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Switchable coupling between charge and flux qubits
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We propose a hybrid quantum circuit with both charge and flux qubits connected to a large Josephson
junction that gives rise to an effective interqubit coupling controlled by the external magnetic flux. This
switchable interqubit coupling can be used to transfer back and forth an arbitrary superposition state between
the charge qubit and the flux qubit working at the optimal point. The proposed hybrid circuit provides a
promising quantum memory because the flux qubit at the optimal point can store the tranferred quantum state

for a relatively long time.
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I. INTRODUCTION

Charge and flux qubits are two different types of super-
conducting Josephson-junction (JJ) qubits for quantum com-
puting (see, e.g., Ref. 1). The charge qubit? has the advantage
of more flexible controllability via external parameters; it
can be conveniently controlled by the gate voltage and the
applied magnetic flux. Namely, these parameters control the
longitudinal (o) and transverse (o,) terms in the reduced
Hamiltonian of the charge qubit. As for the flux qubit,® the
longitudinal term can be controlled by the applied magnetic
flux, but it is hard to control the transverse term via an ex-
ternal parameter. In spite of this limitation, experiments*
demonstrate that the flux qubit has a longer decoherence time
than the charge qubit. Indeed, this is one of the major advan-
tages for the flux qubit.

Here we propose a hybrid quantum circuit by connecting
a large JJ to both charge and flux qubits. This large JJ serves
as a bosonic data bus. By virtually exchanging bosons be-
tween the data bus and the qubits, a o,0,-type interaction is
produced between the charge and flux qubits. Equivalently,
this interqubit coupling is achieved as if the large JJ acts as
an effective inductance. Indeed, charge qubits can be coupled
by an inductance and the inductive coupling is switchable via
either the applied magnetic flux> or the current biasing the
large JJ that acts as an effective nonlinear inductance.”® The
advantages of using this type of switchable interqubit cou-
pling have been studied, showing that it also provides an
efficient way of performing quantum gates.> Also, flux qubits
can be coupled by an inductance,””'! but the interqubit cou-
pling is not switchable. To achieve controllable coupling be-
tween flux qubits, it was proposed to use variable-frequency
magnetic fields applied to the qubits.'>!3

The hybrid quantum circuit proposed here has the advan-
tages of both charge and flux qubits. For instance, taking an
advantage of the charge qubit, the coupling between the
charge and flux qubits becomes switchable by varying the
magnetic flux applied to the charge qubit. Also, it is easy to
prepare an arbitrary superposition state for the charge qubit.
Moreover, as we will show below, this arbitrary state can be
conveniently transferred to the flux qubit using the control-
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lable coupling between the charge and flux qubits. More im-
portantly, in this case the flux qubit works at the optimal
point and it has a relatively long decoherence time. This
remarkable advantage of the flux qubit assures that the state
transferred to the flux qubit can be stored for a longer time.
Also, when needed, this stored state can be easily transferred
back to the charge qubit. These features indicate that this
hybrid circuit is suitable for a quantum memory.

II. THE MODEL
The hybrid quantum circuit we consider is shown in Fig.
1, where a charge qubit and a flux qubit is coupled by a large

JJ. The phase drops across the JJs in the two qubits are
coupled to the phase drop 7y across the large JJ,
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FIG. 1. (Color online) Schematic diagram of a hybrid quantum
circuit with the charge (left-hand side) and flux (right-hand side)
qubits connected to a large (middle) Josephson junction (JJ). In the
charge qubit, the two JJs have the same Josephson coupling energy
E; and capacitance C;. In the flux qubits, two JJs have the same
Josephson coupling energy E, and capacitance Cy; the third JJ has
a smaller Josephson coupling energy aEj, and capacitance aCy,
where 0.5<a<1. The large JJ in the middle has the Josephson
coupling energy Ej, and capacitance C,. For the ideal hybrid cir-
cuit, E;o> E ;> Ej;. Here the arrow near each JJ denotes the cho-
sen direction for the positive phase drop across the corresponding
junction.
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o) - @+ ¢ + y+2mf, =0, (1)

where the reduced magnetic fluxes are given by f;=®,,/ D,
with i=1,2. Here @, is the magnetic flux quantum and ®,;,
i=1,2, are the magnetic fluxes applied to the charge and flux
qubits, respectively. The Hamiltonian of the system is

H=H +H,+H,, (2)

Here H, is the Hamiltonian of the charge qubit in the pres-
ence of the (middle) large JJ,

1
H =E (n- ng)z— 2E; cos(ﬂ'fl - Ey)cos e, (3)

where E, =¢?/C, is the charging energy of the supercon-
ducting island in the charge qubit, n=-id/dp, n,=C,V,/2e,

d o=1 (m_
and o=5(¢, ' +@, ).

The Hamiltonian of the flux qubit in the presence of the
large JJ is given by3

2 2
Hy=—2+—% 4+ 2F,(1 - cos ¢, cos
2 D) Mp ) Mq 1( bp <Pq)
+aEp[1-cos(2e,+ y+27f>)], (4)

where

Py=—ihdlde,, k=p.q.

M, =2CHDy/2m)*,

M,=M,(1+2a). (5)

The redefined phases ¢, and ¢, are (,op=%((p§2)+ qp(zz)) and

cpq=%(<p(12)—go§2)). The Hamiltonian of the middle large JJ

reads
H,= ECO(N+ %ng)2 — Ejycos v, (6)

where E,.,=(2¢)?/2C, is the charging energy of the large JJ
and N=-id/ dy.

We expand the potential in each qubit Hamiltonian into a
series. When the middle JJ that couples the charge and flux
qubits is large enough, one can retain the terms up to the first
order of vy (cf. Ref. 7). The total Hamiltonian is then reduced
to

H=H.+H;+H, + Hyy, (7)

where H.=H,(y=0) is the Hamiltonian of the charge qubit
without coupling to the large JJ and H,=H,(y=0) is the
Hamiltonian of the flux qubit without coupling to the large
JJ. The interaction Hamiltonian H;, bewteen the two qubits
and the large JJ is

b
Hip =~ 2—“(11 +1)y, (8)
ar

where the circulating supercurrents in the (left) charge and
(right) flux qubits are given, respectively, by

1, =1, sin(7f;)cos @,
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L =-al, sin(2g, + 27f,), )

with 1,;=27E;;/ ®, i=1,2.

When the charge states |0) and |1) are used as the basis
states, the Hamiltonian H,. can be reduced to (see, e.g., Refs.
5 and 6)

Hc=81(Vg)0'il)_A 0-)(61)’ (10)
where

Sl(Vg) = %Ecl(cgvg/e - 1);

Ay =Ej cos(mf)). (11)

The two charge states |0) and |1) correspond to zero and one
extra Cooper pair in the superconducting island, respectively.
The circulating supercurrent /; is reduced to

I = % o1 sin(mfy) o). (12)

Using the basis states |T) and ||) corresponding to the states
with maximal clockwise and counterclockwise persistent su-
percurrents in the flux qubit, one can reduce the Hamiltonian
H; to (see, e.g., Ref. 11)

Hy=e)(@,)0) - Ayol?, (13)
where
82(@2) =I[7((I)2_ %q)o), (]4)

and A, is the tunneling amplitude of the barrier in the
double-well potential. The circulating supercurrent I, is re-
duced to

L=10%, (15)

where [, is the maximal persistent supercurrent of the flux
qubit.

The middle JJ connecting the charge and flux qubits be-
haves like a particle with mass My=2(®,/2m)>C,, trapped in
a cosinoidal potential —Ej, cos 7. Because this JJ is large, it
can be approximately regarded as a harmonic oscillator,

Hm=hwpaTa, (16)
with the plasma frequency
V8E joE o
W= (17)
The boson operator is defined as
a=(&2)y+i(1/2¢N, (18)
with
E )1/4
=|— . 19
£ (2 E. (19)
Thus, the phase drop y can be written as
|-
v= E(a'+a). (20)

Substituting Eq. (20) into the interaction Hamiltonian (8),
one can write the total Hamiltonian of the hybrid circuit as
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H=Hy+H,,, (21)
where

Hy= 81(Vg)0'§1) - Ala'il) + SQ(CDZ)O'EZ) - AZ(T)(CZ) + ﬁwpaTa,

(22)
and
Hiy == (2100 + 8200%)(a" + a), (23)
with
g10=(Po/2m)(1.1/28)sin(7f}),
820= (P/2m)(1,/§). (24)

This total Hamiltonian is analogous to two qubits separately
coupled to an optical mode in a quantum cavity.

III. EFFECTIVE INTERQUBIT COUPLING

Here we consider the case with the plasmon energy split-
ting fiw, much larger than the qubit energy splitting 7iw,,.
Now the rotating-wave approximation cannot be used since
the condition w,+ wq>|wp—wq, required for the rotating-
wave approximation, is not satisfied here. Below we show
that an effective interaction between the two qubits can be
generated. Actually, because the plasmon energy splitting is
much larger than the energy splittings of the qubits, the har-
monic oscillator can be assumed to remain in the ground
state, irrespective of the coupling of the large JJ to the qubits.
Therefore, an effective interqubit interaction is achieved by
exchanging virtual bosons between the large JJ and the qu-
bits.

In the interaction picture, the system evolves as

[W(1)) = U(1,0)[¥(0)), (25)

where the evolution operator, up to second order, reads'*

1

1 2 [t 51
Vi(t)dt, + <_h> f dtlf V1) V{ty)dt,.
l 0 0

(26)

|
U0 =1+ —
(0) +ihf

0

The interaction operator V() is
V(1) = U0 Hin Uo(1) (27)

with Uy(t)=exp(—iHt).
Here we use the basis states,

Wy, =1[g".e?) ® [n),
|\P2n> = |g(l)se(2)> ® |I’l>,
W5, =e.g®) @ [n),

Wy, =le.e®) @ |n),

where |g”) and |e”) are the ground and excited states of the
qubit 7 (i=1,2), and |n) corresponds to the state of the har-
monic oscillator with n bosons. Equation (26) can be written
as
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t 2 [t 31
U(t,0)=1+.lf F(tl)dt1+<.l)fdtlj G(ty,1)dty,
lh 0 lﬁ 0 0
(28)

where

F(tl) = 2 |\Pim><wim|vl(tl)z |\I,jn><\Pjn| (29)
i,m j.n
and
G(tl’IZ) = E |\Pim><‘1’im|vl(tl)2 |‘l,/n><\1’]n|

im J.n
le(t2)2 |\I,kp><\[,kp|’ (30)
k.p
with i, j, k=1, 2, 3, and 4, and m,n,p=0,1,2,.... After

tedious calculations and neglecting the fast oscillatory terms,
we have

1 t
U(I,O)z 1+_f Veffdtl’ (31)
lﬁ 0
where
Verr = XUJ(CI)UEZ), (32)
with
_ 281082 _ ( g)zlcllg sin(mf)) 3
X fiw, 2 2E ’

The reduced interaction Hamiltonian V. corresponds to an
effective coupling between the two qubits after eliminating
the degree of freedom of the large JJ.

Converted to the Schodinger picture and neglecting the
fast oscillatory terms, the total Hamiltonian is then reduced
to

H= sl(Vg)O'il) - Alaj(cl) + 82((1)2)0'22) - Azofcz) + )(O'il)criz).
(34)

It is interesting to note that the resulting interqubit coupling

)(o'il)a{z) implies that the large JJ can behave like an induc-

tance of value
o
- 27710() ’

Ly (35)
where 1.=2mE )/ ®,. To see this, one can directly use the
expressions, Egs. (12) and (15), of the circulating supercur-
rents /;, i=1,2, for charge and flux qubits and calculate the
inductive interqubit coupling using the inductance L,

L I,= %Lllcllp sin(wfl)ail)agz) = XO')(CI)O'EZ). (36)
This is just the interqubit coupling given in Egs. (32)—(34).
In particular, when ®,;=0, the charge qubit has no loop cur-
rent and the coupling between the charge and flux qubits is
switched off. Also, Eq. (36) shows that the charge and flux
qubits can be coupled by a mutual inductance.
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IV. QUANTUM MEMORY

Below we show a typical two-qubit gate achieved using
Hamiltonian (34). This gate is called iSWAP and can be con-
veniently used to transfer an arbitrary unknown state of the
charge qubit to the flux qubit working at the optimal point.

Let ®,=3P, with i=1,2, so that A(D,;)=e,(P,,)=0.
Moreover, we choose a suitable gate voltage V, to have
&1(V,)=—A,=-A, The Hamiltonian (34) is reduced to

H=- A(ril) - Aofcz) + XUil)U§2)~ (37)

With the basis states [0g), |1g), |0e), and |1e), the two-qubit
evolution operator U=exp(—iHt/f) can be written as

00 d
b 0
0

; (38)

*

a

QU © O
3

c
b
0
where

2A sin(Q¢
a=cos(Qt) — i%,

b =cos(x1),
c=—1isin(xr),

2x sin(Q1)
oA

d= 0 (39)

with Q=(4A%+?)"2.
When cos(27)=1 and sin(y7)=-1, the two-qubit opera-

tion is an iSWAP gate,

00

0 i

i 0

000

Uiswap = (40)

(=
- o O O

This gate can be achieved by choosing Q7=2n7 and x7
:(Zm—%)w, which requires that

x 4m-1

-~ = s 41

QO 4n (41)
where m,n=1,2,3,.... For instance, y/Q)=1/8 when m=1

and n=6, which gives y/A=0.25.

In order to transfer an arbitrary superposition state of the
charge qubit to the flux qubit, we first prepare the flux qubit
at the ground state |g) and then apply the iISWAP gate to the
two-qubit system. This gives rise to

(2/0) + B1))]g) = |0)(alg) + iBle)). (42)

Furthermore, to convert ifBle) to Ble), one can just freely
evolve the flux qubit for a time r=mh/4A, after the interac-
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tion with the charge qubit is switched off (by choosing ®,,
=0). This corresponds to applying a one-qubit rotation
exp(iAzaiz)t/ﬁ) on the flux qubit for the time r=7h/4A,.
After this free evolution of the flux qubit, one has

alg)y +iBley = (alg) + Ble)), (43)

up to a global phase factor that produces no effect on the
quantum state. Therefore, an arbitrary unknown state «|0)
+B|1) of the charge qubit is finally transferred to the flux
qubit as a@|g)+ Ble). Because the flux qubit works at the op-
timal point and it has a relatively long decoherence time, the
above operations provide a promising way to achieve a quan-
tum memory that stores the quantum information for a longer
time in the flux qubit. Also, when needed, the quantum in-
formation stored in the flux qubit can be converted back to
the charge qubit by just successively applying the above op-
erations in the reverse manner.

Finally, we estimate the coupling strength between the
charge and flux qubits. For instance, one can choose Ej,
=5E),. Typically, the flux qubit has an energy splitting A,
~0.02E;, when a=0.75 and the maximal persistent super-
current is 1,~0.51,=mE;,/®,. If the Josephson coupling
energies are chosen as E;;=0.04E, for both charge and flux
qubits, the interqubit coupling strength is y ~0.002E,; when
E;=0.1E;,, x~0.005E,. Thus, one has y in the range of
0.6 GHz-1.5 GHz for a typical Josephson coupling energy
E;»;=300 GHz. This interqubit coupling strength is strong
enough for achieving a fast two-qubit operation used for the
quantum memory. Moreover, for xy~0.005E;, and A=A,
~0.02E,,, one has y/A~0.25, which corresponds to Eq.
(41) with m=1 and n=6. This implies that the iISWAP gate is
achievable by choosing suitable parameters for the hybrid
quantum circuit.

V. CONCLUSION

In conclusion, we have proposed a hybrid quantum circuit
where both charge and flux qubits are connected to a large JJ.
This large JJ gives rise to an effective inductive coupling
between the charge and flux qubits, which is switchable via
the magnetic flux applied to the charge qubit. Moreover, the
resulting interqubit coupling can be used to transfer an arbi-
trary superposition state of the charge qubit to the flux qubit
working at the optimal point. This hybrid circuit provides a
promising quantum memory because the flux qubit at the
optimal point can store the tranferred quantum state for a
long time.
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