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Controllable Scattering of a Single Photon inside a One-Dimensional Resonator Waveguide

Lan Zhou (Ji2%),"* Z.R. Gong (38 3i),” Yu-xi Liu (| £2),"* C.P. Sun (#MEE%),” and Franco Nori (£72)"*+>
YAdvanced Science Institute, The Institute of Physical and Chemical Research (RIKEN), Wako-shi 351-0198, Japan
*Department of Physics, Hunan Normal University, Changsha 410081, China
3Institute of Theoretical Physics, The Chinese Academy of Sciences, Beijing, 100080, China
4CREST, Japan Science and Technology Agency (JST), Kawaguchi, Saitama 332-0012, Japan
>Center for Theoretical Physics, Physics Department, Center for the Study of Complex Systems, The University of Michigan,
Ann Arbor, Michigan 48109-1040, USA
(Received 27 February 2008; published 2 September 2008)

We analyze the coherent transport of a single photon, which propagates in a one-dimensional coupled-
resonator waveguide and is scattered by a controllable two-level system located inside one of the
resonators of this waveguide. Our approach, which uses discrete coordinates, unifies low and high energy
effective theories for single-photon scattering. We show that the controllable two-level system can behave
as a quantum switch for the coherent transport of a single photon. This study may inspire new electro-
optical single-photon quantum devices. We also suggest an experimental setup based on superconducting

transmission line resonators and qubits.
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Introduction.—The scattering of a structureless particle
can be used to determine the internal structure of a scat-
tering target. This has been well recognized since the
Rutherford experiments which ushered in modern particle
and nuclear physics [1]. When scattering is confined to low
dimensions, it displays new features. For example, the low-
energy scattering of cold atoms confined in an atomic
waveguide can form a gas of impenetrable bosons exhib-
iting total reflection [2]. Such total reflection, and related
phenomena, motivate us to study low-dimensional pho-
tonic scattering, oriented towards quantum information
processing, specifically, how to control the coherent trans-
port of a scattered single photon by tuning the inner
structure of the target so that the target can behave as a
quantum switch, i.e., either a perfect mirror totally reflect-
ing photons, or an ideal transparent medium allowing
photons to pass. Based on theoretical studies of photonic
scattering in one-dimensional (1D) waveguides [3], an all-
optical single-photon transistor was recently proposed [4]
by using surface plasmons confined in a conducting
nanowire.

Here we study a quantum switch that controls the trans-
port of a confined single photon. The switch is a scattering
target made of a controllable two-level system. Our ap-
proach recovers the interesting results obtained via an
effective field theory [3] in the ‘“‘high” energy regime.
Furthermore, it can also be consistently applied to the
“low” energy regime discussed below. We show that the
total reflection by a controllable two-level system can be
realized as a resonant-scattering phenomenon and the re-
flection spectrum goes beyond the Breit-Wigner [1] and
Fano line shapes [5,6].

As an application of our study, we propose an
experimentally-accessible quantum electro-optical device,
constructed using superconducting transmission line reso-
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nators [7-9] and a superconducting charge qubit [10-12].
In our proposed device, the scattering target is a charge
qubit with two energy levels controlled by a gate voltage
and an external magnetic flux; the coupled-transmission-
line resonators behave as a 1D continuum for the coherent
transport of photons. Thus, the controllable charge qubit
can be used to manipulate the coherent transport of pho-
tons in an array of superconducting transmission line
resonators.

Discrete scattering equation.—We consider a 1D
coupled-resonator [13] waveguide (CRW) (see Fig. 1)
with a two-level system, which is embedded in one of
the resonators. The CRW can be realized by using either
coupled superconducting transmission line resonators [14]
or defect resonators in photonic crystals [15]. Let a;-r (=
—o00,-+-,00) be the creation operator of the jth single-
mode cavity with frequency w. The Hamiltonian for the
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FIG. 1 (color online). Schematic configuration for the coherent
transport of a single photon in a coupled-resonator waveguide (a)
coupled to a two-level system (b), which is located in one of the
resonators. (c) Schematic diagram of coupled superconducting
transmission line resonators with one resonator coupled to a dc-
SQUID-based charge qubit.
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CRW is given by

H.= wZa}Laj — fZ(a}rajH + H.c) (1
J J

with the intercavity coupling constant &, which describes
photon hopping from one cavity to another. Here, we
assume that all resonators have the same frequency w
and 7 = 1. The Hamiltonian (1) describes a typical tight-
binding boson model, which has the dispersion relation
O = w =V, with V, = 2£cos(lk). Below, the lattice
constant / is assumed to be unity. In the low-energy regime,
corresponding to long wavelengths (A >> [), the spectrum
is quadratic: O = w; + £k%, with w; = © — 2&. At the
matching condition (A ~ 41), the spectrum is linear: () =
wg = 2&k. In contrast to the similar configurations in
Refs. [16-19], here only one two-level system, with ground
state |g), excited state |e) and transition energy (), is
located inside one of coupled -cavities. Moreover,
Refs. [16—18] use several approximations which we do
not make here, making the treatment here more physical,
since we have exact solutions. For convenience, we take
the Oth cavity as the coordinate-axis origin and we also
assume that a two-level system is located in this Oth cavity
[20]. Under the rotating wave approximation, the interac-
tion between the Oth cavity field and the two-level system
is described by a Jaynes-Cummings Hamiltonian

H; = QleXel + J(allgXel + leXglay), ()

with the coupling strength J.

To study the 1D single-photon elastic scattering de-
scribed by the total Hamiltonian H = H, + H,, we assume
the stationary eigenstate

10 = Y ur(at0)lg) + u.l0)e), 3)
J

when a single photon comes from the left with eigenenergy
Q.. Here, |0) is the vacuum state of the cavity field, and u,
is the probability amplitude of the two-level system in the
excited state. This H|Q;) = Q,|Q,) results in the discrete
scattering equation

(Vi T IG80)u(j) = Elu G+ 1) + G — D) D

Here, the Green function G, = G,(Q) = J/(Q; — Q),
and u, = Gu;(0) relates the excited-state amplitude u,
with the single-photon amplitude u;(0).

Reflection and transmission amplitudes.—Equation (3)
presents a complete set of stationary states of the total
system for single-photon processes. The scattering equa-
tion Viug(j) = Eui(j + 1) + ui(j — 1)] for j # 0 has the
solution

u(j) =e*i +re7*i, j<0
uge(j) = se', j>0

i) = | 5)

with transmission and reflection amplitudes s and r. The
continuous condition #;(0) = u,(07) and the eigenvalue

equation (Vi + JG)up(0) = £lu(1) + up(—1)] at j =0
determine the reflection amplitude

r=J2iésink(w — Q — 2&cosk) — J2]7 (6)

and the transmission amplitude s, with the constraints s =
r+ 1and |s]? + |r]2 = 1.

As shown below, Eq. (6) is a very useful result. Figures 2
(a) and 2(c) show the reflection coefficient R(k) = |r(k)|?
versus the momentum k of the incident photons, while
Figs. 2(b) and 2(d) plot the reflection coefficient R(A) =
[r(A)|> versus the detuning A = Q; — Q. Figure 2(b)
represents a Breit-Wigner-like line shape around the reso-
nance A = 0, where the line width is proportional to J>. At
the resonance, the photon is completely reflected and the
single two-level system behaves as a perfect mirror.
Therefore, when the two-level system has a tunable tran-
sition energy, it can be used as a quantum switch to control
the coherent transport of photons.

Because of the nonlinear dispersion relation ), = w —
2£ cosk, |r(k)|? in Figs. 2(a) and 2(c) shows a more general
line shape, beyond the Breit-Wigner [1] and Fano [5] line
shapes. Indeed, Eq. (6) is very general as it can directly
provide results in different physical limits. When [A| <
|6¢], as shown in Fig. 3, the generalized Fano-like line
shape of the reflection spectrum

(1 +A/8; + A%/67)
(A6 +yp) + T2

R(A) (N

is approximately obtained from Eq. (6). Here, n =
JHJ* = 4£8})7", the detuning §; = @ — Q — 2¢, y, =

n/2, and I? = n(1 — n/4).
When A ~ 41, the Breit-Wigner line shape [1]

r=—il[28w, - Q2280 + i1 @)

is also straightforwardly obtained from Eq. (6) by expand-
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FIG. 2 (color online). The reflection coefficient R (blue solid
line) and the transmission coefficient, 1 — R (red dashed line) as
a function of either the momentum k or the detuning A = Q; —
), when w = () = 5 with intercavity coupling ¢ = 2, [for (a),
)]; and w = 5, ) = 6 with & = 1 [for (c),(d)]. Parameters are
in units of J.
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FIG. 3 (color online). Comparison between the Fano-like line
shape (blue solid line) in Eq. (7) and the Fano line shape (red
dashed line) given by F(A)=(A/8;+ y,— qI)*x
[(A/8; + yo)> +T2]7! at 8, = —3 and ¢ = 0.01, where all
the parameters are in units of J. The detunings are A = Q; —
Qand §; = w —  — 2&.

ing the cosine around k = *7/2, where w, = w — 7w&.
Equation (8) was also derived from the continuous field
theory in Ref. [3]. Indeed, in this limit (A ~ 4l), the
Hamiltonian H, for the CRW can be approximated by
H =3 (o, * 2§k)a):ak, producing a linear dispersion
relation as in Ref. [3].

Low-energy effective theory.—Let us now consider the
long-wavelength regime (A >> ) and use the low-energy
effective theory to consistently describe the scattering of
the confined photons. In this regime, k is so small that
cosk =~ 1 — k?/2, and sink = k; thus, Eq. (6) becomes

re= —iJ?[2kE(ER + we — Q) + 7] 9)

The result in Eq. (9), obtained from Eq. (6), can also be
explained using the low-energy effective field theory de-
scribed by the effective Hamiltonian

H= [ dxotlo; — £8)e() + el

+ fj; dxJ8(x)[¢T(x)|g)el + H.c]. (10)

Here, the field operator ¢(x) = [*_ dkexp(ikx)a, satis-
fies the commutation relation [¢(x), ¢T(x')] = 8(x — x).
Equation (10) can be derived from the momentum space
representation of the total Hamiltonian

= Nlgal
H=3 Qafa,+0leel + 3 (“lokel + e
k=0 k=0 \/N

Y

with Q; = w, + £k*/2.

We now study single-photon scattering by a two-level
system using the effective field theory in Eq. (10). Let us
consider one photon, with energy (), incident from the
left. The elastic scattering analysis assumes the stationary
state [ Q) = [P dxug(x)oT (x)10)g) + u,|0)]e). Here,
the conservation of total excitation Y ,n; + |e)e| =1 is
used. The eigenequation H|Q;) = Q,[|Q,) provides a sys-
tem of equations for the single-photon probability ampli-

tudes u;(x) and the excited-state population u,, which
results in a scattering equation with resonance pole

£03u(x) = G8(X)ug(0) + (wg — Qpug(x). (12)

Then the photon scattering can be described by Eq. (12),
which can be solved by assuming u;(x) = exp(ikx) +
rexp(—ikx), for x <0, and u(x) = s exp(ikx), for x > 0.
The reflection amplitude in Eq. (9) can be obtained from
Eq. (12) with the boundary condition due to the d-function

2ui (0
fLua-Tu-a] -5 3

and the continuity u,(€) = u(—e).

Physical implementation.—To demonstrate our theoreti-
cal results on the reflection and transmission line shapes
beyond the Breit-Wigner and Fano line shapes, we now
propose an experimentally accessible quantum device
shown in Fig. 1(c), that uses superconducting transmission
line resonators and a dc-SQUID-based charge qubit
[7.,9,10]. Here, the charge qubit acts as the scattering target,
and its internal structure (e.g., the transition frequency) is
controllable by both the voltage applied to the gate and the
external flux through the SQUID loop. The coupled copla-
nar transmission line resonators, constructed by cutting the
superconducting transmission line into N equal segments
[14], provide the continuum for the coherent transport of
photons. The coupling ¢ between two neighboring trans-
mission line resonators is realized via dielectric materials
(it depends on the concrete coupling mechanism). Then the
Hamiltonian of the coupled-resonator waveguide is the
same as that in Eq. (1).

The energy eigenstates of the charge qubit [11,12] are
defined by |e) = cos(6/2)|0) — sin(#/2)|1) and |g) =
sin(6/2)|0) + cos(6/2)|1), with the transition frequency

Q= ‘/Bf + B2 for 6 = arctan(B,/B,). |0) and |1) are
charge eigenstates representing the excess Cooper pairs
on the superconducting island. The parameter B, =
4Ec(2n, — 1), with the charging energy Ec = €*/2(C, +
2C,) and n, = C,V,/2e, can be controlled by the voltage
V, applied to the gate capacitance C,. Here C; is the
capacitance of the Josephson junction. The parameter
B, = 2E; cos(m®,/ D), with the Josephson energy E,,
can be changed by the external magnetic flux ®, through
the SQUID loop.

As in Ref. [9], we assume that the charge qubit is placed
in the antinode of the single-mode quantized electric field
in the transmission line resonator with length L. Therefore,
the quantized voltage V, = (4 + a')y/w/(Lc), induced by
the quantized electric field, is also applied to the charge
qubit via the gate capacitance C,. Here w is the frequency
of the quantized field, c is the capacitance per unit length of
the transmission line. The coupling strength J =

(esindC,/Cs)yw/(Lc) between the qubit and the resona-
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FIG. 4 (color online). Phase diagrams of the reflection spec-
trum R(A) in Eq. (7): (a) with respect to the intercavity coupling
£ and the detuning 6 = w — (1, in units of J; (b) with respect to
J and &, in units of &; both at k = 77/8.

tor, with Cs = C, + 2C,, has feasible values in the range
5-200 MHz [9]. The detuning 6 = w — () between the
charge qubit and the single-mode field can be changed
from —10 to 10 GHz. The frequency of each resonator is
in the range between 5-10 GHz, and the qubit frequency
can be tuned from 5 to 15 GHz [9].

Using Eq. (6) and also the parameters given above, we
can show that the scattering process of single-photon de-
generates to a total reflection when the coupling strength &
between the resonators vanishes or the incident photon
resonates with the qubit. Also the stronger coupling be-
tween the qubit and the resonator corresponds to the larger
reflection amplitude. The details of this phenomenon are
depicted by the contour map of the reflection coefficient in
Fig. 4. It can be regarded as a kind of phase diagram. In the
white areas, the reflection is nearly one and the transmis-
sion is almost zero, while in the dark areas, the trans-
mission approaches unity. The results obtained in this
work are very different from previous quantum switches
[21].

Conclusions.—We have studied the coherent transport of
a single-photon confined in a 1D cavity array. The scatter-
ing target is a controllable two-level system. In the match-
ing regime (A ~ 4[), our approach recovers the results [3]
obtained from its effective field theory. Our approach also
predicts a general spectral structure in which the reflection
and the transmission are beyond the usual Breit-Wigner
and Fano line shapes. These results could be verified
experimentally via a circuit QED system [7-9]. However,
in reality, all large quantum systems interact with the
environment, resulting in some inelastic scattering of
photons. Thus the environment could affect the photon
reflection coefficient, reducing the quantum switching ef-

ficiency. The environment-induced inelastic scattering is
related to (i) the decoherence of the resonators; and (ii) the
decay of the two-level system. Case (i) influences the free
propagation of the single photon. The coherent scattering
process happens only when the photon decay rate is much
smaller than the intercavity coupling. Case (ii) broadens
the width of the line shape at the resonance. Finally, we
also note that the properties of the delivered photons at the
end of the waveguide could be studied experimentally by
measuring the transmission spectrum of the resonator.
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