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Voltage-driven quantum oscillations in graphene
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Abstract. We predict unusual (for non-relativistic quantum mechanics)
electron states in graphene, which &ealized withina finite-width potential
barrier. The density of localized states in the sufficiently high/andvide
graphene barrier exhibits a number of singularities at certain values of the
energy. Such singularities providaantum oscillationsf both the transport (e.g.
conductivity) and thermodynamic properties of graphene—when increasing the
barrier height angbr width, similarly to the well-known Shubnikov—de-Haas
(SdH) oscillations of conductivity in pure metals. However, here the SdH-like
oscillations are driven by aglectricfield instead of the usual magnetically driven
SdH-oscillations.
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1. Introduction

The Shubnikov—de-Haas (SdH) effect, i.e., the oscillations of the magneto-resistance of metals
when increasing an external magnetic field, was one of the first macroscopic manifestations
of the quantum-mechanical nature of matter. The key to understanding this remarkable
phenomenon was pointed out by Landau and Onsager and it is described in many textbooks on
solid state physics (see, e.@])f Namely, electrons in the conduction band of a metal in a strong
magnetic field behave like simple harmonic oscillators. The resulting energy spectrum is made
up of equidistant Landau levels separated by the cyclotron energy. The density of electron states
has singularities at the Landau levels. When the magnetic field is changed, the positions of the
Landau levels move and pass periodically through the Fermi energy. As a result, the population
of electrons at the Fermi surface also oscillates and, in turn, leads to quantum oscillations of
the transport and thermodynamic properties of a metal. The quantum oscillations also manifest
themselves in the thermoconductivity, magnetization, sound attenuation, magnetostriction and
other quantities.

These quantum oscillations are pronounced in conductors with a long mean free path of
charge carriers. This can occur in pure metals, semimetals, and narrow band-gap semiconductors
at low temperatures, as well as in graphene, a one-atom-thick sheet of carbon. The SdH
oscillations of the magneto-resistivity were observed in graphene3] soon after its
discovery fi]. Due to the monolayer honeycomb-lattice structure of graphene, its electrons obey
a massless Dirac-like equation (see, €3g5[ 6]). This is responsible for the unusual properties
of graphene. In particular, the Landau levels in graphene are not equidistant and these influence
the period of the SdH oscillationg][ Graphene has another striking property: it has unusual
relativistic effects which are counterintuitive for electrons with speeds much slower than the
speed of light 8]. For example, it has been recently shovi that graphene could be used
for experimentally testing the so-called Klein paradék [This quantum-mechanical effect of
relativistic particles penetrating through high and wide potential barriers can be illustrated with
massless Dirac fermions in graphene with a potential barrier controlled by an applied voltage.
A high potential energy barrier in graphene, as was showi@h an also act as an unusual
electron lens, due to the negative refraction of electron waves at the edge of the barrier, in
analogy to the negative refraction of 3D1] and 2D [12, 13] electromagnetic waves.

Our goal here is to show that, due to the Dirac-like Hamiltonian of graphene with a
potential energy barrier, quantum oscillations similar to the SdH effect can be obsgeatiredt
an applied magnetic fieldelow we prove that the density of electron states in a graphene sheet
with a potential barrier should display quantum oscillations if the strength of the barrier (i.e.
the product/, D of the barrier’s heighV, and widthD) exceeds some threshold value. In these
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oscillations, the barrier strengiyD, that can be controlled by a gate voltage, plays the same
role as the external magnetic field in the SdH effect.

The quantum oscillations predicted here originate from a new type of electron states in
graphene. Contrary to non-relativistic guantum mechanics, where localized states can only exist
inside quantum wells, we find that the electron states in graphene can be loealiziedthe
barrier. The energyE(qy) of the localized states (versus the wavevector compomqeatong
the barrier) becomason-monotoniaf

VoD > whug,

(ve is the Fermi velocity). We show that this produces singularities of the density of electron
states for energies wher&ddg, = 0. When the magnitude apor width of the barrier changes,

the locations of the singularities move and periodically cross the Fermi level, generating
guantum oscillations of both thermodynamic and transport properties, e.g. of the conductance
in the y-direction (along the barrier).

2. Electron states localized in a barrier

The tunnelling of relativistic particles through a finite-width potential barrier has recently been
studied in p, 14, 15]. Here, we consider another type of electron waves that propatatdy
along the barrier anddamp away from itOur analysis shows that a step-like barrier (i.e. a
single edge of an infinitely wide barrier) does not support such electron waves, which would be
an analogue to surface electromagnetic waves (plasmon-polaritons) at the interface between two
different media. Therefore, even though the potential barrier in graphene could act as an electron
lens [L(Q], it cannotprovide the perfect lensing (i.e. subwavelength image reconstruction) that
is possible for Veselago’s lens in opticks]. However, as we show in this section, the electron
waves in graphene can be localized insad@ite-widthpotential barrier.

We consider electron states in graphene with a potential barrier located in a single-layer
graphene occupying the-y-plane (see figurd). For simplicity, we assume that the barrier
V (X) has sharp edges

_ 10, x| > D/2,
V) = {vo, X| < D/2. )
Electrons in monolayer graphene obey the Dirac-like equation,
. ) .
pr:iha—]tp, H=—-ihveo - V+V(X), 2

whereuvg is the Fermi velocity and = (oy, oy) are Pauli matrices.
We seek stationary spinor solutions of the form,

i .
v = w00 exp( - Et+iay). @
with energyE and momentunmg along the barrier. We focus on the states with
al > |e] = |E|/hvg. (4)
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Figure 1. Top: geometry of the problem. A graphene sheet is placed under the
voltage gates indicated by block rectangles. Bottom: potential energy barrier
V (x) in graphene (dashed blue line) and the probability distributéix) =
[Y1(X) |2 + |y¥2(X)|? for the localized electron state @tl = 3.5625,¢D = 0.003
andV = 9 (red solid line).

In this case, the electron waves satisfying equat@)rdamp away from the barrier, and the
componentgr; andy, of the Dirac spinor can be written in the form

aexpkyXx), X< —-D/2,
Y1(X) = | bexpiggx) +cexp(—igux), [x| < D/2, (5)
d exp(—kyX), x> D/2,
13
a exp(keXx), X <—-D/2,
(o rg) SR /
Vo (x) = { —bexpligyx +i0) +cexp(—igyx —i0), [x| < D/2, (6)
—ide
exp(—kyXx), x> D/2,
(kx _ q) ﬁ X ) /
with real
k= (Q* — )"
and

o[i2)]

HereV = VD /hvg is the effective barrier strength and tag- q/qx.

Matching the functiong/;(x) andy,(x) at the pointsx = £D /2, we obtain a set of four
homogeneous algebraic equations for the constgrisc andd. Equating the determinant of
this set to zero, we derive a dispersion relation for the localized electron states,

t D _ kqu
NG )__(V/D—e)e+q2‘
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A similar equation was obtained il ] for non-propagating electron states in ribbons of
graphene with armchair boundaries. Figurellustrates the behaviour of the probability
distribution W(x) for a localized state. Note th&V(x) is anevenfunction with continuous
derivative W(x), in spite of the fact that each one of the functiggs|? and |vy,1|? are not
even (the chirality of the Dirac spinors) and both have discontinuous derivatives at the points
x==xD/2.

The localized states can also be observed in either a 2D electron gas or graphea8]fe.g. [
when a voltage is applied to produce a potential well. In the 2D electron gas, for electrons with
a quadratic dispersion law, this spectrum is

En=Y2+4Q%* -V,

where

m D?E m D%V,
s —’ s —, pr— D’
2h? 2h? Q=4

m is the electron mass. Heyg is thenth root of the equation
ytan(y) = (V — y)**
for even states, and

ycot(y) = —(V — y3)*?

for odd states.

The spectrum equatiorv) of localized states in graphene is shown by the solid black
curves in figure?, for dimensionless variablgd = qD and& = € D. This spectrum consists of
an infinite number of branche&%,(Q). Each of these branches starts from the liies +| Q)]

(red solid straight lines in figur&(b)) at
Y n?n?

2 2y

and tends asymptotically to the lin€s=1V 4+ Q (dashed red lines). Moreover, a particular
branch of the spectrum starts at the poi@t£ 0, £ = 0) and also tends to the lite=V — Q,
with increasingQ.

The behaviour of different branches of the spectrum depends on the barrier stvength
If V <m/2, all branches satisfy < 0 (see inset in figur@). Localized states with positive
energies appear only for > 7/2. WhenV increases, new branches in the spectrum with
positive energies appear. Wherns within the interval

(n+%)n <V<(n+g)n,

the number of branches with > 0is(n+1), n=1, 2, 3, .... We emphasize that each of the
branches with positive energy has a maximgfit* at a certain wavenumbé&) = Q. Near

these points, the group velocity of localized electron waves tends to zero. This effect is similar
to the stop-light phenomenoJ] found in various media, including superconduct&g]]

Note that defect-induced localized electron states in graphene and the enhancement of
conductivity due to an increase in the electron density of states localized near the graphene
edges were recently reporte?ll]-[23]. Contrary to these examples, the electron states studied
here are localized within the barrier and also thasetunable i.e. the energy levels can be
shifted by changing the barrier strength (e.g. via tuning a gate voltage).

New Journal of Physics 10 (2008) 053024 (http://www.njp.org/)


http://www.njp.org/

6 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

20

&
2]
w continuum . ) ]
;:\ _ ,/ \\
(@) 10 2] - ~
| - L
)
GCJ -2 0 Q 2
B forbidden forbidden
N '
©
-
| -
O -10-
=
continuum N
PP Al et e .
-20 -10 0 10 20

Normalized wave vector, Q

Figure 2. Electron spectrum in graphene obtained ¥o& 1 (inset) andy =9

(main panel). The sea of delocalized states (continuum spectrum) is marked by
the light-purple regions. The branches of the spectrum for localized states are
shown by solid black curves between the straight solid and dashed red lines.
There are no states in the forbidden (white) regions.

3. Density of localized electron states

To calculate the densitiN(E) of electron states, we use the general formMIgE) =)
x8(E — E,), where« labels the quantum state amddx) is Dirac’s delta-function. Using

>, =2LxLy(2m)72 [ dk, dky - - - for a continuum spectrum, we derive
LxLy
Neont= N No = 8
cont 0|6|9 0 nhv,:D’ ( )

wherelL, andL, are the lengths of the graphene sheet inthandy-directions, respectively.
For localized states, we obtain
-1

dén(Q)
dQ  leo-e

Heren runs over the number of positive roots of the equatio®) = £.

The dimensionless density of statd$£) /N is shown in figure3. The localized electron
states exhibit two types of peculiarities. First, increasihdhe jumps or steps (each one of
magnitude D /L) in N(£)/No occur at the points

D
Nioc(E) = 2NOL—X Z ‘ 9)

Y 7wn?

2 2V’
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Figure 3. Dimensionless density of electron staté&) /Ny in graphene with a
potential barrier, foD /L, = 0.5 andy = 16.

where new branches of the spectrum arise or disappear. More importantly, singularities are
observed whe# = €™ where|d€,/dQ|~ in equation 9) diverges.

The locations of the singularities shift when changing the barrier strangitherefore,
they periodically cross the Fermi lev@l. This produces quantum oscillations of the density of
states at the Fermi energy. They are seen in figushowingN (£r) /Ny versus the effective
barrier strength’.

The periodic change in the number of electron states near the Fermi level, increasing the
barrier strength (e.g. by varying a gate voltage), necessarily results in quantum oscillations of the
transport and thermodynamic properties of graphene. For example, the conductance of graphene
along the barrier qualitatively mimics the quantum oscillations of the density of electron states.

Figure4 shows the quantum oscillations of the density of electron states in e-type graphene
(with a positive Fermi energy). For p-type graphene, viith< 0, quantum oscillations of the
density of states at the Fermi level can also be observed, if the (now opposite-bias) applied
voltage forms gotential well instead of a barrieindeed, the Dirac equatio)(is invariant
with respect to the transformatiok: — —E, V — -V, x — —x andy — —V.

4. Conclusions

In conclusion, we predict an unusual type of electron states in graphene localitted

a potential barrier For barriers with sufficiently high magnitude and width, the density

of localized states has singularities. This feature of localized states can result in quantum
oscillations of the thermodynamic and transport properties (e.g. the conductance along the
barrier) of graphene when changing the barrier strength (e.g. by varying a gate voltage). These
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Figure 4. Dimensionless density of electron statg\)/Ny at the Fermi

level versus the effective strengih of the potential barrier, foD /Ly = 0.5
and&és = 1.

electric-field driven quantum oscillations are similar to the SdH oscillations of conductivity,
which are produced in standard metals when changing the external magnetic field.

Acknowledgments

FN acknowledges partial support from the National Security Agency (NSA), Laboratory
Physical Science (LPS), Army Research Office (ARO), National Science Foundation (NSF)
grant no. EIA-0130383. FN and SS acknowledge partial support from JSPS-RFBR 06-02-
91200, and the Core-to-Core (CTC) program supported by the Japan Society for Promotion
of Science (JSPS). SS acknowledges support from the UK EPSRC via nDOEPS8Y/1,
EP/F0054821, and ESF network-programme ‘Arrays of Quantum Dots and Josephson
Junctions’.

References

[1] Kittel C 2005Introduction to Solid State Physi&th edn (New Jersey: Wiley)
[2] Novoselov K Set al2005Nature438197
Zhang Y, Tan Y W, Stormer H L and Kim P 2008ature438201
[3] Castro Neto A H, Guinea F, Peres N M R, Novoselov K S and Geim A K R@print0709.1163v1
[4] Novoselov K S, Geim A K, Morozov SV, Jiang D, Zhang Y, Dubonos SV, Grigorieva | V and Firsov A A
2004Science306666
[5] Katsnelson M I, Novoselov K S and Geim A K 200&t. Phys2 620

New Journal of Physics 10 (2008) 053024 (http://www.njp.org/)


http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nature04235
http://arxiv.org/abs/0709.1163v1
http://dx.doi.org/10.1126/science.1102896
http://dx.doi.org/10.1038/nphys384
http://www.njp.org/

9 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

[6] Rycerz A, Tworzydlo J and Beenakker C W J 200&t. Phys3 172
[7] Sharapov S G, Gusynin V P and Beck H 20@idys. RevB 69075104
Gusynin V P and Sharapov S G 20Bgys. RevB 71125124
Lukyanchuk | A and Kopelevich Ya 200Bhys. Rev. Let®7 256801
Peres N M R, Castro Neto A H and Guinea F 2606/s. RevB 73241403
[8] Geim A K and MacDonald A H 200Phys. Today0 35
Neto A C, Guinea F and Peres N M 20B&ys. Worldl9 33
[9] Klein O 1929Z. Phys53157
[10] Cheitanov V V, Fal'’ko V and Altshuler B L 2003cience3151252
[11] Veselago V G 196&ov. Phys.—Us{A.0509
[12] Shadrivov | V, Sukhorukov A A, Kivshar Yu S, Zharov A A, Boardman A D and Egan P 2. RevE
69016617
[13] Kats AV, Savel'ev S, Yampol'skii V A and Nori F 2007hys. Rev. Let©8 073901
[14] Winful H G, Ngom M and Litchinitser N M 200#hys. RevA 70052112
[15] Winful H G 2006Phys. Rep4361
[16] Pendry J B and Smith D R 20@hys. Today7 37
Pendry J B 200€ontemp. Phys$15191
[17] Trauzettel B, Bulaev D V, Loss D and Burkard G 209&t. Phys3 192
[18] Pereira J M, Mlinar V, Peeters F M and Vasilopoulos P 2B0§s. RevB 74 045424
[19] Hau LV, Harris S E, Dutton Z and Behroozi C 20Bture397594
[20] Savel'ev S, Rakhmanov A L, Yampol’skii V A and Nori F 200&t. Phys2 521
[21] Zhou S Y, Gweon G H, Graf J, Fedorov AV, Spataru C D, Diehl R D, Kopelevich Y, Lee D H, Louie S G and
Lanzara A 2006Nat. Phys2 595
[22] Banerjee S, Sardar M, Gayathri N, Tyagi A K and Raj B 2@¢jl. Phys. Lett88 062111
[23] Castro Neto A H, Guinea F and Peres N M R 2006/s. RevB 73205408

New Journal of Physics 10 (2008) 053024 (http://www.njp.org/)


http://dx.doi.org/10.1038/nphys547
http://dx.doi.org/10.1103/PhysRevB.69.075104
http://dx.doi.org/10.1103/PhysRevB.71.125124
http://dx.doi.org/10.1103/PhysRevLett.97.256801
http://dx.doi.org/10.1103/PhysRevB.73.241403
http://dx.doi.org/10.1063/1.2774096
http://dx.doi.org/10.1007/BF01339716
http://dx.doi.org/10.1126/science.1138020
http://dx.doi.org/10.1070/PU1968v010n04ABEH003699
http://dx.doi.org/10.1103/PhysRevE.69.016617
http://dx.doi.org/10.1103/PhysRevLett.98.073901
http://dx.doi.org/10.1103/PhysRevA.70.052112
http://dx.doi.org/10.1016/j.physrep.2006.09.002
http://dx.doi.org/10.1063/1.1784272
http://dx.doi.org/10.1080/00107510410001667434
http://dx.doi.org/10.1038/nphys544
http://dx.doi.org/10.1103/PhysRevB.74.045424
http://dx.doi.org/10.1038/17561
http://dx.doi.org/10.1038/nphys358
http://dx.doi.org/10.1038/nphys393
http://dx.doi.org/10.1063/1.2166697
http://dx.doi.org/10.1103/PhysRevB.73.205408
http://www.njp.org/

	1. Introduction
	2. Electron states localized in a barrier
	3. Density of localized electron states
	4. Conclusions
	Acknowledgments
	References

