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2

We study the transverse net current of particles moving through two-dimensional 共2D兲 square arrays or
chains of potential energy hills or wells when driven perpendicularly to their spatial symmetry axis 共i.e., the
mirror-symmetry axis兲. This transverse rectification is quite general and occurs for nonzero inertia, and/or
interaction, and/or temperature. We separately consider both cases: underdamped and overdamped interacting
particles. The interplay between inertia and thermal fluctuations, no matter how weak, determines robust
rectification properties, that allow distinct control techniques for transport of underdamped 共e.g., electrons or
colloids兲 versus overdamped particles 共e.g., vortices兲 in asymmetric nanodevices and microdevices. Furthermore, the transverse rectification of interacting particles moving through 2D asymmetric potential landscapes
can drop to zero if their interaction length is smaller than a certain characteristic geometric length. This
size-selective rectification mechanism could be used for developing particle separation devices.
DOI: 10.1103/PhysRevB.71.214303

PACS number共s兲: 82.70.⫺y, 05.40.⫺a, 05.60.Cd

I. INTRODUCTION

The motion of small particles through different types of
asymmetric potential landscapes has become a growing topic
leading to different types of microdevices and
nanodevices.1–17 Also, these might provide a deeper understanding of several biological systems 共e.g., ion-channel
transport18,19 in cell membranes兲. A way of controlling the
motion of tiny particles20 moving on an asymmetric substrate
is to apply an unbiased stochastic force or an alternating
drive that induce a net particle drift 共the so-called ratchet or
rectification effect.2兲 Although this general mechanism seems
to be applicable to any type of particles 共including electrons,
colloidal particles, vortices in superconductors, etc.兲, inertia
effects and interparticle interactions can strongly affect the
rectification.
However, most cases studied so far2 are restricted to onedimensional 共1D兲 motion of either overdamped particles in
the presence of noise 共finite temperature兲 or deterministic
共noiseless兲 underdamped/interacting particles. For instance,
it was found 共see, e.g., Refs. 21 and 22兲 that deterministic 1D
inertial ratchets exhibit a complicated irregular behavior
which is extremely sensitive to changing parameters and initial conditions owing to the presence of numerous competing
dynamical attractors 共both chaotic and periodic兲. Such underdamped noiseless ratchets are of little use for the operation of
reliable devices because of their very unpredictable transport
properties. Also, it is not clear how experimentally unavoidable noise 共temporal or spatial兲 can influence the complicated behavior of these deterministic 1D ratchets.
Here, we compare the underdamped and overdamped dynamics associated with, e.g., electrons in ballistic regimes,
dilute charged colloids and vortices in superconductors. We
have found that the interplay between temperature and iner1098-0121/2005/71共21兲/214303共11兲/$23.00

tia can lead to robust features of the net current, which are
absent in both overdamped 共noisy兲 and deterministic 共noiseless兲 two-dimensional 共2D兲 ratchets. The regular characteristics of this class of ratchets is due to the fact that adding any
level of noise to the system amounts to averaging over the
many dynamical attractors that govern its response.
Even though 1D models describe a wide variety of different physical systems,2,16,23 including colloids in arrays of optical tweezers,7 interacting binary mixtures driven on 共asymmetric兲 periodic substrates,24–26 ferrofluids,27 etc., there are
some two-dimensional and three-dimensional problems
which are hardly reducible to the 1D case and exhibit very
unusual behaviors 共e.g., Ref. 28兲. Here we study one of these
irreducible problems when particles are driven on an asymmetric two-dimensional potential landscape by an ac or dc
driving force perpendicularly to the symmetry axis of the
potential 共Fig. 1兲. Such a geometry has recently attracted
broad interest29–38 in the context of separation of macromolecules, DNA, or even cells, because the induced transverse
drift separates different objects depending on their selfdiffusion constant D. We conclude that even relatively weak
inertial effects and interparticle interactions can strongly affect the transverse current, especially at low temperatures.
This could be used to separate different objects with respect
to not only diffusion but also their mass, interaction constant
共say, charge or magnetic moment兲 or even interaction length.
Examples of landscapes sustaining transverse rectification
are: asymmetric potential hills or wells, forming 1D chains
or 2D lattices made of such potentials. Inspired by recent
experiments performed for both electrons14,15 and vortices,12
we use potential hills/wells with triangular cross section as a
unit of the potential landscapes. It is easy to prove that for
these geometries 共see, e.g., Fig. 1兲 an overdamped particle
共ac or dc兲 driven perpendicularly to the symmetry axis has
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TABLE I. Brief summary of some of the results obtained in this work.
Rectification induced by

Diffusion, Sec. III

Inertia, Sec. IV

Hills, wells

Hills

Interaction, Sec. V

Wells

Hills

Periodic attractors 共closed trajectories兲, Figs. 3共c兲
and 3共d兲

Chaotic 共irregular兲, Figs. 4共c兲–4共e兲

Either periodic or chaotic,
Figs. 5共b兲–5共e兲 Latticelike
structure at low drives
关Fig. 5共b兲兴 for
long-range strong interaction

Influence of vertical gaps
between pyramids

Minor

Minor

For T = 0, a very small gap suppresses
rectification 共Fig. 4, up triangles兲

Zero rectification for  ⬍ c
关Fig. 6共a兲兴

Averaging over many periodic attractors
关Fig. 3共e兲兴; smoothing the 具V共A0兲典 curve
makes rectification more controllable
关Fig. 3共a兲, red solid circles兴

Restores rectification for nonzero
vertical gap 关Fig. 4共b兲, solid squares兴

Smooth 具V共A0兲典 curve; 具V共A0兲典
for short-range weak and
long-range strong interactions
become similar

For T = 0, very sharp, irregular 具V共A0兲典
is nonzero within several amplitude
intervals 关Fig. 3共a兲, open circles; Fig. 3共b兲兴
corresponding to different winding
numbers; at T ⫽ 0 , 具V共A0兲典 is smooth with a
pronounced peak 关Fig. 3共a兲, solid circles兴

Sharp cutoff in 具V共A0兲典 dependence
at small A0, plateau for relatively
large A0 interval 关Fig. 4共a兲兴

For T = 0 smooth; cut off at small
A0 关Fig. 5共a兲兴. A longer tail
at large drives for long-range
strong interaction

Interplay with temperature

Dependence on
driving amplitude

Smooth 关Fig. 2共c兲兴
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Noisy 共Fig. 2兲
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mẍi = − ẋi −

 W共xi − x j,y i − y j兲
 U共xi,y i兲
+ A共t兲 − 兺
 xi
 xi
j⫽i

+ 冑2T共i兲
x 共t兲,
mÿ i = − ẏ i −

 W共xi − x j,y i − y j兲
 U共xi,y i兲
−兺
 yi
 yi
j⫽i

+ 冑2T共i兲
y 共t兲.

共2兲

In contrast to other 2D overdamped systems,12,16,39,41,42 the
problem considered here is harder to simulate and more
CPU-time consuming. Without loss of generality, we simulated these equations for a potential landscape made of elementary pyramidal43 blocks Ue共x , y兲:
Ue =

q共y + l兲
l0

if −l ⬍ x 艋 0 , − l ⬍ y ⬍ l0共x + l兲 / l − l, and 0 ⬍ x ⬍ l , − l ⬍ y ⬍
−l0共x − l兲 / l − l;
Ue =
FIG. 1. Asymmetric 2D arrays of potential energy hills 关top of
共a兲兴 and potential wells 关bottom of 共a兲兴: 共a兲 side view; 共b兲 top view.
The parameters l , l0 , ax , ay , ⌬x , ⌬y define the geometry of the array. The dashed and dash-dotted arrows starting at point B show
two typical trajectories of a rectified particle 共see Appendix A兲. The
blue dots denote specific corners which are used in the text to describe particle motion around the triangles.

zero net velocity in the absence of noise, i.e., at zero temperature, T = 0. Indeed, sooner or later each particle gets captured in a horizontal lane between two triangle rows and then
keeps oscillating back and forth in it forever. However, at
finite temperature, fluctuations push the particle out of its
lane, thus inducing a net transverse current.38 Therefore, diffusion plays a key role in the 2D rectifiers studied here, as
was also found, e.g., with the asymmetric vortex channels of
Ref. 39. Similarly, even though inertia and particle interactions are often ignored in ratchet-related studies, these factors are indeed crucial in our work and can sustain rectification even at or near zero temperature.
The main goal of this paper is to show how inertia and
particle-particle interaction cause transverse rectification in
2D potentials and how these results are affected by temperature. Results obtained here could be used for improving existing separation techniques29–38,40 and for future implementations of spin/charge/mass separation of particles. The
summary of the results obtained here is presented in Table I.

if −l ⬍ x ⬍ 0 , l0共x + l兲 / l − l ⬍ y ⬍ 2x + l; and
Ue =

⬁

U共x,y兲 =

兺

Ue共x − axkx,y − ayky兲,

kx,ky=−⬁

can be described by the Langevin equations

q共l − 2x − y兲
共2l − l0兲

if 0 ⬍ x ⬍ l , − l0共x − l兲 / l − l ⬍ y ⬍ l − 2x.
This potential block is chosen just as a specific example
of an asymmetric 2D potential. Figure 1 illustrates a square
array of these pyramids for potential hills, q ⬎ 0, and for
potential wells, q ⬍ 0. Unlike previous works using 2D triangular traps,12,16,41,42 the potential studied here has two types
of asymmetry: the triangular shape of its building blocks
and the asymmetry associated with the “internal” 共pyramidal兲 structure of each block, controlled by the elongation parameter l0. The latter asymmetry affects the motion
of the particles only if the drive is strong enough to push
them across the obstacles/traps. The intensity of the white
noise is proportional to the square root of the temperature T and of the viscosity , with correlation functions
具␣共i兲典 = 0 and 具␣共i兲共t兲␤共j兲共0兲典 = ␦共t兲␦ij␦␣␤. Here ␣ , ␤ = x or y,
where i , j are particle labels, and ␦ denotes either a deltafunction ␦共t兲 or a Kronecker symbol ␦␣␤. For the pair interaction potential W, we use a cutoff logarithmic function with
interaction constant g, namely
W = gri,j
for ri,j = 冑共xi − x j兲2 + 共y i − y j兲2 ⬍ min,

冋冉 冊 册

II. MODEL

The dynamics of an assembly of particles of mass m moving on an asymmetric 2D potential

q共2x + l − y兲
共2l − l0兲

W = gmin ln

ri,j
+1
min

for min ⬍ ri,j ⬍ , and zero otherwise. A force
A共t兲 = A0sgn关cos共2t兲兴

共1兲

共with amplitude A0 and frequency ;  = 0 corresponds to a
dc drive A0兲 applied along the x axis, i.e., perpendicular to
214303-3
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FIG. 2. 共Color online兲 共a兲 Diffusion-induced
transverse net velocity 具Vy典 vs temperature T for
massless and noninteracting particles moving
through the 2D array of triangles shown in Fig. 1
Parameters are: q = 1 for a potential hill, q = −1
共where the net velocity is magnified by a factor of
3兲 for a potential well, ay = ax = 2 , l = 0.8 共i.e., ⌬x
= ⌬y = 0.4兲, and  = 1. 共b兲 The contour plot of the
particle distribution f共x , y兲 around a potential hill
at T = 0.06; all remaining parameters are as in 共a兲.
具Vy典 vs amplitude A0 关共c兲 red circles兲兴 and frequency  共d兲 of the ac driving force A共t兲. Here
parameters are as in 共c兲. Blue solid 共green
dashed兲 line in 共c兲 is the estimated net velocity in
Eq. 共4兲 关Eq. 共A4兲兴.

the symmetry axis, induces a particle drift in the y direction.
This is the transverse rectification effect we investigated in
detail. In order to integrate Eqs. 共2兲 we employ the Euler
method. The time step used is ⌬t ⱗ 0.0013, and we usually
perform ⲏ107 steps, depending on the rate of convergence
and on whether an ac or dc signal is applied. We have also
used different interaction potentials, including W = g共 − ri,j兲
for ri,j ⬍ , and 0 otherwise as well as the vortex-vortexinteraction-potential W = g2exp共−ri,j / 兲 / ri,j, and have found
that our results do not qualitatively depend on the specific
form of the interaction, as long as the interactions are repulsive.
When the interaction constant g is zero 共i.e., when transverse rectification is induced via diffusion and/or inertia兲,
particles moving in different potential cells 共corresponding to
different values of kx and ky兲 do not interact with one another. Therefore, there is no need to impose any additional
boundary conditions. For interacting particles g ⫽ 0, we assume periodic boundary conditions within a simulation cell
containing many 共艌9兲 lattice cells. The linear size 共⬃10兲
of this cell has been chosen to be much larger than the interaction length .
The 2D particle distribution densities f共x , y兲 discussed in
the following sections, are defined as:
f共x,y兲 =

冓

兺i ␦关x − xi共t兲兴␦关y − yi共t兲兴

冔

and wells 共q ⬍ 0兲. Our results are shown in Fig. 2共a兲: the
transverse net velocity 具Vy典 attains a maximum at low temperatures for both q ⬎ 0 and q ⬍ 0. The dependence of 具Vy典
on the driving amplitude A0 also shows a maximum 关Fig.
2共c兲兴, so that the net current can be tuned to a desired value
within an appropriate range. Increasing the frequency gradually reduces the rectification effect 关Fig. 2共d兲兴.
The mechanism of transverse rectification can be understood as follows. Let us consider for instance the case of
repelling barriers with q ⬎ 0 共the case of attractive potential
wells q ⬍ 0 can be interpreted in a similar way兲. When the
driving force along the x direction pushes 共from left to right兲
the particles against the left side of a pyramid, the particle
distribution tends to accumulate near the tip 关darker regions
Fig. 2共b兲兴 of its triangular basis 关point B in Fig. 1共b兲兴. Then,
the particles diffuse into the horizontal lane behind it and
across the row of pyramids just above it 关e.g., between points
B and C in Fig. 1共b兲兴. Using this physical picture, one can
easily obtain an approximate equation for the transverse velocity 具Vy典 共see Appendix A兲:

具Vy典 =

共3兲

Pdiff =

t

with the average 具…典t taken over the time of a simulation
run.

1
1
−
2 2 冑

冕

,

dz exp共− z2兲⌽关␣共z − ␤兲兴.

−⬁

Here, we introduced the error function

⌽共x兲 =

III. DIFFUSION-INDUCED TRANSVERSE
RECTIFICATION

The case of massless 共m = 0兲 and non-interacting particles
共g = 0兲 has been studied at length in the earlier literature 共e.g.,
Refs. 29–38兲. However, in contrast to all previous works, we
solved numerically the Langevin Eqs. 共2兲 without any additional simplification and studied both potential hills 共q ⬎ 0兲

⬁

A0 Pdiff

共ax + 4l兲

2

冑

冕

x

dz exp共− z2兲

0

and the combined parameters

␣=
with
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⌬y
2

冑
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⌬y ⬅ ay − 2l,

⌬x ⬅ ax − 2l.

In the limit of large spacing between triangles along the x
direction, ␣ → 0, the probability for a particle to diffuse one
pyramid row along the y direction, Pdiff, approaches 1 / 2.
Comparing the analytical prediction in Eq. 共4兲 关Fig. 2共c兲,
solid line兴 with our simulation results 关Fig. 2共c兲, solid
circles兴, one can see that the agreement is qualitative, as we
underestimate the peak of the net velocity curve. This discrepancy seems to be related to the fact, ignored in Eq. 共4兲,
that two adjacent horizontal lanes are connected by more
than one opening. In other words, particles impinging on the
triangle side AB are pushed into the lane behind point B 关see
Fig. 1共b兲兴: some of them can diffuse then into the lane above
it across the opening between points C and D 共dashed trajectory兲, as accounted for in Eq. 共4兲, while others do it through
the openings lying farther to the left of E 共e.g., dash-dotted
trajectory兲. Simple estimates 关Appendix A and Eq. 共A4兲兴 for
the net velocity—when successfully diffusing through 共e.g.,
five兲 other openings—provide a better agreement with our
simulation data 关see Fig. 2共c兲, green dashed line兴.

IV. TRANSVERSE CURRENT OF UNDERDAMPED
PARTICLES

The case studied in the previous section applies only to
massless noninteracting particles, e.g., magnetic flux quanta
in superconductors at very low magnetic fields. However, for
some colloidal particles inertia can become important. Moreover, inertial effects dominate over thermal fluctuations in
ballistic electron rectifiers14,15 and have been recently explored experimentally with vortices in asymmetric
potentials.44 In this section, we discuss how inertia affects
the transverse rectification by setting g = 0 and m ⫽ 0; we
consider both the noiseless case T = 0 and the low temperature limit T Ⰶ q.
In order to make inertial effects more pronounced, we first
consider a potential landscape where triangles 共i.e., the pyramid bases兲 are stacked vertically with the tip of one touching
the base of the triangle right above 共i.e., ⌬y = 0兲, while horizontally well spaced 共i.e., ⌬x ⫽ 0兲. Namely, the triangles are
arranged to form vertical chains that run parallel to one another a distance ⌬x apart. The case of a single triangle chain,
with particles being ac driven perpendicularly to it, is a particular case of this geometry. In view of experimental applications, we note that this geometry can mimic asymmetric
membranes 关see inset to Fig. 3共b兲兴. Note also that such a
simple model of a membrane is much easier to manufacture
since there is no need to keep the same spacings between
triangles along the x direction. Moreover, slight variations
共due to fabrication limitations兲 of the triangle length along
the y direction do not significantly affect the performance of
the membrane.
We concentrate here on the case of moderate masses,
when inertia suffices to couple the motion along the x and y
directions, but the velocity relaxes to its stationary value A / 
between two subsequent particle-triangle collisions. In order
to determine the region of parameters in which the approxi-

mation of moderate mass is valid, we assume that the characteristic time scale of the problem is m / , while the characteristic force 共for optimal rectification兲 is q / l; hence, the
characteristic length ␦ = mq / 2l. Relaxation of the particle
trajectories between two successive collisions requires that
␦ Ⰶ ⌬x, i.e.,
⌬x Ⰷ

qm
.
 2l

In this regime, the transverse motion of the particles is robust
with respect to noise and occurs for both ac and dc drives.
Rectification mechanism for potential hills and wells

In contrast to the usual diffusion-induced rectification, the
rectification mechanism considered here 共m ⫽ 0 , g = 0兲 is
completely different for the case of potential hills and wells
关see Figs. 3共a兲, 3共b兲, 4共a兲, and 4共b兲兴. In the case of potential
hills, q ⬎ 0, and zero noise, T = 0, the dependence of the
transverse velocity on the dc drive shows several amplitude
windows with a nonzero net current corresponding to closed
trajectories 关periodic dynamical attractors, Fig. 3共c兲兴 with
well defined winding numbers N 共i.e., numbers of cells a
particle crosses along the x direction in order to advance by
one cell in the y direction兲, as shown in Fig. 3共a兲. By changing initial conditions, we have found that the basins of these
attractors are rather large. If an ac drive is applied, then an
additional condition—trajectory locking when the drive
changes sign 关Fig. 3共d兲兴—has to be satisfied for a periodic
transverse motion to set in. This results in the splitting of the
amplitude regions corresponding to a nonzero transverse velocity at  = 0 共dc force兲, into narrower-A0 subregions corresponding to nonzero net velocities for  ⬎ 0 关ac force, see
Fig. 3共b兲兴. An example of closed trajectories for ac drives is
shown in Fig. 3共d兲. Therefore, the rectangular-stepwise dependence of 具Vy典 on A0 for the ac case 关Fig. 3共b兲兴 substantially differs from the dc case 关Fig. 3共a兲兴.
Even a small amount of noise, T Ⰶ q, makes a huge impact
on rectification: transverse velocities for dc ( = 0) and ac
( = 0.01) drives coincide within the accuracy of our
simulation—while differing dramatically for m = 0 and T = 0
关see Figs. 3共a兲 and 3共b兲兴. This happens because stochastic
averages over noise imply averaging over different dynamical attractors, namely over the corresponding deterministic
trajectories 关see Fig. 3共e兲兴. At finite temperatures, 具Vy典 exhibits an apparent smooth peak in that amplitude range where a
rectangular-stepwise dependence is found for zero noise rectification. Thus, a constructive interplay of inertial dynamics
and thermal fluctuations is observed, at variance with the 1D
cases studied so far 共see, e.g., Ref. 22兲. In other words, even
a very weak thermal noise smears out many narrow-A intervals of either zero or large rectification into a smooth continuous curve 关Fig. 3共a兲兴. This makes the rectification wellcontrolled and, thus, potentially useful for applications. Also,
a well-pronounced maximum in the 具Vy共A0兲典 dependence
could allow to separate particles according to their mass.
For the case of potential wells, q ⬍ 0, we have found no
periodic 共closed兲 trajectories for moderate inertia 共m
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FIG. 3. 共Color online兲 Transverse net velocity 具Vy典 of underdamped noninteracting massive particles 共m = 0.8,  = 2, and g = 0兲 driven by
a dc 共a兲 or an ac force 共b兲 through an array of vertically arranged chains of pyramidal-shaped potential energy barriers 共q = 8 , l = 1 , ay
= 2 , ax = 8 , ⌬y = 0 , ⌬x = 6兲; initial conditions are x共t = 0兲 = −4 , y共0兲 = −0.9, vx共0兲 = vy共0兲 = 0. Panel 共a兲: blue open circles/red solid circles correspond to the deterministic 共T = 0兲 and a weak noise 共T = 0.01兲 case, respectively; the slanted steps of 具Vy共A0兲典 at T = 0 correspond to trajectory
winding numbers N = 4, 3, 2; green solid triangles represent the overdamped massless case 共T = 0.01, m = 0兲, shown for comparison, together
with the corresponding analytical estimate 关Eq. 共4兲 for Pdiff = 1 / 2兴 drawn as a pink dashed straight line. Panel 共b兲: The net transverse velocity
as a function of the amplitude A0 for an ac-drive of the deterministic massive case T = 0 , m = 0.8,  = 0.051. The inset schematically shows
a trajectory of the rectified ac particle motion through a chain 共membrane兲 of triangular potential hills. Panels 共c兲,共d兲: Particle distributions
for dc and ac drives 共 = 0.051兲, respectively, and same amplitude A0 = 4.5; the existence of periodic deterministic trajectories is apparent.
Panel 共e兲: Particle distribution for temperature T = 0.01 and a dc drive. The trajectories in 共c兲-共d兲 are stable against weak thermal fluctuations
with T = 0.01. As a result, at low frequency and finite temperature 共here T = 0.01兲, the curves 具Vy共A0兲典 are insensitive to , i.e., the ac and dc
cases coincide within simulation accuracy.

= 0.8, ␥ = 2兲. Instead, a highly irregular 共“chaotic”兲 motion
occurs 关Fig. 4共c兲兴. This apparently ergodic behavior allows
particles to cross the horizontal lanes delimited by triangle
rows 共somewhat similar to the case with thermal noise兲 thus
inducing transverse rectification 关Fig. 4共a兲, red open
squares兴. This very irregular particle motion agrees with our
finding that dc and low-frequency ac drives produce the
same net velocity within the accuracy of our simulations
关both shown by open red squares in Fig. 4共a兲兴.
Let us now consider the case of a finite vertical spacing
between triangles, ⌬y ⬎ 0. In contrast to the closed trajectory
case 共Fig. 4兲, a very small gap between triangles completely
suppresses rectification 关Fig. 4共b兲, green triangles兴. This indicates that particles are densely distributed in space with a
finite probability to get trapped into a narrow horizontal lane
between triangle rows. Eventually, particles end up moving
along one of these lanes and rectification drops to zero. Thermal fluctuations, no matter how low the temperature, prevent

such a trajectory confinement and restore transverse rectification 关Fig. 4共a兲, solid curve; Fig. 4共b兲, red and blue
squares兴. Particle distributions for small ⌬y and low temperatures are similar to those for ⌬y = 0 and T = 0 but are markedly different from the distributions of massless 共overdamped兲 particles—compare Figs. 4共c兲–4共e兲 and Fig. 2共b兲.
This demonstrates that the particle motion is still governed
by the deterministic chaotic dynamics despite the stochastic
average imposed by the presence of noise. Note that a particle spends inside a triangle an average time

=

l
.
A0

Thus, its momentum change 共momentum transfer from the x
to the y direction兲 per collision is
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FIG. 4. 共Color online兲 Transverse net velocity 具Vy典 vs amplitude A0 for underdamped 关m = 0.8,  = 2, in 共a兲, 共b兲兴 and overdamped 关m
= 0 ,  = 2, in 共b兲兴 particles moving through a chain 共ay = 2 , ax = 8 , ⌬x = 6 , ⌬y = 0 共c兲, ⌬y = 0.08 共d兲, 共e兲兴 of tetragonal potential wells q = −5. In
共b兲 具Vy典 is displayed vs A0 for different m and T. Even though the net transverse current at T = 0 is non-zero for zero gap ⌬y = 0 关see 共a兲兴, 具Vy典
drops to zero for ⌬y ⬎ 0 if T = 0. This is because the chaotic 共i.e., irregular兲 motion 共c兲 results in a finite probability for particles to be captured
in-between triangles. Very weak temperatures almost recover the original distribution for gapless chains of triangles 关compare 共c兲 for ⌬y
= 0 , T = 0, and 共e兲 for ⌬y = 0.08, T = 0.01兴 which is very different from the overdamped distribution in 共d兲. All distributions shown here use
the same parameters as in 共a兲 and 共b兲, and A0 = 5.3.

⌬P ⬃

q q
.
⬃
l
A0

However, the number of collisions per unit time Nc increases
linearly with the velocity of the particle, Nc ⬃ A0 / ax. Therefore, its momentum change per unit time P̃ turns out to be
independent of A0, that is
P̃ = Nc⌬P ⬃

q
.
ax

This explains the plateaus of the curves 具Vy共A0兲典 for m = 0.8
displayed in Fig. 4共b兲.
Finally, let us consider the opposite limit: a particle with
very large mass, ax Ⰶ qm / 共2l兲. In this limit, the particle can
change its trajectory only slightly during a single triangleparticle collision. As a consequence, transverse net motion
does take place when a dc drive is applied along the x axis
共see Appendix B兲, but this motion looks unstable with respect to temperature and could not be confirmed for ac
forces, either.

V. TRANSVERSE MOTION OF OVERDAMPED
INTERACTING PARTICLES

As discussed in Sec. III, thermal noise suffices to induce
transverse motion of driven massless particles in the geometries considered here. However, interaction among particles

also contributes to transverse rectification and can play a
dominant role if the interaction constant, or the particle density are large enough. For instance, for vortices in asymmetric arrays 共see, e.g., Ref. 12兲, diffusion can be important only
if the magnetic field is slightly higher than the first critical
magnetic field. At higher magnetic fields, rectification of
magnetic flux quanta is controlled by the intervortex interactions, which lead to a current inversion12 when vortices are
driven along the y axis. Here, we show how interaction controls transverse rectification for both weak short-range and
strong long-range interparticle forces. These two cases are
studied in order to compare colloidal particles versus vortices, or vortices at low temperatures versus vortices at high
temperatures. Taking m = 0, and g ⫽ 0 in Eq. 共2兲, we consider
chains of triangles with ⌬y = 0, as well as 2D square arrays of
potential hills with ⌬y ⬎ 0 and ⌬x ⬎ 0.
Let us first consider our chains of pyramidal obstacles,
q ⬎ 0. Even though the particle interactions have a strong
impact on the equilibrium particle distribution—with a transition from a disordered liquidlike to an ordered latticelike
phase 关Figs. 5共b兲–5共e兲兴—the transverse current 具Vy典 shows a
qualitatively similar A0 dependence for both weak shortrange and strong long-range interactions. Namely, 具Vy共A0兲典
attains a maximum when A ⬃ q / l. However, the curves 具Vy典
vs A0 exhibit longer tails for strong long-range interactions
关see Fig. 5共a兲兴. The region of the linear growth of 具Vy典 for
both the long-range strong and short-range weak interactions
corresponds to the regime when a constant fraction of par-
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FIG. 5. 共Color online兲 共a兲 Transverse net velocity 具Vy典 vs A0 for
interacting particles ac driven through a gapless triangular chain:
m = 0 , ay = 2 , ax = 6 , l = 1 , ⌬x = 4 , ⌬y = 0 , q = 1 , min = 0.05, and T
= 0. Green solid circles are for weak short-range interacting particles, while blue open circles are for strong long-range interacting
particles. Particle distributions for strong long-range 共b兲, 共c兲 and
weak short-range 共d兲, 共e兲 interactions for the A0 values indicated by
arrows in 共a兲.

ticles is rectified into the y direction. This regime applies for
increasing A0 until particles start crossing over the 共tip of
the兲 triangle 关see Figs. 5共c兲 and 5共e兲兴.
Despite of these similarities, the particle distribution in
the case of long-range interaction is clearly reminiscent of an
underlying triangular lattice structure 关Figs. 5共b兲 and 5共c兲兴 at
low drives: therefore, for A Ⰶ q / l the particle motion occurs
in the form of “jumps” between equilibrium lattice configurations 关Fig. 5共b兲兴, as the particles are arranged according to
a triangular lattice distorted by the triangular obstacles; for
higher A0, particle motion follows closed trajectories 关Fig.
5共c兲兴. In contrast, weak short-range interactions split the particle flow into parallel streams 关Fig. 4共d兲兴 along the edge of
the pyramids for A0 ⱗ q / l 关rising branch of 具Vy共A0兲典兴, while
for strong drives A0 ⲏ q / l 关decaying branch of 具Vy共A0兲典兴 the
particles run across the triangles, altogether 关Fig. 5共e兲兴. At

FIG. 6. 共Color online兲 Dependence of 具Vy典 on the interaction
length  for particles moving through an array of 2D potential
energy pyramids 共ay = 2 , ax = 6 , l = 0.8, ⌬x = 4.4, ⌬y = 0.4, q = 1 ,
g = 0.1兲. The existence of a threshold value c, see text, is apparent.
Upper 共lower兲 inset schematically shows a dense 共dilute兲 packing of
particles and the corresponding relations between c and ⌬y. Contour plots of the corresponding particle distributions are shown in
共b兲: short-range interacting particles move along straight lines,
while long-range interacting particles spread out providing transverse motion.

nonzero temperatures the curves 具Vy共A0兲典 become less and
less sensitive to the interaction constant g.
Particle separation according to their interaction length

For the case of a 2D array of pyramids with q ⬎ 0, a gap
between triangles along the y axis, ⌬y ⬎ 0, makes the net
current sensitive to the interaction length  共Fig. 6兲. Namely,
if the interparticle interaction length is smaller than a certain
threshold value
 ⬍ c ⬃ ⌬ y ,

共5兲

then the net current turns out to be zero. If  exceeds  then
the current rapidly increases. Note that the threshold value c
depends on the particle density. At high densities, particles
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form a tight 共triangular兲 packing 关see upper inset to Fig.
6共a兲兴. The obvious geometrical consideration results in
c =

2冑3
⌬y ,
3

for large density. When the particle density decreases, the
particle packing becomes more and more diluted 关lower inset
to Fig. 6共a兲兴 resulting in a monotonic decay of the threshold
value c. In the low-density limit, we obtain
c共n → 0兲 = 0.
This effect could be used to separate particles according
to their interaction length. More precisely, particles having
an interaction length smaller than c would pass through the
array, or sieve of obstacles separated by ⌬y. In contrast, particles with a longer interaction length  ⬎ c would be sifted
sidewise. On connecting several such sieves with different
gap ⌬y, one can construct a device capable of separating the
different fractions of a particle mixture. Examples of particle
species with different interaction lengths, which could be
subject to our separation technique, include different ions
共e.g., either positive or negative兲 or particles with different
magnetic moments, among others. Namely, particles with
very different values of the electrical charge 共or magnetic
moment兲.
VI. CONCLUSIONS

We have studied how inertia and particle pair interactions
can induce transverse rectification of particle flows driven
through square arrays or chains of triangular defects perpendicularly to their symmetry axis 共i.e., their reflection axis兲.
Our main results can be summarized as follows.
• Thermal noise assists transverse rectification of nonmassive, noninteracting particles, as they diffuse perpendicularly to the driving force, across adjacent triangle rows. The
corresponding transverse net current exhibits a maximum as
a function of temperature and drive amplitude, whereas it
decays monotonically with the drive frequency.
• Inertia affects transverse rectification in many ways. For
potential hills 共obstacles兲, the particle motion occurs along
periodic attractors; the inertia-induced transverse net current
shows narrow rectification windows when increasing the
driving force. We have shown that thermal fluctuations interfere with inertia, causing a broadening of the rectification
windows. For potential wells 共pins兲, particle motion is shown
to be very irregular 共chaotic兲. A sharp onset of the rectification mechanism has been detected for a certain drive amplitude; on further increasing the drive amplitude the transverse
current stays constant and then decays smoothly to zero.
• For overdamped interacting particles, we have described a transverse rectification in the presence of both
weak short-range and strong long-range inter-particle forces.
Even though the dependence of the rectification currents on
the drive amplitude is similar in the two cases, the particle
motion is qualitatively different. In particular, at low drive,
for strong long-range interactions the particle motion occurs
in the form of jumps between equilibrium lattice configura-

tions; in contrast, weak short-range interacting particles sustain weakly correlated rectified flows.
The net current exhibits a sharp onset threshold as a function of the interaction length. This effect can provide an additional tool for controlling the motion of tiny objects, e.g.,
for separating different species of a mixture of particles. For
microparticles and nanoparticles, there are not that many effective separation techniques. This has motivated many
groups to work along this direction; see, e.g., Refs. 29–38.
Thus, our studies could be used either to improve or to develop potentially useful separation techniques.
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APPENDIX A: ANALYTICAL ESTIMATION
OF THE TRANSVERSE VELOCITY OF DIFFUSING
OVERDAMPED PARTICLES

In order to estimate the net transverse velocity of overdamped particles driven by a dc force A0 with T ⬎ 0, we start
calculating the approximate time AD a particle takes to move
from point A to point D in the geometry of Fig. 1共b兲. Since
the distance between A and B is l冑5 and the component of
the driving force on the A-B direction is A0 / 冑5, the average
time AB a particle spends along the triangle side AB is

AB ⬇

5l
.
A0

It takes a time

BD ⬇

共ax − l兲
A0

to get from B to D. Therefore, for particles diffusing to the
next row of triangles, the transverse average velocity Ṽ
would be
Ṽ =

ay
.
AB + BD

In order to estimate the net transverse velocity
具Vy典 = PdiffṼ,
we need to determine the probability, Pdiff, of particle diffusion across two adjacent rows of triangles in the absence of
bias. We assume that the particle is free to diffuse in the y
direction between point B with y = 0 and the reflecting wall at
y = ⌬y, representing the base of the opposite triangle, with
distribution density
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PBC共y,t兲 =

1

冑4Tt/

再 冉 冊 冉
exp −

n共y − 2⌬y兲2
ny 2
+ exp −
4Tt
4Tt

冊冎

.

共A1兲
The particle motion in the x direction is assumed to be fluctuationless with steady velocity A0 / . Therefore, after reaching the “corner C” of the lane crossing at time t1 = l / A0, the
particle can then move vertically farther past points C and D
关no reflecting wall, see Fig. 1共b兲兴. Thus, the particle distribution beyond point C can be approximated to
PCD共y,t兲 =

冕

⌬y

dy ⬘ PBC共y ⬘,t1兲

−⬁

exp关− 共y − y ⬘兲2兲/共4T兲

冑4T/

共A2兲
with  = t − t1. Accordingly, the probability Pdiff for the particle to diffuse across the opening CD is equal to the probability of finding the particle with y ⬎ ⌬y at time t2 = 共ax
− l兲 / A0, i.e.,
Pdiff =

冕

⬁

⌬y

dy PCD共y,t2兲.

共A3兲

After some simple algebra we obtain the approximate expression 共4兲 for the net transverse velocity. Note that particle
diffusion through openings on the right-hand side 共rhs兲 of
point E in Fig. 1共b兲 has been ignored in Eq. 共4兲. The diffusion through other openings can be roughly taken into account using the following expression:
⬁

具Vy典 = 兺

n=0

ay
P 共1 − Pdiff兲n .
AB + BD + nax/A0 diff

FIG. 7. 共Color online兲 共a兲 Transverse motion of extremely underdamped particles driven by a dc force A0 at zero temperature:
m = 111,  = 2 , ax = 2 , ay = 2 , l = 0.8, l0 = 0.1, q = 1 , ⌬x = 0.4, and ⌬y
= 0.4. Particle distributions shown in 共b兲, 共c兲 correspond to the A0
values marked by arrows in 共a兲. Panel 共d兲 shows an example of
collisional map 共see text兲 for a trajectory with winding number N
= 6.

共A4兲

Using Eq. 共A4兲 provides a better fit to our simulation data
关see Fig. 2共c兲 green dashed curve兴.
APPENDIX B: TRANSVERSE MOTION OF EXTREMELY
UNDERDAMPED PARTICLES

Here we present simulation data for particles with very
large inertia, ax Ⰶ qm / 共2l兲. In this case, a nonzero transverse velocity 共either positive or negative兲 was found only
for dc drives and zero temperature 关see Fig. 7共a兲兴. The corresponding trajectories are almost straight lines 关Figs. 7共b兲
and 7共c兲兴 because inertia is so large that only multiple collisions with the potential hills can deviate particles from the x
direction. In order to understand the origin of such trajectories we had recourse to the “reduced zone” scheme shown in
the inset of Fig. 7共d兲: Trajectories are folded on one lattice
cell, say, the cell U共x , y兲 of Eq. 共1兲 with kx = ky = 0; regular
trajectories will cross the symmetry axis x = 0 of the reduced
cell N times 共i.e., the winding number defined in Sec. IV兲;
the dynamical effects of the particle-barrier collisions are to
be reproduced by an ad hoc periodic effective potential U共y兲,

with y denoting the point on the cell symmetry axis where
the particle crosses the barrier, i.e., U共y兲 = U共x = 0 , y兲. For the
argument that follows, the exact shape of U共y兲 is immaterial.
As such a point 共or “particle”兲 on this 1D map moves continuously along the y-axis subject to a 1D periodic potential,
U共y兲 = U共y + L兲, it experiences a null average force 具U⬘共y兲典:

冓 冔
dU共y兲
dy

= 具U⬘共x兲典 =

1
L

冕

L

U⬘共y兲dy.

0

Correspondingly, for a particle crossing a triangular pyramid
randomly along its symmetry axis, no net transverse drift is
expected, namely 具Vy典 = 0. Closed trajectories with winding
number N 关Figs. 7共b兲 and 7共c兲兴 occur when the particle enters
the triangles through N fixed points 关open circles in Fig.
7共d兲兴. This produces an effective force
N

具U⬘共y兲典 =

1
兺 U⬘共yi兲 ⫽ 0
N 1

that generates the transverse component of the particle motion.
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