region (¢|¥) is very
small, and therefore the value of Ny is significantly greater than in the optimal regime. In view of Eqs. (6.119) and (6.132),
for measurements in the inverted region the SNR is

R~ |¢1¥)|IVN. (6.133)

It is quite remarkable that the quantum SNR (6.133), which was obtained for weak PPS measurements, is of the same
order as for strong (projective) measurements of a small overlap |{(¢|v)|. Indeed, for a system in the state |), the overlap can
be determined by measuring the projection operator® I1, = |¢)(¢|. Such a measurement results in the eigenvalue 1 with
the probability P; = |(¢|¥)|? and the eigenvalue 0 with the probability Py = 1 — |(¢|1/)|?. After the measurement of an
ensemble of N systems, the sum of the obtained eigenvalues is described by the binomial distribution and, correspondingly,

6 The method considered here is not the only conceivable projective measurement of |{¢|y)|. Another projective-measurement scheme, a balanced
homodyne detection, is discussed in Section 13.3; however for both schemes the SNR values are of the same order of magnitude.
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has the average NP; and the standard deviation (NP;Py)'/2. The equality between the two latter quantities is attained for
the minimal ensemble size

=5

where the approximation holds for |{¢|{)| < 1. As follows from Egs. (6.119) and (6.134), now the SNR is given by

No ~ ()% (6.134)

R = [($l¥)|VN. (6.135)

Thus, weak PPS measurements in the regime of very large weak values can be used to measure small overlaps with
the same quantum SNR as the ideal measurements. Moreover, when the measurement accuracy is limited by technical
noise, weak PPS measurements can provide a higher measurement accuracy than ideal measurements, since weak PPS
measurements involve a strong amplification (cf. Section 6.7.2).

An experiment on weak PPS measurements in the inverted region is discussed in Section 13.

6.10.5. Comparison of weak measurements with and without post-selection

As mentioned above, the conditions for meters to be efficient for weak standard and PPS measurements are given by Eqs.
(3.14) and (6.51), respectively. The condition (6.51) is less restrictive than (3.14); in other words, meters efficient for weak
standard measurements are also efficient for weak PPS measurements, but the converse generally is not true.

More specifically, when the covariance oz = 0, Egs. (3.13) and (6.49) are equivalent, i.e., meters optimal for weak
standard measurements are also optimal for weak PPS measurements and vice versa. Moreover, when o vanishes or is
sufficiently small,

lom| S I[R, FI, (6.136)

Eqs. (3.14) and (6.51) are equivalent, i.e., meters efficient for weak standard measurements are also efficient for weak
standard measurements and vice versa. In other words, weak measurements with and without post-selection require ensembles
of comparable sizes (for comparable magnitudes of Ay, and A).

In contrast, when the magnitude of the covariance is relatively large,

lom| > I[R, F1I, (6.137)

then the generalized uncertainty relation (6.29) implies | [R, F]| << AR AF, i.e., such meters are not efficient for standard
measurements. Indeed, in the case (6.137) the ensemble size Ny in Eq. (3.17) is much greater than Ny for efficient meters
in Eq. (3.20). On the other hand, regular meters [i.e., meters satisfying Eq. (6.51)] are efficient for weak PPS measurements
irrespective of the value of ogz.

This can be understood in the following way. Assume that we increase |og|, whereas [R, F] and AF [and hence the
measurement strength (6.15)] are fixed. For a regular meter [Eq. (6.51)], this increase of |ogg| results in an increase of AR.
Moreover, in this case for weak PPS measurements the pointer deflection increases proportionally to AR, at least, in typical
cases [cf. Eqs. (6.52), (6.60) and (6.68)], but for weak standard measurements it stays the same [cf. Eq. (3.8)]. As a result, with
an increase of |ogk| the minimum ensemble size Ny for weak PPS measurements in Eq. (6.125) is not changed, whereas Ny
for weak standard measurements in Eq. (3.16) increases.

Recall that in the case (6.137), the enhancement coefficient & is large [see Eq. (6.89)]. It is the effect of enhancement
present in weak PPS measurements and absent in standard measurements which explains why meters not efficient for
weak standard measurements can be efficient for weak PPS measurements.

Finally, we recall that in the limiting case [R, F] = 0 (non-standard meters), weak standard measurements cannot be
performed at all, while weak PPS measurements are still generally efficient.

7. Mixed preselected state

7.1. The general nonlinear formula

Here we extend the above results to take into account the cases where the initial (“preselected”) state of the system p
is mixed. Now Egs. (6.3) and (6.4) imply that the expansions for (IT4R.)s and (IT4); have the same form as in Eq. (6.6) with
the changes

US> = pgg. (7.1a)
(A*pA) gy

(A (A, — Ay =
P

(k1> 0), (7.1b)
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where A° = (A%),, = 1. As aresult, Eqs. (6.17) become now

(IyRe)s = pyg[2y Im (RFA,) + > FR-F AL ], (7.2a)
(Iy)r = ppg(1+ 2yFImA, + y* F2ASY), (7.2b)

whereas Eqs. (6.18) and (6.19) yield, respectively,

R R 2y Im (R.FA,) + y? FR.F AV
142y FImA, + y2F2AQ"

(7.3)

S

and

~ R+2yIm(RFA 2FRF A1)
R = + 2y _( w)+yi(1;,; _ (7.4)
142y FImA, + y2F2 Ay’
Formally, Egs. (7.2)-(7.4) follow from Eqgs. (6.17)-(6.19) on replacing the definition (2.36) of the weak value by Eq. (2.60)
and replacing

ApA
AP A0 = AePos (75)
Py

As shown by Eq. (7.3) or (7.4), in the case of a mixed initial state, the results of weak PPS measurements depend on two
weak-value parameters, A,, [given now by Eq. (2.60)] and the associated weak value Af},'l), Eq. (7.5).

7.2. Validity conditions for weak PPS measurements

The validity conditions for weak PPS measurements with a mixed preselected state can be derived as in Section 6.2, the
only difference being that the A-dependent factors in Eq. (6.7) are changed now, in view of Egs. (7.1), as follows,

Ay (A" )y — (A*0A" M)py (0 <k <n). (7.6)

As a prerequisite to an estimation of these factors, we need to derive several inequalities, as follows.
The spectral expansion of p has the form

p= in|1/f,~><w,-|, (7.7)

where (y;|¥;) = 85 A; > 0,and ) ; A; = 1. In view of Eq. (7.7), we can write
2

(AP A g = | D 1 Ay A yip| < D Al Ay Y 2 1A )yl
i i j

= (ApAY) g (A" pA™ )4, (7.8)
where the Cauchy-Schwarz inequality is used. Thus, we obtain the inequality
(A p A" Y451 < (A0 A (A" P A" ). (7.9)
In particular, forn = k = 1, Eq. (7.9) implies that
[(AP)gol> < (ApA) g Pos (7.10)

or, in view of Egs. (2.60) and (7.5),
Aul> < ADD. (7.11)
For a pure state p, Egs. (7.9)-(7.11) become equalities. Moreover, for k > 0, we have the inequality

(A PA gy = Y Mil (A gy,
i
=< Amax Z |(Ak)¢¢,' |2 = Amax (AZk)qw’ (7.12)
i

where Ay = max{\;}.
To estimate the quantity on the right-hand side of Eq. (7.6), we assume that

(A < [(AD)ggl" (7.13)
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and that the left and right sides in Eq. (7.12) (with k = 1) are comparable, i.e.,

(A pA) gy ~ kmax(Az)cpq% (7.14)
Combining Egs. (7.9), (7.12), and (7.13) yields
(AP A )55 | S Domax[ (A7) g "2 (7.15)

Using the relations (7.14), (7.15), and (B.15), we obtain that the omission of higher-order terms in the numerator and
denominator of Eq. (7.3) is justified under the condition

1 = |y I[(AH4p]"2 (IF| + AF) < 1, (7.16)

where ' is the small parameter in the case of a mixed initial state.

The small parameter ' in Eq. (7.16) differs from w in Eq. (6.11) by the A-dependent factor. The latter is obtained under
the assumptions (7.13) and (7.14). Note that Eq. (7.13) holds, e.g., when (A2)¢¢ ~ ||A||2. It is of interest to compare the
present validity conditions (7.13), (7.14), and (7.16) with the respective conditions (6.8) and (6.11) obtained for the case of
a pure initial state p = |¥) (¥ |. In this case Aqax = 1, so that Eq. (7.14) becomes the relation

1Ay | ~ [(AH)gp]"2, (7.17)

which implies the equivalence of the conditions (7.16) and (6.11). Note that the conditions (7.13) and (7.17) are generally
stricter than Eq. (6.8). However, this difference can be negligible in some cases, as, e.g., in the important case |Agy | ~ [|IA]l.

7.3. Discussion
As mentioned above, the equality in Eq. (7.11) is obtained for all pure preselected states. Let us consider whether there

exist also mixed states p for which the equality in Eq. (7.11) is obtained. Eq. (7.11) is equivalent to Eq. (7.10), which, in view
of Eq. (7.7), can be recast as

2
<3 MilAgy, 2D kil 2. (7.18)
j i

> kiAgy, (Vil9)

This relation directly follows from the Cauchy-Schwarz inequality [8], if the sum on the left-hand side is interpreted as a
scalar product of the vectors {«/)Ti/\w,»} and {+/A; (¢|¥)}. The equality in Eq. (7.18) and hence in Eq. (7.11) holds if and only
if the above vectors differ from each other by a scalar factor, i.e., if and only if for all i for which X; # 0

Apy; = co(Pl¥i), (7.19)
where « is some complex number independent of i. Note that in this case Eq. (2.60) implies that A, = ¢ = A¢wj/(¢|1/fi).
In other words, |A,|> = Ag}*” if and only if the initial state p is a mixture of pure orthogonal states such that any of them
taken as the initial state would produce the same weak value.

The condition (7.19) is trivial, i.e., always holds (unless (¢|v;) = 0), when there is only one allowed value of i, i.e., when
p is pure. But the condition (7.19) is nontrivial when there are two or more allowed values of i, i.e., when p is mixed. In this
case, Eq. (7.19) always holds when Ais proportional to the unity operator, at least, in the subspace spanned by the states |¢)
and |v;) with the allowed values of i; however, Eq. (7.19) is very unlikely to hold for an arbitrary physical quantity A. Thus,
we obtain that, as a rule, the equality A" = |A,,|? implies that the initial state is pure, the exceptions being the cases for
which A and the mixed preselected state p satisfy the condition (7.19).

When AS’]) = |Ay|?% (7.3) and (7.4) reduce to Eqs. (6.18) and (6.19), respectively, i.e., the present theory of weak PPS
measurements developed for a pure preselected state is applicable also for the cases where p is mixed. However, when
Apl? < Afl}*l), weak PPS measurements are generally affected by the fact that p is mixed. Note that the effect of the
mixedness of p increases with decreasing the ratio |A,,[* /A1,

7.4. Measurement regimes

a. The linear response. The linear approximation to Eq. (7.3) has the same form of Eq. (6.20) as for a pure preselected state,
but A,, is now given by Eq. (2.60). Consider the validity conditions of the linear response. The denominator in Eq. (7.3) is
close to one and hence can be omitted, when

YAV [(AF? + P < 1. (7.20)
If, moreover, A,, is sufficiently large,

|y ReF Ay | > y?|FRFIALY, (7.21)
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then generally also the quadratic term in the numerator of Eq. (7.3) can be neglected. Thus, now the linear response holds
under the conditions (7.20) and (7.21). When FR.F = 0, the condition (7.21) always holds. When FR.F # 0, one can use
Eq. (6.54) to show that for regular meters [Eq. (6.51)] in the typical case of Eq. (6.58) the condition (7.21) is equivalent to
the requirement that |A,,|>/A("" is much greater than a number which is much less than 1. Hence, in particular, when
|Ap)? ~ AS*” the condition (7.21) holds, i.e., the condition (7.20) is sufficient for the linear regime; moreover, now the
condition (7.20) is equivalent to Eq. (6.30).

b. Beyond the linear response. In the present case of a mixed initial state, the weak-value parameters A,, and AS*” generally
cannot be made infinitely large (see Section 10.3). Still, ifA,(,}’l) is sufficiently large, the nonlinear Eq. (7.3) should be used.

In particular, when the condition (7.20) is inverted,

Y2 AS Y [(AF)? + FP1 > 1, (7.22)

measurements are performed in the regime of the inverted region. Then Eq. (7.3) yields Eq. (6.34) with the change
A, — AV /A% so that we obtain

P FR.F N 21m (R.F Ay) B 2F FR.FImA,,

s — R~ —

Py PAyt  y @RAyY

(7.23)

c. Measuring the coupling strength and weak values. The dependence of R on y in Eq. (7.3) is similar to that in the case of a
pure initial state, though the maximum of |R; — R| is now generally reduced. The measurements of  and the weak values A,,
and AS*” are now performed similarly to the case of a pure initial state (see Section 6.8), the measurements being optimal
in the strongly-nonlinear regime [cf. Eq. (6.41)],

y2 AV [(AF)* + F2 ~ 1. (7.24)

Since now there are three real weak-value parameters, ReA,,, ImA,,, and AS’”, measuring them requires, at least, three
weak PPS measurements with different values of the meter or coupling parameters, rather than two as for a pure initial
state.

7.5. Peculiar case: large average input variable, |F| > AF

In the case |F| >> AF, it is convenient to characterize the effects of the mixedness of the preselected state by the
parameter

A(],l) _ Aw 2\1/2
S U (7.25)
[Im A,
Note that for pure preselected states v = 0. When v is small, v < 1, the pointer value is resonantly enhanced under the
conditions (6.98)-(6.99), the resonance being approximately described by the expression

F.R.F, — ¢€FIm[R, F] — 2xFom
F2[x> + €2 + (AF/F)? +v?]

which differs from Eq. (6.100) by the term v? in the denominator. The effect of v # 0 is to broaden the resonance (7.26) and
to decrease its amplitude, so that the maximum possible pointer deflection (6.55) can be achieved only for

R—R=

(7.26)

AF
v = K1, (7.27)
|F|
whereas for v > AF/|F| the maximum magnitude of Eq. (7.26) is much less than Eq. (6.55), decreasing with v. Eq. (7.27)

provides a limitation on the ratio |I_7|/AF under which the optimal regime (6.55) is possible, namely, |I_7|/AF < v~L. The
sensitivity of the resonance (7.26) to the quantity v for v > AF/|F| can be used to measure v when v is very small.

7.6. The minimum size of the measurement ensemble

Let us estimate the minimum size of the ensemble needed for weak PPS measurements in the linear and strongly-
nonlinear regimes. We also assume for simplicity that |A,,|* ~ AQD,

a. Linear regime. Now the condition for the linear regime is given by Eq. (7.20). Inserting Eq. (6.47) into Eq. (6.120) and
taking into account that (I74) = pys, We obtain

No > [4y°A% (AF)?psel " (7.28)
The lower bound for N,

No = [4y2A2 (AF)? pyel ', (7.29)
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Table 5
Moments of the meter variables used in the present theory, for an arbitrary meter with R = F and different
types of the initial state py.

No. Meter configuration Moments of the meter variables:

RF FR.F FRF
1 FF=0 (AF)? 2F(AF)? 0
2 Arbitrary pu (AF)? F3 + 2F(AF)? F3

is obtained for optimal meters [Eq. (6.49)], whereas measurements with effective meters [Eq. (6.51)] require Ny of the order
of the value in Eq. (7.29).

b. Strongly-nonlinear regime. The strongly-nonlinear regime occurs under the condition (7.24). We assume that the
impurity of the preselected state is sufficiently small, so that the upper bound of the magnitude of the average pointer
deflection is of the same order as for a pure preselected state, i.e., |R; — R|max ~ AR [see Eq. (6.60); here AR is assumed to
be not too small]. Moreover, we use the estimate for (/1) in Eq. (6.127) with the substitution (7.1a), i.e.,

~_ Pos
(y)y ~ - TG/ (7.30)

Then Eq. (6.125) yields [cf. Eq. (6.128)]

_ 1+ (F/AF)?
No ~ (My); " ~ 7/. (7.31)
Po¢
In the usual case |F| < AF, Eq.(7.31) reduces to a simple form [cf. Eq. (6.129)],
No ~ (pge) ™" (7.32)

8. Examples of meters

The above theory is very general and holds for meters with finite- and infinite-dimensional Hilbert spaces. Below we
consider the average pointer deflection for various types of meters. In particular, we will obtain formulas for the meter
parameters which are important for weak PPS measurements. Such parameters, which are discussed below, include the
following mixed moments of the meter variables: R.F, FR.F, and F.R.F. [compare, e.g., Eqs. (6.18), (6.100) and (7.3)].

8.1. Non-standard meters

Here we consider two types of non-standard meters, namely, meters with R = F and those with AR = 0.

8.1.1. Meters with coinciding input and output variables, R = F

The above theory significantly simplifies when R and F commute. For the simplest such case, R = F, the moments of meter
variables used in the present theory are shown in Table 5 for different types of the initial state of the meter. In particular,
configuration 2 in Table 5 corresponds to the general case of an arbitrary initial state py, whereas meter configuration 1
describes the special case F2 = 0, which occurs, e.g., for a symmetric distribution @ (F) = (F|pm|F) (e.g., a Gaussian or a
Lorentzian) centered at F, so that @ (F) = & (2F — F). In Table 5 we used Eq. (6.54).

Thus, for meters with R = F, the general nonlinear formula (6.18) becomes (cf. configuration 2 in Table 5)

2y (AF)’ ImA,, + y[F2 + 2F(AF)*]|A,
142y FImA, + y2F2|A, |2 '
Consider two important special cases. In the linear regime [Eq. (6.30)], Eq. (8.1) yields

F; —F =2y (AF)’ImA,, (8:2)
which is an extension of the second equality in Eq. (2.56) to the general meter state.
Now let us consider the inverted region, assuming for simplicity that F = F3 = 0. We insert the meter moments listed
in Table 5 for configuration 1 into Eq. (6.34), taking into account that now F2 = (AF)? [cf. Eq. (6.31)]. This yields the simple
expression

- 2 1
Fs= —Im— for|yAy,|AF > 1. (8.3)
y o AL
It is worth noting that Eq. (8.3) provides an interpretation for the result of a classical theory in Eq. (9) of Ref. [22] in terms of

weak values (see Section 13).

—F = (8.1)
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8.1.2. Meters with zero pointer uncertainty, AR = 0
Furthermore, consider the case when AR = 0 and R has a discrete spectrum.” In this case

ﬁPM =/0M1A3=RPM (8.4)
[cf. the remark after Eq. (4.11)], and hence

iéc PM = PM kc =0. (8.5)
Eq. (8.5) implies that

ReF =Tr (puRcF) = 0. (8.6)

As a result, now the linear approximation (6.20) vanishes. However the weak value is still measurable in the nonlinear
regime. Indeed, now Eq. (6.18) becomes, in view of Egs. (8.6) and (6.54),

- 2F.RF.|A, |?
R—R = )i ReFe| w|7 ) (8.7)
142y FImA, + y2 F%|A,|?

Note that Eq. (8.7) differs from zero only when F and R do not commute. Indeed, for commuting F and R, we have
F.R.F. = F2R. = Tr (F? R, pm) = 0, in view of Eq. (8.5).
In both cases (8.1) and (8.7) one can measure Im A,, and |Re A, |, as discussed in the end of Section 6.8.5.

8.2. Continuous-variable meters

The standard measurement theory [1,18,77] involves a continuous-variable meter and canonically conjugate variables.
Correspondingly, the bulk of the literature on weak values involves such meters. Here we apply the above theory to the
important case of continuous-variable meters.

First, we remind that meters with R = F (including continuous-variable meters) were discussed in Section 8.1 (see,
especially, Table 5). The case of commuting F and R is essentially similar to the case R = F. Consider now a continuous-
variable meter with non-commuting F and R.

8.2.1. Canonically conjugate variables

The present theory is applicable to arbitrary meter variables, however here we focus on canonically conjugate variables
given by Eq. (2.12). Since [q, p] = i, now Eq. (6.23) becomes

RCT =(cp = 0pq + /2, (8.8)
and the general linear-response formula (6.20c) reduces to the result of Ref. [ 124], which is a direct extension of Eq. (2.40),
Z]S - ‘_] =Y (ReAw + ZO'pq ImAw) (89)

The covariance o, is an important parameter, since it affects the result (8.9) of weak PPS measurements. Moreover, it
enters the generalized uncertainty relation for the canonically conjugate meter variables p and g, which, as follows from Eq.
(6.29), has the form

ApAq > . /1/4+ 0} (8.10)

Therefore, it is of interest to obtain the conditions under which 0,4 # 0.
Assume now for simplicity that at t = 0 the meter is in a pure state |/y). Presenting ¥u(q) = (ql¥m) and Yw(p) =
(plym) in the forms

Ym (@) = fo(q) expli& ()], (8.11)
Ym(p) = fr(p) exp[—i(p)], (8.12)

where f(q), £(q), f,(p), and ¢(p) are real and continuous functions, we obtain two equivalent expressions for the
anticommutator of g and p (see Appendix C),

{g,p} =2q& (@ =2p¢' (D), (8.13)

7 Here we do not consider the case AR = 0, when R has a continuous spectrum, since then states with AR = 0 are generally unphysical.
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Table 6
Moments of meter variables used in the present theory, for a meter with F = p and R = g; different cases correspond to different types of the pure initial
state [fm). Here, ¢/(p) = ¢'(p) — g, and §/(q) = £'(q) — p.

Moments of the meter variables:

No. Meter configuration Opq Pqcp PcqcPe

1 Constant or linear ¢ (p) 0 0 0

2 Quadratic £ (p), p2 =0 b/2 bp 0

3 Quadratic £ (p) b/2 bp?p./2(Ap)? bp?/2(Ap)
4 Arbitrary [Ym) p&l(p) or g&/(q) p*¢!(p) pZsi(p)

where the prime denotes differentiation. The second equality in Eq. (8.13) is an interesting and nontrivial relation between
the phases £(q) and ¢ (p). Combining Eqgs. (6.22) and (8.13) yields two equivalent expressions for oy,

Opg = P&'(P) —qp = q&'(q) — qp. (8.14)
A consequence of Eq. (8.14) is that o,y = 0if, at least, one of the phases ¢ (p) and & (q) is constant or linear, because linear
¢(p) and & (q) imply,

{'w=aq  §@=p, (8.15)
as follows from the general expressions derived in Appendix C,

T =4 (8.16)

F@ =5 (817)

Consequently, we conclude that the covariance o, for a coordinate g and the canonically conjugate moment p is nonzero
if and only if one of the two equivalent conditions holds: (a) the phase ¢ (p) is nonlinear in p and

p¢'(p) #qp (8.18)
or (b) the phase £(q) is nonlinear in g and
q&'(qQ) # qp. (8.19)
Inserting Eq. (8.14) into Eq. (8.9), we obtain two equivalent expressions for the linear response,
Gs—q =y {ReA, +2[pt'(p) — qp]ImA,} (8.20a)
=y {ReA, +2[q§'(9) —qp]ImA,}. (8.20b)

It is usually noted [18,124,130] that Eq. (8.9) reduces to Eq. (2.40) for a real y»(q). The above discussion of o,, implies a
more general result: Eq. (2.40) holds whenever the phase of either ¥\ (q) or ¥ (p) is a linear function (or, as a special case,
a constant or zero). In contrast, a nonlinear phase ¢ (p) or £(q) generally results in a non-vanishing correlation between p
and q, opq # 0, so that both terms in Egs. (8.9) do not vanish (see also Section 8.2.2).

When weak values are large, one should use the general nonlinear equation (6.18) [or (7.3), for a mixed preselected state]
or Egs. (6.100) and (7.26) for the case |F| > AF.In particular, Eq. (6.18) with the account of Eq. (8.8) now becomes

G_g=" (Re Ay, + 20y, ImA,) + y* PqcplAu *
s - _ pr—
14 2ypImA, + 7/2 P?Ay |2

whereas for a mixed preselected state one should replace |A,|*> — A"V in Eq. (8.21).
The expressions for the meter parameters entering the present theory for the meter (2.12) with an arbitrary pure initial
state are shown in Table 6, configuration 4. To derive these expressions, we used Egs. (6.22), (6.54), (8.13), (8.16), the equality

(8.21)

PP =pqp—qp (8.22)
and the following relation obtained in Appendix C,
pap=p>¢ . (8.23)

The case when ¥y (p) is real or has a constant or linear phase ¢ (p), is especially simple, since then the real meter parameters
vanish, as shown in Table 6, configuration 1 (see also Section 8.2.3).

Consider now the simplest case of a nonlinear phase in the momentum representation: a quadratic ¢ (p). Using Eq. (8.16),
it is easy to show that in the general case a quadratic ¢ (p) satisfies the equation

b —Dp)

20p) (8.24)

' =q+
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where b is a real dimensionless parameter characterizing the quadratic phase modulation. Inserting Eq. (8.24) into the
formulas for configuration 4 in Table 6 yields configuration 3 in Table 6. In particular, the linear-response result (6.20a)
becomes

gs—q =1y (ReA, + bImA,). (8.25)
Now we obtain o,y = b/2 (see Table 6, configuration 3), and the generalized uncertainty relation (8.10) now becomes
1+ b2
ApAq > % (8.26)

When p? = 0, which holds, e.g., for the function @ (p) = [Ym(p)|?, which is symmetric with respect to p, @ (p) =
@ (2p — p), the formulas for the case of the quadratic ¢ (p) simplify: see configuration 2 in Table 6.

An example of a state with a quadratic phase and a symmetric @ (p) is a general complex Gaussian state given by
Egs. (2.51) and (2.52). The parameters Ap and Aq in Egs. (2.51) and (2.52) are related by Eq. (2.53), which is essentially
the generalized uncertainty relation (8.26) with the equals sign. A general Gaussian state implies the formulas in Table 6,
configuration 2.

8.2.2. Invariance with respect to a meter gauge transformation

As mentioned above (see also Table 6), p and q are generally correlated (i.e., opq 7 0) whenever the phase ¢ (p) is
nonlinear. To understand better this result, we make the following remark.

The formulas in Table 6, configurations 1 and 4, imply that the average pointer deflection in the presence of a nonlinear
¢ (p) will not change if the meter is modified, as follows: (i) ¢ (p) is replaced by a phase Z (p) which is vanishing or at most
linear in p and (ii) the pointer is changed according to

g—>R=q+¢ (@ +C, (8.27)
where C is an arbitrary real constant. Eq. (8.27) is a special case of the invariance property of the average pointer deflection

under a gauge transformation of the meter, discussed in Section 4.2.2 [see, in particular, Eq. (4.20)]. In the case of a quadratic
¢ (p) as given in Eq. (8.24), Eq. (8.27) becomes

gq— R=q+bp+C. (8.28)

The modified~pointer variable R in Eq. (8.27)is ob\iiously correlated with p when ¢ (p) is nonlinear in p.
Note that Ris canonically conjugate to p, since [R, p] = [q, p] = i, for any ¢ (p). This is not surprising, since the canonically
conjugate variable is known to be determined not uniquely [183].

8.2.3. Measuring physical parameters

Here we will consider weak PPS measurements involving several examples of meters with canonically conjugate
variables (2.12) in the usual case where |p| < Ap. As follows from the general discussion in Section 6, the optimal conditions
for measurements of physical parameters, such as y and A, are obtained in the strongly-nonlinear regime, the condition
for which in Eq. (6.43) becomes now

lyAu|Ap ~ 1. (8.29)

Here we will discuss the optimal conditions for two cases: (i) the phase ¢ (p) in Eq. (8.12) is constant or linear and (ii) ¢ (p)
is nonlinear.
Case (i). A constant or linear ¢ (p). In this case Eq. (8.21) is especially simple (cf. Table 6, configuration 1),

_ §— y Re Ay
14 2ypImA, + y2 p?Au)?

This quantity differs from zero only when Re A,, is nonvanishing. The magnitude of the pointer deflection (8.30) is maximal
for

(8.30)

+Ap—ip
VA, = #, (8.31)
p
when Eq. (8.30) becomes, respectively,
gs—q== ! (8.32)
qs—q= 2Ap° .

Thus, forp = 0 (p # 0), the optimal A,, should be real (complex). The Heisenberg uncertainty relation [Eq. (8.10) with
opq = 0] and Eq. (8.32) imply that now the maximum magnitude of the pointer deflection satisfies the relation

|as - ‘_ﬂmax = A‘L (833)
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which is in agreement with the general equation (6.60). The equality in Eq. (8.33) is achieved, e.g., for meters with a Gaussian
initial state.

Case (ii). A nonlinear ¢ (p). This case can be analyzed similarly to case (i), though generally Eq. (8.21) is more complicated
than Eq. (8.30). In contrast to case (i), this case shows the enhancement discussed in Section 6.7.3. In particular, in the optimal
regime the maximum magnitude of the pointer deflection is of the order of Aq in both cases (i) and (ii), in agreement with
the general result (6.60). However, for a given Ap, the quantity Aq in case (ii) is greater than that in case (i) due to a non-
zero covariance oypq [cf. Eq. (8.10)]. An increase of the nonlinear ¢ (p) leads to an increase of |oy4|, which in turn yields an
enhancement of the maximum pointer deflection and thus an increase of the measurement accuracy.

The enhancement of the pointer deflection occurs also in the linear-response regime. In contrast to the nonlinear regime,
this enhancement occurs only when ImA,, # 0 [see Eq. (8.9)], being maximized when A,, is purely imaginary [21,90,93-95,
99,100]. In both regimes, the increase of the pointer deflection is characterized by the enhancement coefficient & given in
Eq. (6.87). However, the optimal conditions are obtained only in the nonlinear regime.

Let us consider two examples.

Example 1. Complex A,,. First, we consider the case of a quadratic ¢ (p) withp = E = 0. Then, as follows from Eq. (8.21)
and Table 6, configuration 2, we obtain

_  _ vy ([ReAy,+blmA,)
4 —q= o (8.34)
1+ y2 (Ap)*|Ay|

The magnitude of Eq. (8.34) is maximum for the following values of yA,,,

Ay, ==+ 1ib (8.35)
NN '
Substituting these values back into Eq. (8.34) yields, respectively,
L 1+ b?
G—q=+t—. (8.36)
2Ap

In view of Eq. (8.36) and the generalized uncertainty relation (8.26), we again obtain the upper bound for the magnitude
of the pointer deflection as in Eq. (8.33). The equality in Eq. (8.33) is achievable now, e.g., for a general complex Gaussian
meter wavefunction.

Note that the pointer deflection in Eq. (8.36) is enhanced relative to Eq. (8.32) by the factor given exactly by Eq. (6.87),
which now becomes

& =+1+Db2 (8.37)
In particular, for |b| > 1 we obtain that
E=1b|> 1. (8.38)

In the above example, just as in the linear case (8.9), the enhancement cannot be obtained with a real weak value,
since then the b-dependent term disappears in Eq. (8.34). The following example shows that in the nonlinear case a strong
enhancement is possible even for a real A,,, when p # 0.

Example 2. Real A,,. Let A,, be real, ¢ (p) quadratic, and E = 0. Then Eq. (8.21) and Table 6, configuration 2, yield

— q=yAw+y2bﬁA2w

ds — — (8.39)
’ 1+ y2p2 A2,

Now the pointer-deflection magnitude is maximal when

YAw = 2(qs — Q). (8.40)
In this case the pointer deflection is for b £ 0

_ — 12
_ _ b 2
G—g= 21+ |1+ 2| 1, (8.41)
2p? (bp)

whereas forb =0

_ _ 1

gs—q== (b=0). (8.42)

2(p1)12
For |b| > 1 the magnitude of Eq. (8.41) as a function of p is maximum for |p| = Ap,

oL ) _
gs — q = sgn(p) SAp (Ibl > 1, |p| = Ap). (8.43)
p
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This result is easily obtained, if one takes into account that for |b| > 1 and for not too small |p|, i.e., [p| > Ap/|b|, the
fraction in the square brackets in Eq. (8.41) can be neglected, yielding g; — g = bp/[p*> + (Ap)?].

The magnitude of the pointer deflection in Eq. (8.43) is the same as in Eq. (8.36) with |b| >> 1. Comparing Eqs. (8.43) and
(8.42) with |p| = Ap shows that now enhancement is given by the factor ~/2|b|, which is of the order of the enhancement
coefficient & in Eq. (8.38), in agreement with the general discussion in Section 6.7.3. It is of interest also to compare
Eq. (8.43) with the special case p = 0 of Eq. (8.42), §; — § = +(2Ap)~!, where the magnitude of Eq. (8.42) as a function of p
is maximum. As a result, we obtain that the maximum of |g; — q| as a function of both yA,, and p is increased by the factor
|b| for |b| >> 1in comparison to that for b = 0.

8.2.4. Effects of the meter Hamiltonian
The meter Hamiltonian is often nonzero in experiments. Therefore, let us consider the effects of the meter Hamiltonian.
For simplicity, we assume that the meter is described by the same Hamiltonian as a free particle [90,126],
p?
HM = HMl = HMZ = _—), (844)
2my
where my,, is the “particle” mass. In this subsection, in paragraph a we consider the case of the canonically conjugate meter
variables (2.12), whereas in paragraph b we consider a more general case.

a. Effective initial state. Here we consider the case (2.12). Now the Hamiltonian (8.44) commutes with F = p, therefore,
as discussed in Section 5.3, the effects of the meter Hamiltonian can be taken into account by two equivalent ways: either
through the effective initial state or through the effective pointer.

Here we describe the effects of the meter Hamiltonian by the effective initial state [see Egs. (5.16) and (5.12)],

Ym(p, tw) = exp(—iHutm) Ym(p). (8.45)
The Hamiltonian (8.44) generates a quadratic contribution to the phase of iy (p, tm), with b given by the quantity
2(Ap)* ¢
bity) = 2P I, (8.46)
m

p

which increases with ty. Thus, the effective initial state can have a nonlinear phase modulation due to the free meter
Hamiltonian, even when the phase of the initial meter state v (p) is constant or linear in p.

Generally, the initial state yy(p) has a nonlinear phase ¢(p). As a result, the meter parameters for weak PPS
measurements are the sums of the contribution due to ¢ (p) (see Table 6, configuration 4) and the contribution due to the
meter Hamiltonian, i.e., due to the quadratic phase modulation determined by the parameter b in Eq. (8.46) (see Table 6,
configuration 3).

In particular, in the simple case, when the initial meter phase in the momentum space is constant or linear, the effect of
the meter Hamiltonian is to change case 1 in Table 6 to configuration 2 or 3. For a sufficiently long ty, this results in a large
pointer-deflection enhancement [cf. Eq. (8.38)],

2(Ap)*t
6 = (Ap)“tm
mp

> 1. (8.47)

When ¥y (p) is a Gaussian, Eq. (8.47) can be recast also as

_ 2(Aqu)*my,
==
where Aqy is the uncertainty of g at the moment ty;. To derive Eq. (8.48), we took into account that ApAqy = b(ty)/2 > 1
[cf. Eq. (2.53)], which yields, in view of Eq. (8.46),

Agy = 2P (8.49)

mp

Eqgs. (8.47) and (8.48) were obtained and checked experimentally in Ref. [90] (where the enhancement factor & is denoted
by F) for the special case of linear response (see also Ref. [126]).

Note, however, that the same enhancement is obtainable also in the optimal regime, as discussed in Section 6.7.3 and
shown by a direct calculation in Section 8.2.3. It is advantageous to perform experiments in the optimal regime, since the
proper amplification and hence the total amplification [Eq. (6.90)] are greater in the optimal regime by, at least, an order of
magnitude than those in the linear regime.

b. Effective pointer variable. Consider the case when F is arbitrary, whereas R = ¢. Now the Hamiltonian Hy does not
necessarily commute with F.In this case, as discussed in Section 5.3, the effects of Hy can be taken into account through the
effective pointer variable. From Egs. (5.11), (5.13), (5.14) and (8.44) we obtain that the effective pointer variable is

€ (8.48)

t
a(tw) = ¢+ —p, (8.50)
mp
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both for PPS and standard measurements. Correspondingly, now the pointer deflection equals (irrespective of the
measurement strength)

_ _ - _ tm _
Gs; — q = (Gsy — @Qo + m—(ps,f —D)o- (8.51)
D

Here the subscript s (f) corresponds to PPS (standard) measurements, whereas the two terms in the parentheses denoted
by the subscript “0” are the unperturbed results of the measurements of the coordinate and the momentum, respectively,
i.e., the results obtained in the absence of the meter Hamiltonian.

Eq. (8.51) implies that, when ty, is very small, the effect of the meter Hamiltonian is negligible,

as,f —-gq= (‘_]sﬁf — Qo- (8.52)

In the opposite limit, when ty; is sufficiently large, the unperturbed contribution from the coordinate can be neglected in
Eq. (8.51), and the measurement of the coordinate provides the unperturbed momentum deflection,

_ _ tm _
gsf — 4 = — (Pss — D)o- (8.53)
my

In this case, the measurement of the momentum is “translated” into the measurement of the coordinate [76]. This is a very
useful feature, since it is usually much easier to measure the position of a particle than its momentum.

Note that the factor ty/m, in Eq. (8.53) increases with ty and hence can provide a strong enhancement. In the case
(2.12), this enhancement is equivalent to that mentioned above, which is due to the correlation between F and R. However,
generally (e.g., for F = q) the enhancement due to the meter Hamiltonian in Eq. (8.53) differs from the enhancement
discussed in Section 6.7.3.

Let us discuss special cases.

(i) Consider measurements with

F=R=aq. (8.54)

This case is realized, e.g., in the Stern-Gerlach experiment [18], as well as in some optical experiments [21,83,93-95,99,
100]. We note a difference between standard and weak PPS measurements for the case (8.54). For standard measurements,
the first term on the right-hand side of Eq. (8.51) vanishes [cf. Eq. (3.8) with F = R = q], i.e., the “translation” (8.53) is exact
for any ty;. Hence, effectively the meter variables are given by [cf. the case (2.79)]

tm

F=q R="p.
14

(8.55)
In comparison, for PPS measurements both terms in Eq. (8.51) are generally nonzero. Now the “translation” (8.53) is
approximate; it occurs only when ty; is sufficiently long, whereas in the opposite limit of a short ty Eq. (8.52) holds [95].

(ii) Consider the meter with the canonically conjugate variables given by Eq. (2.12), F = p and R = q. Now for standard
measurements, Eq. (8.52) is exact, i.e., effects of the meter Hamiltonian vanish. In contrast, for weak PPS measurements
with the meter (2.12), effects of the meter Hamiltonian do not vanish. Now Eq. (8.51) yields the results discussed above
in paragraph a. This can be checked by inserting Eqs. (8.21) and (8.1) with F = p on the right-hand side of Eq. (8.51)
and using Table 6. Thus, the two seemingly different approaches developed for this case in paragraphs a and b are
equivalent, in agreement with the discussion in Section 5.3. This equivalence implies that the quadratic phase characterized
by the parameter (8.46) can be equivalently replaced by the effective pointer (8.50). In turn, the latter equivalence is a
consequence of the invariance of PPS measurements with respect to gauge transformations of the meter (Section 4.2.2, see
also Section 8.2.2).

c. The covariance and the spatial spread. Consider a meter modeled as a particle moving in a potential, and let F = p and
R = q. Due to nonzero meter Hamiltonian Hy;, the meter state is changing in time. We now assume, for simplicity, that
the system Hamiltonian is zero. In the special case of instantaneous (impulsive) measurements, ty, t¢, t; — 0, Jozsa [124]
obtained Eq. (8.9), where the covariance oy, is related to the rate at which the meter distribution is spreading in space by
the equality

_ mpy d{[Ag(D)])

: 8.56
) dt —o (8:36)

where Aq(t) is calculated for the free-evolving meter state py(t) = e~ M pyefM! As mentioned in Section 5.3, in the
present case ty, t;, t; — 0, the measurement results are not modified by the meter Hamiltonian Hy;; hence also Eq. (8.21)
with o}, obeying Eq. (8.56) holds now.

Consider now whether it is possible to extend Eq. (8.56) to measurements with a finite duration, ty; —t; > 0. For weak PPS
measurements with a finite duration, even when the coupling is impulsive, t — t; — 0, the effects of the meter Hamiltonian
generally cannot be taken into account by a relation, which, as Eq. (8.56), depends only on the meter state. Indeed, when
the meter Hamiltonian Hy does not commute with the coupling Hamiltonian (2.8), the effects of Hy, include necessarily a
change of the pointer variable (see Section 5.3).
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An exception is the case of the free-particle meter Hamiltonian (8.44). Indeed, since the Hamiltonian (8.44) commutes
with the coupling Hamiltonian (2.8), then, as shown in Section 5.3, the meter Hamiltonian can be taken into account in
measurements with a finite duration simply by replacing the initial meter state py with the state py(ty) [see Eq. (5.16)]. This
means that now Egs. (8.9) and (8.21) are not changed, but Eq. (8.56) should be modified by the substitutiont = 0 — t = ty,
ie.,

_ my d{[Aq(H)]?}

= 8.57
D= dt (8.57)

t=tpm

8.3. Two-level meter

Until recently, pre- and post-selected measurements were studied mainly employing a continuous-variable meter, the
exception being two early experimental works [81,82]. In a number of recent theoretical papers, measuring weak values of
a qubit with a qubit (two-level) meter was discussed [123,127,149], whereas measurement of an arbitrary system with
a spin and a qubit meters was considered in Refs. [122,130], respectively. A qubit meter was used in experiments for
weak PPS measurements of a qubit [81,82,87,97,98] and a continuous-variable system [101,102]. Here we discuss weak
PPS measurements of an arbitrary system with a qubit meter, beyond the linear-response regime.

For a two-level (qubit) meter, the operators F and R can be written in the form,

F=F+f, F =3, (8.58)
o - ﬁR, (8.59)

=>
I

where 7i; and 7ig are unit vectors and f; is a real number. The operators (8.58)—(8.59) are not the most general ones. However,
the most general situation easily reduces to the case (8.58)-(8.59) with the help of simple substitutions.®

The meter parameters in the formulas of the present theory [see, e.g., Egs. (6.18), (6.100), (7.3) and (7.26)] are now
given by

F=Fi+fo, F=142fF+f2, AF=/1-F, (8.63)
AR=+1-R?, (8.64)

RcF = Mg — RF; + iM;,
FR.F =M — R+ 2fy(Mg — RFy),
F.R.F; = M — 2F;Mg + RQ2F} — 1), (8.65)

where

Mg =ReRF;,  M; =ImRF;, M = F{RF,. (8.66)
From Eqgs. (8.58), (8.59) and (8.66) we obtain that

My = cos 1, M; = F,sinng, M = F, cosn — Fssinn. (8.67)

Here n (0 < n < m) s the angle between 7 and 7ig,

Fi =Tr[(o - fir) pul, Fo3 =Tr[(0 - fiz,3) pml, (8.68)

8 Indeed, in the most general case R has the form

k = T15’ . ﬁR =+ 1o, (860)

where ry and ry are real. As implied by Eq. (4.10), replacing Eq. (8.59) by Eq. (8.60) results in multiplying the expression for Ry —Rbyr.
Similarly, the most general F has the form

F=fF+f), (861)

where f; is real. However, when the factor f; # 1, it can be absorbed in the parameter g (t) in the Hamiltonian (2.8) and, hence, also in the coupling strength
y. Hence, using Eq. (8.61) instead of Eq. (8.58) results in the following substitution in the formulas of the present theory,

y = fiv. (8.62)
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Table 7

Moments of meter variables used in the present theory, for various configurations of a two-level meter. The parameter F; determines F, F2, and AF by
Eq.(8.63), whereas f, = 1 — (Sy - 1iF)? = (AF)%.

No. Meter configuration Moments of the meter variables:
R F R.F FR.F FeR F,
1 fig L fig, Sy = 12 0 0 i 0 0
2 fip =Tig, Sm T =0 0 0 1 2f, 0
3 Sm =1 0 0 el 2focosn 0
4 fip = fig Sw - 7ip Sm - Tip f 2fof> —2Fif
5 Sm = fig 1 cosn 0 —sin?p —sin?p
6 Sm = Tig, fg L 7ig 1 0 0 -1 -1
7 Su=0 0 0 cosn 2focosn 0
whereas 7 3 are unit vectors defined by
> ﬁR X ﬁF - - >
ny, = — , N3 = nNg X Ny. (8.69)
sinn

Note that for noncommuting Rand F (i.e., for n # 0), {fig, N1y, 13} is an orthonormal basis in the Bloch sphere of the meter.
The general initial condition for a two-level meter is

om = +07-5u)/2, (8.70)
where Sy is the pseudospin. Using Egs. (8.70) and (8.68), we obtain that in Eqgs. (8.64), (8.65) and (8.67)

R=5yn g, Fiy = sy - ng, Fy3 =5u N33, (8.71)

the quantities F; being the components of the pseudospin in the orthonormal basis {Tir, 1, fi3}.

When R and F commute, then n = 0orm,ie., iy = % In this case, the quantities F, 5 are not defined, but they drop
from the expressions, and Eqs. (8.67) and (8.71) yield that

Mg=41, M =0, M=R==F, (8.72)

where the choice of the sign on the right-hand sides of the equations coincides with that in the equality 7y = =iiz.

In the present case of a two-level meter there are a number of free parameters, variation of which allows one to obtain
desirable values of the meter moments. Several possible configurations of the qubit meter are listed in Table 7. To obtain
the values of the moments of the meter variables shown in Table 7, we used Eqgs. (8.65), (8.67), (8.69), (8.71) and (8.72).

A simple, but important, case is obtained when the initial meter state is pure (i.e., Sy is a unit vector) and {fig, fif, Sm}
is a right-handed basis in the Bloch sphere of the meter, see meter configuration 1 in Table 7. This situation is similar
to configuration 1 in Table 6. To obtain the explicit expression, we combine the data of configuration 1 in Table 7 with
Eqgs. (8.63) and (6.18), yielding

R0 — 2y ReA, .
14 2yfolmA, + y*(1 + fD)1Au?

(8.73)

Another simple situation, which is especially suitable for the case of an imaginary weak value, is given by configuration 2 in
Table 7, for which we obtain

R® — 2y ImA, + 2y°folAy |
S 14 2yfImA, + ¥ (14 fDIAL R

The superscripts “(1)” and “(2)” remind that Egs. (8.73) and (8.74) relate to cases 1 and 2 in Table 6. Eqs. (8.73) and (8.74)
simplify in the linear regime, where yA,, is small, yielding respectively [cf. Egs. (2.40) and (2.41)]

(8.74)

RV =2y ReA,, (8.75)
R® =2y ImA,. (8.76)

Note that in configuration 2 in Table 7, the meter may be in a pure or mixed state with Sy L 7ip or even in the completely mixed
state, Sy = 0. The fact that the purity of the meter state is not important in this case may be used to simplify experiments
on weak PPS measurements, which employ configuration 2 in Table 7.

When the weak value is complex, joint measurements with meter configurations 1 and 2 allow one to perform weak-
value tomography (i.e., to obtain the real and imaginary parts of the weak value). One can work in the linear-response
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regime, using Egs. (8.75) and (8.76), or in the strongly-nonlinear regime, using Egs. (8.73) and (8.74) (see Section 6.8). The
linear-response version of this method was demonstrated® experimentally in Ref. [102].

Table 7 lists also several other possible meter configurations. In particular, configuration 3 resembles configurations 2
and 4 in Table 6, configuration 1 in Table 7 being a special case of configuration 3 for = /2. Configurations 2 and 4-7 in
Table 7 are examples of non-standard meters. In configurations 2 and 4, R and F commute, configuration 2 being a special
case of configuration 4. In configurations 5 and 6, AR = 0 since then py is a pure state which is an eigenstate of R (see also
Section 8.1); case 6 is a special case of case 5. Finally, configuration 7 is the case of a completely mixed state of the meter;
this demonstrates the possibility of weak PPS measurements with meters in a completely mixed state. The special case of
configuration 7 with sy, = 7y is included in configuration 2.

It is easy to show that meters with configurations 1-3 in Table 7 satisfy the condition (6.49); thus, they belong to
the class of meters optimal for weak PPS measurements in the linear-response regime, as discussed in Section 6.10.2.
In addition, meters with configuration 1 in Table 7 are also optimal for weak standard measurements, since they satisfy
Eq. (3.13). Moreover, meters with configurations 4 and 7 in Table 7 are regular meters, i.e., they are effective for weak PPS
measurements, since they satisfy the condition (6.51), with the exception of the cases |F;| &~ 1 for meters with configuration
4 and | cos n| <« 1 for meters with configuration 7.

The above results show that for weak PPS measurements, the qubit meter is at least as versatile as the continuous-variable
meter. One or more of the parameters entering Table 7 can be varied in experiments in order to perform tomography of weak
values or optimize the measurements.

8.4. Experiments where the average input variable is nonzero, F # 0

In previous theoretical and experimental studies of weak PPS measurements, F has been always set to zero, exactly or
effectively. In the present theory we do not make this assumption, i.e., now generally F # 0. Still, as shown above, the linear
response does not depend on F [see Eq. (6.20)]; however, its validity condition generally does depend on F [see Eq. (6.97)].

What is more important is that, as shown above, weak PPS measurements depend significantly on the value of F in the
nonlinear regime. In particular, a nonzero F can facilitate measurements of A,, and y (Sections 6.8.5 and 8.2.3), whereas the
optimal regime in the peculiar case |F| >> AF has some advantages, as discussed in Sections 6.9 and 7.5. Here we mention
some systems for which the above effects can be checked experimentally.

Qubit meter is a simple example of a meter for which generally F # 0 (Section 8.3). As follows from Eq. (8.63), for qubit
meters the ratio F/AF can be easily tuned by changing F;, i.e., by changmg the initial meter state py (for specific examples,
see the values of F; in Table 7). Moreover, F is always nonzero when F is a projector; it can also be shown that this is the
case for the experiments [82,88].

The quantity |F| can be very large, as in the proposed Stern-Gerlach experiment [ 18] and in the actual optical experiments
using birefringent elements [80,82,83,85,88,96]. In this case, under certain conditions the effects of F can be often
eliminated [18], using the invariance of PPS measurements under gauge transformations of the system, see Section 4.2.1,
especially Egs. (4.15) and (4.16). Indeed, in a typical case of a two-level system with A= 0, Egs. (4.15) and (4.16) imply
that F is effectively zero in PPS measurements when [18]

yF=nm forn=0,+1,42,.... (8.78)

In the above optical experiments y was not varied, since it was fixed by the condition (8.78) with some value of n.

As discussed above, a nonzero F can be useful in the nonlinear regime. In the case of very large F, one can obtain an
effective F of an arbitrary magnitude by making the value of y or F slightly differing from that fixed by Eq. (8.78). Then, in
view of Egs. (8.78) and (4.16), in the results for PPS measurements obtained in the present paper, the average of F should be
substituted by its effective value,

- = nw
F—F— (8.79)
v’

where n is the integer minimizing |F — ns/y|. In particular, inserting Eq. (8.79) into the validity conditions of the present
theory and of different regimes, such as, e.g., Egs. (6.13) and (7.16), provides the limits for the allowed values of the quantity
F—nm/y. B

Finally, we note that F can be tuned also by performing in any part of the interval (0, ts) an additional unitary
transformation U’ = exp(—iaA) on the system, where « is a real number. This will replace the transformation U (2.10)

9 More specifically, in Ref. [102] in both configurations 1 and 2, Fis the operator of a spin component, so that the parameters in Eq. (8.61) are given by
fo=0and f; = 1/2. As a result, Eq. (8.62) implies that Eqs. (8.75) and (8.76) become now, respectively,

RV = yReA,, R? =yImA,. (8.77)
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by UU’, which is equivalent to the replacement

[ (8.80)
y

9. Distribution of the pointer values

Higher-order moments Ri’; of R can be obtained by substituting R— R'in Eq. (6.18) or (7.3). These moments can be
written in the form

RI =) R'®(R), (9.1)
R

where @ (R) is the distribution of the eigenvalues R of R for ¢ > tr. Hence, the maximum information is provided by the
distribution @,(R), discussed in this section.

9.1. General meter

Here we discuss the case of a general meter which can be a system with a finite number of states or a continuous-variable
system. For simplicity, we will consider @;(R) for a nondegenerate R; then

@5(R) = [R)(RI,, (9.2)
where |R) is the eigenvector of R with the eigenvalue R. Substituting R— |R)(R| into Eq. (6.19) yields
@s(R) = {®(R) + 2y Im [A,,@1(R)] + y*|Au|* D2 (R)}/Qo. (9.3)

Here @ (R) = (R|pm|R) is the initial distribution of R, @1 (R) = (R|I:"pM |R) is generally complex, whereas @, (R) = (R|I:‘pM13|R)
is real; finally, Qp equals

Q = 1+ 2y FImA, + y? F2|A,|%. (9.4)

Here and below in Section 9 we assume that the initial state of the system is pure; if this is not the case, the results obtained
still hold under the replacement (7.5). Consider several important cases.
When the meter is initially in a pure state |y ), then in Eq. (9.3)

PR = lYym®I>,  &1R) = YR dr,  P2(R) = |dkl, (9:5)

where

YmQR) = (RlYm),  dr = (RIF|Ym). (9.6)

The function @ (R) in Eq. (9.3) simplifies when F is a function of R, F = h(R). The latter implies that [F R] = 0. [For

nondegenerate F and R, also the converse is true, i.e., the equality [F R] = 0 implies that F = h(R).] When F = h(R), in
Eq.(9.3)

QR =h"R)P[R) (n=1,2), (9.7)

@1(R) now being real.

It is interesting that in the case F = h(R) the final pointer distribution (9.3) depends on the initial probability distribution
@ (R) but not on the coherent properties of the initial state py [cf. Eq. (9.7)], whereas for noncommuting FandR, Eq. (9.3)
generally depends on the phase of the initial state [cf. Eq. (9.5)].

9.2. Continuous-variable meter

Consider now in more detail the distribution of the values of a continuous pointer variable (e.g., p or q). In the previous
studies, it was assumed that the initial meter state is a real Gaussian in the F or R representation [ 18]. Here we only assume
that the initial pointer distribution @ (R) has a bell-like shape (e.g., Lorentzian or Gaussian).

Note that the validity condition for the result (9.3) for @;(R) generally depends on R. In the main part of the peak @(R),
i.e., in the interval within the peak width, the validity condition is the same as for R; (see Sections 6.2 and 7.2). However, for
far tails of @;(R) the present theory can fail, as illustrated by examples shown below. This is explained by the fact that the
validity conditions of the present theory can become much stricter for the tails than for the central part of &¢(R). Since far
tails of & (R) are of little interest, we do not go further into this point.
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A weak PPS measurement can change the distribution of R significantly or slightly, depending on the values of the
parameters, as discussed below. When the effect of the measurement is not too strong, an initially bell-shaped distribution
can remain bell-shaped with the maximum generally shifted from the initial position. This shift is important in some
applications, such as superluminal propagation and slow light [76,84,85,88,114,116]. If this shift is sufficiently small,
simple formulas for the shift can be derived, as shown below. These formulas hold regardless of whether the shape of the
distribution changes or remains the same. Recall that some cases where the distribution is shifted practically without a
change of the shape are listed in Section 2.4.2.

9.2.1. Coinciding meter variables, R = F
We begin with the simple case R = F. Then Eqgs. (9.3) and (9.7) yield

@4(F) = @(F) [1+ 2y (ImA,)F + %A, |*F*1/Qo, (9.8)

where @ (F) = (F|pm|F) is the distribution of F before the measurement (at t = 0). Thus, @s(F)/®(F) is a quadratic
polynomial in F.

Note that the linear-response approximation provides a wrong result for the tails of the distribution (9.8) even in the
linear-response regime (6.32), since for large |F| the nonlinear term dominates in Eq. (9.8). This is an indication that for the
case R = F the present theory does not describe the far tails of &(F), as discussed above.

The quantity &(F)/& (F) is minimal at

ImA,
in = — ) 9.9
AP 59)
where
Dy (Frni ReA,)?
o) _ ReAw)?, ©10)
q)(Fmin) |Aw| QO
Thus, &4 (F) is always positive, except for the case of a purely imaginary weak value, ReA,, = 0, when
®s(Frin) =0, Fin = —(y ImA,) " (9.11)

Consider now the typical case |F| < AF (the other case |F| 3> AF is discussed in the last but one paragraph of this
subsection). In the linear regime [Eq. (6.30) or (7.20)] the main part of @,(F), except for the far tails, is given by

@y(F) ~ & (F)[1+ 2y (ImA,)F] for |F — F| < AF. (9.12)

This equation implies that, like @ (F), the function &,(F) (9.12) has a bell-like shape with the maximum of &,(F) shifted
from the maximum Fp,,x of @ (F) by

AFmax = B (Fs — F) = 28y (AF)?ImA,,. (9.13)
Here F is given by Eq. (8.2) and
@R
ﬁ — ( max) (914)

| (Rmax) | (AR)?

where now R = F, the primes denoting the second derivative. In the derivation of Eq. (9.13) we assumed that the peak top
has a parabolic shape,

(P(F) ~ (p(Fmax) - |¢,/(Fmax)|(F - Fmax)2/2 for |F - Fmaxl < AF. (9-15)
When @ (F) is Gaussian,

O(F) =

2
(F —F) ] (9.16)

1
exp | —

V21 AF [ 2(AF)?
then § = 1in Eq. (9.13), yielding again Eq. (2.56). Thus, we extended Eq. (2.56), derived in Section 2.4.2 for the case of a
pure meter state vy, to the case of an arbitrary meter state py with a Gaussian @ (F). Moreover, Eq. (9.13) shows that for
a general non-Gaussian @ (F), the shift of the maximum AF,,x differs from the average pointer deflection (F; — F) by a
dimensionless factor 8, which depends on the shape of @ (F).

In the opposite limit A,, — 00, i.e., for mutually orthogonal |v{/) and |¢), Eq. (9.8) yields
F2o(F)

Dy(F) = —. (9.17)
F2

This equality holds approximately also for y2|A,|* > 1/ F2. Now the function &;(F) has two peaks of comparable heights,
at least, for |F| < AF.
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In contrast, when |[F| 3> AF, @(F) is a bell-shaped function, except for the case (6.98)-(6.99), where the narrow reso-
nance (6.100) occurs. The shift of the maximum of this bell-shaped function from the maximum of @ (F) can be shown to
be given approximately by the first equality in Eq. (9.13). However, now the average pointer deflection (Fs — F) is described
by a nonlinear formula, so that

2y (AF)? (ImA,, + yF|A,?)

Afmax = p(F =) = p=7 2y FimA,, + y?> F2|A, 2 (5.18)
which follows from Eq. (8.1) for |F| 3> AF. In Eq. (9.18) we took into account that for |F| 3> AF one has

F2 = (AF)? + F2 ~ F? (9.19)
and [cf. Eq. (6.9)]

F3 — F2F = 2(AF)*F + F3 ~ 2(AF)?F. (9.20)

This result is obtained if the condition (9.15) holds and if Fax ~ F, which holds when @ (F) is not too asymmetric. Note that
for a Gaussian @ (F), 8 = 1in Eq. (9.18).
Finally, we note that the general Eq. (9.8) simplifies for an imaginary weak value,

@&y(F) = ®(F)[1+ y (ImA,)FI*/Qo. (9.21)

In particular, the intensity distribution of the “split-Gaussian mode” obtained in Ref. [22] can be interpreted quantum-
mechanically as a quantity proportional to the special case of Eq. (9.21) where & (F) is Gaussian and F = 0 (see Section 13).

9.2.2. Canonically conjugate R and F

Here we study a meter with canonically conjugate variables R and F. For such a meter, the shift of the pointer distribution
in the linear regime is known to be proportional to Re A,,, at least, when the initial meter state in the pointer representation
is a real Gaussian [18,78,90,135]. However, for the general case the shift has not been discussed yet.

Here we assume that the meter is initially in a pure state |y ), the pointer distribution possessing an arbitrary bell-like
shape. In particular, we will show that for a complex Gaussian and for non-Gaussian states, the shift of the maximum of the
pointer distribution generally depends on both the real and imaginary parts of the weak value.

For the canonically conjugate variables (2.12), the second Eq. (9.6) yields d; = —ivy,(q), where the prime denotes
differentiation. Then Egs. (9.3)-(9.5) yield that

®(q) — 2y Re[Au i @ Vg (@] + 72 Au 1Yy (@) 2
1+ 2ypImA, + y2 p?|A, |2

This expression depends on the phase of the initial state, unlike the results in Section 9.2.1.
For |yAy| < (p?)~V/? [cf. Eq. (6.30)] and |q — | < Aq one can use in Eq. (9.22) the approximation linear in y, yielding

D5(q) ~ ©(q) — 2y Re[A, Yy (@) ¥y ()]
= @(q) — y (ReA,) (@) + 2y (ImA,) §' ()P (q), (9.23)

where in the last equality Eq. (8.11) is taken into account. We assume that & (q) is a bell-shaped function with the maximum
at Gmax, SO that for |q — qmax| < Aq it is expressed as

D5(q) = (9.22)

%

P(q) ~ D (Gmax) — 19" (qmax) (@ — max)* /2. (9:24)
Moreover, in some interval |q — gmax| < Ag, we have
E'(Q) ~ &' (qmax) + &" (Gmax) (@ — qmax)» (9.25)

the double primes in Egs. (9.24) and (9.25) denoting the second derivative. Then &;(q) is also a bell-shaped function with
the maximum at ¢max + Aqmax, Where

Admax = ¥ [Re Ay, + 2B 8" (dmax) (AQ)* Im A, ]. (9:26)
Here $ is given by Eq. (9.14) with R = q. Eq. (9.26) holds when
|AGmax| < min{Aq, Ag}. (9.27)

Eq. (9.26) shows that generally the shift of the maximum of the distribution of q depends on both the real and imaginary parts
of the weak value. Generally, the shift does not coincide with the average pointer deflection, Aqmax 7# Gs — q.
However, there are cases when Eq. (9.26) possesses the convenient property (2.47), which now has the form

AQmax = (_]s - ‘_] (928)
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In particular, Eq. (9.28) holds in the following cases.

(a) The weak value is real. In this case Eq. (2.50) holds, as shown above.
(b) The phase of Y\ (q) is vanishing or linear in g. In this case, Eq. (9.26) simplifies and becomes equal to the average pointer
deflection (2.40),

AQmax = (_Js - (_1 =Y ReA,. (929)
Previously in Ref. [18], Eq. (9.29) was obtained for the special case when v (q) is a real Gaussian.

(c) ¥m(q) is a general complex Gaussian state. For this state we obtained above Eq. (2.54). Here we can derive Eq. (2.54) ina
different way. Namely, taking into account that for a general Gaussian state, 8 = 1 and the phase £(q) is [see Eq. (2.52)]

b(a—9* | .
= — , 9.30
§(q@) 4(0q)? +Dpq (9.30)
we obtain that Eq. (9.26) coincides with Eq. (8.25).

For orthogonal states |{) and |¢) (when A,, = 00), Eq. (9.22) yields
n@?  f@FP + & @Pe@
(q) = —— = - — , (9.31)
p? p?
where Eq. (8.11) was used. In particular, for a real ¥ (q), the function (9.31) becomes

®5(q) = If; @1 /p* (9.32)

it has two peaks of comparable heights with the minimum &;(qm.x) = 0 at the maximum of @ (q). However, for a complex
Ym(q), Eq. (9.31) generally does not vanish at any point.
As an example, for a real Gaussian state Eq. (9.32) becomes

22(q - 3 (q -7
] _
2@ =" g exp[ 2<Aq>2]'

This is a two-peak function, symmetric with respect to g and vanishing at ¢ = g. Previously, an unnormalized distribution
proportional to Eq. (9.33) was obtained numerically (Fig. 4(b) in Ref. [113]) and experimentally (Fig. 2(c) in Ref. [80]). In
contrast to Eq. (9.33), for the complex Gaussian meter state (2.52) the distribution (9.31) vanishes nowhere and is generally
not symmetric.

Note that the general equation (9.22) can be written in an explicit form for the complex Gaussian state (2.52). In this case
@,(q)/P(q) is a quadratic function of g, where

(9.33)

(q—9?°
&(q) =Z2exp | — . 9.34
(@ =2, XP[ 2(Aq)? (9.34)
In particular, for a real Gaussian state, Eq. (2.52) withp = ¢ = b = 0, and a real A,, we obtain a simple result,
(g1 + (yA,Ap)(q/ AT
5(q) = - , (9.35)

1+ (yA,Ap)?

where Ap = (2Aq) ™! [cf. Eq. (2.53) with b = 0].

In the case of a complex Gaussian state, as in Section 9.2.1, the present theory is not applicable for the far tails of &s(q).
An indication to this is the fact that the far tails in Eq. (9.35) cannot be described by the linear-response approximation,
irrespective of how weak the coupling is, since the term « y2q? in the numerator of Eq. (9.35) always dominates for
sufficiently large |q|.

10. Weak values for a qubit

Weak values A,, for a qubit were calculated previously for a number of special cases, usually with a pure preselected state
[18,21,90,126,130]. Here we provide a general study of the standard and associated weak values A,, and Aful']) for a qubit,
with an arbitrary preselected state.

10.1. General formulas

We assume that the measured system operator is

A

A=G -Tip, (10.1)
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where ¢ = (oy, 0y, 0;) is the vector of the Pauli matrices and 71 is a unit vector in the Bloch sphere. The operator (10.1) has
the eigenvalues +-1. Generally, the pre- and post-selected states of the qubit are, respectively,

P = (1+Pina 'ﬁin)/2 O=Ph=1,
My = |9) (¢l = U +0 -1p)/2. (10.2)

Here 7, and ﬁf are unit vectors, Py, M, and ﬁf being the pseudospins of p and |¢), respectively, whereas P;, is the length of
the initial-state pseudospin.
The initial state p can also be written in the form of the spectral expansion (7.7),

14+ P o - 1—P N o
= |Thin) (Thin] + T"W — i) (—Tiinl, (10.3)

p =
where |nj,) is a state with the pseudospin given by the unit vector 7. Eq. (10.3) implies that P, is expressed through the
eigenvalues of p by the relation

Pip = |21 — A2l (10.4)
P;, characterizes the purity of the initial state; P;, varies from 1, corresponding to a pure state, to 0 for a maximally mixed
state. Correspondingly 1 — Py, is a measure of the impurity of the initial state.

Taking into account that Oz = Tr (OITy) for any operator O of a qubit, we obtain from Egs. (2.60), (7.5), (10.1), (10.2),
and the formula [184]

(- -n@-1)=0-1s+ic - (1 x 1) (10.5)
that
a1y A Pin(fa - i - i1 - i X 1)

1+ Pinﬁin : ﬁf

) (10.6)

w

1 — Ry - Ay + Pin(fa - Tin) (T4 - y)
1+ Pinﬁin . Flf '

A](Ulql) — (10.7)
According to Eq. (10.6), A,, is generally complex. A, is real if the vectors fia, Ty, and i lie in the same plane or for Py, = 0
(the completely mixed initial state), whereas A,, is purely imaginary when 11, is perpendicular to the sum of the pre- and
post-selected pseudospins Py, iy + ﬁf and, in addition, the vectors 1, and Flf are not collinear.

10.2. Conditions for maximizing weak values

Eq. (10.6) shows that a necessary condition for |A,| to be large is Pyfiyy - iy =~ —1 or, equivalently, the simultaneous
relations
P, >~ 1, Flin =~ —ﬁf. (108)
The conditions (10.8) ensure that the overlap between the initial and final states is small,

P <K 1. (10.9)

In the case of a pure preselected state, P;, = 1, the condition (10.8) or (10.9) requires that the pre- and post-selected states
be almost orthogonal. In the case of a mixed preselected state, the condition (10.8) requires that the preselected state p be
almost pure and that its eigenstate corresponding to the greater eigenvalue, i.e., |Tii,) [cf. Eq. (10.3)], be almost (or completely)
orthogonal to the post-selected state.

The condition (10.8) is necessary but not sufficient to maximize the weak value. In the further study of conditions under
which the weak value is maximal, we consider separately the cases of pure and mixed preselected states. As mentioned
above, in the case of a pure preselected state, Eq. (10.9) means that the initial and final states are almost orthogonal,
[{¢|¥)| <« 1. This condition is equivalent to

V) = |¢1),  1@) = |¢2), (10.10)
where {|¢1), |¢2)} is an orthonormal basis,
1) = o), l2) = | — fop). (10.11)

Here 1y is a unit vector in the Bloch sphere. Note that the pseudospin 1 is not uniquely determined by the condition (10.10),
and actually there is a narrow cone of possible values of 7.
Anyhow, in the case (10.10) for any allowed value of iy, Eq. (2.36) yields

A, ~ Dot (10.12)
(1Y)
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For a given magnitude of the overlap |(¢|v )|, the magnitude of the weak value |A,,| is maximal when |A4,4, | is maximal.
Let us obtain |Ag, 4, | for the operator;\ in Eq. (10.1). Since A = Is [cf. Eq. (10.5)], we obtain that

2

Api91Ag101 T Ap10,A0201 = (A)g19, = 1, (10.13)
and hence

2 _ 2 _ ORI 2 ein2

|A¢2¢1| =1- (A¢1¢1) =1- (TlA . n()) =1—cos n1 =S nq. (1014)
Here 7, is the angle between n, and 7iy; we used Eq. (10.5) in the second equality in Eq. (10.14). Finally, Eq. (10.14) yields

|A¢2¢1| = Sil’lﬁ]. (1015)

Hence, the maximal |Ag,4,| = 1 is obtained for any basis {|¢1), |¢,)} corresponding to a vector flp in Eq. (10.11)

perpendicular to 7i,,

o L fia. (10.16)
Accordingly, the magnitude of A,, in Eq. (10.12) is maximum for a given |(¢|¥)]| < 1,

Awlmax = (1Y), (10.17)

under the condition Eq. (10.16). Note that the weak value in Eq. (10.17) is unusual.

In the case of a mixed preselected state, Eq. (10.17) does not hold, however the conditions for maximizing |A, | are the
same as above, with the only difference that now [) in Eq. (10.10) should be replaced by |n;,). In the next subsection, we
provide explicit formulas for weak values of a qubit.

10.3. Explicit formulas for a typical case

Let us consider in detail a typical case. First, we recall that a unit vector in the Bloch sphere has the form
n = (sink cosv, sink sinv, cosk), where0 <k <m;—mw <v <. (10.18)

Here « and v are the usual spherical coordinates of the pseudospin, i.e., « is the angle between the pseudospin and the z
axis, whereas the projection of 71 on the xy plane forms the polar angle v with X. A pure state with the pseudospin 7 is given

by

1) = cos(k /2)|Z) + exp(iv) sin(k /2)| — Z). (10.19)
We assume here that A = oy, i.e., is = X. Moreover, we set il = 7 and iy = —Z,ie,|¢) = | — Z). Hence, for a pure
preselected state, we have |y) = |i); in this case the angle « in Eq. (10.19) is a measure of the overlap of the pre- and
post-selected states, since
K
{@ly)| = sin 3 (10.20)
In particular, for small «, we have sin(x /2) ~ « /2, implying
Kk =2|{plY)| fork < 1. (10.21)
Now Egs. (10.6) and (10.7) yield
Py, sin 1+ cos
Ay = K p(—iv),  AQD = LTS (10.22)
1 — Pj,cosk 1— Pj,cosk

In particular, for a pure initial state (P;, = 1) Eq. (10.22) yields
A, = cot (g) exp(—iv). (10.23)

As shown by Egs. (10.22) and (10.23), the phase of A,, can be chosen at will by an appropriate choice of the initial and final
states. In particular, the weak value in Egs. (10.22) and (10.23) is real (imaginary) when 7, Eq. (10.18), lies in the xz (yz)
plane. For a mixed initial state, the magnitude of the weak value in Eq. (10.22) decreases with the decrease of the purity Pjj,.

In the important case ¥ < 1, the expressions for A,, and A,(,}’l) simplify. In particular, for a pure initial state, the weak
value in Eq. (10.23) is large, tending to infinity for «k — 0,

2
Ay ~ —exp(—iv) (k K 1). (10.24)
K

Now for k <« 1 the condition (10.16) for maximizing |A,,| is satisfied, since in the present case iy = Z and 7i; = X.
Correspondingly, Eq. (10.24) yields the same |A,,| as in Eq. (10.17), in view of Eq. (10.21).
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20 T T T
— 1, |a, | (pure)
————— A,, |A, | (mixed)

s [AS’I)]]/Z |

Weak values A, 1a, 1, [al"D 712

Angle

Fig. 6. (Color online). Weak values for a qubit versus the angle . We show A,, and |A, | for a pure preselected state, Eq. (10.23), and A, |A,|, and
[A{D]Y/2 for a mixed preselected state with Py, = 0.99, Eq. (10.22). The quantity A,, is shown for v = 0. Since |A,,| corresponding to an arbitrary v equals
A, corresponding to v = 0, the solid and dot-dashed curves show both A,, and |A,,|.

For a mixed initial state, the necessary conditions for a large weak value (10.8) become now
Ph~1, k<1 (10.25)

Therefore, below we assume the initial state-impurity is small, 1 — P, < 1,1i.e., P, & 1. In the case (10.25), we obtain that
Eq. (10.22) becomes approximately
P | S— (10.26)
K +2(1 _Pin) K2+2(1 _Pin)
Now |A, | and Afj’” as functions of ¥ have dispersive and Lorentzian shapes, respectively. Eq. (10.26) shows explicitly that
the weak values for a qubit with a mixed preselected state are always finite.

In Fig. 6, the weak values A,, for pure and mixed preselected states with v = 0 as well as the quantity [Afj'”]l/2 for a
mixed state with an arbitrary v [see Egs. (10.23) and (10.22) | are plotted as a function of the angle «, i.e., essentially as a
function of the overlap |{¢|y)]| [cf. Egs. (10.20) and (10.21)]. Note that the quantity A,, corresponding to v = 0 coincides
with |A, | corresponding to an arbitrary v, as seen from the first equality in Eq. (10.22). Hence, the solid and dot-dashed
curves in Fig. 6 show both A,, and |A,, .

For

K* > 2(1— Py), (10.27)

the weak values for the pure and mixed preselected states [Eqs. (10.23) and (10.22), respectively] are approximately equal,
and A"V ~ |A,, |? (cf. Fig. 6). However, for

k% <2(1— Pyp) (10.28)

the magnitude of the weak value for a mixed preselected state is significantly less than that for a pure preselected state and
also than [A{-D]/2 (cf. Fig. 6). Both |A, | and A(""" have large but finite maxima:

Ayl = [2(1 = P)1™ 2 atk = [2(1 — Pip)]"/? (10.29)
and
(1,1) 2
Aw = ﬁ atk = O. (10.30)
mn

It is interesting that now lim, ¢ A,, = 0 for a mixed preselected state. In contrast, for a pure preselected state, lim, A, =
00, as one would expect.

Eq. (10.29) shows that the maximum weak-value magnitude increases with the purity of the preselected state. This
dependence is rather slow; e.g., for a state with a high purity, P, = 0.99, the maximum |A,,| is only V50 ~ 7.1 (see the
dot-dashed curve in Fig. 6). Generally, the greater |A, |, the more stringent is the condition on the purity of p. Namely, to
achieve a given large weak-value magnitude |A, |, the parameter P;, should satisfy the condition

1—Pn < AT (ALl > D). (10.31)

In other words, the allowed impurity of the preselected state decreases quadratically with the target weak-value magnitude.
For example, to obtain |A, | = 100, it is necessary that 1 — P;; <5 x 107>,
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Note that Eq. (10.31) holds for the operator Ain Eq. (10.1). A general observable O for a qubit is a linear function of the
physical variable with the operator given by Eq. (10.1). Therefore, A,, is a linear function of O,,. Replacing A,, by this function
in Eq. (10.31) yields the upper value of the allowed impurity of the preselected state for a given weak value O,, (assuming
that |A, | > 1).

Here, as almost everywhere in the present paper, we assume that the post-selection measurement is ideal. However, a
non-ideal post-selection measurement can affect PPS measurements similarly to a mixed preselected state, as shown below
in Section 14.5.

10.4. Effects of preselected-state impurity on weak PPS measurements

The results of the previous subsection allow us to analyze the effects of the impurity of the preselected state on weak
PPS measurements. In the linear-response regime, the pointer deflection is proportional to the weak value, Eq. (6.20), and
hence the dependence of the pointer deflection on the impurity of the preselected state is the same as that of A,,, see the
discussion in the previous subsection.

Consider now the nonlinear behavior, which becomes important under the conditions in Eq. (10.25). In this case, inserting
Eq.(10.26) into Eq. (7.3) yields

B Fp—iv 2TR F
R _R= yk Im (R.Fe™) —I—_)/ FR.F . (10.32)
k2/4+ (1 —Py)/2 — y«Fsinv + y2 F?
The impurity of the preselected state contributes in Eq. (10.32) only the term 2(1 — Pj,), which disappears for a pure
preselected state. Thus, generally the main effect of the impurity of the preselected state on weak PPS measurements of
a qubit is to decrease the average pointer deflection.
Let us discuss the conditions under which the initial-state impurity effects can be neglected. For the linear-response and
strongly-nonlinear regimes, i.e., in the interval [cf. Eqs. (7.20) and (7.24)]

y? [(AF)* + F*] < k2 /4, (10.33)

the impurity is negligible under the condition given in Eq. (10.27), i.e., in the case when the weak values for the pure and
mixed preselected states are approximately equal.
A more interesting situation arises in the inverted region,

K24 < y? [(AF)? + F2l < 1 (10.34)
(here the right inequality is the weak-measurement condition). Now for the case
(1—"Pin)/2 K ¥* [(AF)* + F?], (10.35)

Eq. (10.32) becomes in the first approximation
R FIEF . 1—&1 N Klm(@e”‘w N KFRCFjsinv
F2 2}/2F2 2)/F2 y(FZ)Z

R

FR.F  «kIm(R.Fe™™)  «kFR.FFsinv
A~ — + i + — , (10.36)
F2 2)/1:2 y (FZ)Z
where the final expression is the same as for a pure preselected state, Eq. (6.34). This expression is obtained by neglecting
in the first line the small term in the brackets, which slightly changes the value of the pointer deflection in the limit x — 0.
Thus, in the cases when Eqs. (10.34) and (10.35) are satisfied the initial-state impurity has a negligible effect on weak PPS
measurements, though in this case it is possible that % < 2(1 — P;;) and hence the weak value can be much less than that for
a pure preselected state. The above discussion shows that in the inverted region weak PPS measurements are less sensitive
to the impurity effects than in other regimes; this can be advantageous for precision measurements.
Finally, we consider the resonance given in Eq. (7.26) for the case |F| > AF. It is easy to see that now the resonance
conditions given in Egs. (6.98) and (6.99) have the form

T _
VR :I:E, 2yF =~ =k, (10.37)
where the upper or the lower signs should be considered simultaneously. Moreover, the parameter v in Eq. (7.25) becomes

2(1— P,
v = V2(1 = Pin) < 1. (10.38)
K

As mentioned in Section 7.5, this parameter should be very small for the resonance not to be smeared out. In particular, as
follows from Eq. (7.26), the effects of the impurity can be neglected when

2(1—Py) AF\?
— <L | =) K1 (10.39)
K F
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which is much stronger than the condition in Eq. (10.27). This fact can be used to measure very small impurities of quantum
states.

It is remarkable that, although the three conditions given in Egs. (10.27), (10.35) and (10.39) are very different, they are
special cases of the simple condition

(1= Pin)/2 < (My)y. (10.40)

Thus, the initial-state impurity has negligible effects on weak PPS measurements of a qubit, when the impurity is much less
than the post-selection probability. To understand why the condition (10.40) arises, we note that it is easy to show that the
denominator in Eq. (10.32) equals (I14)r in Eq. (7.2b). Therefore, the effects of the impurity of the preselected state on weak
PPS measurements of a qubit, at least, in the most interesting case || < 1, can be taken into account in Eq. (4.10), written
for a pure initial state (P, = 1), by the substitution

(Mg)p = (y)ro — (My)r = (Ip)ro + (1 — Pin) /2, (10.41)
where (ITy)so is the post-selection probability for a pure state. This explains why the condition allowing to neglect the

impurity effects has the form of Eq. (10.40).

11. Exact solutions for arbitrary-strength PPS and standard measurements

Exact solutions for PPS measurements of arbitrary strength were obtained in a number of papers, [80-82,84,85,87,89,
104,113,115,119,145,181]. Here we obtain exact results for PPS measurements of arbitrary strength in the case where

A% = Cyls, (11.1)

Co being an arbitrary positive number. The Hermitian operator Ain Eq. (11.1) can have an arbitrary dimension, but the

eigenvalues of A, possibly degenerate, can assume only two values that have equal magnitudes and opposite signs, namely,
+Co.
Without loss of generality, we will assume that

A2 = . (11.2)

Indeed, as implied by Eq. (2.10), the results obtained for the case (11.2) become valid for the case (11.1) under the
substitutions

A—AlG,  y— . (11.3)

The eigenvalues of the operatorA in Eq.(11.2) canequal 1 or —1.

The case (11.1) includes many useful situations. In particular, the set of operators with the property (11.2) includes the
Pauli matrices, qubit operators of the form (10.1), and direct products of them.

Our results are very general. In particular, we consider arbitrary initial states of the system and the meter. First we
consider the case of a general meter and then discuss specific examples of the meter.

11.1. Formulas for a general meter

a. Average pointer value. It is easy to see that in the case (11.2), Eq. (2.10) yields
U = cos(yF) — iAsin(yF). (11.4)
On inserting Eq. (11.4) into Eqgs. (4.9) and (4.5), we obtain from Eq. (4.8) that

R — Gee + 2Im(A,,Ges) + A,(Ul’l)css

8 o , (11.5a)
where
Q = [1+ M, + 2M;ImA,, + (1 — M)A"P]/2. (11.5b)
In Eq. (11.5) we denoted
Gee = cos(yF)Rcos(yF),  Ge = cos(yF)Rsin(yF), G = sin(yF)Rsin(yF), (11.6)
M. = cos(2yF), M, = sin(2yF). (11.7)

It is interesting that now the system parameters enter the exact Egs. (11.5) through the same weak values A,, and AS*” as
in the weak-coupling case, Eq. (7.4). Eq. (7.4) results on expanding Eqs. (11.5) in powers of y up to y? and neglecting small
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terms as discussed in Section 6.4. Thus, in the case (11.2) [and hence in the case (11.1)], weak values can be obtained from
PPS measurements of an arbitrary strength and not only from weak PPS measurements.

b. Exact pointer distribution for PPS measurements. An exact expression for the pointer-value distribution is obtained from
Eq. (11.5a) under the substitution R—> |[R) (R, using Eq. (9.2). This yields

D(R) + 2Im[A, D5 (R)] + AS’U@SS(R)

D,(R) = 118
® R (11.8)
where

Dc(R) = (R| cos(yF) pm cos(y F)IR), Psc(R) = (R[ sin(yF)pm cos(yF)|R), (11.9)

®(R) = (R| sin(yF) py sin(y F)|R). '
When the initial state of the meter is pure, |y ), then Eq. (11.9) becomes,

Pec(R) = [, BB = Ys(RYS(R),  Pss(R) = [Ys(R), (11.10)
where

Ve (R) = (R| cos(yF)|¥m), Ys(R) = (R sin(yF)|¢m). (11.11)

11.2. Specific types of meters

The results in Section 11.1 are exact and can be applied for arbitrary coupling strength and an arbitrary meter. Here we
specify these results for several important types of the meter.

11.2.1. Coinciding meter variables, F = R
Egs. (11.8) and (11.5a) simplify when F is a function of R. For example, when F = R, Eq. (11.6) implies that

Gee = Fcos2(yF) = [F + F cos(2yF)]/2 = F/2 + M./2 (11.12)
and, similarly,

Ges = M. /2, Gss = F/2 — M./2, (11.13)
where

M. = Fcos(2yF), = M. = FsinQ2yF) (11.14)

As aresult, Eq. (11.5) becomes

_ F+M[+2MImA,, + (F — M)AJ-?
1+ M. +2MImA, + (1 — M)AY" "
Furthermore, in the present case F = R, the exact pointer distribution (11.8) with the account of Eq. (11.9) becomes

(11.15)

0

cos?(yF) + (ImA,) sin(2y F) + A0V sin? (y F)

1+ M, + 2M,ImA, + (1 — M)ALY

a. Symmetric @ (F). As an example, consider the case of a symmetric distribution @ (F) centered at F = 0, i.e,, ®(F) =
& (—F).Now one has F = M; = M = 0, and Eq. (11.15) acquires a simple form,

@s(F) = 20 (F) (11.16)

- 2M/ImA,,
Fs = aD-
1 +Mc + (1 - MC)Aw’
If, in addition, the weak value is purely imaginary and the preselected state is pure, so that A"V = |4, |*> = (ImA,,)?, the
exact pointer distribution in Eq. (11.16) becomes especially simple,

cos(yF ImA,) sin(y F)]?
cbs(F)=2q>(F)[ (yF) + (ImA,) sin(yF)] _ (11.18)
1+ Mc + (1 - MC)|Aw|2
b. Gaussian @ (F). Consider the case of a continuous-variable meter, so that the variable F = R can be, e.g., the coordinate
or the momentum. Assume that the distribution & (F) is Gaussian, Eq. (9.16). Then Eqs. (11.7) and (11.14) yield

(11.17)

M. = cos(2yF) exp[—2(y AF)?], M, = sin(2yF) exp[—2(y AF)?], (11.19)
M, = [F sin(2yF) + 2y (AF)? cos(2y F)] exp[—2(y AF)?],

M, = [F cos(2yF) — 2y (AF)* sin(2yF)] exp[—2(y AF)*]. (11.20)
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Now the average pointer value is given by Eq. (11.15) or (11.17) with the account of Egs. (11.19) and (11.20). Moreover, the
pointer distribution after the measurement is given by Eq. (11.16) or (11.18) with the account of Eq. (11.19).
In particular, for a zero-mean Gaussian @ (F), F = 0, Egs. (11.19) and (11.20) become

M, = exp[—2(yAF)?],  M; =0, (11.21)
M. =2y (AF)? exp[-2(yAF)?], M. =0. (11.22)
Then Eq. (11.17) with the account of Eqs. (11.21) and (11.22) yields the following explicit expression,
. 4y (AF)?ImA
Fs = a.n 7L 21 T : (11.23)
1—Ay " + (1+ Ay ") exp[2(y AF)?]

For the special case, where F = p is the meter momentum and the preselected state is pure, so that AS") = |Ayl?
Eqs. (11.23) and (11.16) with the account of Eq. (11.21) were obtained in Ref. [ 145].

11.2.2. Conjugate meter variables

Consider a meter with continuous variables. The case F = R was discussed in Section 11.2.1. Here we consider the case
of the canonically conjugate variables (2.12), F = pand R = q.

a. Arbitrary pure meter state. For a pure meter state, as shown in Appendix C, we have

Gee = cos(yp) q cos(yp) = (G + G1)/2,

Gss = sin(yp) q sin(yp) = (9 — G1)/2,
Ges = cos(yp) q sin(yp) = (iy + G2)/2, (11.24)
where
G1 =¢'(p)cos(2yp), Gy =¢'(p)sin(2yp). (11.25)
Furthermore, consider the exact pointer distribution. In the present case of the meter variables (2.12), it is given in
paragraph b in Section 11.1, where now, using the expression F = p = —id/dq, we obtain that Eq. (11.11) becomes
Ve@ =[¥m@+y) +v¥m@—mI/2,  ¥s(@ =[¥m@+y) — Ym(@— »)1/2D). (11.26)

b. Real even meter wavefunction. Consider a simple example. Let the initial meter state be pure and such that vy (p) and
Ym(q) are real, even functions, i.e.,

Ymp) = ¥ @), Ym(P) = Ym(—p); (11.27a)

Um@ =¥n@,  Ym@ = Yu(=9). (11.27b)

Note that the condition (11.27a) implies Eq. (11.27b) and vice versa. In the case (11.27), we haveq = p = M; = 0. As a
result, in particular, Eq. (11.5b) becomes

Qi = [14+ M+ (1 — M)A V]2 (11.28)

Moreover, now ¢ (p) = 0, yielding G, = Gss = 0 and G = iy /2. Then Eqgs. (11.5a) and (11.28) yield the following simple
formula,

(11.29)

2y ReA,,
gqs = an:
14+ M. + (1 — M)Ay

The pointer distribution after the measurement is obtained from Eq. (11.8) with the account of Egs. (11.10), (11.26) and
(11.27b),

@,(q) = [(1—2ReA, + AT ") @(q+y) + (1+2ReA, +AL ) d(q—y)

+2(1 = A0D) Yu(q + ¥)¥m(g — ¥)1/(4Q), (11.30)

where Q; is given in Eq. (11.28). If, moreover, the preselected state is pure and A,, is real, so that AV = A2 Eq. (11.30)
simplifies,

®5(q) = [(1 - Ay) Y@+ y) + (1+A,) Ymlg — ¥)I?/(4Q). (11.31)

c. General Gaussian meter state. When the meter initial state is a general complex Gaussian state (2.51), all the relevant
averages can be expressed in a simple form. Taking into account Eqs. (8.24) and (11.25), we obtain that in Eq. (11.24)

Gy = [gcos(2yp) — ybsinyp)] exp[—2(y Ap)*],
G, = [qsin2yp) + ybcos(2yp)] exp[—2(y Ap)°. (11.32)
Now M, and M; are given by Eq. (11.19) with F = p.
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d. Real Gaussian meter state. In particular, for a real and zero-mean Gaussian meter state, Eq. (11.29) with the account of
Eq. (11.19) yields the following explicit expressions,

_ 2y ReAy,
s = (1,1) 1.1 . (11.33)
14+ Ay + (1 —Ay ") exp[—2(y Ap)?]
Now the pointer distribution is given by Eq. (11.30) or (11.31), where
Yn(Q) = (v2/7 Ap)'/* exp[—(Ap)°q°], (11.34)
@(q) = Yy(q) = v/2/m Ap exp[—2(Ap)°¢°], (11.35)
Q = {1+A0Y + (1 —AlY) exp[—2(y Ap)*1}/2. (11.36)

In particular, Eq. (11.30) becomes
(1—2ReA, +A)D) @(q+ y) 4 (1+2ReA, +AJD) @(q — y) +2(1 — AlD) exp[—2(y Ap)*] (q)
2{1+AL"Y + (1 —AD) exp[—2(y Ap)?]) '

D (Q) =

(11.37)

A result similar to that in Eq. (11.31) with the account of Eq. (11.34) was obtained (without a normalization factor) in
Ref.[113] for the case F = q, R = p. Moreover, for the special case, where the preselected state is pure, so that Af,} D =A,1%
Eqgs. (11.33) and (11.37) were obtained in Ref. [ 145].

11.2.3. Two-level meter
Consider now a two-level meter (qubit). Using Eq. (8.58) and taking into account that F12 = I, we obtain that

cos )/1:‘ = cos y cos(yfo) — 131 siny sin(yfp), sin yl:‘ = cos y sin(yfo) + 131 siny cos(yfo). (11.38)
Inserting Eq. (11.38) into Eqs. (11.6) and (11.7) yields

Gee = C3CER — S205:1Mg/2 + 2,53 M,

Ges = [CS21R + Sa0(CoaMi + iMy) — S3,5,1M1/2,

Gss = CioSTiR + S20821Mr/2 + S2,CEH M,

M, = Ca0Ca1 — S20521F1. M = C30521 + S20Ca1F1. (11.39)
Here Mg, M;, and M are given by Eqs. (8.67), (8.71) and (8.72), whereas (m = 1, 2)

Crmo = cos(my), Smo = sin(my), Cm1 = cos(myfy), Sm1 = sin(myfy). (11.40)

11.3. Exact solution for standard measurements

Though in this section we focus mainly on PPS measurements, here we also briefly mention the exact result for standard
(i.e., not post-selected) measurements with an arbitrary measurement strength for the case (11.2). On inserting Eq. (11.4)
into Eq. (3.1), it is easy to obtain that

Rt = Gee + Gss + 2AIm G (11.41)

Eq.(11.41) provides an extension of Eq. (3.8); expanding Eq. (11.41) up to first order in y yields Eq. (3.8). Thus, the average
values of operators satisfying Eq. (11.2) or, more generally, Eq. (11.1) can be provided directly by standard measurements
of an arbitrary strength and not only by weak measurements.

12. Numerical results and discussion

Here we present results of calculations for weak PPS measurements of a qubit with two types of a continuous-variable
meter. We assume that for both meters, F = p and p2 = 0. For meter 1, R = p, whereas for meter 2, R = q and the phase
¢ (p) is quadratic. In this section we set Ap = 1.

For the measured qubit we take A= ox |¥) = |n), Eq. (10.19), and |¢) = | — Z). Correspondingly, in Figs. 7-11, A,, is
given by Eq. (10.23), whereas in Fig. 12, A,, and Aful*” are given by Eq. (10.22). Egs. (10.22) and (10.23) imply that now the
weak-value argument is given by & = —v. Note that |[A4, | < 1, and hence the validity condition (6.11) of Eq. (6.18) certainly
holds for

lyl < (1+1p)~" (12.1)
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Fig. 7. (Color online). The average pointer deflection (R; — R) versus the coupling strength y. Here Ap = 1, P, = 1 (a pure initial state); thick
lines: Eqgs. (12.2); thin lines: the exact solution (11.5). Solid red lines: R = p, p = 0; dot-dashed brown lines: R = p, p = 1; solid dark-green lines:
R =gq, p = b = 0; dashed blue lines: R = q, p = b = 1. The figure shows several lineshapes which are possible in weak PPS measurements. Notice that
our general formulas (12.2) approximate very well the exact solutions in the region where the measurements are weak, see the inequality (12.1), which
nowis |y| < 1.
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Fig. 8. (Color online). The average pointer deflection (R; — R) versus the phase 6 of A,,. Here Ap = 1, P, = 1; thick lines: Eqs. (12.2); thin lines: the exact

solution (11.5). The thin lines are not seen since they practically coincide with the thick lines. The four cases are plotted with the same line styles as in
Fig. 7.

To get a better understanding of weak PPS measurements, below we show plots of our general formulas (6.18), (6.100)
and (7.3) versus various parameters. The values of the meter parameters in Eqs. (6.18), (6.100) and (7.3) are given by
configuration 1 in Table 5 and configuration 2 in Table 6 for meters 1 and 2, respectively. In particular, for meters 1 and
2, respectively, Eq. (6.18) can be rewritten as

2y (Ap)* (AImA, + yplAy[*)

14 2ypImA, + y2(1+ p?)|Ay |’
_ _  YReA, +yblmA, + y*bp|A,?
gs—q= =8 = . (12.2b)

1+ 2ypIlmA, + y*(1+ p*)|Ay]

Eqs. (12.2) are valid for a pure preselected state. They hold also for a mixed preselected state when the substitution (7.5) is

performed. In Figs. 7-12 the plots of Egs. (12.2) are shown by thick lines. These results are verified against the exact solution

specified for a Gaussian meter state; this solution is plotted by thin lines. The exact solution is given by Eqs. (11.5), with the

account of Egs. (11.24), (11.32) and (11.19) for R = q or Eqs. (11.12),(11.13),(11.19) and (11.20) for R = p.

Ps—Dp=

(12.2a)
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Fig. 9. (Color online). The average pointer deflection (R; — R) versus the angle « in Eq. (10.23). Here Ap = 1, P, = 1; thick lines: Eqs. (12.2); thin lines:

the exact solution (11.5). The thin lines are not seen since they practically coincide with the thick lines. The four cases are plotted with the same line styles
asin Fig. 7.
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Fig. 10. (Color online). The average pointer deflection (R; — R) versus the coupling strength y. Here Ap = 1, P;, = 1; thick lines: Egs. (12.2); thin lines:
the exact solution (11.5); dotted lines: the simplified Eqs. (12.5). The thin lines are not seen since they practically coincide with the thick lines. The figure
shows the regime of a narrow resonance obtainable for F > AF, i.e., now for p > 1.

Fig. 7 presents the average pointer deflection (R, — R) versus the coupling strength for different values of p and b. One
can see that Eqgs. (12.2) approximate the exact solutions very well when the condition (12.1) holds (i.e., now for |y | < 1).
In this interval, Fig. 7 shows a variety of lineshapes, which, as discussed above, include Lorentzian-like, dispersive-like, as
well as similar, though more complicated, lineshapes. The main features of the curves agree with the analysis in Section 6.
Namely, when y is very close to zero, the dependence is described by the linear equation (8.2) (for R = p) or (8.25) (for
R = q). The exception is the case R = q, p = b = 1 (the blue dashed lines),when the linear response vanishes; this plot
shows clearly that weak PPS measurements are possible even in the absence of a linear response. With a further increase of
|y, the quantity |Rs — R| increases to a value of the order of the maximum, i.e., of order AR [see Eq. (6.60)], for

lyAwl ~ 1+ p)7! (12.3)
[cf. Eq. (6.41)], i.e., now for |y | ~ 0.05/(1 4+ |p|). Note that in the present case
AR=Ap=1 forR=p, (12.4a)
1+ b?
AR = Aq = % forR =g, (12.4b)

where Eq. (12.4b) follows from Eq. (2.53).
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Fig. 11. (Color online). The average pointer deflection (Rs — R) versus the phase 6 of A,,. Here Ap = 1, P, = 1; thick lines: Eqgs. (12.2); thin lines: the
exact solution (11.5); dotted lines: the simplified Eqs. (12.5). The figure shows the regime of narrow resonance obtainable for |p| > 1.
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Fig. 12. (Color online). The average pointer deflection (R, — R) versus the angle « in Eq. (10.23), for a mixed initial state. Here Ap = 1; thick curves:
Eqs. (12.2) with the substitution (7.5); thin lines: the exact solution (11.5). The thin curves are not seen since they practically coincide with the thick lines.

The four cases are plotted with the same line styles as in Fig. 7. The figure shows that adding a small impurity in the preselected state can result in a
significant decrease of the maximum magnitude of the average pointer deflection.

Fig. 8 shows the dependence of the average pointer deflection (R; — R) on the phase of the weak value for y = 0.05,
the other parameters being as in Fig. 7. Now the coupling strength y satisfies the condition (12.1); correspondingly, there
is no discernable difference between the exact and approximate formulas. Moreover, now we set |yA, | = 1 to satisfy the
condition (12.3); hence Fig. 8 corresponds to a significantly nonlinear regime. Therefore, the maximum values of [R; — R| in
Fig. 8 are of order AR. For curves with p = 0, the 6 dependence is sinusoidal, and the maxima and zeros of |R; — R| occur at
the same values of 6 as for the linear response, Egs. (6.26) and (6.27), since the last term in the numerator and the second
term in the denominator of Egs. (12.2) disappear now. Note that for meter 1, 6y = 0, whereas for meter 2, 6§, = /2 for
p =0and 6y = /4 for p = 1. For curves with p # 0, the § dependence is not sinusoidal, and the positions of the maxima

and zeros of |R; — R| differ from those for the linear response, since then, in contrast to the case p = 0, generally all the
terms in Egs. (12.2) are nonzero.

Fig. 9 demonstrates the dependence of (R; — R) on the angle x which determines |A,,| = cot(x/2), see Eq. (10.23).
Actually for k¥ < 2, Fig. 9 shows the dependence on the quantity 2/|A, | (= k). InFig. 9, the exact and approximate formulas
practically coincide. Fig. 9 illustrates the fact that |R; — R| becomes significant, i.e., of order AR, when A,, is sufficiently large
to satisfy Eq. (12.3). The latter condition is now equivalent to « ~ 0.1(1 + |p|).



118 A.G. Kofman et al. / Physics Reports 520 (2012) 43-133

Table 8
The correspondence between the notation used here and the one used in Refs. [21,22].
4 q Aq 4
[21] k X a —¢
[22] k X o ¢

In Figs. 7-9 above we illustrated the behavior of the average pointer deflection (Rs —R) for the case F < AF (p < 1 now).
Consider now the case F 3> AF (i.e, p > 1 in this section), which, as mentioned in Section 6, is quite different from the
case F < AF. In this case (Ry — R) is significant only when the parameters x and € in Egs. (6.101)-(6.102) are small. Thus, as
shown by Figs. 10 and 11, (R; — R) is a narrow resonance as a function of different parameters in the problem. This case is
approximated by Eq. (6.100), which for meters 1 and 2 becomes, respectively,

o —2(Ap)°x
Ps—D = m, (125&)
_ —e — bx
G—q=———"—"5= (12.5b)

P +e+p?)
Figs. 10 and 11 show that the simple Egs. (12.5) describe well the resonance in the pointer deflection. In Fig. 10, ¢ = 0,
whereas the varied parameter y is linearly related to x. In contrast, in Fig. 11, x is negligibly small, whereas 6 is linearly
related to €. In this case, as shown by Eq. (12.5b), (g; — @) is practically independent of b; correspondingly, the plots for
b = 0and b = 1 practically coincide in Fig. 11. One can see that (R; — R) is almost zero for the case R = q, b = 0, when
ReA, = ¢ = 0 (Fig. 10), and for R = p when x practically vanishes (Fig. 11). The reason for this is clear from the simplified
(12.5b) and (12.5a), respectively.

Note that there is a slight discrepancy between Egs. (12.2a) and (11.5) for R = p when 8 ~ —m /2 (see the thick and
thin red solid lines in Fig. 11). This is explained by the fact that in this case the two terms in the numerator of Eq. (12.2a)
practically cancel, so the higher-order terms neglected in Eq. (6.18) become noticeable. However, this discrepancy is rather
insignificant, since it occurs for the not very interesting case of a small (R; — R) [see the remark after Eq. (6.18)].

The effect of a mixed initial state is illustrated in Fig. 12, where P;;, = 0.99. A comparison of Figs. 9 and 12 shows that even
a small impurity of the initial state can significantly decrease the maximum magnitude of the average pointer deflection;
see also the discussion in Section 10.4.

13. Discussion of two recent interferometric experiments

Starling et al. [22] experimentally demonstrated an optical-phase measurement technique based on phase amplification.
Similar sensitivity to balanced homodyne detection was obtained. In Ref. [22], the experiment was explained on the basis
of classical wave optics. A similar experiment was performed also in Ref. [21], but there the explanation was given in terms
of the weak value. Modified versions of the experiment in Ref. [21] were performed in Refs. [99,100] in connection with
potential metrology applications. The experiment in Ref. [21] was analyzed in Refs. [93,94], and a nonlinear version of this
experiment was discussed in Ref. [181].

Below we provide a unified description of both experiments [21,22] on the basis of the present nonperturbative theory
of weak PPS measurements. In particular, we show that the results of Refs. [21,22] are described by two opposite limits of
the same nonlinear formula. The correspondence between the notation here and in Refs. [21,22] is presented in Table 8.

13.1. Unified theory of two interferometric measurement schemes

We begin with a brief description of the schematic of the weak PPS measurement in Refs. [21,22] shown in Fig. 13
(the details can be found in Refs. [21,22]). A photon enters a Sagnac interferometer, composed of a 50/50 beam splitter
and mirrors, and eventually exits the same beam splitter. The measured quantum system consists of the clockwise and
counterclockwise paths of a photon in the interferometer, denoted by |1) and |2), respectively. The system is coupled to the
meter (a transverse degree of freedom of the photon) by a controlled tilt given to the piezo-driven mirror (PDM), resulting
in the transverse-momentum shifts y and —y of the photon in the paths |1) and |2), respectively. The coupling unitary
operator is given [21] by Eq. (2.10), where F= q is the transverse coordinate and

A=11)(1] —12)(2]. (13.1)

Moreover, due to the polarizer and the half-wave plate (HWP), the photon passes the Soleil-Babinet compensator (SBC)
in the polarization state depending on the path. As a result, after passing the SBC, the photon acquires different phases ¢,
and ¢, in the paths |1) and |2), respectively, so that a relative phase

©=¢1— (13.2)
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Fig. 13. (Color online). Schematic diagram of the Sagnac interferometer for weak PPS measurements used in Refs. [21,22]. Here HWP is a half-wave plate,
SBC is a Soleil-Babinet compensator, and PDM is a piezo-driven mirror.

is introduced between the paths. In the clockwise (counterclockwise) path the photon passes the SBC before (after) the PDM,
therefore the photon state before the exit of the photon from the interferometer is

UaUUL [Y0) Yrm(q) = UU U1 [Y0) Yrm(q)- (13.3)
Here |1) is the photon state immediately after the photon enters the interferometer,
1
Vo) = —=(1) +il2)),  U; = exp(ig;lj) (- (13.4)
0 5 j ¥

In Eq. (13.3) we changed the order of the operators U, and U, since U, commutes with A and hence with U. Eq.(13.3) implies
that the effective preselected state is [21]

V) = UaUrlvho) = \%(ei‘oll) +1[2)). (13.5)

Here the last equality holds with the accuracy to an irrelevant total phase.
The post-selection is performed by detecting (with the split detector) the photons exiting only the “dark port” of the
beam splitter, the post-selected state being [21]

1
lp) = —=(I1) —i[2)). (13.6)
V2
Egs. (13.1), (13.5) and (13.6) imply that
e —1 g e +1
= =~ —_—, = =~ 1, 13.7
(@) 5 > oy > (13.7)
Here and below the approximations hold for |¢| < 1. Using Eq. (13.7) in Eq. (2.36) yields the weak value [21]
2%
A, = —icot(f> ~ -2 (13.8)
2 @

The split detector measures the average transverse coordinate of the photon, which means that R = F = q. Moreover,
in Refs. [21,22] the initial meter state is a Gaussian with g = 0, whereas the beam divergence is negligible, i.e., the meter
Hamiltonian is zero. Hence, from Eq. (6.18) and line 1 in Table 5 we obtain that

3= 2y (Ag?ImA, 2y (AgPtan(p/2) 4y (AgPp (139)
T4y (AQYALR T @ant(e/2) + ¥ (AQ? @ +4y? (Ag)? ‘

The last expression in Eq. (13.9) as a function of y or ¢ has the dispersion shape, with the maximum and minimum given by

gs = tAq atg = F2y (Ag). (13.10)
The formula (13.9) holds under the condition (6.13a), which now becomes

lylAg <« 1. (13.11)
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The formula (13.9) simplifies in two limits. In the linear-response regime,
lyAwlAq K 1, e, 2|7|(Ag) < ¢l (13.12)
Eq. (13.9) yields (cf. [21], Eq. (5))

4y (Aq)?
G = 2y (AQ)’ImA, = —2y (Ag)? cot (g) S AC (13.13)
@
whereas in the inverted region,
lyAulAg > 1, ie., 2ly|Aq> o], (13.14)
Eq.(13.9) yields
- 2 _‘1
gs=——1ImA,", (13.15)
14
i.e. (cf. [22], Eq. (9)),
2
G = —Ztan (%) ~-Y (13.16)
14 v

Egs. (13.13) and (13.16) constitute the central results'® of Refs. [21] and [22], respectively.'! As shown above, these
two experiments were performed in different regimes of weak PPS measurements, described by two limits of our general
nonlinear formula, which now has the form (13.9).

It is of interest also to consider the distribution of the pointer values. It is given by Eq. (9.21) taking into account Egs. (9.4)
and (13.8),

[yq — tan(p/2))* ®(q)

] = . 13.17
(@ tan?(¢/2) + y2 (Ag)? (1317
In particular, in the limit (13.14)
q tan(e/2) 2
Oy(q) ~ [— R ) (13.18)
Aq YAq

For a Gaussian @(q), Eq. (13.18) coincides, up to a constant factor, with the intensity at the dark port (i.e., the unnormalized
pointer distribution) given by Eq. (7) in Ref. [22] (cf. Table 8). In Ref. [22] the light with the intensity distribution (13.18)
is called the “split-Gaussian mode”, since this distribution has a slightly asymmetric two-peak shape, shown in Fig. 2 in
Ref. [22].

Thus, we have derived the results of Ref. [22] quantum-mechanically. We have shown that the experiment in Ref. [22] is
a weak PPS measurement in the inverted region.

13.2. Amplification coefficient for phase measurements

Starling et al. [22] showed that their experiment is well suited for precision measurements of the phase ¢. They claimed
that their technique involves phase amplification with the coefficient proportional to y ~!, but they did not provide the exact
value of the amplification coefficient. Let us obtain the latter. Note that, in view of the first of Egs. (13.7),

lpl = 2[{p]¥)]. (13.19)

As follows from the general discussion in Section 6.7.2, in measurements of the overlap the proper amplification coefficient
is [cf. Eq. (6.83)]

A = (lylAg !, (13.20)

where we took into account the second of Egs. (13.7). The amplification coefficient 4, for the phase ¢ is related to 4" by
the relation A'|(@|Y)| = 4, lel, i.e., in view of Eq. (13.19),

/

A—ﬁ—z Ag)~! 13.21
q)—z—(lqu)- (13.21)

10 pixonetal. [21] demonstrated also an enhancement of the pointer deflection due to propagation effects, see also the discussion in Refs. [93,181]. These
propagation effects are completely analogous to the time evolution due to a meter Hamiltonian [90]. Hence, they can be explained also with the help of
the present theory of the effects of the meter Hamiltonian (Sections 5 and 8.2.4).

1 Eq. (13.15) is absent in Ref. [22], since this paper describes a classical theory. However, a formula, which differs from Eq. (13.15) by the absence of the
factor y !, is mentioned in an earlier version of the above paper: Ref. [169], Eq. (9).
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This can be compared with the linear-response result in Eq. (13.13), which was used in Ref. [21] for an amplification of
the pointer deflection (i.e., the beam deflection) or for measuring y, the proper amplification coefficient being [cf. Egs. (6.75)
and (13.19)]

A~ oL (13.22)

In the case (13.12)[(13.14)] the magnitude of the pointer deflection (13.13)[(13.16)] increases, when the ratio y /¢ increases
(decreases). For both cases, the amplification is maximal in the strongly-nonlinear regime,

lyAwlAg~ 1, e, 2|y|Aq~ el (13.23)
where, in view of Egs. (13.21) and (13.22), we have

Ay ~ A~ o] (13.24)

In this regime, the nonlinear equation (13.9) should be used.

13.3. A comparison of the phase-amplification technique with projective measurements

In Section 6.10.4, we obtained an estimation of the SNR with respect to the quantum noise for weak PPS measurements
in the regime of very large weak values [see Eq. (6.133)]. The above estimation holds for the general case. However, for
the special case of the phase-amplification technique [22] (i.e., the weak PPS measurement described above), the quantum
SNR can be obtained exactly. Indeed, in view of Eq. (6.69) and the second equation in Eq. (13.7), we obtain that now the
post-selection probability is given by the value [22]

(My)y = y*(Ag)* < 1, (13.25)

which is small due to Eq. (13.11). Taking into account also that the pointer deflection is given by Eq. (13.16), we obtain from
Eq. (6.116) that the quantum SNR is given by

R =37 74p|v/N ~ 0.76|¢|+/N. (13.26)

Here we took into account that now R = q and that Eq. (13.18) with a Gaussian & (q) implies the pointer uncertainty
Aqs ~ 314 Aq. [The latter result follows from the fact, which can be easily shown, that one can approximately neglect the
small second term in the brackets in Eq. (13.18).]

Eq.(13.26) is derived assuming that the average position is obtained by a statistical analysis of the measurement results.
For comparison, in the split-detection method the average position is deduced from the difference between the integrated
intensities on the left and right sides of the detector, resulting in a somewhat higher SNR than Eq. (13.26) [22],

2
R = ,/ymﬁv ~ 0.80|¢|v/N. (13.27)

The phase ¢ can be measured also with the help of strong (projective) quantum measurements. The projective
measurement described in Section 6.10.4 can be implemented in the present case by setting y = 0 and measuring the
statistics of photons exiting the dark and bright output ports of the beam splitter in Fig. 13, since the exit probabilities equal
Py = [{(¢|¥)]? ~ ¢?/4and Py = 1 — Py, respectively. As follows from Eqs. (6.135), for this method, the SNR with respect to
the quantum noise is

_ lelVN
=

In fact, in Ref. [22] a more sophisticated version of strong measurements was implemented, the so called balanced
homodyne detection. In this scheme a unitary transformation of |y) is performed, so that ¢ — 7 /2 4 ¢ in Eq. (13.5),
and then the integrated intensities of both output ports are subtracted, resulting in the homodyne signal per one photon
sing ~ ¢. As shown in Ref. [22], the quantum SNR for the balanced homodyne detection is

R (13.28)

R, = lp|VN, (13.29)

two times greater than for the above simple scheme of projective measurements [cf. Eq. (13.28)].

A comparison of Egs. (13.26) and (13.27), on one hand, with Eq. (13.29), on the other hand, shows that the phase-
amplification technique has similar sensitivity to balanced homodyne detection with respect to quantum noise [22]. This is
in agreement with the discussion in Section 6.10.4, where the quantum SNR was shown to be generally of the same order
for projective and weak PPS measurements.

As noted in Ref. [22], the phase-amplification technique is a robust, low-cost alternative to balanced homodyne phase
detection, since one can use a low-cost split detector with a low saturation intensity, owing to the large attenuation [cf.
Eq. (13.25)]. In this case, an increase of the attenuation does not decrease the quantum SNR (13.27) due to the simultaneous
increase of the amplification coefficient (13.21).
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14. PPS measurements with a general post-selection measurement

14.1. General formulas

Until now (except for some remarks in Section 2.3.1), we considered PPS measurements in which the post-selection is
performed by a measurement projecting the system state on a discrete, nondegenerate eigenstate of some variable B. In this
section, we discuss the general case, where the post-selection is performed by means of a general measurement described
by an arbitrary POVM. This case includes different possible situations, such as, e.g., a projection on a degenerate eigenvalue
of B. Another situation, where this case may be relevant, arises when one takes into account errors in the post-selection
measurement. Indeed, in the presence of measurement errors, a projective measurement can be described as a general
measurement characterized by a POVM [3,28,185] rather than by a projection-valued measure.

In the general case, a PPS ensemble consists of systems for which the post-selection measurement yields a specific
outcome. The POVM operator corresponding to this measurement outcome is denoted here by E. By repeating the derivation
in Section 4.1 with the change

Iy — E, (14.1)
it is easy to obtain that in the general case [cf. Eqs. (4.8) and (4.10)]

- ER

R, = {ER)y (14.2)

(E)f

and

- - ER

Ra—R= (ERc)r (14.3)

(E)y

where (E); is the post-selection probability and the averages are given by [cf. Eqs. (4.9) and (4.5)]

(ER); =Tr[(E®R) pr],  (E)y = Tr[(E ® Im) py]- (14.4)

14.2. Relation between PPS and standard measurements of any strength

Eq. (14.2) allows us to connect PPS and standard quantum measurements of arbitrary strength. In the limiting case when
E is just the unity operator Is, we obtain that (E); = (Is); = 1 and hence Eq. (14.2) reduces to Eq. (3.1). Thus, in this
case PPS measurements coincide with standard measurements for any measurement strength and any preselected state.
This statement extends the similar results obtained for the special cases of strong and weak measurements with a pure
preselected state in Ref. [76] (cf. Section 2.3.1).

The above statement is a limiting case of a more general relation between PPS and standard quantum measurements
of any strength, as follows. If A commutes with either p or E, then an arbitrary-strength PPS measurement of A provides
formally the same results as a standard measurement with the preselected state described by the “density matrix”

, _ Ep+pE

= —. 14.5
P = T Ep) (14.5)
To prove this statement, we use Egs. (14.4) and (4.3) to write
~ 1 ~
(ER)y =Tr[(E®@R) U (p @ pm) U'] = ETr[(Is ®R) U ((Ep + pE) ® pw) U'], (14.6)
(Ey =TrEQ MU (p® pm) U =Tr[U (Ep @ pm) UT] =Tr (Ep @ pum) = Tr (Ep) Tr py = Tr (Ep). (14.7)

In the second equalities in Egs. (14.6) and (14.7) we used Eqs. (D.8) and (D.6), respectively. Inserting Eqs. (14.6) and (14.7)
into Eq. (14.2) yields Eq. (3.1) with p given by Eq. (14.5). This proves the statement in question.

When Tr (Ep) = 0, p’ in Eq. (14.5) does not exist. However, in this case PPS measurements are not possible, since the
post-selection probability (14.7) is zero.

Consider some consequences of the above equivalence of PPS and standard measurements of any strength. For strong
PPS measurements, the probabilities in Eq. (2.20) are given now by

P,“E =Tr (H,‘ ,0/). (148)

Indeed, it is easy to check that Eqgs. (2.20) and (14.8) are equivalent now. Correspondingly, the average of A in strong PPS
measurements given by Eq. (2.61) or, more generally, by the formula

A=) 4Py (14.9)
i



A.G. Kofman et al. / Physics Reports 520 (2012) 43-133 123

coincides now with the average of A resulting from the equivalent strong standard measurements: A; = A’, where

A =Tr(Ap)). (14.10)

This equality results directly on inserting Eq. (14.8) into Eq. (14.9). Moreover, the equivalence of weak PPS and standard
measurements means that A,, = A’. This equality is derived independently also in Section 14.3. The above results imply that
now

Ay = As. (14.11)

It should be noted that p’ in Eq. (14.5) is Hermitian and Tr p’ = 1, however generally p’ is not a positive operator. When p’
is a positive operator, both PPS and standard measurements can be performed. However, when p’ has, at least, one negative
eigenvalue, then p’ does not correspond to a physical state; in this case a standard measurements cannot be performed,
and the above equivalence is formal. For example, when E = |¢)(¢| and p = |¥)(¥|, whereas |¢) # |¢) and (¢|yr) # O,
then p’ can be shown to have, at least, one negative eigenvalue. Still, now the results of measurements are usual values,
irrespective of whether the operator o’ is positive or not. In particular, A" in Eq. (14.10) is a usual value of A. This follows
from the above result A’ = Ay and the fact that Ay is a usual value of A, since A, in Eq. (14.9) is an average of A over a classical
(i.e., positive) probability distribution Pjg.

Note that the quantity p’ in Eq. (14.5) was considered previously in a different context in Ref. [132], where it was called
the “transient density matrix”. There p’ was discussed in connection with weak PPS measurements in the linear-response
regime.

Now let us apply the above relation between PPS and standard measurements to prove the time-symmetry property,
mentioned in Section 2.5.2, that measurements in a preselected (only) ensemble and a post-selected (only) ensemble with
the same pre- or post-selected state, respectively, produce the same results, irrespective of the measurement strength.
Consider measurements in a post-selected ensemble, i.e., an ensemble with the completely mixed preselected state pcm.,
Eq. (2.18), and a post-selected state |¢). Since p., commutes with any ;\, a measurement in a post-selected ensemble is
equivalent to a measurement in a preselected ensemble with the preselected state p’, Eq. (14.5). Now E = I1y = |¢)(P|,
and, in view of Eq. (2.18), Eq. (14.5) yields

’_ Hd) Pem. + pcm.nzp _ 2H¢/d
2Tr (Iy pem.) 2d-1

= I1,. (14.12)
This proves the statement in question.

14.3. Weak PPS measurements

Now the expansions in the coupling parameter can be obtained in the form [cf. Egs. (6.3)-(6.5)],

(ERc)y = Z Z( D () Tr A" ER 0) IR, (14.13)
00 ngn M

(E) = Z Z( 1)"( ) Tr (A" *EA* ), (14.14)
n=0 n!

(ER); —Z Z( 0¥ () Tr G *EA o) FRFE, (14.15)

Correspondingly, the expansions (6.6) hold now with the changes [cf. Eq. (7.1)]

Hply)* — Tr(Ep), (14.16a)

Tr (AlEA¥ p)
A, (A — ARD = T (k1> 0). 14.16b
(AN (A),, w Tr (Ep) (k,1=0) ( )
In the linear approximation in y, Eqgs. (14.3), (14.13) and (14.14) yield the linear-response result (6.20), where in the
present general case the weak value is given by

_ Tr(EAp)

= T (14.17)

Eq. (14.17) follows also from Eq. (14.16b), on taking into account that A,, = AS’O). The real part of the weak value (14.17)
was obtained in Ref. [118]. Note, however, that the real part of A,, is generally not sufficient to describe the linear response
(6.20). Eq. (14.17) was obtained in Ref. [103] and discussed in Ref. [130].
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It is easy to show that A,, is a usual value, when any two of the operators A, p, and E commute. Indeed, then A,, in
Eq. (14.17) can be written as the average of A in the state (14.5),

Ay = Tr (Ap)). (14.18)
This situation includes two different cases:

(a) When E or p commutes with A, then, as shown in Section 14.2, the results of PPS and standard measurements of
any strength coincide, Eq. (14.18) being a consequence of this fact for weak measurements. Moreover, as shown in
Section 14.2, A, in Eq. (14.18) is a usual value, though p’ may have negative eigenvalues. This case involves paragraphs
b, ¢, f, and g in Section 2.5.2 as its special cases.

(b) When E and p commute, o in Eq. (14.5) becomes p’ = Ep/Tr (Ep), which is a positive operator, implying that A,, in
Eq. (14.18) is a usual value. This case is an extension of paragraphs a and e in Section 2.5.2.

As shown above, in the nonlinear theory of weak PPS measurements, in addition to the weak value, also the associated
weak value Afu“) is generally required. As follows from Eq. (14.16b), in the general case this is given by

ay _ Tr(AEAp) (14.19)
Y Tr(Ep) '

14.4. Time-symmetry properties for PPS measurements of any strength

A time-symmetry relation for measurements in ensembles of some special types was discussed in the last paragraph of
Section 14.2. Here we consider a more general time-symmetry property.

The expansions (6.6) with the changes (14.16) imply a time-symmetry property for PPS measurements of any strength.
Namely, it is easy to see that the above expansions remain invariant, except for the changes

Agj,l) s (Agf,l))* =A;l;k)’ (14.20)

under the simultaneous substitutions

P E — ep. (14.21)

— —
TrE
Here eq is any positive number such that e;p is an allowed POVM operator. As implied by Eq. (2.6), this means that the
maximal eigenvalue of e p should not exceed one; hence,
0<e; <l (14.22)

max’

where Ay is the maximal eigenvalue of p.

The quantities which interchange in the time-symmetry relation (14.21) are, with an accuracy up to numerical factors,
the preselected state p and the post-selection POVM operator E, rather than pre- and post-selected states, as one might
expect naively. The reason for this is that the density matrix p, on one hand, and the post-selection measurement outcome
together with the corresponding POVM operator E, on the other hand, provide the complete information about the pre-selection
and the post-selection, accessible to an experimenter, and this information completely determines a given PPS ensemble.

In this connection, we note that the terms “pre-selection” and “post-selection” are perhaps somewhat confusing. Using
the same word “selection” masks the fact that “pre-selection” and “post-selection” describe in principle different physical
processes. “Pre-selection” means the process of preparation of the initial state of the quantum system. Correspondingly, the
“preselected state” is a well defined notion—it is simply the initial state of the system.

In contrast, “post-selection” is conditioning of the measured statistical data on acquired information from the final
measurement of the system. The only information required for the post-selection is the result of the final measurement
and the corresponding POVM operator. Hence, the notion of the “post-selected state” is generally meaningless, since the
final state of the system is irrelevant. Indeed, it is irrelevant whether the system is destroyed by the measurement or,
if not, in what state it is. The notion of the “post-selected state” has a physical meaning only when the post-selection
is performed by a strong measurement corresponding to a nondegenerate eigenvalue of an observable. Then, according
to the projection postulate, if the measurement is minimally disturbing, i.e., projective, the state of the system after the
measurement coincides with the corresponding eigenstate. A pre- and post-selected ensemble can be characterized by
such a pure “post-selected state”, even when the strong measurement is not minimally disturbing, i.e., when the system
is destroyed or its final state differs from the “post-selected state”. In all other cases the final state generally depends on
the state of the system before the final measurement even for minimally disturbing (e.g., projective) measurements [cf.
Eq. (2.5)]. As a result, the final state generally depends on both the preselected state and the measurement(s) performed
in the PPS ensemble in between the pre-selection and the post-selection. Therefore, identically pre- and post-selected
ensembles, which have underwent different measurements, generally have different final states and hence cannot be
characterized by a unique “post-selected state”. The above discussion implies that the post-selection POVM operator is a
more fundamental characteristic of a PPS ensemble than the final state of this ensemble.
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Consider the important case when the pre- and post-selected states are pure. (Here, as in many other places in this paper,
we use the term “pure post-selected state”, since it has a physical meaning in the sense discussed in the previous paragraph.)
In this case, we have p = ITy, = |V )(Y| and E = eolTy (0 < eg < 1). When ey # 1, the POVM operator E = eyl1, is not a
projector, but still the post-selected state is |¢). Now the time-symmetry relation (14.21) becomes

p = H‘/, — H¢, E= €0H¢ — elﬂw, (1423)

where e, is an arbitrary number satisfying 0 < e; < 1. Bearing in mind that the POVM operator corresponding to a pure
post-selected state |¢) is generally proportional to the projector /T4 with the coefficient which may differ from 1, we can
replace Eq. (14.23) by a simple relation,

V) < o). (14.24)

Thus, in the case of pure pre- and post-selected states, the time-symmetry relation is conceptually simple: Eq. (14.20) holds
under the exchange of the pre- and post-selected states. This is an extension of the time-symmetry relation for strong PPS
measurements [75-77] (see Section 2.3.2) to PPS measurements of an arbitrary strength.

Consider the important special cases of strong and weak PPS measurements. Strong PPS measurements are not affected
by the change (14.21), as implied by Eq. (2.20). This is an extension of the time-symmetry relation for strong PPS
measurements [75-77] (see Section 2.3.2) from the case of pure pre- and post-selected states to the general case of strong
PPS measurements.

For weak PPS measurements the above time-symmetry property (14.20)-(14.21) means that the weak value and the
associated weak value satisfy the relations [cf. Eq. (14.20)]

A, — A* AD = invariant (14.25)

w?

under the simultaneous substitutions (14.21). Thus, the results of weak PPS measurements generally are changed by the
substitutions (14.21), unless A,, is real.

Consider a simple example. When the pre- and post-selected state are pure, Eqs. (14.24) and (14.25) yield the following
symmetry relation,

Ay — A% for |¥) < |¢). (14.26)

This relation also follows from Eq. (2.36).

14.5. A pure preselected state

Consider an important situation when in a weak PPS measurement the preselected state is pure, p = |¥){y|, but the
post-selection measurement is general. As mentioned above, such a situation may arise, e.g., when measurement errors are
to be taken into account.

Now the weak values (14.17) and (14.19) become

_ (EAyy ACD _ (AEA) gy

Eyy b Eyy

The present situation is closely related to the case of a mixed preselected state and a pure post-selected state. Indeed, the
weak values (2.60) and (7.5) are connected to the formulas (14.27) by the relation (14.25) under the substitutions

(14.27)

P g 19— ). (14.28)

Owing to this relation, one can use results of preceding sections in the present case. Namely, in the present situation the
nonlinear equations (7.3) and (7.4) hold provided the definitions (14.27) are used. Moreover, the other results obtained
above for the case of a mixed preselected state (see especially Sections 7 and 10 and Fig. 12) are also valid now, provided
the substitutions (14.28) and the definitions (14.27) are used.

15. Conclusion

Weak pre- and post-selected measurements are important for studies of the fundamentals of quantum mechanics.
They also hold promise for precision metrology, since they provide significant amplification of the pointer deflection in
comparison to standard weak measurements. This paper starts with a brief review of strong and weak PPS measurements
(Section 2). Afterwards, we present original contributions, which generalize previous theoretical work.

In particular, a nonperturbative theory of weak PPS measurements is developed. The theory is applicable to an arbitrary
quantum system and an arbitrary meter, with arbitrary initial states for both of them. The results are expressed in simple
analytical forms. We have shown that weak values and the coupling strength can be measured not only in the linear regime,
as was done previously, but also in two other regimes: the strongly-nonlinear regime and the inverted region (i.e., the limit
of very large weak values, where the overlap of the pre- and post-selected states is very small). We have verified our theory
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by showing that the optical experiment in Ref. [22] can be described quantum-mechanically as a weak PPS measurement in
the regime of large weak values.

Optimal conditions for measurements are obtained in the strongly nonlinear regime, since there the pointer deflection
is generally of the order of the maximum value. Correspondingly, under optimal conditions, the amplification is stronger
than in the linear regime by at least an order of magnitude. The nonlinear regime can be achieved only for anomalously
large weak values, which implies the requirement that the overlap of the pre- and post-selected states is small. The optimal
conditions are obtained when the above overlap is of the order of the small parameter of the theory. _

We have revealed that, in the nonlinear regime, weak PPS measurements significantly depend on the value of F.
In particular, a nonzero F may facilitate measurements of weak values (Section 6.8.5) and the coupling strength y
(Section 8.2.3). Moreover, the optimal regime of measurements is qualitatively different for |F| < AF and for |[F| > AF.
In the latter case, the optimal conditions are much stricter, but the amplification is much stronger, than for |[F| < AF. This
increase of the amplification may result in an increased measurement precision. The optimal regime for |[F| > AF is very
sensitive to small perturbations of several parameters; this property can be used for various precision measurements. We
have indicated experimental schemes where F is nonzero and tunable.

We have derived exact solutions for PPS measurements of a qubit with several types of meters and, using these solutions,
verified the present theory by numerical calculations. The present theory can be verified experimentally in many physical
systems, including optical experiments and experiments with various types of qubits (such as qubits in solid state, atoms,
NMR, etc.). Moreover, the present results can be applied to improve the accuracy of precision measurements. In particular,
the present theory can be applied to existing experimental setups, such as those in Refs. [21,22,90,93-95], where using the
optimal regime can increase the amplification by, at least, an order of magnitude.

In recent years, research on weak PPS measurements and weak values has been expanding with an increasing rate.
In spite of the initial controversy, weak values have demonstrated to be a fruitful concept both for fundamental studies
and for designing novel experimental techniques. Potential applications of weak values include such diverse topics as
optical communications, metrology, and quantum information processing. The general theory of weak PPS measurements
developed here will provide insights and a useful guide for further applications of weak values.
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Appendix A. Formula for embedded commutators

Here we derive a formula for n consecutively embedded commutators,

n
[D,...[D, C]..]1=)" ay D" *CD", (A1)
k=0
n n

where the coefficients ay; are to be determined. It is easy to see that the latter satisfy the recursive formula a41, =
ank — ap k—1, Which by the change

an = (=1 )y, (A2)
becomes

Qg =0y +a, ; O<k<n+Linx1) (A.3)
witha, _; =aj ., = 0.As follows from Eq. (A.1) with n = 1 and Eq. (A.2),

dyp =dj; = 1. (A4)

Eq. (A.3) with the initial conditions (A.4) has a unique solution given by the binomial coefficients [186],a;,, = (',:) Combining
the latter formula with Egs. (A.2) and (A.1) yields finally Eq. (6.2).

Appendix B. Generalized uncertainty relation and estimation of moments of meter variables

In Appendix B.1, we derive the generalized uncertainty relation for a quantum system in a mixed state and prove several
inequalities required in Appendix B.2. In Appendix B.2, we estimate the magnitude of the moments F¥R.F"~* (0 < k < n)
for a system in a mixed state [cf. Eq. (7.7)]

pv = Zimw (B.1)

where (&J\%) = 5,']', 5\1 >0, and Zi 5\1 =1
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B.1. Generalized uncertainty relation
First, we prove the following useful inequality for arbitrary operators O; and O,,

10,0,> < 0,0! 0}0,. (B.2)
When the averages here are taken over a pure state, Eq. (B.2) was shown to be a direct consequence of the Cauchy-Schwarz
inequality for Hermitian O; and O, in Ref. [183] and for general non-Hermitian O; and O, in Ref. [28]. Here we extend
Eq. (B.2) to the case of a general mixed state (B.1), by writing

2 2
< (in|<1/~fi|0102|1/~fi>|>

1010,]* = |Tr (010, pu)|*> =

in<&i|o102|1/~/i>

IA

2
[ZL«quoloi|z/7i><¢i|o;oz|l/>i>>”2} < ) Ki(Wil010d ) > (105021 95)
i i Jj

= 0,0! 0l0,, (B.3)

which proves Eq. (B.2) for the general case. In Eq. (B.3) the second inequality follows from Eq. (B.2) for a pure state, and the
third inequality results from the Cauchy-Schwarz inequality.
The inequality (B.2) implies that

IRFI> <RZFZ (1= 1). (B4)
Eq. (B.4) with [ = 1 yields the generalized uncertainty relation for the variables F and R

ARAF > |R.F.|. (B.5)
Since

IRc Fe| = [R-F| = |RF| = [RF — RF|, (B.6)

the generalized uncertainty relation (B.5) can be rewritten in different forms, e.g., in the form (6.28). The generalized
uncertainty relation (B.5) [or (6.28) or (6.29)] was derived by Schrédinger [183] for quantum systems in a pure state (see
also Refs. [182,187]). Here it is proved for the general case of an arbitrary (pure or mixed) state.

Combining Egs. (6.9) and (B.4) results in the relation

IFIR:| = IR Fl| S AR(AF)' (1= 1). (B.7)
Using the relation

_ S r—— n n — -
PRl = (Fe+Frrel = Y () IF"FIRd (83)
=0

and Eq. (B.7), we obtain
[F"Rc| = |[Rc F"| < ARAF (AF + [FD™! (n>1). (B.9)

B.2. Estimating the moments

Let us now estimate the magnitude of the moments F¥R.F"* (0 <k <n;n > 1).

We begin with two important cases, where the calculations are simple. First, let F and R be canonically conjugate
variables. Then, using the commutation relation R.F = FR. # i, we can move R, to the last place in the product F*R.F™ ¥, so
that

IFKRe F"~k| < |[F"~1| 4 |[F"R| < AR AF (|F| + AF)™ 1. (B.10)

Here in the last inequality we used Egs. (B.9), (6.10), and the Heisenberg uncertainty relation AR AF > 1/2.Thus, Eq. (B.10)
yields the estimate

|[FkR. F'—k| < AR AF ([F| + AF)" . (B.11)

Second, we note that the estimate (B.11) holds also for commuting F and R. Indeed, then

|[FKR. F'—k| = | R, F"| < AR AF ([F| + AF)" ", (B.12)

where the inequality results from Eq. (B.9).
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The general case, where F and R are not necessarily canonically conjugate or commuting, is more complicated, since then
the estimate (B.11) does not generally hold. Now we use the equality F = F + F. to write that

n

k —k

_— k n—k\ - _

FkR. Fn—k = § <1> < )F"—’—’"Fg R FM. (B.13)
=0 m=0 m

This reduces the problem to the estimation of the moments F¥ R, F** where0 < k < n.

When AR — 0, whereas AF is bounded (which is possible, in particular, for finite-dimensional Hilbert spaces), the
moments F/R. and R F! vanish [cf. Eq. (B.7)]. In contrast, the moments F!R.F™ with [, m > 1 generally do not vanish in the
limit AR — 0. To proceed further, we make the simplifying assumption

max |F!R. F"™'| ~ R(AF)™, (B.14)

1<l<m-1

where R does not depend very significantly on m and generally does not vanish in the limit AR — 0. With the help of
Eqgs. (B.7) and (B.14), the quantity (B.13) can be estimated by the relation

IFKR. F"~%| < ARAFF¥ (JF| + AF)" ¥=' + R(AF)*(JF|+ AF)"2 (1<k<n-—1), (B.15)

where k' = min{k, n — k}.
Eq. (B.15) is equivalent to two simpler inequalities, which are obtained in two possible cases. First, in a typical situation,
when AR is not too small, Eqs. (B.15) and (B.9) yield for0 < k < n

IFKR. F"=K| < AR AF (|F| + AF)™™' (AR > R), (B.16)

which coincides with the above estimate (B.11). Second, when AR vanishes or is very small, the first term on the right-hand
side of Eq. (B.15) can be neglected, yielding

IFKR. F"=k| < R(AF)? (|F| + AF)" (AR < R) (B.17)

for 1 < k <n— 1, whereas |[F"R.| = |R. F"| are zero or negligibly small [cf. Eq. (B.9)].
In either case (B.16) or (B.17), the terms of orders higher than two in Eq. (6.6a) can be neglected under the condition
(6.11), when, at least, one of the two following cases takes place:

(a) The quadratic term in Eq. (6.6a) is not anomalously small, i.e., F R F is of the order of the right-hand side of Eq. (B.16) or
(B.17) withn = 2.

(b) The first-order term in Eq. (6.6a) is not anomalously small, i.e., it is of order |y Agy, | AR AF. Then, even when the quadratic
term is vanishing or small, it can be shown that under the condition (6.11) the contribution of the third- and higher-order
terms into the pointer deflection (4.10) is negligibly small.

When the first- and second-order terms in Eq. (6.6a) vanish or are anomalously small or cancel each other, the validity
condition (6.11) may be inapplicable. However, generally such cases are of little interest, since then the pointer deflection
is very small.

Appendix C. Calculation of moments for canonically conjugate variables

Here we derive formulas for moments of canonically conjugate variables used in the main text. Let G(p) be an arbitrary
function, such that the integrals below in Eq. (C.2) converge and that

lim G(p) ym(p) = 0. (C1)
p—=+oo

Using the expression g = id/dp and Eq. (8.12), we obtain that

G(P)qG(p) = (27T)_1/ dp Y (p) GP)IG(P) Ym(P)T

@r)™! / dp f,(p) G(p) {i[G(p) f,(»1 + ' (p) GB) f, (D)}

i(4m) "' [GP) () 1%, + (7)) 7! / dpf}(p) G (p) &' (), (€2)

where the prime denotes differentiation over p. The first term in the last expression in Eq. (C.2) vanishes in view of Eq. (C.1),
and we obtain that

G(p) qG(p) = ¢’ (0)G*(p). (C.3)




A.G. Kofman et al. / Physics Reports 520 (2012) 43-133 129

In particular, Eq. (C.3) implies the formulas (8.23) and (8.16), whereas Eqgs. (C.3) and (8.16) imply the first two lines in
Eq. (11.24).
In a similar fashion, it is not difficult to obtain that

K(x1, x2) = exp(ix1p) q exp(ix2p) (C4a)
(G — x2)/2 + ¢ ()] expli(x1 + x2)pl. (C4b)

The characteristic function K (), x2) provides mixed moments of p and g, linear in g, by the formula

™MK (X1, Xx2)

prgp™ = (=" . (C5)
Ix1 93" x1=x2=0
Eq. (C.4a) implies that
———  K(y,y) —K(y,—y)+K(—=y,y) —K(=y,—y)
cos(yp) q sin(yp) = Y v.oy - Y Y. (C.6)

4i

Inserting Eq. (C.4b) into Eq. (C.6) yields the third line of Eq. (11.24).
Itis easy to check that the expressions for averages of functions of p and q derived above hold also under the simultaneous
replacements

q<p, ¢ —>§@. (C7)
In particular, Egs. (C.3)-(C.5) yield respectively

G(@ pG(q) = &"(@G*(q), (C8)
K(x1, x2) = exp(ix19) p exp(ix2q) = [(x1 — x2)/2 + &' (@)1 expli(x1 + x2)4], (C9)

—_— l‘)n+m an+m1<(x‘l5 XZ)

qpqt = (— . (C.10)
aX? 8)(2'” X1=x2=0

Eq. (C.8) implies Eq. (8.17). Taking into account that {q, p} = 2Reqp, Eq. (C.5) calculated forn = 0, m = 1 and Eq. (C.10)
withn = 1, m = O yield Eq. (8.13).

Appendix D. Operator identities

Here we prove several operator identities used in the present paper. Let Os and O (O and 0},) be arbitrary operators in
the Hilbert space #s (F#y) of system S (M), whereas O and O’ are operators in the Hilbert space #s ® #.If 0 and O’ can be
written as the sums

0= 05®0u, 0 =) 045®O0. (D.1)
i J

where Os;, O;, and either Os or Og commute pairwise for all i and j, then the following identities hold

Tr [(Os @ Om)0(05 ® 04,01 = Tr[(Is ® Om)0(0s05 ® 04,)0']
= Tr[(Is ® Om)0(050s ® 040’1,

1
5 Tr 105 ® 0w)O((050 + 0505) ® 0,01 (D:2)

Let us consider the above two cases separately. First, when Os commutes with Og;, it is easy to see that Os ® Iy commutes
with O; in this case the first equality in Eq. (D.2) is obvious. Second, let us prove the first equality in Eq. (D.2) for the case
when Os, Os;, and O’Sj commute pairwise. The left-hand side of Eq. (D.2) can be recast as

Tr [(Os ® Om)O(05 ® 04,)0'] = Y Tr[(0505:0504) ® (OmOwiOyOfyy)]
i.j
= ) Tr (0s05:0504)Tr (OnOwiOyOpyi) = D Tr (050505 04)Tr (OpOmiO}y O}y ). (D.3)
ii’ i1’

Here in the last equality we used the fact that Os; commutes with Og and Og,. The substitutions Os — Is, Og — 0s0j change
the left-hand side of Eq. (D.3) into the right-hand side of the first equality in Eq. (D.2) but do not change the right-hand side
of Eq. (D.3), which proves the first equality in Eq. (D.2).
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The second equality in Eq. (D.2) follows from the fact that the above validity conditions for Eq. (D.2) imply that either
0s ® Iy or Og ® Iy commutes with O and O'. For example, when Og ® Iy commutes with O and O’, we obtain that
Tr[(Is ® Om)0(0s05 ® 0y)0'] = Tr [(Is ® Om)O0(0s ® 0y,)0' (05 ® Iw)]
=Tr [(0/5 ® Iw)(Is ® OM)0(0s ® 0,,)0'] = Tr[(Is ® OM)O(O/SOS ® 0y,)0']. (D.4)

A similar argument holds also when Os ® Iy commutes with O and O'. Finally, the third equality in Eq. (D.2) follows from
the previous equality.

As an example, consider the case when 0 = U, 0’ = U, and A commutes with either Os or Og. Here U is given by
Eq. (2.10). In this case, the sums of the form (D.1) are obtained by expanding U and U' in powers of y, yielding

Oy =0mj=4A (>0). (D.5)

Thus, the validity conditions for Eq. (D.2) hold now. Consequently, when A commutes with either Os or O;, we obtain the
identities

Tr[(0s ® Om)U (05 ® Oy)UT] = Tr [(Is ® Om)U (0505 ® Oy,)UT], (D.6)
Tr [(0s ® Om)U (05 ® 0y)U'] = Tr [(Is ® Om)U (0505 ® 0y,)U'], (D.7)
, 1
Tr[(05 ® Ow)U (05 ® O4U'] = Tr [(Is ® Ow)U((0505 + 0305) ® 03U ]. (D.8)
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