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Abstract. – Several sequential operations are usually needed for implementing controlled
quantum gates and generating entanglement between a pair of quantum bits. Based on the
conditional quantum dynamics for a two-ion system beyond the Lamb-Dicke limit, here we pro-
pose a theoretical scheme for manipulating two-qubit quantum information, i.e., implementing
a universal two-qubit quantum gate and generating a two-qubit entangled state, by using a pair
of simultaneous laser pulses. Neither the Lamb-Dicke approximation nor the auxiliary atomic
level are required. The experimental realizability of this simple approach is also discussed.

As first suggested in [1], one of the most promising scenarios for implementing a practical
quantum information processor is a system of laser-cooled trapped ions, due to its long coher-
ence time [2]. In this system the qubit (i.e., the elementary unit of quantum information) is
encoded by two internal levels of each trapped cold ion and can be manipulated individually
by using laser pulses. As explained below, a third auxiliary internal level of the ion is also
required. Several key features of the proposal in [1], including the production of entangled
states and the implementation of quantum controlled operations between a pair of trapped
ions, have already been experimentally demonstrated (e.g., [3–6]). Meanwhile, several al-
ternative theoretical schemes (e.g., [7–12]) have also been developed for overcoming various
difficulties in realizing a practical ion-trap quantum information processor.

Auxiliary transitions between the encoded atomic levels and the auxiliary ones [1,3,5] and a
series of laser pulses [1,9–11] are usually required in various previous schemes for manipulating
two-qubit quantum information. For example, a three-step operation is required in [13], five
laser pulses in [1, 9], six pulses in ref. [10], and seven pulses are needed in ref. [11] in order
to perform a quantum controlled-NOT (CNOT) logic gate. The first aim of the present work
is to propose an efficient scheme for realizing quantum logic operations between a pair of
trapped cold ions by a single-step operation. The Lamb-Dicke (LD) approximation, which
requires that the coupling between the external and internal degrees of freedom of the ion
be very weak, is made in almost all of the previous schemes (e.g., [4, 6, 8, 11, 12]) in order to
simplify the laser-ion interaction Hamiltonian. However, the quantum motion of the trapped
ions is not limited to the LD regime [14]. Therefore, it is important to manipulate quantum
information stored in trapped ions outside the LD limit.
c© EDP Sciences
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The entanglement between different particles is a growing focus of activity in quantum
physics [15], because of experiments on non-local features of quantum mechanics and the
development of quantum information physics. Especially, entanglement plays a central role
in quantum parallelism. The quantum entanglement of two and four trapped cold ions have
been generated experimentally [5, 6] in the LD limit. The second aim of the present work is
to show how to deterministically produce the entangled states of two trapped ions outside the
LD regime. The third aim is to achieve this without auxiliary internal levels.

In summary, here we propose a scheme for manipulating quantum information (i.e., re-
alizing quantum controlled operations and generating entanglement) of two trapped ions:
i) beyond the LD limit, ii) without needing any auxiliary atomic level, and iii) by using a
single-step operation.

We consider an array of N two-level cold ions of mass M confined to move in the z-
direction of a Paul trap of frequency ν. The ions are cooled down to very low temperatures
and may perform small oscillations around their equilibrium position zi0 (i = 1, 2, . . . , N), due
to their mutual repulsive Coulomb force. Each ion is assumed to be individually addressed
by a separate laser beam. Similarly to ref. [16], we consider the case where an arbitrary pair
(labeled by j = 1, 2) of the N trapped cold ions are illuminated independently by two weak
travelling laser fields with frequencies ωj . The Hamiltonian corresponding to this situation is

Ĥ(t) = �ω0

2∑
j=1

σ̂z
j

2
+

N−1∑
l=0

�νl

(
b̂†l b̂l +

1
2

)
+

+
�

2
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{
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Here, νl (l = 0, 1, . . . , N − 1) is the frequency of the l-th mode collective vibrational motion,
and the LD parameter ηl

j accounts for the coupling strength between the internal state of
the j-th ion and the l-th mode of the collective vibration. b̂†l and b̂l are the relevant ladder
operators. Ωj is the carrier Rabi frequency, which describes the coupling strength between
the laser and the j-th ion and is proportional to the strength of the applied laser. σ̂z

j and σ̂±
j

are Pauli operators, �ω0 is the energy separation of two internal states |g〉 and |e〉 of the ion,
and φj is the initial phase of the applied laser beam. Expanding the above Hamiltonian in
terms of creation and annihilation operators of the normal modes, we have

Ĥ =
�

2

∑
j=1,2

{
Ωj σ̂

+
j

N−1∏
l=0

×

×
[
e−(ηl

j)
2/2

∞∑
m,n=0

(
iηl

j

)m+n

m!n!
b̂†ml b̂n

l exp
[
i(m− n)νlt+ i

(
δjt− φj

)]]
+H.c.

}
(2)

in the interaction picture. Here, δj = ωj − ω0 is the detuning between the laser and the
ion. Without any loss of generality, we set the frequencies of the applied laser beams as
ωj = ω0 − kjν with ν = ν0 being the frequency of the center-of-mass (CM) vibrational mode,
k2 = 0, and k1 = 1, 2, . . .. Like the procedure described in [16, 17], we then make the usual
rotating wave approximation (RWA). For small values of k1, the excitations of the higher l-th
(l ≥ 1) vibrational modes can be safely neglected and the following effective Hamiltonian:
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can be obtained. Here, â = b̂0, â† = b̂†0 and ηj = η0
j are the boson operators and the LD param-

eter related to the CM mode, respectively. The operator function F̂j =
∏N−1

l=1 exp[−(ηl
j)

2/2]×∑∞
n=0(iη

l
j)

2nb̂†nl b̂n
l /(n!)

2 is irrelevant [16, 17, 19] in the weak-excitation regime (Ωj � ν).
Therefore, we may let F̂j = Î and only label the CM mode excitations.

It is very important to stress that, to the lowest order of the LD parameter ηj , the ef-
fective Hamiltonian (3) reduces to that in previous works [4, 6, 8, 12, 17] under the usual LD
approximation: (m + 1/2)η2

j � 1. Here, m is the occupation number of the Fock state of
the CM vibrational quanta. We now analytically solve the quantum dynamical problem as-
sociated with the Hamiltonian (3) without performing the LD approximation. For simplicity,
the information bus (i.e., the CM vibrational mode of the ions) is assumed to be prepared
beforehand in an arbitrary pure quantum state, e.g., the Fock state |m〉. The Hamiltonian (3)
implies that the laser pulse applied to the second ion does not excite the CM vibrational state
but only rotates the atomic state of the second ion. If the condition k1 > m is satisfied,
then the ground state |g1〉 of the first ion will not evolve. Therefore, {|m〉|g1〉|g2〉, |m〉|g1〉|e2〉}
and {|m〉|e1〉|g2〉, |m〉|e1〉|e2〉, |m + k1〉|g1〉|g2〉, |m + k1〉|g1〉|e2〉} form two different invariant
subspaces of the dynamics ruled by the Hamiltonian (3) with k2 = 0, k1 > m. After a direct
derivation, we obtain the exact time evolutions in these subspaces:




|m〉|g1〉|g2〉 −→ cos(α̃2t)|m〉|g1〉|g2〉 − ie−iφ2 sin(α̃2t)|m〉|g1〉|e2〉,
|m〉|g1〉|e2〉 −→ cos(α̃2t)|m〉|g1〉|e2〉 − ieiφ2 sin(α̃2t)|m〉|g1〉|g2〉,
|m〉|e1〉|g2〉 −→ E1(t)|m+ k1〉|g1〉|g2〉+ E2(t)|m+ k1〉|g1〉|e2〉+
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(4)
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Here,

ρ = α1(α̃2 + γ̃2), λ± =
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2
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m+kl
, j, l = 1, 2, j = l.

Note that the above evolutions are performed by a single-step operation by applying, sepa-
rately to two ions, a pair of simultaneous laser pulses with different frequencies. The exact
dynamical evolution for other cases can also be derived exactly in a similar way. For example,
for the case where k1 < 0 and |k1| > m (i.e., the CM mode is excited by blue-sideband laser
beam applied to the first ion), the relevant evolution equations can be easily obtained from
eq. (4) by making the replacements |ej〉 ↔ |gj〉 in the third and fourth formulas.

Based on the conditional quantum dynamics derived above, we now show how to simul-
taneously manipulate quantum information stored in two ions by a single operation, i.e.,
implementing the universal two-qubit gate and engineering two-qubit entanglement, beyond
the LD limit. This is achieved by properly controlling the initial phases, wave vectors, and
the duration of the applied simultaneous beams.

First, the two-qubit controlled gate implies that the effect of the operation on the second
qubit (target one) depends on what state the first qubit (control one) is in. It is easily seen
from eq. (4) that, if the following conditions:

cos(α̃2τ) = sin(λ+τ) = sin(λ−τ) = 1, (5)

are satisfied, the two-qubit controlled operation

C̃X
12 = |g1〉|g2〉〈g1|〈g2|+ |g1〉|e2〉〈g1|〈e2| − ie−iφ2 |e1〉|g2〉〈e1|〈e2| − ieiφ2 |e1〉|e2〉〈e1|〈g2| (6)

can be realized directly. Here τ is the duration of the two simultaneously applied pulses. The
state of the information bus is unchanged during this operation. Physically, by coupling to
the common information bus, i.e., the CM vibrational quanta, two ions may entangle. In fact,
eqs. (4) clearly show that the rotation of the atomic states of the second ion depend on the
quantum state of the bus, although the bus quanta is not excited by the applied resonant laser
beam on the second ion (ω2 = ω0). Therefore, the evolving quantum state of the bus, due to
evolution of the first ion driven by a non-resonant laser beam, correlates two separate ions.
Once the relevant experimental parameters are set to satisfy the conditions (5), the two-qubit
entangled gate (6) is implemented. This controlled operation is equivalent [18] to the exact
CNOT gate: ĈX

12 = |g1〉|g2〉〈g1|〈g2|+ |g1〉|e2〉〈g1|〈e2|+ |e1〉|g2〉〈e1|〈e2|+ |e1〉|e2〉〈e1|〈g2|, except
for a local rotation. One can easily check that both the small and large, as well as negative and
positive values of the LD parameters may be chosen to satisfy the condition (5) for realizing
the desired two-qubit controlled gate. Our approach does not assume the LD approximation.
Thus, the present scheme operates outside the LD regime and ηj can be large.

Second, we show below that the entangled states of two trapped ions can also be produced
deterministically outside the LD regime. In fact, it is seen from the dynamical evolution
eq. (4) that the entanglement between two ions can also be easily engineered outside the LD
limit. Beginning with the non-entangled initial state |ψ0〉 = |m〉|g1〉|g2〉, we now describe a
convenient approach to do this engineering.
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We now first apply a laser beam with frequency ω1 = ω0, initial phase φ1, and duration
t1 to ion 1, and realize the following evolution:

|ψ0〉 R̂1(m,t1)−−−−−−→ cos(α̃1t1)|m〉|g1〉|g2〉 − ie−iφ1 sin(α̃1t1)|m〉|e1〉|g2〉 = |ψ1〉, (7)

with R̂1(m, t1) being a simple operation of rotating the spin state of the ion 1. The CM mode
quanta is not excited and the spin state of ion 2 is unchanged during this process. Obviously,
this evolution may also be implemented by using a pair of simultaneous laser beams with
frequencies ω1 = ω0 and ω2 = ω0 − k2ν (k2 > m), respectively.

We then apply another pair of simultaneous laser beams with frequencies ω2 = ω0 and
ω1 = ω0 − k1ν (k1 > m) to realize the two-qubit controlled operation C̃X

12 introduced above.
This lets the non-entangled state |ψ1〉 evolve in the desired entangled state |ψ12(t)〉:

|ψ1〉 C̃X
12−−→ U(t)|g1〉|g2〉+ V (t)|e1〉|e2〉 = |ψ12(t)〉, (8)

with U(t1) = cos(α̃1t1), V (t1) = −ei(φ2−φ1) sin(α̃1t1). Interestingly, the generated entangled
state reduces to the two-qubit maximally entangled states; i.e., the corresponding EPR states:
|Ψ±

12〉 = (|g1〉|g2〉 ± |e1〉|e2〉)/
√
2, if the experimental parameters, such as the duration t1 and

wave vector )κ1 of the applied laser beam for realizing the single-qubit rotation R̂1(m, t1), are
further set properly.

We now briefly discuss the experimental realizability of this proposal. Indeed, it is not
difficult to properly set the relevant parameters for satisfying the condition (5). For example,
the desired LD parameter [19] defined by

ηj =
√

�κ2
j/(2MNν) cos θj , θj = arccos

(
)κj · )zj/κj

)
, (9)

can be reached by conveniently controlling the wave vector )κj of the applied laser beams.
It might seem at first, from the condition (5), that the present scheme for realizing the
desired gate operation cannot be easily implemented, as the relevant experimental parameters
should be set accurately. For example, if the Rabi frequencies and LD parameters are set
as Ω1 = Ω2 = Ω, η1 = ±2.18403, η2 = ±1.73205, then the duration τ of the two applied
simultaneous pulses should be set up accurately as Ωτ = 56.3186. A simple numerical analysis
shows that the lowest probability of realizing the desired operation is still very high, even if
the relevant parameters cannot be set exactly. For example, even if the duration of the applied
laser pulses is set roughly such that Ωτ ≈ 56.3 (56.0), which is 0.03% (0.57%) away from the
exact solution of condition (5), one can realize the operation C̃X

12 with a very high probability,
i.e., 99.998% (99.36%), via a single-step operation. Indeed, by testing other values we have
proven that our predictions are very robust.

Finally, we note that the duration of the applied simultaneous pulses for realizing the
above quantum controlled operation is not much longer than that for other schemes [4,6,8,12]
operating in the LD regime. The duration for implementing the above operation is estimated
as ∼ 10−4 seconds, of the same order of the gate speed operating in the LD regime [3], for
Ω/2π ≈ 225 kHz and ν = ωz ≈ 7MHz [5]. To excite only the chosen sidebands of the CM
mode, the spectral width of the applied laser pulse has to be small. However, it is not so small
as to affect the speed of the operations, since the separation between the CM mode and the
other ones is sufficiently large, e.g., ν1 − ν = (

√
3 − 1)ν ∼ ν. In particular, it is not difficult

for the current laser-cooling technologies to cool the trapped ions to their motional ground
state. In our proposal, the ions must be cold. However, in principle, the heating effect may
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be suppressed by atom interferometry [13]. Therefore, the present scheme might be realizable
in the near future.

In summary, we have proposed an efficient theoretical scheme for simultaneously manipu-
lating two-qubit quantum information stored in the chosen two ions. Under certain conditions
a universal two-qubit gate can be exactly realized by a single-step pulse process performed
by simultaneously applying a pair of laser beams with different frequencies. By using this
quantum operation, one may engineer the entanglement state between the two chosen ions.
All operations proposed here operate outside the LD regime and do not involve quantum
transitions to auxiliary atomic levels. It is expected that the present scheme may be extended
to simultaneously manipulate three-, four- or multi-qubit quantum information and may be
also extended to other systems besides trapped ions, e.g., quantum dots on quantum linear
supports [20], for quantum information processing.
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