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We analyze the back-action influence of nuclear spins on the motion of the cantilever of a magnetic force
resonance microscope. We calculate the contribution of nuclear spins to the damping and frequency shift of the
cantilever. We show that, at the Rabi frequency, the energy exchange between the cantilever and the spin
system cools or heats the cantilever depending on the sign of the high-frequency detuning. We also show that
the spin noise leads to a significant damping of the cantilever motion.
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I. INTRODUCTION

Magnetic resonance force microscopy �MRFM� is a pow-
erful technique for visualizing subsurface structures1–5 with
three-dimensional spatial resolution of the order of 10 na-
nometers or less,6 which is more than two orders of magni-
tude better than the resolution of conventional high-field
magnetic resonance imaging �MRI�. The main part of a
MRFM device is a nanomechanical resonator or cantilever
�see Fig. 1 below�, having a fundamental frequency in the
range of several kHz. By using MRFM, a significant break-
through in magnetic resonance detection sensitivity was
achieved, resulting in single-electron spin detection7 with a
spatial resolution �25 nm and substantial progress in
nuclear spin detection.8–12 MRFM has also been proposed as
a qubit readout device for spin-based quantum
computers.13,14

MRFM was initially proposed as a possible means to im-
prove the detection sensitivity to the single spin level.1 Since
then, progress in MRFM and related technologies has at-
tracted broad interest, especially the questions of squeezed
states of the cantilever and the collapse of its wave function
when both, the spin to be measured and the cantilever, are
treated quantum mechanically.15–19 However, the ultimate
goal to detect a single nuclear spin with MRFM is still a
challenge. Rough estimates indicate that in order to reach
this goal the effective temperature of the MRFM cantilever
should be reduced to about 0.1 �K, which corresponds to
�2.5 kHz of the fundamental frequency of the MRFM can-
tilever.

Numerous experiments on cooling micromechanical reso-
nators via their coupling with different external systems have
recently been reported �see, e.g., Ref. 20–24�. Experimental
results show that a micromechanical resonator can be cooled
down to an effective temperature on the order of 0.10 K
�Ref. 20� or 5 mK �Ref. 23�. However, in order to drive the
microresonator to the quantum regime, more effective cool-
ing methods are needed. A promising way would be to cool
the microresonator by coupling it to a solid-state quantum
electronic circuit. In principle, the effective electronic cool-
ing of the microresonator can be achieved by several means,

including coupling it to an another resonator,25,26 to a trans-
mission line resonator,27,28 to a quantum dot,29 to an elec-
tronic spin,30 or to superconducting devices.31–43

In particular �as shown, e.g., in Refs. 35, 37, 39–42, 44,
and 45�, an electric resonator circuit weakly coupled to a
two-level system �superconducting flux qubit� can be cooled
by its quantum-dynamical back action.

In this paper, we investigate the cooling of a MRFM can-
tilever via its coupling to nuclear spins. We show that the
back action of the spin system modifies the equation of mo-
tion of the cantilever, providing additional damping and a
frequency shift which depends on the properties of the spin
system �decoherence rates, damping rates, etc�. We investi-
gate the operation modes of the MRFM where the damping
is positive and results in a substantial decrease in the effec-
tive quality factor of the MRFM cantilever, and thus a sig-
nificant cooling of the cantilever motion.
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FIG. 1. Schematic diagram of the setup of the system under
consideration. Here, B0 is the uniform permanent magnetic field,
B1�t� is the rotating rf magnetic field, F�t� is an external force acting
on the cantilever in the z-direction, mF is the magnetic moment of
the ferromagnetic particle attached to a free end of the cantilever, �
is the magnetic moment of the nuclear spin, located in xy-sample
plane, and d is the equilibrium distance between the center of the
ferromagnetic particle and a sample plane.
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This paper is organized as follows. In Sec. II, we describe
the interaction of a MRFM cantilever with nuclear spins. We
obtain the cantilever equation of motion modified by the
back-action of the spin system. The modification appears as
an additional contribution to the damping and frequency shift
of the cantilever, in terms of the magnetic spin susceptibility.

In Sec. III, we obtain the explicit expression for the low-
frequency spin susceptibility. The most important result of
this section is that the longitudinal magnetization of a sample
has a clear resonance at its Rabi frequency. In some sense,
this is the low-frequency analog of the conventional high-
frequency NMR for the transverse magnetization.

Section IV is devoted to a detailed study of the influence
of the spin system on the damping and the frequency shift of
the cantilever. In the first part of this section we consider a
sample with a relative short spin-lattice relaxation time T1. In
this case, we show that the quality factor of the cantilever
changes depending on the sign of the high-frequency detun-
ing. For positive detuning �the microwave frequency is
above the nuclear resonance frequency�, the contribution of
the spin system to the cantilever damping is negative: heat-
ing the cantilever by absorbing Rabi photons from the spin
system. If the detuning is negative �the microwave frequency
is below the nuclear resonance frequency�, the contribution
of the spin system to the cantilever damping is positive:
cooling the cantilever by giving up Rabi photons to the spin
system. In the second part of Sec. IV we consider the influ-
ence of the spin noise on the cantilever motion. Indepen-
dently of the particular values of the parameters which char-
acterize the spin system, we show that its influence on the
cantilever damping is always positive, i.e., the spin noise
always leads to a decrease of the quality factor of the canti-
lever.

II. INTERACTION OF NUCLEAR SPINS WITH THE
MRFM CANTILEVER

A schematic diagram of the system studied here is shown
in Fig. 1. A spherical ferromagnetic particle with magnetic
moment mF is attached to the cantilever tip. A small para-
magnetic cluster with magnetic moment �, which must be
detected, is placed on the surface of a nonmagnetic sample
beneath the tip of the cantilever. The whole system is placed
in a permanent high magnetic field, B0, oriented in the posi-
tive z direction. The transverse magnetic field B1�t�, which
excites the NMR in the sample, is applied to the paramag-
netic cluster. In addition to B0, the magnetic moment � ex-
periences the inhomogeneous field BF�z� from the ferromag-
netic tip. We assume that the field BF�z� is also oriented in
the positive z direction and is given by the dipole formula:

BF�z� =
�0

4�

2mF

�d + z�3 , �1�

where d is the equilibrium distance between the cantilever
and the sample surface, and z is the amplitude of the canti-
lever oscillations. Below we assume z�d, hence

BF�z� � BF�0��1 −
3

d
z +

6

d2z2� , �2�

where

BF�0� =
2�0mF

4�d3 .

Hence, the cluster we investigate is under the polarizing
field: B0+BF�0�.

The interaction of a particle, having a magnetic moment
�, with the cantilever is given by the following Hamiltonian

H = HC + HC
�b� + HCB + HS + HS

�b� + HSB − ��� · B� � , �3�

where HC is the Hamiltonian of the cantilever

HC =
p2

2m
+

m�2z2

2
, �4�

HS is the Hamiltonian of a nuclear spin interacting with a
one-mode high-frequency field

HS =
��0

2
�Z +

��1

2
�X�a+ + a� + ��mwa+a , �5�

where

�0 = ��B0 + BF�0�� ,

� is the nuclear gyromagnetic ratio, �mw is the frequency of
the microwave field. The quantity ��1, the interaction energy
between spin and the microwave field, is proportional to its
amplitude B1 �see below�. The magnetic moment �� of a spin-
1/2 particle is expressed in terms of the Pauli spin matrix
vector: �� =−���� /2.

The Hamiltonians HC
�b� and HS

�b� represent the thermal
baths for the cantilever and spin, respectively, while HCB and
HSB represent their interactions with their corresponding
baths.

We will not specify here the bath Hamiltonians HC
�b�, HS

�b�,
their interactions HCB, and HSB. We describe the influence of
HC and HCB on the motion of the cantilever by introducing
the damping rate �c and the external noise 	�t�.

We consider the cantilever tip as an oscillator with effec-
tive mass m, and effective spring constant ks, subject to an
external force F0 cos �t and force fluctuations with a spec-
tral density

SF��� = 2��
m�c

Qc
coth� ��

2kT
� , �6�

where Qc is the quality factor of the bare cantilever.
The equation of motion for the cantilever, interacting with

N spin-1/2 particles, then reads:

z̈ + �cż + �c
2z =	 M̂Z

m

dBF

dz

 + f0 cos 
t + 	�t� , �7�

where M̂Z is the quantum operator of the longitudinal mag-
netization,
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M̂Z = −
N��

2
�Z,

�c= �ks /m�1/2, �c=�c /Qc, f0=F0 /m, and 	�t� describes the
fluctuations of the acceleration, and has a spectral density
S	���=SF��� /m2.

By using Eq. �2� we obtain:

	 M̂Z

m

dBF

dz

 = ���Z� −

4�

d
�z�Z� , �8�

where

� =
3N��BF�0�

2md

is the coupling strength between the spin and the cantilever.
The angular brackets in Eqs. �7� and �8� denote the average
over the two free baths variables.

The quantity ��Z� in Eq. �8� is a functional of the cantile-
ver position z�t�, where its first order ��z /d� contribution to
the Hamiltonian Eq. �3� is ��mz+ f��Z, where we introduce
f�t�: a small external force that is required for calculating the
magnetic susceptibility.46 Hence, to first order in �, we ob-
tain

��Z�t�� = ��Z
�0��t�� + �m dt1

���Z�t��
�f�t1�

z�t1� , �9�

where ��Z
�0��t�� is described by the evolution of the spin sys-

tem �HS+HS
�b�+HSB� uncoupled from the cantilever.

The functional derivative ���Z�t�� /�f�t1� in Eq. �9� is the
response of the spin system to the weak low-frequency ex-
ternal force f�t�. It has the magnetic susceptibility zz��� of
the spin system as its Fourier transform:

���Z�t��
�f�t1�

= d�

2�
exp�− i��t − t1��zz��� , �10�

From Eqs. �9� and �8� we obtain the equation of motion of
the cantilever:

z̈ + �cż + �c
2z = ���Z

�0��t�� −
4�

d
��Z

�0��t��z

+ �2m dt1
���Z�t��
�f�t1�

z�t1� + f0 cos 
t + 	�t� .

�11�

Let us now analyze this equation in detail. The first two
terms in the right-hand side of Eq. �11� contribute, respec-
tively, to the amplitude and the frequency shifts due to the
spins. The modulation of either of these terms is usually
employed in MRFM experiments. In particular, the second
term of the right-hand side of Eq. �11� can be easily con-
verted to the frequently used expression for the frequency
shift:12

�f = mzfc�d2Bz/dz2�/2kc,

where mz is the magnetic moment of the sample. These two
terms describe the direct influence of the spin on cantilever
motion.

The third term in the right-hand side of Eq. �11� describes
the additional back-action of the spin on the cantilever mo-
tion, which is due to the modification of the spin dynamics
by the cantilever. This term, which is the main subject of our
study here, gives rise to an additional frequency shift and an
additional damping of the cantilever.

Assuming that the steady-state value of the quantity
��Z

�0��t�� is independent of time, we convert Eq. �11� to Fou-
rier components of z�t� �using z�t�=��e−i�tz���d���:

��c
2 − �2 +

4�

d
��Z

�0�� − �2mzz� ���

− i���c + �2mzz� �����z���

=
f0

2
��� − 
� + 	��� , �12�

where we introduce the real and imaginary parts of the spin
susceptibility

zz��� = zz� ��� + izz� ��� .

Analyzing the third and the fourth terms of the rhs of Eq.
�12� we see that the influence of the spins on the cantilever
produces the frequency shift

�� =
2�

d�c
��Z

�0�� −
�2mzz� ���

2�c
, �13�

where the first term in the rhs of Eq. �13� represents the
direct contribution of the spins to the frequency shift, while
the second term in the rhs of Eq. �13� is the additional con-
tribution to the frequency shift that results from the indirect
influence of the back-action of the spins on the cantilever
motion.

From the fifth term in the rhs of Eq. �12�, −i���c
+�2mzz� ����z���, we can write the total damping of the can-
tilever:

�total = �c + �spin, �14�

where �spin is the frequency-dependent contribution of the
back-action of the spins to the damping of the cantilever:

�spin =
�2mzz� ���

�
. �15�

From this expression we obtain a spin back-action-induced
modification of the cantilever quality factor:

1

Q
=

1

Qc
+

�2mzz� ���
�c

2 . �16�

III. LOW-FREQUENCY MAGNETIC SUSCEPTIBILITY OF
IRRADIATED SPINS

The interaction of a two level system with an external
electromagnetic field tuned near the resonance of this two-
level system can be described using the dressed-state
approach,47 which recently was successfully applied to in-
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vestigate the interaction between solid state superconducting
qubits and an external radiation source.41,48 Some results ob-
tained in Ref. 41 within the dressed-state approach will be
applied here for the investigation of the interaction of a
MRFM cantilever with irradiated nuclear spins.

The energy levels of a spin-1/2 interacting with a high-
frequency �mw field has a term proportional47 to the number
Nph of photons, with an additional splitting of each photon
state by the Rabi energy ��R /2:

E��Nph� = ��mwNph �
1

2
��R, �17�

where �R is the Rabi frequency

�R = ��2 + �1
2, �18�

with

�1 = �1�Nph�1/2;

where �Nph� is the average number of high-frequency
photons,49 and

� = �mw − �0

is the high-frequency detuning. For definitiveness, here we
assume ��0. The frequency �1 is directly related to the
amplitude of microwave field: �1=�B1.

As was shown in Ref. 41, this system can be described,
within the RWA approach, by the rate equations for the ele-
ments of the reduced density matrix, which describe the tran-
sition between Rabi levels �the levels E��Nph� in Eq. �17�,
with the same Nph�.

d�

dt
= − A1� + B�+ + ��−�cos 2� , �19�

d�+

dt
= − i�R�− + B� − A2�+ + ��−�sin 2� , �20�

d�−

dt
= − i�R�+ − ���−, �21�

where

A1 = � 1

T1
cos2 2� + �� sin2 2�� , �22�

A2 = � 1

T1
sin2 2� + �� cos2 2�� , �23�

B = ��� −
1

T1
�sin 2� cos 2� , �24�

where �� is the dephasing rate of a spin, which can be ex-
pressed in terms of the spin-spin relaxation time T2, ��

=1 /T2. Here, T1 is the spin-lattice relaxation time, which is
related to up �↑ and down �↓ transition rates between spin
levels

T1
−1 = �↑ + �↓; �− = �↑ − �↓.

The angle � is defined by tan 2�=−�1 /�, where 0�2�
��, so that

cos 2� = − �/�R,

and

cos � =
1
�2

�1 −
�

�R
�1/2

; sin � =
1
�2

�1 +
�

�R
�1/2

For equilibrium conditions, the relaxation �↓ and excita-
tion �↑ rates are related by the detailed balance law:

�↑ = �↓exp�−
��0

kBT
� . �25�

From Eq. �25� we obtain

T1�− = − tanh� ��0

2kBT
� . �26�

The quantity � in Eq. �19� is defined as the difference of the
populations between the higher and the lower Rabi levels.

The steady-state solution � d�
dt =

d�−

dt =
d�+

dt =0� for Eqs.
�19�–�21� is as follows:

��0� =
���

2 + �R
2�

��
2

T1
+ A1�R

2

��−�cos 2� , �27�

�+
�0� =

��
2

��
2

T1
+ A1�R

2

��−�sin 2� , �28�

�−
�0� = − i

�R

��

�+
�0�. �29�

It is interesting to note that under high-frequency irradia-
tion, the population of the Rabi levels becomes inverted.
This is seen from Eq. �27�, where the quantity ��0� is positive,
since for ��0 we have cos 2�=−� /�R�0, and always �−
�0.

In addition, as � tends to zero, ��0�→0, which causes the
equalization of the population of the two levels when the
high frequency irradiation is in exact resonance with the
NMR frequency �B0.

The quantity ��Z�t�� which is, by definition, the longitu-
dinal magnetization of a sample with N spin-1/2 particles
�see Appendix A� can be expressed41 in terms of the matrix
elements � and �+:

��Z�t�� = ��t�cos 2� + �+�t�sin 2� . �30�

Therefore, from the definition of zz��� in Eq. �10� we
obtain

zz��� = ����cos 2� + �+
���sin 2� , �31�

where ���� and �+
��� are the spectral components of the

response of ��t� and �+�t� to a weak external force, and are
defined similarly to Eq. �10�.

The susceptibilities ���� and �+
��� can be readily found

by investigating the response of the reduced density matrix
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in Eqs. �19�–�21� to a weak external perturbation �see Eqs.
�B8�–�B10� in Appendix B�. Hence, the expression for zz���
becomes:

zz��� =
��1�R

�D�����
2 �+

�0��− i� + 2��� , �32�

where D��� is given in Eq. �B11�.
The quantity �+

�0� in Eq. �32� is the steady-state value �Eq.
�28�� which can be written as follows:

�+
�0� = −

�1

�R

1

1 + ��T2�2 + T2T1�1
2 tanh� ��0

2kBT
� , �33�

and can be expressed in terms of the stationary magneti-
zation Eq. �A10�:

N��

2
�+

�0� = −
MZ

�st�

1 + ��T2�2

�1

�R
. �34�

Resonance of the longitudinal magnetization at the Rabi
frequency

Historically, the detection of NMR is based on the Fara-
day law of induction.50 That is why most of the measurement
schemes in NMR are based on the detection of the transverse
magnetization, which oscillates with a relatively high fre-
quency.

The detection of the longitudinal magnetization is less
common because it requires measurements in a low fre-
quency range with a low signal-to-noise ratio. However, this
drawback can be circumvented by some techniques, such as
the prepolarization of a sample in high field,51 or the use of
superconducting quantum interference devices �SQUIDs�,52

which allow to obtain, in the micro and nano-Tesla range, a
resolution which is beyond what is usually achieved in con-
ventional high-field NMR.53–57

In MRFM there is no choice other than to measure the
longitudinal component of the nuclear polarization, since the
resonance frequencies of MRFM cantilevers are well below
those corresponding to the frequencies of NMR transitions.
From this point of view, it is interesting to note that the
longitudinal magnetization Mz of a sample placed in a high
frequency resonant radiation field shows a clear resonance at
the Rabi frequency if the sample is subject to an additional
low-frequency excitation directed along the z axis with en-
ergy �see Fig. 2�

HLF = ��B2 cos �t .

As shown in Refs. 41 and 58, this effect is a general
feature of any two-level dissipative system. In this case, the
low-frequency evolution of the longitudinal magnetization
can be expressed in terms of the spin susceptibility zz���
Eq. �32�:

MZ�t� = MZ
�st� +

N��

2
��B2�zz� ���cos �t + zz� ���sin �t� ,

�35�

where MZ
�st� is given by Eq. �A10�.

With the aid of Eq. �34� we rewrite Eq. �35� in the fol-
lowing form:

MZ�t� = MZ
�st��1 +

B2

B1
�̃zz� ���cos �t + ̃zz� ���sin �t�� ,

�36�

where

̃zz� ��� = −
��1

3�− i� + 2���
D�����

2�1 + �T2��2�
,

T2 = 1/��, �1 = �B1, �37�

B1 is the amplitude of the high-frequency resonance excita-
tion, and B2 is the amplitude of the low-frequency signal,
which excites the Rabi oscillations of the longitudinal mag-
netization Mz.

The resonance at the Rabi frequency �R is clearly seen in
Fig. 3, where we plot �for two values of the spin-spin relax-
ation time T2� the dissipative part of the spin susceptibility
Eq. �37� as a function of the low-frequency �����R�.

It should be remembered that our linear approximation is
valid within the range

N��

2
��B2�zz���� � MZ

�st�, �38�

from where we obtain the range of the amplitudes of the
low-frequency signal B2, where the expression Eq. �36� is
consistent with the condition Eq. �38�:

B2 � B1/̃zz,max� ��� .

BB 0
1
ños� t

1

B
B

0

1
ños� t

1

B ños� t
2 2

(a)

(b) M

M

z

z

x

x

y

y

FIG. 2. Resonance of the longitudinal magnetization Mz at the
Rabi frequency �R. �a� For conventional NMR, the longitudinal
magnetization of a sample polarized in the field B0 and subject to a
circularly polarized excitation field B1 cos �1t, where �1��0, ex-
hibits a precession around the z-axis with a time-independent
steady-state z projection of the longitudinal magnetization Mz. �b� A
second low-frequency excitation B2 cos �2t, where �2��R, ap-
plied along the z axis, produces resonant oscillations of Mz near the
Rabi frequency �R.
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Hence, near the Rabi resonance �i.e., ���R�, a signifi-
cant modulation of the longitudinal magnetization Mz can be
induced by a low-frequency drive.

The resonance of the longitudinal magnetization de-
scribed above is, in some sense, a low-frequency analog of
conventional NMR, where the resonance of the transverse
nuclear magnetization is being measured at a high resonance
frequency.

IV. INFLUENCE OF SPINS ON THE FREQUENCY SHIFT
AND THE DAMPING OF THE CANTILEVER

A. Influence of the driven equilibrium longitudinal
magnetization on the damping and frequency shift

of the cantilever

Here, we consider the situation where, before the mea-
surements start, the spins under the application of a polariz-
ing external magnetic field reach thermal equilibrium with
their environment. In other words, in this case, the spin-
lattice relaxation time T1 is sufficiently short �for example, in
the millisecond range� to ensure the application of conven-
tional NMR measurement protocols. For this case, the corre-
sponding susceptibilities are given by the expressions Eqs.
�B12�–�B14�.

In order to analyze the damping and the frequency shift of
the cantilever in Eq. �12�, we explicitly write down the real
and imaginary parts of zz��� from Eq. �32�:

zz� ��� =
��1�R

���
2 �+

�0�2��D1��� − �D2���
D1

2��� + D2
2���

, �39�

zz� ��� = −
��1�R

���
2 �+

�0��D1��� + 2��D2���
D1

2��� + D2
2���

, �40�

where

D1��� � Re�D���� =
1

T1
�A1T1�R

2 + ��
2 − �2�1 + 2T1���� ,

�41�

D2��� � Im�D���� = ���2 − �R
2 − ��

2 −
2��

T1
� . �42�

It is worth noting that at the exact resonance ��=0�, the
back-action influence of the spins on the cantilever vanishes,
since the corresponding susceptibilities Eq. �39� and �40� are
equal to zero at this point. This is a consequence of the
equalization of the population of Rabi levels at the point of
exact resonance ���0� tends to zero as � approaches zero�.
This produces the vanishing of the energy flow between the
spins and the cantilever at the Rabi frequency.

Another point is that the sign of the susceptibility zz� ���
in Eq. �40� is opposite to that of �, for any value of its
parameters. This follows from the fact that the numerator
�D1���+2��D2��� in Eq. �40� is always negative, and the
quantity �+

�0� is also negative. Therefore, for ��0 �when the
higher Rabi level is more populated than the lower� the con-
tribution of the spins to the damping of the cantilever is
negative �see Eq. �12��. In this case, the cantilever is being
heated by absorbing the Rabi photons emitted by the spins.

In the opposite case, when ��0 �i.e., the higher Rabi
level is less populated than the lower� the contribution of the
spins to the damping of the cantilever is positive, therefore
cooling the cantilever, which gives up Rabi photons to the
spin system.

It is worthwhile to consider the dependence of the dissi-
pative part of susceptibility zz� ��� �Eq. �40�� on the fre-
quency �. It has two peaks. A Lorentzian peak is in the
vicinity of the Rabi frequency �R, as it is evident from Eq.
�42�. The condition for this is the relative large high-
frequency detuning ����� ,�1�. The approximate expres-
sion for the peak value at the Rabi resonance is as follows:

zz� ����peak � �+
�0� ��1

2���
3 �43�

The other peak is related to the spin-lattice relaxation time
T1 of the longitudinal magnetization. It lies at much lower
frequencies ����R�. If we assume ���R ,��; �
��� ,T1 ,�1; ��T1�1, we obtain D1�����2 /T1, D2����
−�2�, which yields the following expressions for the suscep-
tibility:

zz� ��� � �+
�0� �

���
2�1T1

���

1

1 + �2T1
2 �44�

zz� ��� � �+
�0� �

���
2�1T1

���

�T1

1 + �2T1
2 �45�

with the maximum of zz� ��� being at �max=1 /T1. These ex-
pressions are analogous to the Debye formulas for the low-
frequency dispersion of the dielectric constant. In the context
of NMR, this Debye-like behavior is known for the response
of the transverse magnetization in a weak polarizing field.59

To estimate the magnitude of this effect, we take as a
guide the experimentally accessible parameters from Ref. 12.
From Fig. 2�b� of that paper we take the following values of
the magnetic field BF�0� on the tip, BF�0�=100 mT, and a
corresponding value of d, the distance between the tip and
the sample: d=60 nm. From the spring constant kc=6
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�10−5 N /m and the resonance frequency of the cantilever,
fc=3 kHz, we estimate the cantilever mass

m = kc/�c
2 = 1.6 � 10−13 kg.

For the element 19F, which was the subject of study in Ref.
12, the nuclear gyromagnetic ratio �=2��40 MHz /T. This
allows to estimate the coupling factor �:

� =
3N��BF�0�

2md
� �4.12 � 10−7 � N�

m

s2 .

Here N is the number of spins in the resonant slice. Thus, for
the factor �2m /� we obtain the estimate

�2m

�
� �2.6 � 108 � N2� s−3.

In addition, we take T1=10−3 s, T2=1 /��=10−6 s, T
=0.6 K, B0=3 T, and B1=�1 /�=10−3 T.

The contribution of the spins to the cantilever damping
�spin is proportional to the imaginary part of the spin system
susceptibility zz� ��� �see Eq. �15��. The susceptibility zz� ���
has a clear resonance at the Rabi frequencies, which is
shown in Fig. 4. The second Debye-like peak is shown in
Fig. 5. It is worthwhile to note that for the parameters we
used here the peak value in Fig. 5 is much higher than the
Rabi peak in Fig. 4.

These resonances modify within the corresponding fre-
quency range the bare cantilever quality factor Qc in Eq.
�16�, as shown in Fig. 6 and Fig. 7.

The contribution to the cantilever frequency shift is given
by the real part of the spin system susceptibility zz� ��� in Eq.
�39�. The associated frequency shift, �2mzz� ��� /2�c, near
the Rabi resonance is shown in Fig. 8, and near the Debye-
like peak in Fig. 9

For the parameters used here, the Rabi frequency �R
�12 MHz and the Debye-like peak in Fig. 5 is located near
160 Hz. Between these two peaks, the quality factor is
gradually increased from about 200 to almost its bare value
of 50 000 before it falls down to 5000 at the Rabi frequency.
The resonance frequency of the cantilever �fc=3 KHz� lies
at the continuation of the right side of the curve shown in
Fig. 7. The calculations show that at f =3 KHz the quality
factor Q�1,800 with the frequency shift �f �0.32 Hz,
which is in the range of the modified bandwidth ��2 Hz�. In
principle, the dissipative part of the susceptibility zz� ��� is
very sensitive to its parameters, especially, to �, ��, and �1.
If we had taken, for example, T2=1 /��=10−7 s, other pa-
rameters being unchanged, we would obtain Q�200 near 3
kHz, the resonance of the cantilever. Hence, while in the real
experiment the external parameters, such as � and �1 can be
controlled, the estimation of the damping effect at the given
frequency requires the knowledge, with good accuracy, of
the spin-spin relaxation time T2.
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B. Effect of the nuclear spin noise on the damping of the
cantilever

If the spin-lattice relaxation time T1 is extremely long,
which happens at low temperatures, it is not possible to use
conventional NMR methods, which rely on the measurement
of the equilibrium spin polarization. In addition, for nano-
scale volumes �below about �100 nm�3� the statistical spin
polarization exceeds the mean Boltzmann polarization.60

Hence, an alternative approach would be to measure a
naturally-occurring statistical polarization: the spin
noise.6,12,61 In this case, a sample has a magnetic moment
with a mean-squared-value proportional to �N�, where N is
the number of nuclear spins in the resonant slice, and � is the
magnetic moment of a single particle.60,62

Hence, for long T1 we take for ��t��, �+�t��, and �−�t��, in
Eqs. �B8�–�B10� their initial values: ��0�, �+�0�, and �−�0�.
These values correspond to natural spin fluctuations in a
sample which is in thermal equilibrium and under no exter-
nal influence ��0=0 ,�1=0�. In order to find ��0�, �+�0�, and
�−�0�, we put �1=0 in Eqs. �27�–�29�. In this case the Rabi
levels disappear and we get a sample in a constant polarizing
field B0 with ��0�=−T1�−, the equilibrium normalized popu-
lation difference between two levels �see Eq. �26��. Hence,
for this case, the quantity ��0�, which before was the popula-
tion difference between Rabi levels, remains the population
difference between levels of a spin in the field B0. Therefore,
in the absence of an external field �B0=0� it is reasonable to

consider ��0� as ��0�, the apparent normalized population dif-
ference which provides the mean-squared value of the natu-
rally occurring magnetic moment �N�. Hence,

��0� = −
�N�

N�
= −

1
�N

Here, the quantity ��0� is negative because the upper level is
now less populated than the lower one.

In the same limit ��1=0� we obtain from Eqs. �28� and
�29� �+

�0�=�−
�0�=0. This result does not depend on B0 and

remains unchanged when B0=0. The quantities �+
�0� and �−

�0�

describe the density matrix elements between Rabi levels
�see Eqs. �26� in Ref. 41�, which should tend to zero when
Rabi levels disappear. Hence, in the absence of the polarizing
field B0, it is reasonable to consider �+

�0�=�+�0�=0 and �−
�0�

=�−�0�=0.
Therefore, for the corresponding susceptibilities, we ob-

tain the expressions Eqs. �B15�–�B17�. Hence, in this case
the expression for zz��� becomes:

zz��� =
�1

2

��N�Rd���
����1

2

�R
2 − i�� −

�2��

�R
2 �� , �46�

where d��� is given in Eq. �B18�.
The use of the spin noise for the MRFM 2D and 3D

image reconstruction of the nuclear spin density was de-
scribed in Refs. 6 and 12. These papers briefly reported that
they measured an unexplained substantial decrease of the
quality factor of the cantilever �from 50 000 to 8000 in Ref.
12, and from 30 000 to several thousand in Ref. 6�. Here, we
show that, qualitatively, this effect might be explained by the
back action of spin noise on the cantilever motion.

For the quantitative estimate of this effect, we take as a
guide the necessary parameters from Ref. 12. Here, we now
assume that the spin-lattice relaxation time T1 is so long that
it prevents the manipulation of the equilibrium Boltzmann
polarization. For example, for the atom 19F in calcium fluo-
ride CaF2 studied in Ref. 12, the time T1 at the
experimental63 temperature T=0.6 K was about 104 s.

The investigation of the imaginary part of the magnetic
susceptibility Eq. �46� shows that its dependence on the
high-frequency detuning � shows a sharp peak at the point of
resonance, �=0 �see Fig. 10, where the function zz� ��� is
drawn at the resonance of the cantilever�. Thus, we now
write down the real and imaginary parts of the magnetic
susceptibility Eq. �46� for the exact resonance ��=0�, where
we expect the maximum effect:

zz� ��� = −
�1

��N�d����2
��2 − �1

2���2 + ��
2� , �47�

zz� ��� =
��1��

��N�d����2
��2 + ��

2� , �48�

and here

�d����2 = �2��2 − �1
2 − ��

2�2 + ��
2��1

2 − 2�2�2. �49�
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From Eq. �48� it follows that the contribution of the spins to
the damping of the cantilever is always positive, which
means that the spin noise is cooling the cantilever.

The width of the distribution �� shown in Fig. 10 is di-
rectly connected to the thickness of the resonant slice �x
=�� /�G, where G is the magnetic field gradient. The depen-
dence of the dissipative part of the spin susceptibility on the
distance from the point of exact resonance is shown in Fig.
11 for B0=3 T and G=1.5�106 T /m. From this figure, we
estimate the effective thickness of the resonant slice as the
full-width at half-maximum of the curve shown in Fig. 11.
Thus, we obtain �x�1 nm, which corresponds to the width
of high-frequency detuning ���5�10−4�0 �The full-width
at half-maximum of the curve in Fig. 10�.

For example, if we take for the sample the dimensions
90�90�80 nm3, with roughly 30 million nuclear spins
�see Ref. 12�, we obtain the effective number of spins in the
resonant slice 90�90�1 nm3 that gives the main contribu-
tion to the effect: Neff�3.5�105.

Below we estimate, from Eq. �48�, the contribution of the
spin noise to the cantilever damping at the resonance fre-
quency of the cantilever �c, assuming ���� /2� ,�1 /2�.
The result is �see Eq. �16��:

�2mzz� ���
�c

2 =
�2m

�N��c
2��

�1

�c
. �50�

In order to estimate the modified quality factor from Eq.
�50�, we take N�105, the number of spins in the resonant
slice, ���108 s−1, fc=3 kHz, and the bare Qc=5�104.
Hence, for zero high-frequency detuning ��=0� we obtain
from Eq. �16� the modified quality factor Q�0.3. This enor-
mous reduction of the quality factor is primarily due to the
large number of nuclei N, which are simultaneously at the
exact magnetic resonance ��=0�.

However, we stress that, strictly speaking, our estimates
above cannot be considered as the only possible explanation
of the cantilever damping observed in Refs. 6 and 12. One of
the reasons for this is that the long side of the cantilever in
Refs. 6 and 12 was perpendicular to the sample surface,
which is different from the design shown in Fig. 1. For their
design, the damping of the cantilever due to the spin-noise
back-action is more sensitive �compared to our case� to the

density distribution of the spins over the sample surface. An-
other reason is that here we assume that all resonant spins
feel the same field and are located at the same distance from
the tip just beneath it. Hence, to obtain more realistic values
of Q, it is necessary to modify Eq. �1� with a more careful
account of the density distribution of the resonant spins over
a sample.

V. CONCLUSION

In this paper, we investigate the interaction of the MRFM
cantilever with a system of nuclear spins. We show that the
back action of nuclear spins results in an additional contri-
bution to the damping and frequency shift of the cantilever
vibrations. We also show that a spin system may significantly
change the quality factor of the cantilever. The cantilever can
be either heated or cooled, depending on the sign of the
high-frequency detuning. This effect exhibits a resonant na-
ture, with a maximum at the Rabi frequency. We show that
the main reason for this effect is that the longitudinal mag-
netization �which is commonly measured in MRFM experi-
ments� exhibits a resonance at the Rabi frequency, which can
significantly alter its low-frequency evolution. We also ana-
lyze the influence of the spin noise on the cantilever damping
and show that the spin noise may lead to a significant reduc-
tion of the quality factor of the cantilever.

The interesting question is the lower bound on the cooling
of the cantilever by nuclear spins. It might seem at first that
the lower limit on the cooling of the cantilever is set by its
zero-point fluctuations. However, this is not the case. From
general considerations, the lower limit is set by the direct
contribution of the spin noise to the cantilever fluctuations
�see, for example, Ref. 25�. In order to make a reasonable
estimate of this limiting temperature, it is necessary to: a�
first calculate the spectrum of the spin fluctuations under a
high-frequency field, and b� afterwards to consider a small
number of Rabi photons, which requires treating the cantile-
ver quantum mechanically. In our paper, we treat the spin
system quantum mechanically, while the number of Rabi
photons is large, which means that the cantilever behaves
classically. This problem will be the subject of future inves-
tigations.
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APPENDIX A: DYNAMICS OF AN IRRADIATED SPIN IN
THE DRESSED STATE APPROACH

Here, we very briefly summarize some results of Ref. 41,
as applied to the problem we study in this paper.

In addition to Eqs. �19�–�21� �which describe the transi-
tion between Rabi levels of an irradiated spin� the �spin
+field� system can also be characterized by the density ma-
trix elements �’s which describe the transitions between lev-
els with photon numbers that differ by one. These levels are
approximately separated by ��0, the energy between the lev-
els of a bare spin. The rate equations for the �’s are:41

d�+

dt
= − i�mw�+, �A1�

d�

dt
= − i�mw� − A1� + B�+ + �+��−�cos 2� , �A2�

d�+

dt
= − i�mw�+ − i�R�− + B� − A2�+ + �+��−�sin 2� ,

�A3�

d�−

dt
= − i�mw�− − i�R�+ − ���−. �A4�

For possible applications of this method, the quantities to be
measured are the averages of the Pauli spin operators ��X�,
��Y�, and ��Z�. As was shown in Ref. 41

��Z� = ��t�cos 2� + �+�t�sin 2� , �A5�

��X� = sin 2� Re���t�� − cos 2� Re��+�t�� − Re��−�t�� ,

�A6�

��Y� = − sin 2� Im���t�� + cos 2� Im��+�t�� + Im��−�t�� .

�A7�

These quantities are directly connected to the longitudinal
magnetization of a sample with N spin-1/2 particles:

MZ = −
N��

2
��Z� , �A8�

and its transverse components

MX = −
N��

2
��X�; MY = −

N��

2
��Y� . �A9�

It is very instructive here to show that the steady-state
solution for the density matrix provides the well-known
Bloch expressions for the longitudinal and transverse com-
ponents of the magnetization.

The stationary magnetization MZ
�st�, which is defined in

Eq. �A8�, is obtained from Eq. �30� with the help of Eqs. �27�
and �28�. By using the substitutions ��=1 /T2, �1=�B1, we
obtain for MZ

�st�:

MZ
�st� = M0

1 + �T2��2

1 + �T2��2 + T1T2��B1�2 , �A10�

where

M0 =
N��

2
tanh���B0

2kBT
� .

Now we find the steady-state solutions of Eqs. �A1�–�A4�. It
is not difficult to see that the solution of these equations has
the form: �+=c+e−i�mwt, �=ce−i�mwt, �+=c+e−i�mwt, �−
=c−e−i�mwt, where

c = c+�−

D
���

2 + �R
2�cos 2� , �A11�

c+ = c+�−

D
��

2sin 2� , �A12�

c− = − ic+�−

D
�R��sin 2� , �A13�

D =
��

2 + �2

T1
+ ���1

2. �A14�

By choosing c+=1 and using Eqs. �A6� and �A7� to calculate
Eq. �A9� we find

Mx = Mc cos �mwt + Ms sin �mwt , �A15�

My = − Ms cos �mwt + Mc sin �mwt , �A16�

where

Mc = M0
T2

2��B1

1 + �T2��2 + T1T2��B1�2 , �A17�

Ms = M0
T2�B1

1 + �T2��2 + T1T2��B1�2 . �A18�

Therefore, the steady-state solution of the density matrix
Eqs. �19�–�21� and �A1�–�A4� provides the well known ex-
pressions for the longitudinal Eq. �A10� and transverse com-
ponents Eqs. �A17� and �A18� of the magnetization.59
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APPENDIX B: LOW-FREQUENCY RESPONSE OF AN
IRRADIATED TWO-LEVEL SYSTEM

The response of a two-level system to a weak external
force f�t�, in the limit of vanishing force f�t�, is found from
the following equations:

d�

dt
= − A1� + B�+ −

i

�
f�t��− sin 2� + ��−�cos 2� , �B1�

d�+

dt
= − i�R�− + B� − A2�+ +

i

�
f�t��− cos 2� + ��−�sin 2� ,

�B2�

d�−

dt
= − i�R�+ − ���− +

i

�
f�t���+ cos 2� − � sin 2�� .

�B3�

By taking the functional derivative with respect to f�t�� we
obtain

� d

dt
+ A1� ���t�

�f�t��
− B

��+�t�
�f�t��

= −
i

�
��t − t���−�t��sin 2�

�B4�

� d

dt
+ A2���+�t�

�f�t��
− B

���t�
�f�t��

+ i�R
��−�t�
�f�t��

=
i

�
��t − t���−�t��cos 2� , �B5�

� d

dt
+ �����−�t�

�f�t��
+ i�R

��+�t�
�f�t��

=
i

�
��t − t����+�t��cos 2� − ��t��sin 2�� , �B6�

where we used the definition �f�t� /�f�t��=��t− t��.
The corresponding susceptibilities ����, �+

���, �−
���

are defined similar to Eq. �10�:

���t�
�f�t��

= d�

2�
exp−i��t−t�� ����,etc. �B7�

From Eqs. �B4�–�B6� we can readily find the susceptibili-
ties ����, �+

���, and �−
���:

���� = −
i

�D�����−�t��sin 2���− i� + ����− i� +
1

T1
�

+ �R
2� − �RB��+�t��cos 2� − ��t��sin 2��� , �B8�

�+
��� =

i

�D���
��−�t��cos 2��− i� + ����− i� + A1�

− �−�t��sin 2�B�− i� + ��� − i�R��+�t��cos 2�

− ��t��sin 2���− i� + A1�� , �B9�

�−
��� =

i

�D���
�− i� +

1

T1
���− i� + �����+�t��cos 2�

− ��t��sin 2�� − i�R�−�t��cos 2�� , �B10�

where

D��� = �− i� + ���2�− i� +
1

T1
� + �− i� + A1��R

2 . �B11�

The functional derivatives Eq. �B7� are defined for t� t�,
where t� is the time the external force is being applied.
Hence, the susceptibilities Eqs. �B8�–�B10� describe the evo-
lution of the system for times t� t�, with the ��t��’s, corre-
sponding to when the external force is applied. Therefore,
the subsequent evolution of the system depends on its state
just before the perturbation is applied.

In what follows we consider two cases. The first one is
when the relaxation time T1 is relatively short. In this case
the system quickly reaches thermal equilibrium during the
measurement. For this case, we take for ��t��, �+�t��, and
�−�t��, their steady-state values: ��0� from Eq. �27�, �+

�0� from
Eq. �28�, and �−

�0� from Eq. �29�. For the corresponding sus-
ceptibilities, we obtain the following expressions:41

���� = −
�R

�D�����

�+
�0��sin 2���− i� + ����− i� +

1

T1
�

+ �R
2� +

�R
2

��

B cos 2�� , �B12�

�+
��� =

�R

�D�����

cos 2��+
�0���− i� + ����− i� +

1

T1
�

− �− i� + A1�
�R

2

��
� , �B13�

�−
��� = i

�R
2

�D�����
2 �+

�0� cos 2��− i� +
1

T1
��− i� + 2��� .

�B14�

The other case is when the spin-lattice relaxation time T1 is
extremely long compared to the measurement time. If we
measure the spin noise in this case, then it is reasonable to
take ��0�=−1 /�N, ��0�+=��0�−=0 �see the explanation in
Sec. III�. For the corresponding susceptibilities, we obtain
from Eq. �B8�–�B10� �in the limit 1 /T1���:

���� = −
i��1

2��

��Nd����R
2

, �B15�

�+
��� =

�1

��Nd���
�− i� + ��

�1
2

�R
2 � , �B16�

�−
��� =

��1

��Nd����R

�− i� + ��� , �B17�

where

d��� = ����1
2 − 2�2� + i���2 − �R

2 − ��
2� . �B18�
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