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Quantum computation with Josephson qubits using a current-biased information bus
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We propose an effective scheme for manipulating quantum information stored in a superconducting nano-
circuit. The Josephson qubits are coupled via their separate interactions with an information bus, a large
current-biased Josephson junction treated as an oscillator with adjustable frequency. The bus is sequentially
coupled to only one qubit at a time. Distant Josephson qubits without any direct interaction can be indirectly
coupled with each other by independently interacting with the bus sequentially, via exciting/deexciting vibra-
tional quanta in the bus. This is a superconducting analog of the successful ion trap experiments on quantum
computing. Our approach differs from previous schemes that simultaneously coupled two qubits to the bus, as
opposed to their sequential coupling considered here. The significant quantum logic gates can be realized by
using these tunable and selective couplings. The decoherence properties of the proposed quantum system are
analyzed within the Bloch-Redfield formalism. Numerical estimations of certain important experimental pa-
rameters are provided.
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I. INTRODUCTION and with controllable Josephson energies, form the SQUID-

The coherent manipulation of quantum states for realizingﬁeased charge qubits that we will consider in this work. Our
certain potential applications, e.g., quantum computation angfSults can be extended to flux and flux-charge qubits.
quantum communication, is attracting considerable intdrest. 1 ne key ingredient for computational speedup in quantum
In principle, any two-state quantum system works as a qubicOMPputation is entanglement, a property that does not exist
the fundamental unit of quantum information. However, onlyin classical physics. Thus, manipulating coupled qubits plays
a few real physical systems have worked as qubits, becauge central role in quantum information processi(@IP).
of requirements of a long coherent time and operability.Heisenberg-type qubit-couplings are common for the usual
Among various physical realizations, such as ions tfaps, ~ Solid state QIP systems, e.g., the real spin states of the elec-
e.g., Refs. 2-% QED cavities(see, e.g., Refs. 5 and),6 trons in quantum doté*? However, the |nFerb|t cc_)uphngs for
guantum dotisee’ e.g., Refs. 7 and and NMR(See, e.g., Josephson junctions involve ISIng-type Interactions, as super-
Refs. 9 and 1)) etc., superconductors with Josephson junc-conducting qubits with two macroscopic quantum states pro-
tions offer one of the most promising platforms for realizing vVide pseudo-spin-1/2 states. Recently, either the current-
guantum computatiofsee, e.g., Refs. 11-B1The nonlinear- ~ current interaction, by connecting to a common inductor, or
ity of Josephson junctions can be used to produce controfhe charge-charge coupllng, via sharing a common capacitor,
lable qubits. Also, circuits with Josephson junctions combindlave been proposed to directly couple two Josephson charge
the intrinsic coherence of the macroscopic quantum state arfiHbits: theith andjth ones. Current-current interactions have
the possibility to control its quantum dynamics by using volt-been used to implement eithevﬂ) ® U(y')'type” or
age and magnetic flux pulses. In addition, present-day tecm§)®af<')—type18 Ising couplings. While, charge-charge inter-
nologies of integration allow scaling to large and complexactions yield aa(z')(@(r(z”-type“”16 coupling. Compared to
circuits. Recent experiments have demonstrated quantum ceingle-qubit operations, the two-qubit operations based on
herent dynamics in the time domain in both single-qdeie, these second-order interactions are more sensitive to the en-
e.g., Refs. 12—-14and two-qubit Josephson systetfs. vironment. In addition, the capacitive coupling between qu-
There are two basic types of Josephson systems used bits is not easily tunable. Thus adjusting the physical param-
implement qubits: charge qubifsand flux qubits;® depend-  eters for realizing two-qubit operation is not easy. In order to
ing on the ratio of two characteristic energies: the chargingnsure that the quanta of the releva@ oscillator is not
energyEc and the Josephson enerBy. The charge qubit is excited during the desired quantum operations, the time
a Cooper-pair box with a small Josephson coupling energgcales of manipulation in the inductively coupled circuit
E;<Ec and a well defined number of Cooper pairs. The fluxshould be much slower than the eigenfrequency ofltGe
qubit operates in another extreme limit, whég>E- and  circuit.l”
the phase is well defined. A “quantronium” circuit operating  Alternatively, the Josephson qubits may also be coupled
in the intermediate regime of the former two has also beemogether by sequentially interacting with a data bus, instead
proposed* Voltage-biased superconducting quantum inter-of simultaneously. This is similar to the techniques used for
ference device6SQUIDS, which work in the charge regime trapped iong;® wherein the trapped ions are entangled by
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exciting and deexciting quanta of their shared center-of-mass
vibrational mode(i.e., the data bysThis scheme allows for
faster two-qubit operations and possesses longer decoherenc
times. Indeed, a bus design in a Josephson system has bee
proposed in Ref. 19 for couplingrwave grain-boundary qu- Ch o1 -4 2 U-Uey
bits. Recently, an externally connecte@ resonatot® and a I Eb
cavity QED modé' were chosen as alternative data buses.
However, it is not always easy to control all the physical
properties, such as the eigenfrequencies and decoherence, (
these data buses. q/D q/D q/D d/D

A large (e.g., up to 1Qum) current-biased Josephson
junction (CBJJ?? is very suitable to act as information bus Data Busg! SQUID-Qubits
for coupling Josephson qubits. This is becalisthe CBJJ is
an eas!ly fabricated devieeand may pr_()\_{ide more_effective FIG. 1. SQUID-based charge qubits coupled via a large
immunities to both charge and flux noigé) due to its large BJJ.
junction capacitance, the CBJJ can be capacitively coupleg
over relatively long distancegiii) the quantum properties, . | ) ) ) ) )
e.g., quantum transitions between the junction energy level§ircuit consist of(i) the free evolution of the single qubiti)
of the current-biased Josephson junction are Weﬁhe free evolutlon of the bus, artiii ) the coherent dynamics
established**2and(iv) its eigenfrequency can be controlled for @ single qubit coupled to the bus. In Sec. Ill we show
by adjusting the applied bias current. In fact, a CBJJ itselfiow to realize the elemental logic gates in the proposed
can be an experimentally realizable qubit, as demonstrateg@nocircuit: the single-qubit rotations by properly switching
by the recent observations of Rabi oscillations in tt#&g§.  on/off the applied gate voltage and external flux, and the
Two logic states of such a qubit are encoded by the twdwo-qubit operations by letting them couple sequentlally to
lowest zero-voltage metastable quantum energy levels of thé€ bus. The vibrational quanta of the bus is excited/absorded
CBJJ. The decoherence properties of this CBJJ qubit werduring the qubit-bus interactions. In Sec. IV_we an_alyze the
discussed in detail in Ref. 27. Experimentally, the entangled€coherence properties of the present qubit-bus interaction
macroscopic quantum states in two CBJJ qubits coupled by Within the Bloch-Redfield f_ormahsrfr’; and give some nu-
capacitor were creatéd.Also, by numerical integration of merlcal estimates for experlmental_|mplgmentat|ons. Conclu-
the time-dependent Schrédinger equation, a full dynamica$ions and some discussions are given in Sec. V.
simulation of two-qubit quantum logic gates between two
capacitively coupled CBJJ qubits was given in Ref. 29.

In this paper, we propose a convenient scheme to selec- II. ASUPERCONDUCTING NANOCIRCUIT AND ITS
tively couple two Josephson charge qubits. Here, a large ELEMENTARY QUANTUM EVOLUTIONS
CBJJ acts only as the information bus for transferring the
quantum information between the qubits. Thus, heredfier
CBJJ will not be a qubjtas in Refs. 22 and 25-29. Two
chosen distant SQUID-based charge qubits can be indirect . ; . )
coupled by sequentially interacting these with the bus. Ou apacitance,, and. a smgle-Cooper-palr box with two ultr-
proposal could be considered as a superconducting analog 8fMall Josephson junctions of capaC|ta6§keand Josephson
the ion trap QC, with the phononstheir data busreplaced energyE?k. forming a dc-SQUID ring. The inductances of
by a CBJJ. The eigenfrequency of this information bus carthese dc-SQUID rings are assumed to be very small and can
be easily adjusted by controlling the applied bias currentbe neglected. The SQUIDs work in the charge regime with
Thus, the bus can couple to any selected qubit, either reségT<E;<E-<A, in order to suppress quasiparticle tunnel-
nantly or dispersively, although different qubits may possesing or excitation. Herekg, A, E¢, T, andE; are the Boltz-
different eigenfrequencies. The anharmonic energy levels ahann constant, the superconducting gap, charging energy,
the bus assure that the possible transition only takes plademperature, and the Josephson coupling energy, respec-
between its ground and the first excited states. This couplingvely.
method provides a repeatable way to generate entangled The connected large CBJJ biased by a dc current works in
states, and thus can implement elementary quantum logite phase regime witkk;>E¢. It acts as a tunable anhar-
gates between arbitrarily selected qubits. Our proposal shar@sonic LC resonator with a nonuniform level spacing and
some features with the circuits proposed in Refs. 17, 18, 20yorks as a data bus for transferring quantum information
and 22, but also has significant differences. Our proposabetween the chosen qubits. The mechanism for manipulating
might be more amenable to experimental verification. guantum information in the present approach is different

The outline of the paper is as follows. In Sec. Il we pro-from that in Refs. 17, 18, 20, and 22, although the circuit
pose a superconducting nanocircuit with a CBJJ acting as theroposed here might seem similar to those there. The differ-
data bus, and investigate its elemental quantum dynamicgnces are as follows.
The bus is biased by a dc current and is assumed to interact (1) A large CBJJ, instead of th&C oscillatot”:18.20
with only one qubit at a time. There is no direct interactionformed by the externally connected inductariceand the
between qubits. Therefore, the elemental operations in thisapacitances in circuit, works as the data bus.

The circuit considered here is sketched in Fig. 1. It con-
sists ofN voltage-biased SQUIDs connected to a large CBJJ.
I'I'he kth (k=1,2,...,N) qubit consists of a gate electrode of
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QUANTUM COMPUTATION WITH JOSEPHSON QUBITS.

(2) We modulate the applied external flux, instead of the

bias current? to realize the perfect coupling/decoupling be-
tween the chosen qubit and the bus.

(3) The free evolution of the bus during the operational
delays will be utilized to control the dynamical phases for
implementing the expected quantum gates.

After a canonical transformatiéh®’ the Hamiltonian for
the present circuit can be written as

. ch)]
O— —=6
3(k C. P

N

- 2¢?
H:E _(ﬁk_n )Z_EJ co
k=1 Ck % K

+H,,
(1)
with

_ 2upy®y)?
2C,

H (2

~ (I)O|bA
r —Ebcosﬁb——ﬁb.
2

Here, ng =CyVi/(2¢), C=Cy+Cy, C,=2C3, Cy»=C,
+3401C3,Cq / Cio EJk:2E9k codmdy/Dg), and 6=(6,,
+0k1)/2 with bk, and bk, being the phase drops across two
small Josephson junctions in tkt qubit, respectively. Also,
Cgp Po. Py, andV, are the gate capacitance, flux quantum,
external flux, and gate voltage applied to tkta qubit, re-
spectively. Correspondingl,, 6, Ep,, andl, are the capaci-
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~ 1
Hb: (aTé'i'E)fwa, (3)

with

a= 1 (‘Do) Ebwb‘e " (2 ) f’b
~ 5\ 52 \/_ b = | =
vV | 2’77 h (I)o ﬁwbcb_
and
sl (%),/Ebwbbb_i(z_w> by
== — |.
\/’2 i 2 h (I)O A hwbcb |

For simplicity, we have redefined the original point of the
phased,. The approximate number of quantum metastable
bound state$ of the quantum oscillator is Ng
=(2%13)\Ep/ Eq, (1-1p/1,)>"%,

The energy scale of the quantum oscillat) is
o,/ (27) ~ 10 GHz?® which is of the same order of the Jo-
sephson energy in the SQUID. Therefore, the oscillating
quantum of the information bus will be really excited, even if
only one of the qubits is operated quantum mechanically.
This is different from the case considered in Ref. 17, wherein
the LC oscillator shared by all charge qubits are not really
excited, as the eigenfrequency of th€ circuit is much
higher than the typical frequencies of the qubits dynamics.

tance, phase drops, Josephson energy, and the bias currenfofr operational convenience, we assume that the bus is

the large CBJJ, respectively. Above, the number opeffgtor

coupled to only one qubit at a time. The coupling between

of excess Cooper-pair charges in the superconducting islarehy one of the qubit¢e.g., thekth one and the bus can, in

and the phase operat@p of the order parameter of thah
charge qubit are a pair of canonical variables and satisfy th
commutation relation

[OAd=i.

The operators)}, and p,, are another pair of canonical vari-
ables and satisfy the commutation relation

[0, Po] =%,

with 2mp,/ Po=2n,e representing the charge difference
across the CBJJ.
The CBJJ works in the phase regime. Thu§¢b

=€?/(2C,) <E, and the quantum motion ruled by the Hamil-
tonian I:|r equals that of a particle with massn
=Cy(Po/2m)? in a potentialU( ) =—Ep(cosby+1p6,/1,), |,
=27E,/®,. For the biased cadg<l,, there exists a series
of minima of U(6,), wheredU(6,)/ 96,=0, PU(6y,)/ 962> 0.
Near these pointgy=arcsinl,/l,), U(6,) approximates to a

principle, be controlled by adjusting the applied external flux
g.9.,dPy). In this case, any direct interaction does not exist
between the qubits, and the dynamics of the CBJJ can be
safely restricted to the Hilbert space spanned by the two
Fock stated0,) and |1,), which are the lowest two energy
eigenstates of the harmonic oscillator of E8). Further-
more, we assume that the applied gate voltage of any chosen
(kth) qubit works near its degeneracy point witg =1/2,

and thus only two charge statés,=0)=|1,) and [n,=1)
=||y), play a role during the quantum operation. All other
charge states with a higher energies can be safely ignored.
Therefore, the Hamiltonian

Hio = Hi + Hp + M@+ 8) 0, (4)
with
. [eec . E
e

describes the interaction between any one of the quits,
thekth one and the bus, and provides the basic dynamics for

harmonic oscillator potential with a characteristic frequencythe present network. HereﬁECk: 292(1_2n9k) IC Mg

/27T|r [ <|b>2}1/4
wb - ~_ 1 -\ L]

qu)o If
depending on the applied bias currépt Correspondingly,
the HamiltonianH, reduces to

=E; Cq, (2! Do) \/ﬁ/(ZEbwb)/(ZCk), and the pseudospin op-
erators are defined by

o =1+ [ LT

‘T;k) = =i T +il LTl
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a;k> =110 = 1L and thus different time evolutions are obtained. Obviously,
_ ) ) o during any operational delay with CIDXk:be/Z and Vi
e ror 8 12 28/Cy, (i qbi remains i s e st because e
, - - . . . . K _ _ _
proximated to the first-order o}, was considered. The Hiamitonian vanishesi.e., Ho =0) asE; =0.n, 0. How-
) ) " b . ?ver, the data bus still undergoes a free time evolution
higher order nonlinearities have been neglected as their ef-
fects are very weak. In fact, for the lower number states of 0 —it i
the bus, we hav€, \/<0§>/Cks 1072, for the typical experi- o) =ex bJ:

mental parametets!52427C, ~ 1pF, w,/27~ 10 GHz, and , . . .
C,/Cy ~1072 This evolution is useful for controlling the dynamical phase
9’ Tk )

of the qubits to exactly realize certain quantum operations.
For the other cases, the dynamical evolutions of the chosen
qubit depend on the different settings of the experimental

()

Notice that the coupling strengity between the qubit and
the bus is tunable by controlling the flul,, applied to the
selected qubit, and the bias currépt applied to the infor- Rarameters
mation bus. For example, such a coupling can be simply tur : _ .
off by setting the flux®, as ®,/2. This allows various el- (_1) For the case wherd,=do/2 and\/_ka&e/Cgk, th‘?'”‘_
emental operations for quantum manipulations to be realiZduPit and the bus separately evolve with the Hamiltonians

able in a controllable way. In the logic bagi§y),|1,)}, de- H(lk)=—5Eck5(xk)/2 and H, determined by Eq(3), respec-

fined by tively. The relevant time-evolution operator of the whole sys-
L0+ L0 =110 tem reads
KW F 1Tk K~ 1Tk
|0k>:T, |1k>:Ta ~ K =it~ =it
V2 V2 U(t) = ex 7H1 ® ex THb . (8)
and under the usual rotating-wave approximation, the above ] ) .
Hamiltonian(4) can be rewritten as (2) If the kth qubit works at its degenerate point and
couples to the bus, i.e\lkze/Cgk and &, # ®,/2, then we
- E SE o
. l?aka(zk) B 2Ck7‘§<k)1 +ﬁwb(éTé+ %) have the Hamiltonian
T R () O opin [a5K _ at=(k)
+i)\k|:é_5-s.k)—é1-5-(_k):|' (6) Hkb_EJkUZ /2+Hb+|)\k[a0'+ ao_ ] (9)
with from Eq. (6). The corresponding dynamical evolutions are

W = |1,0(0 ] + |01y, Ukb = ~
5= 110 + 1001 |00)(00— €4¢2]0p)[0, Uyp = expl(= iHt), Ay = Ey /i = o,

G = =100 + 0L,

Vo Oy A Oy
730 = [1)(Ld = 10(04, 01— € 'wbt{ [005<7t) - 'a(sm St |06)| L1
and '&ik):(?rf(k)ii'&;k))lz. Here, the logic statel§,) and|1,) 2 [0,
correspond to the clockwise and anticlockwise persistent cir- - mSin( 7t)|1b>|ok> :
k

culating currents in thé&th SQUID loop, respectively.

We now discuss the quantum dynamics of the above Jo- ~
sephson network. Without loss of generality, we assume in Uy O Ay
what follows that the bias curreht applied to the CBJJ does  |1p)[0— €™ c05<—t) + I—sm<
not change, once it is set up properly beforehand. The quan- K
tum evolutions of the system are then controlled by other 2N [ Oy
external parameters: the fluxes applied to the qubits and the + ﬁ_QkS'” Bl 06|20 ¢ (10
voltages across the gate capacitances of the qubits. Depend-
ing on the different settings of the controllable external pa-with Q= JAZ+(2\, /7).

QO
?kt” |16/ 0k

rameters, different Hamiltonians can be induced from(gp. Specifically, we have the time-evolution operator
|
— 1 N —) .
cos(M\'r“Hl) - A_sin(—k\/n+1)a
~ 10 - h vh+1 h
UP0=A0| ., , (1D
—,—a sin(ﬂ\r’m> co<M ﬁ)
Vh+1 ho h A
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" ~(K
~ . Hb EJko-Z)
At) = exp —it| =2+ — =
® eXp[ I(ﬁ 2

for the resonant cas,=0. This reduces Eq10) to the time
evolutions

with

10|00 — [0,)[0y),

)

|0p)| Ly — e_iwbt[005<%> |0p)[ 10 = Sin(zk)|1b>|ok>:|

W
|10 — e"""bt[CO’i< >|1b>|0k>+sm< )|0b>|1k>:|

For another extreme case, i.e., the system works in the

dispersive regime (far from the resonant point
2N/ (R A]) <1, we have the time evolution operator

0%(r) = A(t)exp(— |%> , (12)
with

Hio = M(|10(LJ&E" - [0)(0Ja")/(hA).
It reduces to the following time evolutions:

)

A
10|00 — eXP<|t?k)|Ob>|0i>,
A, A2 )
2 ﬁ2Ak
0% A .
11,00 — exp —it<wb—_k‘_>

116)[0k),
0 A 2N
1110 — exp[ |t(2wb__k__k>:||1b>|lk>-

(3) Generally, if ®,#®dy/2 and Vo 7 e/Cgk,
Hamiltonian(6) can be rewritten as

U0

0|1 — exp ‘it<wb+ 10)|240,

then the

Ez"ﬂk +Hy + in(@T0 - o),

Hio = (13
with

Eik) =-sin 77k5'§k) — Cos 7]k5'>(<k),

(k)

P
oy’ =-0y

o = cos ™ - sin pol,

and o _‘k) (_(k+lcryk))/2 Here, cosp=E, /E,, and E

\/(5Ec )2+ E2 If the bias current, and the fluxd, are set
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properly beforehand such thE§k~hwb< oEc,, then the de-

tuning#A=E,~fw, is very large(compared to the coupling
strengthA = 1(TlEJk). Therefore, the time-evolution opera-
tor of the system can be approximated as

— 2
UP() = é(t)exp{— |;—At{_“‘>< a+ %) + %] }

k

. A, Ekafw)]
B(t)—exp{ It(ﬁ —Zh .

This implies the following evolutions:

J(%
00100 — € cos &) +i cos e sin(&D)] [0n]00

+i sin 7, SiN(&3)[0p)| 101,

(14
with

07")(0
OIL) — e {[cos &) - i cos e sin&D)]|0p|1
+1 sin 7 siN(&¢)|0,)| 0},

0_<3k>(t) A
1100 — e pTcog t) +i cosmy Sin(&D)]1p)|0k)
+i sin g sin(&e)| 1|10,

0o
11|10 — @l sin 7, sin(&1)]1,)|0k) + [coL &)
—i cosmsin(0) 11|10},
with

L= wy/2 +N2(2530y), &= Ed(2h) + N2I(21%A,)

and

& = &+ NH(H2Ay).

In what follows we shall show that any process for manipu-
lating the quantum information stored in the present circuit
can be effectively implemented by selectively using the

above elementary time evolution@o(t), LAJ(lk)(t), U(Zk)(t),
U%(t), andUP(b).

IIl. QUANTUM MANIPULATIONS OF THE
SUPERCONDUCTING NANOCIRCUIT

It is well known that any valid quantum transformation
can be decomposed into a sequence of elementary one- and
two-qubit quantum gates. The set of these gates is universal,
and any quantum computing circuit comprises only gates
from this set. Several schené®2°have been proposed for
implementing one of the universal two-qubit gates with Jo-
sephson qubits by using the direct interactions between them.
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By making use of the data bus interacting sequentially with Sl T cwof T ~iof T\ _ oo
the selective qubits, Blaist al22 showed that the two-qubit R\ g @R ~5 @R\ ) =Hg.
gate may be effectively realized. Two important problems

will be solved in our indirect-coupling approact) When  Here, the relevant duratiorts, t,, andt; are set properly to
one of two qubits is selected to couple with the data bus, howatisfy the conditions

we can let the remainder qubit decouple completely from the

bus and(ii) the phase changes of the bus’ and qubit's states i<§Eckt2> . (6Eckt2> . [Ejkt1 ()\k/ﬁ)ztll
=s 7 =
h

17

during the operations are very complicated, how we can con- CO =-sin

trol these phase changes in order to precisely implement the f 2h 24k
desired quantum gate. | Eyls W) | 1
The scheme in Ref. 22 assumed that, when one of the two =sin| ——+ —ZAk = \—r

qubits is tuned to resonance with the bus, then the other qubit
is hardly affected because of its different Rabi frequency.
Obviously, this decoupling is not complete and thus it is not
easy to assure that the bus couples only one qubit at a time.
By controlling the external flux, applied to the qubits, the ~ Second, we show how to realize two-qubit gates by letting
network proposed here provides an effective method fo pair of qubitsthekth andjth one$ interact separately with
making the remainder qubit completely decouple from thethe bus. Before the quantum operation, the chosen qubits
bus. All the desired elementary operations for quantum comdecouple from the bus. At the end of the desired gate opera-
puting can be exactly implemented by properly setting thgion the bus should be disentangled again from the qubits,
experimentally controllable parameters, e.g., the extebpal and returned to its ground state. For operational simplicity,
the gate voltag®/,, the bias current,, and the duratiom of ~ we assume that the bus resonates with the control qubit, the
each selected quantum evolution, etc. Hereafter, we assunkéh one, i.e.,A,=0. We now consider the following three-

that each of the selected time evolutions can be switchedtep operational process.
on/off very quickly. (i) Couple the control qubit to the buge., the applied
external flux®, is varied tod,) and realize the evolution

A. Single-qubit operations O(Zk)(tl) for the durationt;:

B. Two-qubit operations

First, we show how to realize the single-qubit operations
on each SQUID qubit. This will be achieved by simply turn- sin(
ing on/off the relevant experimentally controllable param-

eters. For example, fig, # 1/2 andE, =0 for a time span, by returning thed, to its initial value, i.e., ®,

then the time evolutiorJ{“(t) in Eq. (8) is realized. This  =d/2, thekth qubit can be decoupled from the bus exactly.
operation is the single-qubit rotation around thexis Before the next step operation, there is an operational delay
71. During this delay the state of the qubits does not evolve,

%) =—1. (18)

cos%‘ [ sin%‘ while the data bus still undergoes a time evolutf¢5(71).
|?q<xk>((pk) = . o | (15) (i) Couple the targeth.ub(lthe jth one to the bus and
i sinEk cos;k realize the time evolutiomg)(tz). This is achieved by letting

the chosen qubit work near its degenerate pdis., Ng,
with (pkzéEckt/ﬁ. Rotations byg,=m and ¢, =m/2 produce  #1/2) and switching on its Josephson ener@ye., ®;
a spin flip(i.e., a NOT-gate operatiorand an equal-weight # ®¢/2). After the timet, determined by the condition
superposition of logic states, respectively.

The rotation around the axis can be implemented by cog¢jty) = - sin(gty) = 1, (19
using the evolution(12). This operation is conditional and
dependent on the state of the bus. If the bus is in the grou
state|0,,), the rotation reads

nye decouple thgth qubit from the bus and let it be in the
idle state by returning its gate voltagé to the degenerate
_ point (ngj:1/2), and simultaneously switching off the rel-
e’ 0 evant Josephson energy. During another operational delay

0 €%/’ (16) before the next step operation, the bus undergoes another

. free evolutionU (7).
- 2 2 - 2 2 ol72
W'.th Q= wp/ 2F N/ (2h7Ay), ¢k__EJkt/(2ﬁ)+)\kt/_(2ﬁ AW- (iii) Repeat the first step and realize the evolution
With a sequence ok and z rotations, any rotation on the - : ith
single qubit can be performed. For example, the Hadamarblz (ty) wi
gate applied to th&th qubit (
sin

qo-1(t 1
9 \2\1 -1 : . .
Diagrammatically, the above three-step operational process
can be implemented by a three-step rotation with two delays can be represented as follows:

R¥(¢h) = e“ekt(

%> 1. (20)

h
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Ogrp0¥ty o0 fjhree-step qpelrlational process can similarly be represented
|0b0koj> _ e—lwb71/2|0b0koj> N e—l)(|0b0k0j> lagrammatically as
" (K ~ ~ ~ e
) N Ug(rpUP(ty) Up(mpUd(t)
— €'Y0,0,0)), 0,00) — en0,00) — 'e’*0,00)
o — 00
Ug(r)UPty) Ug(rUd(t) N iv
oo’y ol2Uz () — I'e™"|0,00)),
001 —  e'?0,00)  — €004
0ty OO0 O (70
i Ug(rpU¥t Uo(m)UPt
— e |X|ob0k1j>a 0.0.1 O(Tl) 2 t —iwpTy 0.0.1 O(TZ) 2 (Z)F* —ivo 0.1
050c1) —  e'P00d)  — € "”|0p0¢1;)
Ug(rpU(ty) ) Uty .
|0b1k0]> N e—lwb(t1+3T1/2)|1bOkoj> — '€ V|0b0klj>,

LA’o(Tz)LATg)(tz)
N ie—i)(—i wp(ty o+ 7'1+7'2)(COS 7 | 1b0koj>
(k)
U2 (tg) ~ =
. . iy (J)
+sin 7| 1,0,1)) — ie” X (cos7[0p1,0;) s (tZ)Ae_iV—iwb(t1+t2+71+72)|1 0.0;)
— b0K0;
K
Wy
— Ae_”’_""bT|0blk0j>,

Ug(r)UP(ty
|0b1k01> N e—lwb(t1+37'1/2)| 1b0k01>

+sin 7;|0p1, 1)),

Ug(rpUR(t)
|0b1kl]> _ el wp(t1+371/2) | lbokl]>
A( )T(i)() UO(Tl)U(Zk)(tl) iwp(ty+371/2)
Up(m)Uz (tp o 0.1.1: e—lwb t1+37y) 10,1
— ie ettt (gjn 77j|1b0k0j> 0L i) f 1150 )
0 (ty) Ug(r)UY (1)

_ A* e—i viwp(ty ot +7) | 1b0klj>

U(ty) o
. A*e—|v—|wa|0b1klj>,

— COSs 77]|1b0k1]>) — ie_i)(_iwa(Sin 77J|Ob1k01>
— COSs 7]]|0b1k1]>)!

with T=t;+t,+t3+ 7+ 7, being the total duration of the pro- 5 5
cess, andy={jt,+wy(7,+)/2. Obviously, the information With v=wto/ 2+A\jto/ (2h°A)) + wy(7y+ ) /2. Above, the du-
bus remains in its ground sta@) after the operations. If the rations of the first- and third-step operations have been set
total durationT is satisfied as the same as those for realizing the two-qubit operation
U (). o .

The two-qubit gateU(lk‘)(nj) [or U(zk”(tz)] performed
the above three-step process with two delays yields a twaoabove forms a universal set. Any quantum manipulation can
qubit gate expressed by the following matrix form: be implemented by using one of them, accompanied by ar-
bitrary rotations of single qubits. Obviously, if the system

sin(w,T) =1, (21)

10 0 0 works in the strong charge regimEJj/(éECj)<1 and

0l 5) = 01 0 .O , (22) cosz;~0, siny~ 1, then the two-qubit gate'"(7,) in Eq.

. 0 0 cosw siny (22) approximates the well-known controlled-NQTNOT)

0 0 siny —cosy gate

which is a universal two-qubit Deutsch géfe. 1000
Analogously, if the secono! step operatit}g)(tz) in the . Ot = 0100
above three-step process is replaced by the operation CNOT™ | 6 0 0 1
0010

UY(t,), then another two-qubit operation expressed by

o I 0* 0 0 Also, if the durationt, of the evolutiono(zj)(tz) and the de-
O(kj)(t )= 0 I 0 (23) lays 1, 7, are further set properly such that
277710 0 AT 0 [ o
0 0 0 Ajeial cogsjty) = sin(s;tp) = sin(wpT) = 1,

with Ij=explis;ty), Aj=exqlis|ty), 5j=Ey/(2h)  then the two-qubit operatioﬁ(zkj) in Eq. (23) reduces to the
+)\1-2/(2ﬁ2Aj), ql-'=§j+)\1-2t2/(ﬁ2Aj), can be implemented. This well-known controlled-phaséCROT) gate
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selectede.qg., thekth) qubit takes a central role in the present
scheme for quantum manipulations. Each electromagnetic

I environment is treated as a quantum system with many de-

| d | b grees of freedom and modeled by a bath of harmonic oscil-

k lators. Furthermore, each of these oscillators is assumed to

Z(a,) | | Y(a,) be weakly coupled to the chosen system. The Hamiltonian of
a choserkth) qubit coupling to the bus, containing the fluc-

tuations of the applied gate voltagg and bias current,
can be generally written as

ﬁzﬁkb'i' ﬁB‘F\,\/,

with
FIG. 2. Schematic diagram of a SQUID-based charge qubit with p2 m. wde
impedanceZ(w4) coupled to a CBJJ with admittandw.). He. = E 2 S U DO ) E E at 3 +} oo
BT 2m 2 wjtep )7
j=1,2 oj ©j j=1,2 oj
100 O (24)
Ok = 0100 and
CROT"1o 01 0 . . y oon e .
000 -1 V=- [Sm akag )+ COSakES( )](Rl + RD - (aTRZ + aRer),
(25
being the Hamiltonians of the two baths and their interac-
IV. DECOHERENCE OF THE QUBIT-BUS SYSTEM DUE tions with the nondissipative qubit-bus systéiy, respec-
TO THE BIASED VOLTAGE AND CURRENT tively. Above, 3,, éz,j are the Boson operators of then
NOISES bath, and
An ideal quantum system preserves quantum coherence, e %
l.e., its time evolution is determined by deterministic revers- Ry = —Qll<2 0,.4,, R= > 9,8,
. . . . . C 1 1 Pl 2 P2
ible unitary transformations. Quantum computation requires K o 2Cpwp @p

a long phase coherent time evolution. In practice, any physi- . . : .
cal quantum system is subject to various disturbing factor ith o being the coupling .str'engt[h between the oscillator of
which destroy phase coherence. In fact, solid-state systenl€duencyw; and the nondissipative system. The effects of

are very sensitive to decoherence, as they contain a macrB1€S€ noises can be characterized by their power spectra,

scopic number of degrees of freedom and interact with thd/ich in turn depend on the corresponding “impedarice”

environment. However, coherent quantum manipulations O‘f‘inductance’) and the temperature of the relevant circuits.

the qubits are still possible if the decoherence time is finitd O €xa@mple, introducing the impedana®(w)=1/[iwC;

s : . -1 i - i ic resi
but not too short. Hence, it is important to investigate thetZ (@)] with Z(w) =R, being the Ohmic resistor, the corre-
effects of the environmental noise on the present quanturiPonding voltage between the terminals of impedafite)

circuit. can be expressed @/=3, \,, X,,. Thus, the spectral den-

The typical noise sources in Josephson circuits consist dity of this voltage source for Ohmic dissipation can be ex-
the linear fluctuations of the electromagnetic environmentpressed as

(e.g., circuitry and radiation noiseand the low-frequency 2

noise due to fluctuations in various charge/current channelgg( ) = 7> — §(o - w) =72, |9, |28 (0 - ©;) ~ Ryo.
(e.g., the “background charge” and “critical currentUsu- 0, 2Mwy 0

ally, the former one behaves as Ohmic dissipafi@nd the (26)

latter one produces a i spectrun?’ It is well known that

the problem of 1f noise is still unsolved in solid-state cir- Similarly, the spectral density for the bias-current source can
cuits (see, e.g., Ref. 38An efficient strategy, proposed in be approximated as

Refs. 39 and 40, is to suppress it by dynamical decoupling )

techniques using controllable pulses. Within the present Flw) =72 |ng| S = wp) ~ Yo, @7
work, we will consider the case of Ohmic dissipation due to 2
linear fluctuations of the external circuit parameters: the biasvith Y, being the dissipative part of the admittance of the
currentl, applied to the CBJJ and the gate voltages applieadurrent bias.

to the qubits. The effect of gate-voltage noise on a single The well-established Bloch-Redfield formali&Hi® offers
charge qubit and that of bias-current noise on a single CBJd systematic way to obtain a generalized master equation for
has been discussed in Refs. 11 and 36 and in Ref. 27, respabe reduced density matrix of the system, weakly influenced
tively. We now study these noises togetksge Fig. 2, since by dissipative environments. A subtle Markov approximation
the interaction between a CBJJ, acting as a bus here, andissalso made in this theory such that the resulting master
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QUANTUM COMPUTATION WITH JOSEPHSON QUBITS.

equation is local in time. Of course, in the regime of weak

PHYSICAL REVIEW B 71, 134506(2005

B.s=(alalB), Blz=(ald"|B).

bath coupling and low temperatures, this theory is numeri-
cally equivalent to a full non-Markovian path-integral Also, w,s=(E,—Eg)/% with E,(Es) being one of eigenval-

approacH? For the present qubit-bus system and in the basis

spanned by the eigenstatgg),|u,),|v,),n=1,2,...} of the

nondissipative Hamiltoniam:lkb, the Bloch-Redfield theory
leads to the following master equations:

do.g

dt 28)

== iwaﬁo'aﬁ + E (Raﬁ/LV + SQBMV)O-ILV
v
with

1f°°
Ryguw=—7| drX
B ﬁZ o

[gﬂr)(aﬁyi PP 857
_ AWAVBei‘”Mf) +gy(- T)( B AuA g€ ™
= AP " T)] (29
and
__ir t t o, 7
Sugur="73 fo dr x [gz(r)<53,,§ Bl B,
- BaMBZBe“"MT> + gl 7')( 80pS Bl B,y
_ BaMBIﬁeinVT> + g£(7')<5ﬁ,,2 B, B, &%
_ BZMBVBeinT> e T)(awz B, B! 8"
- BzﬂByﬁei“’BvT>:| (30

with

eC, \? _
G(x7) =( gsk) 2 190,/ Ln(wy) + DeTior

+(n(wy))e" 1],

fi .
gi(x7) = ( - )2 19, AN(wy) + eIz,

2wab [27]

i _
gp(7) = ( = )E 190, XN(w))e™ 2.

bWh/ @2

ues of the nondissipative HamiItonid;n(b,_corresponding to

the eigenstatda)|B). The spectrum oﬂilkb includes the
ground statelg)=|-,0), corresponding to the enerdy,=

-hA,/2, and a series of dressed doubled states

|Upy = COS B[+, N) — i Sin G|—,n+ 1),

[vn) = =i Sin G|+, N) + cOSH|—, N+ 1)

corresponding to the eigenvalues
p p
Ey =hap(n+1) - E” E, =haop(n+1) +E”,

with

C0S0,= o= i\ (p = hAY? + 4NN+ 1)

and

pn= V(802 + 4NN +1).

Here,|+,) and|n) are the eigenstates of the operaie)s and

H, with eigenvaluest1 and%w,(n+1/2), respectively.

Under the secular approximation, the evolution of the
non-diagonal element,; of the reduced density matrix is
determined by

d .
aaaﬁ + {I[waﬁ + Im(RaﬁaB) + Im(SaﬂaB)] + [RdRa,Baﬁ)

+ RE(S, 4, 100 = 0.

Here, R,5,, and S,5,, are calculated, respectively, from
Ryguy @NAS, g, by settingu=a and v=4. Re(x) and Imx)
represent the real and imaginary parts of the complex num-
berx. The formal solution of the above differenti@l) reads

(31

U-aﬁ(t) = (Talg(O)eXF(— t/Taﬂ)eXd_ I®aﬂt) , (32)

With © 5= 0,5+ IM(R,.5) +1M(S,5.5) being the effective
oscillating frequencythe original Bohr frequencw,; plus
the Lamb shiftAw,z=IMR,z,5+1MS,5,5) and

T.5= ~ [RERypap) + RES,p0p)] (33

Above, each one of the statgs),[B), ..., can be equal to one  gescribing the rate of decoherence between the Siatesd

of the eigenstates ¢:Ikb.<n(wj)>: 1/[exp(iw;j/kgT) - 1] is the

B).

average number of thermal photons in the mode of frequency !N the present qubit-bus system operating near the reso-

;. The denotatiork,,=(a|X|8) accounts for the matrix ele-
ment of operatok, i.e.,

Aup= (alAdB), Ac=0o¥ sinay+ ol cosay= ol

and

nant pointE,~ #iwy, the decoherences relating to the lowest
three energy eigenstates, i.j@), |uy) =|u), and|vg)=|v), are
especially important for the desired quantum manipulations.
The decoherences outside these three states are negligible.
After a long but direct derivation, we obtain the decoherence
rates of interest
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2kgT
To= a\,{ 4(sin ay coS 6,)? ;

hw
+ 2(cosay cosfy)? cot ﬁ) Wy

fi
&9) 1| g
2k T
. : 2 fiw,,
+ (sin gy sin 26,)| cot T -1|w,,

ho
+ a sirn? 00{ cot ﬁ) + 1} Wyg, (34

+ (cosay sin ao)z{cot

2kgT
T, = av{4(sm a Sir? 6p)? ;

w

2
+ 2(cosa sin 6p) coth( 2 T) 0

+ (cosa cos ) {cotl—( K ) 1] Wyg
B

+ (sin & sin 26,) [ h(hlz)v_llf } }
B

+a; cog 00{ cot 2k + 1{ w,g, (35)
B
and
2kgT
Tavl = av{ 4(sin a cos X,)? hB
+ 2(sin a sin 26,)? coth( o )
o
0 2ksT)
fiwyg
+ (Cosa cosfp)?| cot 2T +1|wyg
+ (cosa sin Ho)z{cot &1> + 1} Wyg
kg T
fhwyg
+ a) sinf6y| cot +1 | wyg
2kgT
hwyg
+ cog6,| cot ot 1| (36)
B

Above, the various Bohr frequencies read

Wy = 02 + E(2h) =\ (hwp — E)? + AN(2h),

Wy = wyf2 +E(2h) + \(fiwy — E)? + AN (2h),
and
[(hwp, — E)? + AN

Two dimensionless parameter&v—wR\,Czl[RKCZ] R«

Wyy =

PHYSICAL REVIEW B 71, 134506(2005

Especially, if the system works far from the resonant point
(with N\, ~ 0, achieved by switching off the Josephson en-
ergy), the above resultsshown in Eqs(34)—(36)] reduce to
thosé'?7:3¢for the case when the qubit and the bus indepen-
dently decohere. Nameliﬂ;ﬁ reduces to the rate

T, | = 8ayks T/,

which describes the decoherence between two charge states
|1) and|1) of the superconducting box with zero Josephson
energy. AIso,T;,} reduces to the decoherence fate

Toi = ay[cothfiwy/2kgT) + 1wy,

between the ground and first excited states of the data bus.
However, for the strongest coupling cdse., when the sys-
tem works at the resonant pointwe haveEk—E“-| =hwy,
cosaqy=1, coshp=sinby=1/y2, and cotljﬁwug/(ZKBT)] 1

= coth iw,g/ (2kgT)]-1~0 (<107, for the typical experi-
mental paramete% Me=0.1E;, E; =fhw,=50 ueV>kgT

=3 weV). Thus, the minimum decoherence rates

:Il-él.lj = (0[\/ + a’l)wugr (37)
Tor = (ay+ @)wyg, (39)

and
T l—T LeTt (39)

v’
are obtained for the above three dressed states, respectively.
It has been estimated in Ref. 11 that the dissipation for a
single SQUID qubit is sufficiently weaka,~ 1078 for R,
=500, C, /Cy ~107% which allows, in principle, for 10
coherent single-qubit manipulations. For a single CBJJ the
dimensionless parametey only reaches 1T for typical ex-
perimental parameter8: 1/Y,~ 10002, C,~6pF, wy/27
~ 10 GHz. This implies that the quantum coherence of the
present qubit-bus system is mainly limited by the bias cur-
rent fluctuations. Fortunately, the impedance of the above
CBJJ can be engineerédo be 1/,~560 k). This letse,
reach up to 1% and allow about 10coherent manipulations
of the qubit-bus system.

V. CONCLUSIONS AND DISCUSSIONS

In summary, we have proposed an effective scheme to
couple any pair of selective Josephson charge qubits by let-
ting them sequentially couple to a common CBJJ, which can
be treated as an oscillator with adjustable frequency. Two
logic states of the present qubit are encoded by the clockwise
and anticlockwise persistent circuiting currents in the dc
SQUID loop. At most one qubit can be set to interact with
the bus at any moment. The interaction between the selected
qubit and the data bus is tunable by controlling the flux ap-
plied to the qubit and the bias current applied to the data bus.
This selective coupling provides a simple way to manipulate
the quantum information stored in the connected SQUID qu-
bits. Indeed, any pair of selective qubits without any direct

=h/e?~25.8 K2, and q,= Y|/(wab) characterize the cou- interaction can be entangled by using a three-step coupling
pling strengths between the environments and the system. process. Furthermore, if the total duration is set up properly,
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the desired two-qubit universal gates, which are very similatyzed the experimental possibility of the present scheme
to the CNOT and CROT gates, can be implemented via suctvithin the Bloch-Redfield formalism. A simple numerical es-
three-step operational processes. During this operation, thémate showed that the quantum manipulations of the present
mode of the data bus is unchanged, although its vibrationajubit-bus system are experimentally possible, once the im-
quantum is really excited/absorbed. After the desired quanpedanceY, of the CBJJ can be engineered to have a suffi-
tum operation is performed on the chosen qubits, the dateient low value, i.e., 1Y, can be enlarged sufficientle.g.,
bus disentangles from the qubits and returns to its ground/Y,~560 K( (Ref. 25]. Of course, this possibility, similar
state. to those in previous schem&s!®29-22js also limited by

In previous schemes, the distant Josephson qubits awgher technological difficulties, e.g., suppress the low-
coupled directly by either the charge-charge interaction, vidrequency 1f noise, and fast switch on/off the external flux
connecting to a common capacitor, or by a current-currento couple/decouple the chosen qubit, etc. For example, a very
interaction, via sharing a common inductor. The present inhigh sweep rate of magnetic pulfe.g., up to~10® Oe/s
direct coupling scheme offers some advantagigshe cou- (Ref. 43], is required to change half of flux quantum
pling strength is tunable and thus easy to be controlled fothrough a SQUID loogwith the size, e.g., 5@&m) in a suf-
realizing the desired quantum gat@) this first-order inter-  ficiently short time(e.g., the desired-40 ps). This and other
action is more insensitive to the environment, and thus possbstacles pose a challenge that motivate the exploration of
sesses a longer decoherence time. Also, compared to previevel circuit designs that might minimize some of the prob-
ous data buses, the externally connedt€dresonato®® and  lems that lie ahead in the future.
cavity QED modé! the present CBJJ bus might be easier to
control for coupling the chosen qubit. For example, its eigen-
frequency can be controlled by adjusting the applied dc bias
current. In addition, the CBJJ is easy to fabricate using cur- This work was supported in part by the National Security
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