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Nonlinear effects in mesoscopic devices can have both quantum and classical origins. We show that a
three-Josephson-junction �3JJ� flux qubit in the classical regime can produce low-frequency oscillations in the
presence of an external field in resonance with the �high-frequency� harmonic mode � of the system. Like in
the case of quantum Rabi oscillations, the frequency of these pseudo-Rabi oscillations is much smaller than �

and scales approximately linearly with the amplitude of the external field. This classical effect can be reliably
distinguished from its quantum counterpart because it can be produced by the external drive not only at the
resonance frequency � and its subharmonics �� /n�, but also at its overtones, n�.
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I. INTRODUCTION

The many advances in understanding the quantum behav-
ior of mesoscopic and macroscopic systems over the last
decade are due, to a large extent, to the investigation of su-
perconducting qubits in the context of quantum computing.1,2

These have led to the demonstration of their quantum behav-
ior, at the level of one to four qubits.3–6

Since flux qubits can exhibit quantum superpositions of
states differing by a macroscopic number of single-electron
states, and the relevant observables can be accessed experi-
mentally, these devices provide unique opportunities to in-
vestigate the quantum-classical frontier. Further scaling up
of superconducting qubit networks �see, e.g., Ref. 7� is thus
motivated by the needs of quantum information processing
in solid state as well as by the fundamental interest in prob-
ing the limits of the applicability of quantum mechanics.

Once measurements are taken into account, the quantum
behavior becomes fundamentally nonlinear. However, al-
ready at the classical level, nonlinearities are unavoidable in
superconducting qubits, due to the essentially nonlinear be-
havior of Josephson junctions. It was recently pointed out
that in a phase qubit, which is a biased single Josephson
junction, the classical nonlinearity can produce effects with
characteristics similar to Rabi oscillations8 and Ramsey
fringes,9 which are often considered to be signatures of quan-
tum behavior in two-level systems.

A. Rabi oscillations

In hindsight, pointing out Rabi oscillations in supercon-
ducting qubits as a decisive evidence of quantum behavior
would be hard to justify, given the wealth of nonlinear clas-
sical effects in the Josephson systems. On the other hand,
such statements should not be taken at face value, since the
quantum behavior was in most cases established indepen-
dently by other means.2 The overemphasis on the quantum
explanation and disinclination to invest additional effort in

excluding a competing classical picture is understandable in
such a fresh field, where the coherent behavior in large “ar-
tificial atoms” is only recently being observed on a regular
basis.

The results in Refs. 8 and 9 raised the issue of the pos-
sible coexistence of similar nonlinear classical and quantum
effects in-phase qubits. This issue has also been studied in
Refs. 10 and 11. How to distinguish classical versus quantum
behavior in superconducting qubits is an important question
and the focus of this work.

Rabi oscillations �e.g., Ref. 12, p. 89� are coherent quan-
tum transitions in a two-level system driven by an external
ac field of amplitude A and with the characteristic frequency

� = �A2 + ����2, �1�

where ��= ��−�0� is its detuning from the interlevel dis-
tance, �0. In resonance, �=A. This linear dependence on the
field amplitude, and � being much less than other character-
istic frequencies in the system, help identify Rabi oscilla-
tions. Indeed, they were observed in all types of supercon-
ducting qubits �see, e.g., Ref. 2�. Multiphoton Rabi
oscillations, at �0=n�, were also observed �see, e.g., Ref.
13�.

In this paper we investigate a 3JJ flux qubit in the classi-
cal regime. With two independent variables instead of one,
this is a richer system than the phase qubit of Ref. 8. We find
that the resonant high-frequency driving � produces low-
frequency oscillations of the magnetic flux which are very
similar to Rabi oscillations. We also show that a qualitative
difference exists between these two effects, which allows to
reliably distinguish them in experiments.

For a phase qubit, the possibility of experimental reso-
lution between the classical and quantum behavior was re-
cently investigated in Refs. 10 and 11. The distinction be-
tween classical and quantum oscillations is also an issue for
very small mechanical oscillators. For example, Ref. 14 pro-
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posed a spectroscopic approach to probe tiny vibrations of a
nanomechanical resonator, which may reveal classical or
quantum behavior depending on the decoherence-inducing
environment. That proposal is based on the detection of the
voltage-fluctuation spectrum in a superconducting transmis-
sion line resonator, which is indirectly coupled to the me-
chanical resonator via a controllable Josephson qubit acting
as a quantum transducer. The classical �quantum mechanical�
vibrations of the mechanical resonator induce symmetric
�asymmetric� Stark shifts of the qubit levels, which can be
measured by the voltage fluctuations in the transmission line
resonator.14 Thus, the motion of the mechanical resonator,
including if it is quantum mechanical or not, could be probed
by detecting the voltage-fluctuation spectrum of the trans-
mission line resonator.

II. MODEL AND RESULTS

A. Flux qubit

Following Ref. 15, we consider a 3JJ flux qubit in the
limit of negligible self-inductance L→0. The magnetic flux
through the loop then equals the external applied flux �e,
and we introduce the reduced flux �e=2��e /�0. Here �0
=h /2e is the flux quantum. Bistability is achieved due to the
presence of three junctions in the loop. Due to the single
valuedness of the superconducting wave function, one of the
phase shifts across the Josephson junctions is eliminated
through �1+�2+�3=�e, leaving two independent variables:
�= ��1+�2� /2 and 	= ��1−�2� /2.

In the classical regime, the phase dynamics of the ith
Josephson junction �i=1,2 ,3� can be described by the resis-
tively shunted Josephson junction model,16 in which the cur-
rent is given by

I =

Ci

2e

d2

dt2�i +



2eRi

d

dt
�i + Ici sin �i. �2�

Here Ci is the junction capacitance, Ri its normal resistance,
and Ici its critical current. We now neglect the effect of ther-
mal fluctuations, which are not crucial here. Following the
common choice of parameters, we set C1=C2=C, Ic1= Ic2
= Ic, R1=R2=R; C3=�C, Ic3=�Ic, R3=R /�; �0.5���1�.
Introducing the dimensionless units, �0t=
,

� =

�0

2eRIc
=

�0

�R
, �3�

where

�0 =�2eIc


C
, �R =

2eRIc



, �4�

we can write the equations of motion for the variables �, 	:

d2

d
2	 + �
d

d

	 = − cos � sin 	 ,

�1 + 2��
d2

d
2� + ��1 + 2��
d

d

�

= − sin � cos 	 + � sin ��e − 2��

+ �
d2

d
2�e + ��
d

d

�e. �5�

We consider the dc+ac reduced external flux

�e�t� � 2���e/�0� = �e
d + �e

a sin��
� . �6�

The energy of the system is thus

H = EJ�1

2
� d

d

	�2

+
1

2
�1 + 2��� d

d

��2

− cos � cos 	

−
1

2
� cos��e − 2��	 , �7�

where EJ=
Ic /2e is the Josephson energy. The canonical
momenta are

p	 = EJ
d	

d

, p� = EJ�1 + 2��

d�

d

. �8�

The effective potential is given by �Fig. 1�

U��,	� = − cos � cos 	 − � cos��e − 2��/2. �9�

If the dc static bias is �e
d=�, the system has degenerate

minima at

�0 = � arccos
�2��−1�, 	0 = 0.

The “plasma” frequencies of small oscillations around them
are �in units of �0�

�� = �1 − �2��−1, �	 = �2��−1/2.

B. Rabi-like classical oscillations

In the presence of the external field 
Eq. �6��, the system
will undergo forced oscillations around one of the equilibria.
For �=0.8,15 which is close to the parameters of the actual
devices,6,17,18 the values of the dimensionless frequencies be-
come ���0.612, and �	�0.791. Solving the equations of
motion 
Eq. �5�� numerically, we see the appearance of slow
oscillations of the amplitude and energy superimposed on the

FIG. 1. �Color online� The potential profile of Eq. �9� with �
=0.8, and �e

d=�. The arrows indicate quantum �solid line� and clas-
sical �dashed� oscillations.
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fast forced oscillations �Fig. 2�, similar to the classical oscil-
lations in a phase qubit �Fig. 2 in Ref. 8� The dependence of
the frequency of these oscillations on the driving amplitude
shows an almost linear behavior in a wide range of frequen-
cies around the resonance �Fig. 3�, which justifies the
“Pseudo-Rabi” moniker.

A quantitative difference between this effect and true Rabi
oscillations is in the different scale of the resonance fre-
quency. To induce Rabi oscillations �see, e.g., Ref. 19� be-
tween the lowest quantum levels in the potential �9�, one
must apply a signal in resonance with their tunneling split-
ting, which is exponentially smaller than �0. Still, this is not
a very reliable signature of the effect, since the classical
effect can also be excited by subharmonics, 
�0 /n, as we
can see in Fig. 4.

C. Observable ways to distinguish classical
from quantum dynamics

The key observable difference between the classical and
quantum cases, which would allow to reliably distinguish
between them, is that the classical effect can also be pro-

duced by driving the system at the overtones, 
n�0, of the
resonance signal �see Fig. 4�. This effect can be detected
using a standard technique for rf superconducting quantum
interference devices �SQUIDs�.20 The current circulating in
the qubit circuit produces a magnetic moment, which is mea-
sured by the inductively coupled high-quality tank circuit.
For the tank voltage VT we have

d2VT

dt2 +
1


T

dVT

dt
+ �T

2VT = �T
2M

dIq

dt
, �10�

where 
T=RTCT is the RC constant of the tank, �T
= �LTCT�−1/2 its resonant frequency, M the mutual inductance
between the tank and the qubit, and Iq�t� the current circu-
lating in the qubit.

The persistent current in the 3JJ loop can be determined
directly from Eq. �2�. Its behavior in the presence of an ex-
ternal RF field is shown in Fig. 2�c�. Note that the sign of the
current does not change, which is due to the fact that the
oscillations take place inside one potential well �dashed ar-
row in Fig. 1�, and not between two separate nearby potential
minima like in the quantum case. �Alternatively, this would
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FIG. 2. �a� Driven oscillations around a mini-
mum of the potential profile of Fig. 1 as a func-
tion of time. The driving amplitude is �e

a=0.01,
driving frequency �=0.612, and the decay rate
�=10−3. Low-frequency classical beat oscilla-
tions are clearly seen. �b� Low-frequency oscilla-
tions of the persistent current Iq in the 3JJ loop.
�c� Same for the energy of the system.
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also allow to distinguish between the classical and quantum
effects by measuring the magnetization with a dc SQUID.�

There can be two strategies in detecting the slow oscilla-
tions, as long as the measurement time is smaller than their
decay time, 
R
1 /�, which is of order of the decay time of
the qubit. First, one can directly measure the time-dependent
voltage in the tank circuit, which from Eq. �10� is

VT��� =
i��T

2M

�2 − �T
2 + i�/
T

Iq��� . �11�

Alternatively, one can measure the spectral density of the
signal in the tank,

�VT
2�� =

�2�T
4M2

��2 − �T
2�2 + �2/
T

2 �Iq
2��. �12�

Choosing the tank frequency �T close to the classical low
“Rabi” frequency �, in either case we use the tank as a filter,
which removes the interference from the large, high-
frequency driving field.

Generally, the magnitude of the observable voltage is pro-
portional to the quality of the tank circuit, i.e., to 
T. Never-
theless, 
T must not exceed 
R, otherwise the observed volt-
age oscillations, given by the solution to Eq. �10�, will
strongly depend on the �random� initial conditions, and no
consistent picture will appear. On the other hand, after a time
delay 

T the transients in the tank voltage die out, and this
voltage becomes slaved to the qubit current. Therefore for
the times 
T� t�
R, while the Rabi oscillations of the qubit
current persist, the effect �Rabi oscillations of the observed
tank voltage� is directly observable. Under experimentally-
accessible conditions, our calculated tank voltage amplitude
exceeds 10 nV, which is measurable.

We find here an additional discriminant of the quantum
versus classical behavior of the system. Indeed, in the quan-
tum case, such a direct observation is impossible, due to the
uncertainty principle, and the oscillations are only seen in the
statistics of the measurements.

Remarkably, the effect on the correlators can be directly
observed in both, the quantum and classical cases �in the
quantum case such measurements are not limited by the de-
cay time18�. �Note also, that Eq. �12� is only valid for 
T
� t�
R, while the quantum noise can be observed indefi-
nitely.�

III. CONCLUSIONS

In conclusion, we predict that a 3JJ flux qubit driven by a
resonant external field will exhibit classical low-frequency
oscillations superficially similar to the quantum Rabi oscilla-
tions in a driven two-level system. Both effects can coexist
in the same region of parameters. A qualitative difference
between the two �allowing to reliably distinguish between
them� is that the classical effect can be also driven at the
overtones of the resonant frequency.
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FIG. 3. �a� The dependence of the pseudo-Rabi frequency on the
driving amplitude �e

a for �=0.6, �=10−3. The solid curve, ���e
a�

=0.35
��e
a�2+ ��−0.63�2�1/2, is the best fit to the calculated data. �b�

The approximately linear frequency-amplitude dependence takes
place in a wide region around the resonance: �=0.6 �circles�, 0.625
�squares�, 0.63 �triangles�, 0.65 �diamonds�.

FIG. 4. The average energy H of the system as a function of the
driving frequency �. The main peak ��0�0.6� corresponds to the
resonance. The left peak at �0 /2 is the nonlinear effect of the ex-
citation by a subharmonic, similar to a multiphoton process in the
quantum case. The right peak at 2�0 is the first overtone and it has
no quantum counterpart. Here �e

d=�; �e
a=0.05; �=10−3.
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